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ABSTKACT 

DEDEKIND DOMAINS AND GENERALIZATIONS 

Mark A. Goddard 

Waster of Science 

Youngstown S t a t e  Unlvers j ty ,  1984 

The unique f a c t o r i z a t  ion theorem f o r  i n t ege r s  may i n  some ways 

be genera l ized  t o  a  commutative r i ng  R and an R-module N. This  paper 

cons jders ,  with varying degrees  of success,  a t tempts  t o  f a c t o r  

submodules of M, i dea l s  of R (considered a s  submodules of R) and 

p r i n c i p a l  l dea l s  of K. 

I f  every submodule of M is f i n i t e l y  generated, then any 

submodule of M may be fac tored  a s  an i n t e r s e c t i o n  of submodules of M. 

Under a  number of r e s t r i c t  ions some l imi ted  uniqueness r e s u l t s  can be 

ob ta jned  but only under extreme condi t ions  may t h e  f a c t o r i z a t i o n  be 

considered t r u l y  unique. 

I f  R is a  type of i n t e g r a l  domajn known a s  a  Dedekind domajn 

and only l dea l s  of R a r e  consjdered then unique f a c t o r i z a t j o n  can be 

achieved. A Dedekind domain is an i n t e g r a l  domain Jn which every i dea l  

is f i n i t e l y  generated and in  a  sense  i n v e r t i b l e  wi th in  t he  quo t l en t  

f i e l d  of R. Dedekind domajns can be r e l a t e d  t o  o t h e r  domains such a s  

p r j n c i p a l  i dea l  domains and GCD-domains bu t  t h e  jmportant property of 
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Dedekjnd domains jn t h i s  t h e s i s  is t h e  f a c t  t h a t  every i d e a l  i n  a  

Dedekind domain can be expressed a s  a  unique product of prime i d e a l s .  

Another l e s s  r e s t r i c t i v e  c l a s s  of domains known a s  T-domains 

p r e s e r v e s  t h e  f a c t o r i z a t i o n  p roper ty  of Dedekjnd domains but on ly  f o r  

p r i n c i p a l  i d e a l s .  Ac tua l ly  t h e  g e n e r a l j z a t  ion from Dedekind domains t o  

T-domains is no t  a c o n s i d e r a b l e  jump s i n c e  under c e r t a i n  c o n d i t i o n s  T - 
domains and Dedekjnd domains a r e  equ iva len t .  A s  a  m a t t e r  of f a c t  i f  

t h e  f a c t o r j z a t i o n  p roper ty  3s extended t o  i d e a l s  generated by two 

e lements ,  t h e n  t h e  domain is Dedekjnd. 



ACKNOWLEDGEMENTS 

I would l i k e  t o  thank Dr. S. Floyd Barger and Mr. James 

Poggione f o r  t h e i r  a s s i s t a n c e  i n  the  development of t h j s  paper. Their  

oplnjons  and sugges t ions  were extremely h e l p f u l .  



TABLE OF CONTENTS 

PAGE 

............................................. ABSTRACT 

ACKNOWLEDGEPlENTS . ................................. . 
.................................... TABLE OF CONTENTS 

CllAPTER 

I . INTRODUCTION .................................. 
S t a t e m e n t  of the P r o b l e m  .................... 
G e n e r a l  C o n c e p t s  ............................ 

......................... I1 . PRIPIARY DECOMPOSITION 

................................... E x i s t e n c e  

U n i q u e n e s s  R e s u l t s  .......................... 
I11 . DERIVATION AND P R O P E R T I E S  OF ............................ DEDEKIND DONAINS 

In teg ra l  C l o s u r e  ............................ 
P r u f e r  D o m a i n s  .............................. 
D e d e k i n d  D o m a i n s  ............................ 

........... I V  . GENERALIZATIONS OF DEDEKIND DOMAINS 

C o n c e p t  of G r a d e  ............................ 

BIBLIOGRAPHY ......................................... 37 



INTRODUCTION 

The unique f a c t o r i z a t i o n  theorem f o r  i n t e g e r s  g u a r a n t e e s  t h a t  any 

p o s i t i v e  i n t e g e r  g r e a t e r  t h a n  one may be f a c t o r e d  a s  a  unique product  

of  pr  ime numbers. A s  a  g e n e r a l  i z a t  ion  of t h i s  concept  one might 

c o n s i d e r ,  f o r  a  commutative r i n g  w i t h  i d e n t i t y  R and an R-module M, 

under  what c o n d i t  ions  may a  submodule Q of P? be un ique ly  " factored" .  

F i r s t  t h e  concept  of f a c t o r j n g  an R module must be def ined. We might 

cons  i d e r  t h r e e  poss  i b i l i t  jes: t h e  e x p r e s s  jon of an R-module a s  a  

union,  i n t e r s e c t  ion o r  product of R-modules. I n  c h a p t e r  I1 we c o n s i d e r  

t h e  f a c t o r  i z a t  ion  of an  R-module a s  a n  i n t e r s e c t  ion of R-nodules. 

While t h e  uniqueness  r e s u l t s  ob ta ined  a r e  i n t r i g u i n g ,  they a r e  not  

e n t  i r e l y  s a t i s f a c t o r y .  Chapter  111 is devoted t o  t h e  d e r i v a t i o n  of a  

c l a s s  of i n t e g r a l  domains known a s  Dedekind domains. I f  R is a  

Dedekind domain and we c o n s i d e r  R a s  an  R-module and i d e a l s  of R as 

submodules then  we can  indeed g e n e r a l  i z e  t h e  unique f a c t o r  i z a t  ion 

theorem, f o r  an  i d e a l  i n  a  Dedekind domain can be un ique ly  f a c t o r e d  a s  

a  product  of prime i d e a l s .  Chapter  I V  c o n s i d e r s  a n  a l t e r n a t i v e  

approach t o  t h e  def i n i t  ion  of Dedek ind doma i n s  and d i s c u s s e s  doma i n s  

r e l a t e d  t o  Dedekind domains. 

A t  t h ~ s  p o i n t  s e v e r a l  g e n e r a l  d e f i n i t i o n s  and concep t s  from t h e  

t h e o r y  of commutative r i n g s ,  which s h a l l  be used i n  t h e  fo l lowing  

c h a p t e r s ,  w i l l  be in t roduced.  I n  t h e  remainder of t h i s  c h a p t e r  R 
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s h a l l  be a commutat ive  r i n g  w i t h  i d e n t i t y  and M an R-module. 

I f  N is a submodule of M and I is  an i d e a l  of R t h e n  N : I  is 

d e f i n e d  t o  be t h e  set of e lements  x i n  El such t h a t  I x  is con ta ined  i n  N. 

1 
N : I  is r e f e r r e d  t o  a s  t h e  r e s i d u a l  of N by I. 

M is s a i d  t o  be Noe ther ian  i f  every ascending c h a i n  of submodules 

of M js f i n i t e .  An e q u i v a l e n t  c o n d i t  Son is t h a t  every submodule of M 

L 
must be f i n i t e l y  generated.  R is Noe ther jan  i f  every ascending c h a i n  

of i d e a l s  i n  R 1s f i n i t e  o r  e q u i v a l e n t l y  i f  every i d e a l  of R is 

f i n i t e l y  generated.  It can e a s i l y  be shown t h a t  i f  every prime i d e a l  

of R is f i n i t e l y  genera ted  t h e n  R i s  a Noe ther ian  r i n g .  I f  R has  on ly  

one maximal i d e a l  then R is s a i d  t o  be q u a s i  l o c a l .  A l o c a l  r i n g  is a 

r jng which is both  q u a s i  l o c a l  and Noether ian.  3 

The f  j n a l  concept  t o  be in t roduced i n  t h i s  c h a p t e r  is t h a t  of 

l o c a l i z a t i o n .  I n  t h e  g e n e r a l  s e n s e  i f  S is a mult  i p l i c a t i v e l y  c losed  

set in  R and N is an  R-module then  NS is def ined  as t h e  s e t  of e lements  

n / s  such t h a t  n is in  N and s is i n  S. nl/sl and 3 /s2 a r e  s a i d  t o  be 

e q u i v a l e n t  i f  t h e r e  is an s i n  S such t h a t  s (nls2-2s1)  = 0.  I f  we 

r e s t r i c t  o u r s e l v e s  t o  t h e  R -module M c o n t a i n i n g  N t h e n  NS is t h e  
S 

s e t  of e lements  m i n  M such t h a t  t h e r e  e x i s t s  an  s in  S w i t h  s m  i n  N 

provided S O Z ( M )  is empty. I f  P is a prime i d e a l  of R t h e n  I$ is 

d e f i n e d  t o  be R where S = R - P. I n  t h e  c a s e  of R a s  an R-module, R 
S S 

is t h e  r i n g  genera ted  by making a l l  of t h e  e lements  of S i n v e r t i b l e  

 ax D. Larsen  and Pau l  J. McCarthy, M u l t i p l i c a t i v e  Theory of 
I d e a l s  (Mew York: Academic Press ,  1971), p. 38. 

L ~ a r s e n  and IlcCarthy, p. 9. 

l r v l n g  Kaplansky, Comrnutat ive  Rings (Chicago: The Univers  i t y  of 
Chicago P r e s s ,  1974),  p. 5 .  



with respect to  mult ipl icat ion.  I t  can be  shown that there is a one to  

one correspondence between the prjme ideals of RS and the prime ideals  

of R d j s j o i n t  from S. 
4 

4 
Kaplansky, pp. 22-23. 



CHAPTER I1 

PRIMARY DECOMPOSlTION 

Given a commutative r i n g  R and an R-nodule M, a submodule Q of 

M is s a i d  t o  be primary i f  f o r  a l l  a i n  R and x i n  M, ax i n  Q and x 

n o t  i n  Q i n p l y  t h a t  a N is con ta ined  i n  Q f o r  some p o s i t i v e  i n t e g e r  n. 

A r e l a t e d  concept  is t h a t  of an i r r e d u c i b l e  submodule. A submodule N 

is s a i d  t o  be i r r e d u c i b l e  i f  t h e  f a c t  t h a t  iJ is e q u a l  t o  t h e  

i n t e r s e c t i o n  of two submodules L and K impl ies  t h a t  L = N o r  K = N. 
5 

Lemma 1. I f  M is Noe ther ian  then  any i r r e d u c i b l e  submodule Q 

of  M is primary. 

Proof :  L e t  a be an element of R and x an  element of T I  such 

t h a t  ax is i n  Q and x is not  an  element of Q. We have a n  ascending 

1 2 3 
c h a i n  of submodules Q:(a ) con ta ined  i n  Q:(a ) con ta ined  i n  Q:(a ), ... 
S i n c e  M is Noether ian ,  it s a t i s f j e s  t h e  ascending c h a i n  c o n d i t i o n .  

Thus ~ : ( a " )  = Q:(a&' ) = ... f o r  some n. We c la im t h a t  Q = (?+an M ) O  

(Q+Rx) f o r  i f  y js an element of (Q+anN) (\ (Q+Rx) then  y = z+anu = q+rx 

w i t h  q, z i n  Q,  u i n  El, and r i n  R. S i n c e  aq-l-arx is i n  Q, ay is i n  

Q. Thus a*'u = ay - az is i n  Q. T h e r e f o r e  u is i n  Q: (an+l ) and 

a s  a r e s u l t  u is i n  q : (an) ;  hence anu is i n  Q and y is i n  Q. 

Containment i n  t h e  o p p o s i t e  d i r e c t i o n  is immediate s o  we have ~ = ( ~ + a " l l )  

(1 (Q+Rx). S i n c e  Q is i r r e d u c i b l e ,  Q is equa l  t o  Q+Rx o r  ~ + a "  M. 

5 ~ a r s e n  and McCarthy, p. 39.  



n n 
S i n c e  x is not  i n  Q,  Q f QtRx. T h e r e f o r e  Q = Qta b! and we have a M 

c o n t a i n e d  i n  Q. Thus Q is primary. 
6 

It is worth n o t i n g  t h a t  t h e  converse  of t h i s  lemma is n o t  

2 
t r u e .  I f  R = Z[x] f o r  example, then  (4 ,2x ,x  ) is a primary i d e a l .  The 

2 
f a c t  t h a t  (4 ,2x ,x  ) is equal  t o  t h e  i n t e r s e c t  ion of t h e  i d e a l s  ( 4 , x )  

2 2 
and (2 ,x  ) shows t h a t  (4 ,2x,x  ) is no t  i r r e d u c i b l e  however. 

7 

Lemma 2. I f  M is Noe the r ian  t h e n  every  submodule of M can be 

w r i t t e n  a s  a f j n i t e  i n t e r s e c t  ion of i r r e d u c  i b l e  submodules of M. 

Proof :  L e t  X be t h e  s e t  of submodules which v i o l a t e  t h e  above 

conc lus jon .  T h i s  s e t  may be p a r t i a l l y  o rde red  by i n c l u s i o n  and every  

t o t a l l y  o rde red  s e t  h a s  a maximal element s i n c e  M is Noether ian .  I f  X 

is nonempty, w e  may app ly  Zorn's lemma t o  f i n d  a maximal element N of 

X. S i n c e  N cannot  be i r r e d u c i b l e  we can f i n d  submodules L and K such 

t h a t  N is t h e  i n t e r s e c t i o n  of L and K but  N is p r o p e r l y  con ta ined  i n  L 

and K. S i n c e  N is  maximal, L and K a r e  no t  i n  X. T h e r e f o r e  L and K 

may be expressed  a s  f i n i t e  i n t e r s e c t i o n s  of i r r e d u c i b l e  submodules of 

1 .  T h i s  impl jes  t h a t  N is a f j n i t e  i n t e r s e c t i o n  of i r r e d u c i b l e  

submodules of M which c o n t r a d i c t s  t h e  f a c t  t h a t  N is i n  X. T h e r e f o r e  X 

must be empty. 
8 

I t  is easy  t o  s e e  t h a t  every  prjme i d e a l  is primary. A s  

tempt ing a s  it appears ,  a primary i d e a l  cannot  always be expressed  a s  a 

power of a prime jdeal ;  n o r  must a power of a prime i d e a l  be primary. 9 

' ~ a r s e n  and FlcCarthy, p. 39. 

7 ~ a r ~ e n  and McCarthy, p. 57. 

' ~ a r s e n  and RcCarthy, p. 40. 

9 ~ a r s e n  and McCarthy, pp. 56-57. 



A s  s t a t e d  i n  t h e  fo l lowing  theorem, which is a d i r e c t  r e s u l t  of t h e  

preceding lemmas, a submodule of a Noe ther ian  module can indeed be 

" fac to red"  i n t o  primary submodules. 

Theorem 3 .  I f  M is Noether ian,  then every submodule N of M can  

b e  w r i t t e n  a s  a f i n i t e  i n t e r s e c t i o n  of primary submodules of 14. 
10 

T h i s  f i n i t e  i n t e r s e c t i o n  of primary submodules jn known as a 

pr imary decomposit jon of N. C l e a r l y  t h i s  decomposit ion is no t  unique. 

(M may appear  In  t h e  i n t e r s e c t  ion a s  many t jmes a s  d e s i r e d ,  f o r  

example.) With two a d d i t i o n a l  r e s t r i c t  ions,  w e  may f o r c e  t h e  

decomposi t ion t o  be a t  l e a s t  I n  a s e n s e  unique bu t  f i r s t  we need a n  

a d d i t i o n a l  def i n j t  Ion. 

Given an i d e a l  I i n  R, def Ine Rad(1) t o  be t h e  s e t  of a l l  

e l ements  a i n  R such t h a t  an is i n  I f o r  some p o s i t i v e  i n t e g e r  n. T h j s  

def  i n  j t Ion can be extended t o  a submodule N of an R-module M be s e  t t  jng 

Rad(N) = Kad(N:M). Rad(N:M) Is c a l l e d  t h e  r a d i c a l  of N. For  any jdeal  

I of R, Rad(1) I s  conta ined i n  every prime i d e a l  c o n t a j n i n g  I. For any 

pr imary submodule Q of M, Rad(Q) i t s e l f  is a prime idea l .  An i d e a l  

w i t h  a prime r a d i c a l  does n o t  need t o  be primary however. I f  R = 

K[x,y] f o r  some f i e l d  K, and I = (2 , xy)  f o r  example, t h e n  Rad(1) = 

( x ) ,  a prime i d e a l .  (2 , xy)  is no t  a primary i d e a l  however. I f  Q js 

primary and Rad(Q) = P t h e n  Q is s a i d  t o  be P-pr imary. 11 

I f  a submodule N of M h a s  primary decomposit ion N=Q1 11 . . . 0 8, 
t h e n  t h j s  decomposit ion is c a l l e d  reduced i f :  

1 )  No Q j  c o n t a j n s  t h e  i n t e r s e c t i o n  of a l l  t h e  o t h e r  Q 
j 

l 0 ~ a r s e n  and NcCarthy, p. 40. 

l l ~ a r s e n  and McCarthy, pp. 41-56. 
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2 )  For  a l l  1 L j, Kad(qj)  Rad(Qj) 

Before  c o n s i d e r i n g  t h e  q u e s t i o n  of uniqueness ,  i t  js necessa ry  t o  

v e r j f y  t h a t  each submodule w i t h  a primary decompostion has  a reduced 

pr imary decompos i t  ion. The f i r s t  c o n d j t  ion  may e a s i l y  be s a t  i s f  ied f o r  

i f  Qi c o n t a i n s  t h e  j n t e r s e c t i o n  of t h e  remaining Q f o r  some i t h e n  
j 

t h a t  Qi may simply be removed from t h e  s e t  of i n t e r s e c t i n g  submodules. 

If Rad(Qil) = . . . = Rad(Q. ) t h e n  by u s e  of t h e  fo l lowing  p r o p o s i t i o n  
lm 

t h e  i n t e r s e c t j o n  of Qil t h rough t  Q may be rep laced  by a s i n g l e  i m  

p r imary  submodule Q. By repea ted  u s e  of t h i s  p r o p o s i t j o n  t h e  second 

c o n d j t  ion  f o r  a reduced pr imary decompos i t  ion may a l s o  be s a t  i s f  ied.  12 

P r o p o s i t i o n  4. I f  Q , . . . ,Qk a r e  P-pr imary sub~nodules  of an  

K-module M then  t h e  i n t e r s e c t  ion Q of Q1 through $ is a l s o  P-primary. 

Even a reduced primary decompos it ion  need n o t  he unique.  

2 
F o r  example l e t  R=K[x,y] where K js a f i e l d .  ($,xy)= ( x )  (1 (y-cx,x ) 

2 is a reduced primary decomposi t ion of ( x  ,xy)  f o r  eve ry  c i n  K. 

C e r t a i n  f e a t u r e s  of reduced primary decomposi t ions  can be shown t o  be 

un ique  however. 
1 3  

One of t h e  unique f e a t u r e s  of a reduced primary decomposi t jon of 

a submodule N is t h e  s e t  of prime d i v i s o r s  of N. I f  N = Ql (1 ... (1 Qk 
is a reduced pr jmary decomposi t ion of N and P =Rad(Q.) t h e n  P 

i 1 1 ' * * *  sPk 

a r e  s a i d  t o  be t h e  prime d i v i s o r s  of N. The f a c t  t h a t  t h e  s e t  of prime 

d i v i s o r s  of N is unique is a d i r e c t  r e s u l t  of theorem 6 whjch is s t a t e d  

a f t e r  t h e  fo l lowing  lemma. 
14 

12 
Larsen  and McCarthy, pp. 48-49. 

13 
L a r s e n  and PIcCarthy, pp. 49-56. 

14 
L a r s e n  and McCarthy, pp. 49-50. 



Lemma 5. I f  M is an R-module, P a prime idea l  of R, L a  P- 

primary submodule of M and I4 a submodule of M and i f  N is not contained 

i n  L then L:N is  P-primary. 

Theorem 6. Let N be a  submodule of M with reduced primary 

decomposit ion N = Ql (1 ... (1 qk. Let  Pi = Rad(Qj) f o r  each i. For 

any prime idea l  P of R, P  = Pi f o r  some i i f  and only i f  t h e r e  e x i s t s  

an x not  in  N such t h a t  N :Kx is a  P-pr imary idea l  of R. 

Proof: Le t  P = P1. Since t he  primary decomposition is reduced 

w e  can f i n d  an element x  in  every Q j  except Q1 ( i f  N = Q then x need 1 

only  be ou t s ide  of N). By lemma 5 ,  Q1:Rx is P-primary. Since Qi:Rx=R 

f o r  i f 1, N:Rx = Q :Rx. Therefore  N : Rx is P-pr imary and x is not in 
1 

N. I f  we assume t h a t  N : Rx is P-primary f o r  some x not  i n  N then  P = 

Rad(N:Rx), which is t h e  i n t e r s e c t i o n  of t he  r a d i c a l s  of Q :Rx f o r  each 
i 

i. I f  x  is i n  Q .  thenRad(Q.:Rx)=Rand i f  x  is not  i n  Qi  then 
1 1 

Rad(Q. :Rx)=P . Since x is not in  N ,  Bad(Q j:Rx)=P f o r  a t  l e a s t  one i. 
3 i i 

Therefore  P can be w r i t t e n  a s  an i n t e r s e c t i o n  of s e t s  frotn P1 ,..., Pk. 

S ince  P and each P is prjme P = P .  f o r  some i. 
15 

i 1 

If N = Q1 0 . . . 0 Qt is a reduced primary decomposition of N 

and P =Rad(Q .) f o r  each i, then a  s e t  of t he se  i dea l s  { P  - * *  ,P 1 , 
i 1 i l '  i j 

which s a t  i s f  jes t h e  property t h a t  every P contained i n  one of t h e  
i' 

i d e a l s  in  t h i s  s e t ,  is i t s e l f  i n  t h e  s e t ,  is c a l l e d  an i so l a t ed  s e t  of 

prime d i v i s o r s  of N. The i n t e r s e c t i o n  of Q through Q is c a l l e d  an 
il i j  

i s o l a t e d  component of N. The following two propos i t ions  e s t a b l i s h  t h a t  

t h e  i so l a t ed  components of N a r e  unique and independent of t he  reduced 

primary decolnpos it ion chosen f o r  N. 16 

-- - 

1 5 ~ a r s e n  and McCarthy, pp. 49-50. 



Propos i  t i o n  7. L e t  N be a submodule of M w j  t h  primary 

d e c m p o s i t  jon N = ql (1 . . . (1 Qk. 
L e t  S be  a  mult i p l i c a t  i v e l y  c l o s e d  

set  i n  R and l e t  P = Rad(Q ) f o r  each i. i 
I f  t h e  i n t e r s e c t i o n  of P 

i i 

and S  is empty f o r  i = 1  t o  h  and t h e  i n t e r s e c t i o n  of P and S  is i 

nonempty f o r  i=h+l t o  k t h e n  El = Q1 (1 ... (1 Qh. S 

Proof: Let  x be element of N . There fore  s x  is i n N  f o r  some 
S 

s I n  S and t h i s  impl ies  t h a t  s x  js in  (1 f o r  i = 1  t o  h. x  not  i n  
i j 

f o r  some 5 between 1 and h  would imply t h a t  sn is i n  Q f o r  some n 
i 

s i n c e  Q .  is primary. T h j s  would pu t  s i n  both  S and P c o n t r a d i c t i n g  
3 i 

t h e  hypothes js. Thus x must be i n  each Q f o r  1 = 1  t o  h. On t h e  
i 

o t h e r  hand i f  x  is i n  each Q i  f o r  i = 1  t o  h, t h e n  i f  h  = k we a r e  

done. I f  no t ,  choose s from t h e  i n t e r s e c t i o n  of S and P .  f o r  j = M-1 
j J 

n  t o  k. There  is a  p o s i t i v e  i n t e g e r  n  such t h a t  ( s  .. .sk) is i n  Q :M 
h-tl j 

f o r  j = trtl t o  k. There fore  (sMl ... sk)  x is i n  Q 
hi-1 0 * * *  1 7  Qk* 

S i n c e  x  is i n  Q f o r  i = 1  t o  h, (sMl . . . s ) n ~  is i n  each Q f o r  I-1 
i k j 

t o  k and t h u s  in  N. By def i n j t  ion x  is in  NS.  17 

Propos i t  jon 8. An i s o l a t e d  component of N depends on ly  on N 

and n o t  t h e  reduced primary decomposit ion of N. 

Proof:  Le t  kjl ,  - . . . , P  ) be a  s e t  of prime d i v i s o r s  of N 
i r 

a s s o c i a t e d  w i t h  an  i s o l a t e d  component of N. L e t  S=R-(P I)... I) Pj r ) .  
5 1 

S i n c e  S is c losed ,  it s u f f i c e s  t o  show t h a t  N = Qil (,- . . . (, Q j r  . 
S  

C l e a r l y  t h e  i n t e r s e c t i o n  of S and Q is empty f o r  j=1 t o  r. I f  i f i 
i j j 

f o r  any j then  P  is not conta ined i n  P f o r  any j. There fore  P Is 
i i j  i 

n o t  con ta ined  in P  ()  .. . 1) Pjr  and a s  a r e s u l t  t h e  i n t e r s e c t i o n  of i 1 

1 6 ~ a r s e n  and NeCarthy, pp. 51-52. 

1 7 ~ a r s e n  and McCarthy, p. 51. 



P . and S is nonempty. We can  app ly  p r o p o s i t i o n  7 t o  o b t a i n  t h e  d e s j r e d  
1 

r e s u l t .  18  

The fo l lowing  theorem is a d j r e c t  r e s u l t  of p r o p o s i t j o n s  7 and 

8. It o f f e r s  a n o t h e r  unjqueness  f e a t u r e  of reduced primary 

decompos i t  ions. 

Theorem 9. I f  Q a p p e a r s  i n  a reduced primary decomposjt jon of 

a submodule N of M and Rad(Q) is a mjnimal prime d i v i s o r  of N t h e n  Q 

a p p e a r s  i n  every  reduced pr lmary decomposi t ion of N. 
19 

Proof :  L e t  P = Rad(Q). Then { P I  is a n  i s o l a t e d  s e t  of prime 

d i v i s o r s  of N and Q = N where S = R - P. I f  N = Ql 0 ... 0 Qk is 
S 

a reduced pr jmary decompos i t  jon of N w i t h  t h e  i n t e r s e c t  ion of Q and S 
5 

empty f o r  j = 1 t o  h and t h e  i n t e r s e c t i o n  nonempty f o r  j = h-tl t o  k. 

T h e r e r f o r e  P = P . f o r  some i and by p r o p o s i t j o n  8, Q = Q. 
I i 

The s e a r c h  f o r  a g e n e r a l j z a t i o n  of t h e  unique f a c t o r j z a t j o n  

theorem f o r  i n t e g e r s  appears  t o  have been o n l y  p a r t i a l l y  s u c c e s s f u l .  

I n  o r d e r  t o  g u a r a n t e e  any reduced primary decomposit jon a t  a l l ,  i t  j r  

, i  >:essary t o  r e q u i r e  t h a t  t h e  R-module M be Noether jan .  A s  shown t h i s  

decompos i t jon  need not  be unique. The b e s t  t h a t  can be s a i d  is  t h a t  

t h e  r a d i c a l s  of t h e  s e t s  i n  t h e  decomposi t ion a r e  unique and t h a t  t h o s e  

s e t s  i n  t h e  reduced primary decomposi t ion of N whose r a d i c a l s  a r e  

mjnimal prime d j v i s o r s  of N occur  i n  each decomposit jon.  

"Larsen and McCarthy, p. 51. 

1 9 ~ a r s e n  and McCarthy, p. 52. 



CHAPTEK I11 

DERIVATION AND PROPERTIES OF DEDEKISD DOMAINS 

I n t e g r a l  Elements 

Before  def i n i n g  t h e  i n t e g r a l  c l o s u r e  of a commutat ive  r ing R, 

i t  is necessa ry  t o  i n t r o d u c e  t h e  concept  of a n  R-algebra. An R- algebra 

T is a  r i n g  which is an P,-module and s a t  i f s i e s  t h e  requirement  t h a t  

r ( s t )  = ( r s ) t  = s ( r t )  f o r  a l l  r i n  R and s and t i n  T. An element u  of 

t h i s  r i n g  T is s a i d  t o  be i n t e g r a l  over  R i f  u  s a t i s f i e s  a polynomial  

e q u a t i o n w i t h  c o e f f i c i e n t s  j n R  and h j g h e s t  coefficient a  u n i t .  T  

i t s e l f  is i n t e g r a l  over  R i f  a l l  of i t s  e lements  a r e  i n t e g r a l  o v e r  R. 
2 0 

Propos i t  ion 10. An element u  i n  T is  i n t e g r a l  o v e r  R i f  and 

o n l y  i f  t h e r e  is a f i n i t e l y  genera ted  R-submodule A of T such t h a t  uA 

is c o n t a i n e d  i n  A, 1 is an element of A, and t h e  only  element of T 

which a n n i h i l a t e s  A on t h e  l e f t  is 0 .  

Proof :  I f  u  is i n t e g r a l  over  R t h e n  it s a t  is£ ies an e q u a t  jon 

of t h e  form 

un + r un-' + ... + rn = o 
1 (1  

w i t h  ri jn R. I f  A js d e f i n e d  t o  be t h e  R-module spanned by 

l , u ,  .. . ,un-'then t h e  requ i rements  of t h e  p r o p o s i t j o n  a r e  s a t i s f  led. 

On t h e  o t h e r  hand if we have a f i n i t e l y  genera ted  K submodule A s o  



t h a t  uA is con ta ined  i n  A and t h e  l e f t  a n n i h i l a t o r  of A i n  T is 0 then  

A is spanned by a f i n i t e  number of elements,  say a l  , .. . , a n  • 

T h e r e f o r e  f o r  i=l t o  n  

w i t h  r i n  R. Br inging a l l  t h e  t e r n s  of ( 2 )  t o  t h e  l e f t  hand s i d e  
i j  

y i e l d s  

I f  d is t h e  de te rminan t  of t h e  above m a t r i x  t h e n  d  is a  l e f t  

a n n i h i l a t o r  of a 
1 ' ... , a  and t h u s  d  l e f t  a n n j h i l a t e s  a l l  of A. 

n  

- - 
u-r 

11 
-r 

12 
. . . - r 

r wrZ2 ... -r I n  
2 n  

- r n l  -r . . . u-r I_ n2 nn _ 

T h e r e f o r e  d = 0 and expanding t h e  above de te rminan t  y i e l d s  a  monic 

polynomial equa t ion  s a t j s f i e d  by u. 2  1 

By us ing  t h  is propos i t  ion w e  can state an e q u i v a l e n t  def i n t  ion 

i- - 
al 
a2 

a 
- n - 

f o r  an i n t e g r a l  element. I f  R and T a r e  r i n g s  and K is conta ined i n  T 

= 0 

t h e n  a  i n  T is i n t e g r a l  over  R i f  t h e r e  is a  subr jng  L of T such t h a t  a  

is i n  L and L is a  f i n j t e l y  generated R-module. I f  t h e  requirement  

t h a t  L be a r i n g  is removed, we a r e  l e f t  w i t h  a  s l i g h t l y  weaker 

c o n d i t i o n .  An element a  i n  T is s a i d  t o  be a lmost  i n t e g r a l  i f  t h e r e  

e x i s t s  a  f i n i t e l y  genera ted  R-submodule L of T such t h a t  an is i n  L f o r  

every  p o s i t i v e  j n t e g e r  n. 22 

Theorem 11. If T  is a  commutative a l g e b r a  then t h e  e lements  of 

T  which a r e  i n t e g r a l  over  R form a  subr jng  of T. 

2 2 ~ a r s e n  and McCarthy, pp. 82-92. 



13  

Proof :  L e t  s and t be i n t e g r a l  over  R. There  a r e  R modules A 

and B such  t h a t  s A  is conta ined i n  A and t B  is con ta ined  i n  B which 

s a t i s f y  t h e  hypotheses  of p r o p o s i t i o n  10. \Je can say t h a t  A is 

g e n e r a t e d  by a  
0 ~ ~ 1 '  * * '  rak  0 '  1' L 

and B is genera ted  by b b  .. . , b  where 

a  =b -1 which impl ies  t h a t  AB is genera ted  by { a  .b : 0 ,  O l j L L  } . 
0  0  1 j 

C l e a r l y  (u+v)AB and (uv)AB a r e  con ta ined  i n  AR s o  by p r o p o s i t i o n  10, 

u+v and uv a r e  i n t e g r a l  over  R. 23 

The s u b r i n g  of T guaranteed by theorem 11 is known a s  t h e  

i n t e g r a l  c l o s u r e  of R i n  T. I f  R i t s e l f  js tire i n t e g r a l  c l o s u r e  of R 

2  4 
i n  T  then  K is s a i d  t o  be i n t e g r a l l y  c losed .  The f o l l o w i n g  

propos  i t  ion shows t h a t  t h e  i n t e g r a l  p r o p e r t i e s  d i s c u s s e d  above a r e  

t r a n s  i t  ive.  

P r o p o s i t i o n 1 2 .  L e t  R b e a c o m n u t a t i v e r j n g a n d  T and K- 

a l g e b r a  i n t e g r a l  over  R. I f  u  is an element of a  r j n g  c o n t a i n i n g  T  and 

u  is i n t e g r a l  over  T, t h e n  u  is i n t e g r a l  over  R. 

Proof :  S i n c e  u is i n t e g r a l  over  T  we can  say 

w i t h  t i n  T. S i n c e  each t is i n t e g r a l  over  R, p r o p o s i t j o n  10 i m p l j e s  
i 1  

t h a t  R [  t 
1 ' . . . , t  ] js f i n i t e l y  genera ted  o v e r  R. Another 

n 

a p p l i c a t  ion of p r o p o s i t  ion 10  y i e l d s  R[ tl, . . . , t n , u ]  a s  a  f l n l t e l y  

g e n e r a t e d  K-module s j n c e  u  is i n t e g r a l  over  R[ t l ,  . . . , t n ] .  By 

a p p l y i n g  p r o p o s i t i o n  10 i n  t h e  o p p o s i t e  d i r e c t  ion, u js i n t e g r a l  o v e r  

2  3  
Kaplansky,  p. 10. 

2 4 
Kaplansky, p. 27. 

2 5 ~ a p l a n s k y ,  p. 28. 
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I f  R and T a r e  r i n g s  w i t h  T i n t e g r a l  over  R, a  number of 

r e l a t i o n s h i p s  can be e s t a b l i s h e d  between t h e  prime i d e a l s  of R and 

t h o s e  of T. I n  p a r t i c u l a r  maximal c h a i n s  of prime i d e a l s  i n  T  may be 

matched t o  corresponding maximal c h a i n s  in  R. 

Lemma 13. L e t  R and T be r i n g s  such t h a t  T is j n t e g r a l  over  R. 

L e t  P and P be primes i n  R such t h a t  P c o n t a i n s  P and l e t  Q be prime 
0 0 

i n T  such t h a t  t h e  i n t e r s e c t i o n  of Q a n d K  is P. Then t h e r e  e x i s t s  a  

prime i d e a l  Q i n  T  such t h a t  t h e  i n t e r s e c t  ion of Q and R is P . 
0 0 0 

Proof :  Le t  S = R-P 
0. 

S is d i s j o i n t  from Q s o  Q can  be 

expanded t o  a  maximal prime i d e a l  Q d i s j o i n t  from S. I f  t h e  
0 

i n t e r s e c t  ion of 
Q0 

and R is P t h e n  we a r e  done; i f  n o t  t h e n  t h e  

i n t e r s e c t i o n  of Q0 and R is s t r i c t l y  con ta ined  i n  P. I n  t h e  l a t t e r  

c a s e ,  l e t  u  be i n  P but  not i n  Q o r  R. T h e r e f o r e  (Q , u )  p r o p e r l y  
0 0 

c o n t a j n s  
Q0 

and must t h e r e f o r e  i n t e r s e c t  S  a t  an  element s. T h i s  

e lement  may be expressed s = q+tu w i t h  q i n  Q and t i n  T. S i n c e  t is 
0 

i n t e g r a l  over  R, t s a t  j s f  i e s  

t n + r  t + ... + r = o 
1 n  

w i t h  r i n  R. klult i p l y i n g  ( 3 )  by un y i e l d s  
i 

( t ~ ) ~  + r u ( t u )  n - l+  ... + r un = o 
1 n  

Because t u  = s-q, we can say t h a t  ( t u ) "  = s (mod QO). Thus 

n  n- 1 n  
s + r us + ... + r u  = 0 (mod Qo) 

1 n  

T h i s  impl ies  t h a t  t h e  l e f t  hand s i d e  of ( 4 )  is i n  Q and hence a l s o  i n  
0 

n  P. u  i n  P i m p l j e s  t h a t  each term except  t h e  f i r s t  l i e s  i n  P s o  s l j e s  

i n  P. Thus s is i n  P and we have a  c o n t r a d i c t  jon. 2  6  

2 6 ~ a p l a n s k y ,  pp. 28-30. 
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Lemma 14. L e t  R and T be r i n g s  such t h a t  T is i n t e g r a l  o v e r  

R. L e t  Q and Q be d i s t i n c t  primes i n  T w i t h  t h e  same c o n t r a c t  ion P i n  
0 

R. Then Q and Q a r e  incomparable. 
0 

Proof :  I f  we assume t h a t  Q is con ta ined  i n  Q then  l e t  q be i n  
0 

Q0 
but  no t  i n  Q. q i n  T i m p l i e s  t h a t  q is i n t e g r a l  over  R s o  we may 

p i c k  a  monic polynomial ,  w i t h  coef f  i c j e n t s  i n  R, of l e a s t  degree ,  which 

e q u a l s  z e r o  (mod Q) when e v a l u a t e d  a t  q, 1.e. 

n-1 + . . . + r = 0 (mod Q) 
n  

S i n c e  1 is not i n  Q and t h e  polynomial is monic, n  is p o s i t i v e .  The 

l e f t  hand s j d e  of ( 5 )  l i e s  i n  Q and t h u s  a l s o  i n  Q . Every term on t h e  
0 

l e f t  hand s i d e  of ( 5 )  l i e s  i n  Q because  q is i n  Q . T h e r e f o r e  r 
0 0 n 

l i e s  Sn Q and R and a s  a  r e s u l t  l i e s  i n  t h e i r  i n t e r s e c t i o n  P and t h u s  
0 

a l s o  i n  Q. A s  a  r e s u l t ,  

l i e s  In Q. The second f a c t o r  above cannot  l i e  i n  Q s i n c e  its 

d e g r e e  is l e s s  t h a n  n  and t h e  f i r s t  f a c t o r  was chosen not i n  Q. Hence 

w e  have c o n t r a d i c t e d  t h e  f a c t  t h a t  Q is pr ime. 2 7 

The fo l lowing  lemma and theorem r e q u i r e  a  p a i r  of d e f i n i t i o n s .  

The corank of a  pr ime i d e a l  P is def ined t o  be t h e  suprernum of t h e  

l e n g t h s  of a l l  c h a i n s  of prime i d e a l s  ascending from P. The dimens ion  

of a commutative r i n g  R is t h e  supremum of t h e  l e n g t h s  of a l l  c h a j n s  of 

prime i d e a l s  jn R. E q u j v a l e n t l y  t h e  djmens ion of R may be def ined a s  

t h e  supremum of t h e  coranks  of a l l  pr  ime i d e a l s ,  o r  j u s t  a l l  minimal 

prime i d e a l s ,  of R. The  theorem is a  d i r e c t  r e s u l t  of lemma 15. 28 

2 7 ~ a p l a n s k y ,  pp. 26-30. 

2 8 ~ a p l a n s k y ,  pp. 31-32. 



Lemma 15. Let  K and T be r i n g s  such t h a t  T is i n t e g r a l  over  

R. Let Q be a prime i d e a l  in T and l e t  P=Q O R .  Then corank ( P )  = 

Proof :  I f  we a r e  g iven  a c h a i n  of prime i d e a l s  ascending from 

P, a c h a j n  of prime i d e a l s  of equa l  l e n g t h  ascending from (Z can  be 

g e n e r a t e d  by r e p e a t e d l y  us ing  lemma 13.  Hence corank(P)  - < corank(Q). 

On t h e  o t h e r  hand any c h a i n  of prime i d e a l s  ascending from Q must 

c o n t r a c t  t o  a c h a i n  of prime i d e a l s  of equa l  l e n g t h  i n  P by lemma 14. 

Hence corank(p)-corank(Q) . 29 

Theorem 16.  I f  R and T a r e  r i n g s  such t h a t  T is i n t e g r a l  over  

K then  t h e  dimension of T equa l s  t h e  dimension of R. 3 0 

Up t o  t h i s  po jn t ,  we have been concerned wi th  a commutat ive  

r i n g  R and an  R- algebra T. For t h e  r e s t  of t h i s  c h a p t e r ,  t h e  emphasis 

w i l l  be upon i n t e g r a l  domain r a t h e r  t h a n  simply commutative r i n g s .  An 

i n t e g r a l  domain is def jned t o  be i n t e g r a l l y  c losed  i f  i t  is i n t e g r a l l y  

c l o s e d  w i t h j n  its q u o t i e n t  f j e l d .  3 1 

Lemma 17. If  R is an  i n t e g r a l l y  c losed  i n t e g r a l  domain and S 

is a m u l t j p l i c a t j v e l y  c losed  s e t  i n  R t h e n  R is i n t e g r a l l y  c losed .  
S 

Proof:  Le t  u be i n t e g r a l  over  R T h e r e f o r e  u s a t i s f  jes  s 

w i t h r  i n R a n d s  i n s .  L e t s = s  
l S 2  * * *  

s and l e t  t =s/s . We have 
i i n i i 



Regrouping ( 6 )  y i e l d s  

( s u ) " +  t r (su)"" + ... + t r s n - 1 ,  
1 1  n  n  

s o  su is i n t e g r a l  over K. Since R i s  i n t e g r a l l y  c losed,  su is i n  R and 

thus  u  is in  R . 32 
S  

Lemma 18. The i n t e r s e c t j o n  of a  family of i n t e g r a l l y  c losed 

domains a l l  contajned in  one l a rge  domain is i n t e g r a l l y  c losed ,  

The proof of lemma 18 is immediate from lemma 17. The 

fol lowing c o r o l l a r y  is an immediate consequence of lemmas 17 and 18 and 

t h e  f a c t  t h a t  R=(]  K where t he  i n t e r s e c t i o n  ranges over a l l  maximal 
M 

i d e a l s  M of R. Theorem 21 g ives  us a  much s t ronge r  r e s u l t  however.33 

Corol lary 19. R is i n t e g r a l l y  closed i f  and only i f  

is i n t e g r a l l y  c losed f o r  each maximal i dea l  M of R. 

Lemma 20. I f  R is an i n t e g r a l  domajn then R= OR wi th  t h e  
P 

i n t e r s e c t  ion ranging over a l l  maximal pr ime idea l s  of p r inc ipa l  idea ls .  

Proof:  Clear ly  R is contained in  f ] K  . Let  u  be in  0 R so  - P P 

u = r / t  with r and t i n  R. Let  I be t he  s e t  of elements y  i n  R such t h a t  

y r  is in  ( t ) .  I f  I#R then 1  I s  i n  I and a s  a  r e s u l t  r is i n  ( t )  and 

u = r / t  is i n  R. I f  I = R then, s i n c e  I is contajned i n  t he  ze ro  

d i v i s o r s  of R/(b) ,  I can be expanded t o  a  maximal prime idea l  P of (t). 

u  i n  Rp implies  t h a t  u=a/s wi th  a  in  K and s in S=R-P. Thus a / s  = r / t  

and a t = s r  so we have sr a s  an element of ( t )  and s in  I. Therefore  s 

i s  i n  P, a  cont rad ic t ion .  34 

3 2 ~ a p l a n s k y ,  p. 33. 

3 3 ~ a p l a n s k y ,  p. 34. 

3 4 ~ a p l a n s k y ,  pp. 34-35. 



Theorem 21. I f  R is an i n t e g r a l  domain then  R is  i n t e g r a l l y  

c l o s e d  i f  and on ly  i f  Rp is i n t e g r a l l y  c l o s e d  f o r  each maximal prime 

i d e a l  P of a  p r  i n c j p a l  i d e a l .  

Proof :  The r e s u l t  is immediate from l e m m a s  17,113, and 20. 35 

A v a l u a t i o n  domain is def jned a s  an  i n t e g r a l  domain R such t h a t  

f o r  a l l  a and b i n  R, a  d i v i d e s  b  o r  b d i v i d e s  a. Theorem 26 s t a t e s  a  

r e s u l t  s i m j l a r  t o  lemma 20 u s i n g  v a l u a t i o n  domains i f  R js j n t e g r a l l y  

c l o s e d  but  f  jrst a  number of p re l iminary  r e s u l t s  a r e  needed. 36 

P r o p o s i t i o n  22. L e t  R b e  an  i n t e g r a l  domain wi th  q u o t i e n t  

f i e l d  K. R is a  v a l u a t i o n  domain i f  and on ly  i f  f o r  a l l  u  i n  K, u  o r  

l / u  is i n  R. 

Lemma 23.  L e t  R and T b e  r i n g s  such t h a t  T c o n t a i n s  R  and 

l e t  u  be a  u n i t  i n  T. I f  I is an i d e a l  i n  R t h e n  IR[u] # R[u] o r  

I R [ l / u ]  # R [ l / u ]  

Proof :  Suppose IK[u] = R[u] and I K [ l / u ]  = R [ l / u ]  . T h e r e f o r e  

ir  = 1 and jt = 1  f o r  some i and j i n  I, r i n  R[u] and t i n  R [ l / u ] .  

Thus we have 

w j t h  i and j i n  I. Without l o s s  of g e n e r a l i t y  say n  2 m and n  h a s  
k k 

been chosen t o  be minimal. I f  equa t  ion ( 8 )  i s  mult  ip l3ed  by u
n 

and 

r e o r d e r e d  we have 

n n- 1 n-m 
1 - u  = u  + ... + j u  

m (9) 

M u l t i p l y i n g  e q u a t i o n  ( 7 )  by 1-j and s u b s t i t u t i n g  (1- jo )un from 
0 

e q u a t i o n  ( 9 )  y i e l d s  a new equa t  jon of t h e  same form a s  ( 7 )  but w i t h  a  

3 5 
Kaplansky, pp. 35-36. 

3 6 ~ a p l a n s k y ,  pp. 35-36. 



19 

s m a l l e r  maximum exponent of u  than  n  c o n t r a d i c t i n g  t h e  min imal i ty  

Lemma 24. I f  K is a  f j e l d ,  R a  s u b r i n g  of K and I a n  i d e a l  of 

R  t h e n  t h e r e  e x i s t s  a  v a l u a t i o n  domajn V such t h a t  R is con ta ined  i n  V ,  

V is con ta jned  i n  K, K is t h e  q u o t i e n t  f  i e l d  of V and I V  f V. 

Proof :  L e t  X be t h e  s e t  of a l l  p a i r s  (R I ) w i t h  R c o n t a j n e d  z' z 
i n  , R con ta jned  jn K, I con ta jned  i n  I and I a n  i d e a l  of RZ . Z z z 
X c a n  be p a r t j a l l y  o rde red  by ( K  , I  ) con ta ined  i n  (R I ) i f  R is 

Y Y  z' z Y 

c o n t a j n e d  i n  R and I Is con ta ined  i n  I . C l e a r l y  every  t o t a l l y  z Y z 
o r d e r e d  s u b s e t  of X h a s  a  maximal element and X is nonempty so  we may 

a p p l y  Zorn's lemma t o  f i n d  a  maximal p a i r  (V,J) .  L e t  u  be a n  e lement  of 

K. By lemma 23 e i t h e r  JV[u] # V[u] o r  J V [ l / u ]  # V[l /u ] .  Thus JV[u] ,  

VIu] is in  X o r  J V l l / u ] ,  V [ l / u ]  is  jn X but  s i n c e  (J,V) is maximal t h i s  

- 1 
i m p l i e s  t h a t  V=V[u] o r  V=V[l/u]. T h e r e f o r e  u  o r  u is i n  V which 

i m p l i e s  t h a t  V is a  v a l u a t j o n  domajn w i t h  q u o t i e n t  f j e l d  K. 
3 8 

Lemma 25. Le t  R and T b e  commutative r i n g s  w i t h  R con ta ined  

i n  T. I f  u  is i n  T t h e n  l / u  is i n t e g r a l  over  R i f  and on ly  i f  l / u  is 

Proof :  Assume l / u  is i n t e g r a l  over  R. Then l / u  s a t i s f i e s  a  - 
polynom l a 1  equa t  ion: 

n  w i t h  ri i n  R. k l u l t i p l y i n g  e q u a t i o n  10 by u  and r e a r r a n g i n g  y i e l d s :  

3 7 
Kaplansky, p. 35. 

3 8 
Kaplansky, p. 36. 



2  0 

T h e r e f o r e  l / u  is an element of R[u]. The proof may be reversed  t o  

e s t a b l i s h  t h e  o t h e r  d i r e c t i o n .  
39 

Theorem 26. I f  R is an i n t e g r a l l y  c losed  domain wi th  q u o t i e n t  

f  i e l d  K t h e n  R is t h e  j n t e r s e c t i o n  of t h e  v a l u a t i o n  domains between R 

and K. 

Proof :  Let  y be i n  every v a l u a t i o n  domajn between R and K. I f  

y  is i n t e g r a l  over  R t h e n  y  is in  R and w e  a r e  done. I f  n o t  then l e t  

u = l / y  so  l / u  is not i n t e g r a l  over  R. By lemma 25 l / u  is no t  an element 

of R[u] so  (u )  = R[u] . We can f  ind a  v a l u a t i o n  domain V between R[u] 

and K such t h a t  (u)V = V by lemma 2 4 .  y=l /u  is i n  V which impl ies  t h a t  

(u)V=V. Thus we have t h e  requ j red  c o n t r a d i c t  ion. 4 0 

We w i l l  now examine a  c l a s s  of i n t e g r a l  domains known a s  GCD- 

domains. A GCD-domain is an j n t e g r a l  domain i n  which any two e lements  

have a g r e a t e s t  common d i v i s o r .  The n o t a t i o n  [ a , b ]  w i l l  be used f o r  

t h e  g r e a t e s t  common d i v i s o r  of a  and b. It w i l l  be shown i n  theorem 28 

t h a t  any GCD-domain js i n t e g r a l l y  c losed .  4  1 

P r o p o s i t i o n  2 7 .  I n  a  GCD-domain 

1 )  [ab ,ac ]  = a [ b , c ]  

2 )  I f  g = [ a , b l  t h e n  [a /g ,b /g ]  = 1 

3)  I f  [ a , b ]  = [ a , c ]  = 1 t h e n  [ a , b c ]  = 1 4 2  

Theorem 2 8 .  I f  R is a  GCD-doma i n  then R is i n t e g r a l l y  c losed .  



Proof :  L e t  K be t h e  q u o t i e n t  f i e l d  of R and l e t  an  element u  

of K be i n t e g r a l  over  R. We have 

w i t h  r j  i n  R. S i n c e  u  is jn K we may w r i t e  u  a s  s / t  w i t h  s and t i n  R. 

S i n c e  R is a GCD-domain w e  may say wi thou t  l o s s  of g e n e r a l i t y  t h a t  

is, t ]  = 1. M u l t i p l y i n g  (11)  by t
n 

y i e l d s :  

n  n  
which i m p l i e s  t h a t  t d i v i d e s  s . S i n c e  [ s  , t ]  = 1  by p r o p o s i t i o n  27 

( p a r t  3 ) ,  t must be a  u n j t  and hence u must be i n  K. 
43  

C l e a r l y  a l l  v a l u a t j o n  domains a r e  GCD-domains. Before  

cons  i d e r  ing o t h e r  c l a s s e s  of domains r e l a t e d  t o  GCD-dorna i n s  i t  is 

n e c e s s a r y  to  examine t h e  concept  of an i n v e r t i b l e  i d e a l .  I f  R is a n  

i n t e g r a l  domain w i t h  q u o t i e n t  f i e l d  K t h e n  I-' is t h e  s e t  of e lements  x 

- 1 
i n  K w i t h  XI c o n t a i n e d  i n  R.  I is c a l l e d  i n v e r t i b l e  i f  I1 = R. 

44 

Propos i t  ion 2 9 .  I f  I is a n  i n v e r t i b l e  i d e a l  then  I is 

f  i n i t e l y  genera ted .  

- 1 
Proof :  I1 = R impl ies  t h a t  a  b  + .,. + a  b = 1  w i t h  a i n  I 1 1  n  n  i 

and b j  i n  I-'. For j jn I 

w i t h  b . i  i n  R s o  {al ,  ... ,an) g e n e r a t e s  I. 45 
J 

Theorem 30. I f  R is an i n t e g r a l  domain w i t h  a  f i n i t e  number of 

maximal i d e a l s  and I is an i n v e r t i b l e  i d e a l  of K t h e n  I is p r i n c j p a l .  

43  
Kaplansky, p. 33 .  

4  4 
Kaplansky,  p. 37 .  

45Kaplansky, p. 3 7 .  



Proof :  Le t  M . . . ,Mn be  t h e  maximal i d e a l s  of R. S i n c e  11-I 
1 ' 

= R we may choose a i  i n  I , b i  in  I-' such t h a t  a . b . i s  n o t  i n  M f o r  each 
1 1  i 

1. S i n c e  no M can  c o n t a i n  t h e  i n t e r s e c t i o n  of t h e  remaining maximal 
i 

i d e a l s  f o r  each i we may choose u n o t  i n  M such t h a t  ui is i n  M f o r  
i i * S 

- 1 
e v e r y  j Z i .  I f  we l e t w u b  +... + u b  t h e n v  is i n 1  s o  v I  is 1 1  n n 

c o n t a i n e d  i n  R. Suppose v I  is con ta ined  i n  El . T h e r e f o r e  va is i n  EI 
i i 

b u t  
va = u b a  +. . .+  u b a  

i l l i  n n i  

and every  term on t h e  r i g h t  hand s i d e  l i e s  i n  PI excep t  u b a which is 
i i j i 

a c o n t r a d i c t i o n .  Thus v1 l i e s  i n  no maximal i d e a l  and hence must 

e q u a l  R. T h e r e f o r e  I = ( l / v )  is p r i n c i p a l .  4 6 

Lemma 31. I f  I is an i n v e r t i b l e  i d e a l  and S a 

m u l t j p l i c a t i v e l y  c l o s e d  s e t  i n  a n  i n t e g r a l  domain R then  IS is 

i n v e r t  i b l e  i n  R s 
- 1 

Proof :  L e t  r / s  be i n  RS. S i n c e  I1 = R we can  w r i t e  r;;a b + 
1 1  

... + a b w i t h  ai  i n  I and b i n  I-'. Hence 
n n i 

r/s = ( a l / s ) b  + ... + ( a  / s )bn 
1 n 

w i t h  a j / s  i n  I and b i n  I -' s o  r/s is i n  I I-' s i s S S *  

Theorem32. I f  R i s a n  i n t e g r a l d o m a i n a n d 1  i s a  f i n i t e l y  

g e n e r a t e d  i d e a l  of R t h e n  I i s  i n v e r t i b l e  i f  and on ly  i f  
IM 

is 

p r i n c i p a l  f o r  eve ry  maximal i d e a l  M of R. 

Proof :  Assume t h a t  I is p r i n c i p a l  f o r  each maximal i d e a l  14. - M 

I f  11-' is p r o p e r l y  con ta ined  i n  R, i t  J s  con ta ined  i n  some maximal 

* * 
i d e a l  M. L e t  ( 1 1 s )  = I w i t h  i i n  I and s i n  S and l e t  a  

S 
l,... , a  be 

n 

t h e  g e n e r a t o r s  of I. For  each i we can f i n d  s i n  R-PI such t h a t  s . a  
1 i 



- 1 
is i n  ( i ) .  Let  s=sl . . . s and we have s/ j i n  I . However s i n c e  n  

- 1 
s = ( s /  i )  i, s is i n  I I and hence s is i n  PI  which is a  c o n t r a d i c t  ion. 

The converse  is an immediate consequence of theorem 30 and lemma 31. 
4  7 

P r u f e r  Domains 

We may now d e f i n e  two c l a s s e s  of i n t e g r a l  domains c l o s e l y  

r e l a t e d  t o  GCD-domains. A P r u f e r  domain is def ined  a s  an  i n t e g r a l  

domain i n  which a  nonzero i d e a l  I s  i n v e r t i b l e  i f  and o n l y  i f  i t  is 

f i n i t e l y  genera ted .  A s l i g h t l y  more r e s t r j c t  ive  c l a s s  is t h e  c l a s s  of 

Bezout domains which c o n s i s t s  of i n t e g r a l  domains i n  which e v e r y  

f  i n i t e l y  genera ted  i d e a l  is p r i n c i p a l .  It c a n  e a s i l y  be shown t h a t  any 

Bezout domajn is a  GCD-domain and t h a t  t h e  g r e a t e s t  colnmon d i v i s o r  of 

two e lements  i n  a  Bezout domain is a  l i n e a r  combinat ion of t h e  

elements.48 The fo l lowing  propos i t  ions  r e l a t e  Pruf  e r  domains and 

Bezout domains t o  v a l u a t i o n  domains. The proof of p r o p o s i t i o n  3 3  is 

e a s y  and may be found jn Kaplansky (p.39). 

P r o p o s i t i o n  33. A q u a s i  l o c a l  domain is a  v a l u a t i o n  domain i f  

and on ly  i f  it js a Bezout domain. 

P r o p o s i t i o n  3 4 .  An i n t e g r a l  domain R is P r u f e r  i f  and o n l y  i f  

R s a r i s f j e s  one of t h e  fo l lowing :  

1) For  every  prjme i d e a l  P of R, Rp is a  v a l u a t i o n  
doma jn. 

2 )  For  every  maximal i d e a l  M of R, RN is a  v a l u a t i o n  
doma i n  

4  7 
Kaplansky, p. 38. 

4 8 
Kaplansky, pp. 32,38. 



Proof :  I f  R is P r u f e r  and J is a  nonzero f  i n i t e l y  g e n e r a t e d  

ideal or k . ')en J = ( r  1s ... , r /s  ) w i t h  r i n  K and s i n  R-P. 
P 1 1' n  n  i i 

I f  I = r ,  ... , r n )  t h e n  Ip = J. S i n c e  R js P r u f e r ,  I is i n v e r t i b l e  

and by lemma 31, J is i n v e r t j b l e .  By theorem 30, J is  p r j n c j p a l  so R 
P  

is Bezout. Thus we can apply  p r o p o s i t i o n  33 t o  e s t a b l i s h  t h a t  is a  

v a l u a t i o n  domain. C l e a r l y  t h e  f i r s t  c o n d i t i o n  impl ies  t h e  second, and 

by theorem 32 t h e  second c o n d i t i o n  impl ies  t h a t  R is ~ r u f e r . ~ ~  

The followirig p r o p o s i t i o n  g i v e s  a  s u f f i c i e n t  c o n d i t i o n  f o r  an  

i n t e g r a l  domain t o  be a  P r u f e r  domain. T h i s  p r o p o s i t i o n  is u s e f u l  in  

t h e  c o n s t r u c t  ion  of Pruf  e r  domains. 

P r o p o s i t i o n  35. I f  R is an i n t e g r a l  domain s a t i s f y i n g  t h e  

c o n d i t  ion: 

(*) I f  a  and b  a r e  i n  R and a 2  + d! f 0  then  a2 / ( a 2  +b2 ) and 
2 2 a b / ( a  +b ) a r e  i n  R 

t h e n  R is a  P r u f e r  domain. 

Proof :  L e t  K be t h e  q u o t i e n t  f i e l d  of R. L e t  i be t h e  s q u a r e  

r o o t  of -1. I f  i is i n  K t h e n  any element i n  K excep t  0 and 112 may be 

expressed  i n  t h e  form l / ( l - i x )  f o r  some x  i n  K. S j n c e  ( l + i x ) / ( l + x 2 )  = 

/ ( - x )  we c a n  e x p r e s s  any element of K excep t  0 and 112 a s  t h e  

p roduc t  shown f o r  some x i n  K. Applying t h j s  f a c t  t o  one and us ing  (*) 

y i e l d s  t h e  f a c t  t h a t  i is i n  R. A s  a  r e s u l t  i t  can e a s i l y  be shown 

t h a t  R=K and t h u s  R is a  P r u f e r  domian. 

On t h e  o t h e r  hand i f  i is not  i n  K t h e n  l e t  P be  a prime i d e a l  

2  2  i n R  and l e t  u  be in  K. S i n c e  u k  i ,  l+u # O and by (*), x = l / ( l + u )  

2  2  2  and y  = u/ ( l+u  ) a r e  i n  K. Thus 1-x = U / ( l + u  ) is i n  R. S i n c e  1  is 



n o t  i n  P, P cannot  c o n t a i n  both x and 1-x. T h e r e f o r e  y/x=u o r  y / ( l -x)  

= l / u  is i n  Rp and a s  a r e s u l t  Rp is a v a l u a t i o n  domajn. By 

p r o p o s i t i o n  34, R is a P r u f e r  domajn. 
5 0 

A s  a r e s u l t  of t h j s  p r o p o s i t i o n  i t  is p o s s i b l e  t o  e n l a r g e  any 

i n t e g r a l  domain R t o  a P r u f e r  domain. A l l  t h a t  is necessa ry  is t h a t  R 

2 2 be  expanded t o  an i n t e g r a l  domain c o n t a i n i n g  x / ( l + x  ) and l / ( l + x  ) f o r  

2 
a l l  x i n  K such  t h a t  x = -1. It can be shown u s i n g  t h i s  c o n s t r u c t i o n  

t h a t  f o r  eve ry  p o s i t i v e  i n t e g e r  n t h e r e  is an n d imens iona l  P r u f e r  

domain Rn w i t h  an  i d e a l  I which can be genera ted  by n+l e lements  but  
n 

no  l e s s .  I f  we l e t  R be  t h e  r e a l  numbers and 

Bn = R[xo, . . . , xn] /(xo2 + . . . + x 2-1) 
n 

t h e n  Hn is t h e  P r u f e r  domain genera ted  by t h e  above procedure  from t h e  

R- subalgebra of Bn genera ted  by a l l  combinat ions  x x . The i d e a l  I is 
j j  n 

g e n e r a t e d  by x L 
'XoX1S * * *  

Dedek jnd Doma i n s  

One of t h e  s i inp les t  of t h e  many e q u i v a l e n t  d e f i n i t i o n s  is t h a t  

a Dedekind domain is a Noe the r jan  P r u f e r  damain. By p r o p o s i t  ion  29 

t h i s  d e f i n i t i o n  is c l e a l y  e q u i v a l e n t  t o  t h e  requirement  t h a t  eve ry  

nonzero  i d e a l  i n  R b e  i n v e r t i b l e .  52 

5 0 ~ i c h a r d  G. Swan, "n-Generator I d e a l s  In P r u f e r  Domajns" 
P a c i f i c  J o u r n a l  of Mathematics, Vol 111, No. 2 1984, 434-435. 

51~wan,  pp. 433-35. 

52 
Kaplansky, p. 67. 



P r o p o s i t i o n  36. For an i n t e g r a l  domain R t h e  fo l lowing  a r e  

e q u i v a l e n t :  

( 1 )  K is a  Dedekind domain 

( 2 )  R is Noe ther ian  and f o r  eve ry  maximal i d e a l  M,  
eve ry  i d e a l  of R is  pr i n c i p a l .  

M 

Proof :  For  ( 1 )  i m p l i e s  (2), p r o p o s i t i o n  34 s a y s  t h a t  R is a  
11 

v a l u a t i o n  domajn. S i n c e  R is Noether ian ,  R is Noe the r ian  and a s  a  
M 

r e s u l t  eve ry  i d e a l  of I$! is f i n j t e l y  genera ted .  S i n c e  R is a  M 

v a l u a t i o n  domain every  i d e a l  is hence p r i n c i p a l .  The converse  I s  

immed i a t e  from theorem 32. 5  3 

Note t h a t  every  i d e a l  of K i t s e l f  need not  be p r i n c i p a l .  I f  we 

l e t  K e q u a l  t h e  s q u a r e  r o o t  of -5, K=Z(k) and 1=(3,1+2k) f o r  example, 

t h e n  K is a  Dedekind domain but I I s  no t  p r i n c j p a l .  It is p o s s i b l e  

however t o  show t h a t  every  i d e a l  i n  a  Dedekind domain can be genera ted  

by a t  most two e lements .  I n  t h e  p rocess  we s h a l l  e s t a b l i s h  t h e  r e s u l t  

sough t  i n  c h a p t e r  I, t h a t  every  nonzero i d e a l  jn a  Dedekind domain may 

b e  un i q u e l y  f a c t o r e d  a s  a  product  of prime i d e a l s .  

Lemma 37. I f  K js a  Dedekind domain then  t h e  dimension of R 

is  l e s s  than  o r  equa l  t o  one. 

P roof :  I f  P and M a r e  p r  ime i d e a l s  of R w j t h  P con ta ined  i n  El 

t h e n  Pbl is a  prime i d e a l  con ta ined  In EEI i n  t h e  l o c a l  v a l u a t i o n  doaiain 

RM. 
We may w r i t e  P  = ( r )  and M = ( x ) .  r may be expressed  a s  uxn w i t h  

M M 

u ,  a  u n i t .  S i n c e  P is prjme t h i s  impl ies  t h a t  x I s  i n  P s o  P = 
M M 11 

and hence P=M. 

5 3 ~ a p l a n s k y ,  pp. 67-68. 



Lemma 38. I n  a Dedekind domain R ,  any nonzero i d e a l  I may be 

expressed  a s  a  unique product of prime i d e a l s .  

Proof:  L e t  X be  t h e  s e t  of nonzero i d e a l s  which may n o t  be 

expressed  a s  a  product  of pr ime i d e a l s .  I f  we o r d e r  X by i n c l u s i o n  we 

c a n  f i n d  maximal element A of X by Zorn's lemma, i f  X is nonempty, 

s i n c e  t h e  f a c t  t h a t  R is Noe the r ian  g u a r a n t e e s  t h a t  every  t o t a l l y  

o r d e r e d  s e t  i n  X h a s  a  maximal element.  I f  N is a  maximal i d e a l  

- 1 
c o n t a i n i n g  A t h e n  A 4 M s i n c e  A is  i n  X. A is con ta ined  i n  AM which 

is con ta ined  in  R. I f  A =  AH'^ then  AM = A and t h u s  M = A - ~ A M  = R 

- 1 -1 
which is a  c o n t r a d i c t  ion. On t h e  o t h e r  hand i f  A f API then  A14 is 

-1 
n o t  i n  X s o  AM may be expressed  a s  a  product  of primes. T h e r e f o r e  A 

= A M - ~ M  may a l s o  be expressed  a s  a  product  of primes which is a l s o  a  

c o n t r a d i c t  ion. 54 

I f I = P  
1 . * *  

P = Q1 . . . Qn a r e  two prime f a c t o r i z a t i o n s  of I 
m 

t h e n  Q1 ... Qn is con ta ined  i n  P1. T h e r e f o r e  some Q is con ta ined  i n  

P1 . By lemma 37 we have PI= Qi .  S j n c e  P1 is i n v e r t j b l e ,  i t  may 

c a n c e l l e d  on bo th  s i d e s  and t h e  p r o c e s s  may he con t inued  t o  show 

un jqueness.  
55 

Theorem 39. I f  R is a  Dedekind domain then every  i d e a l  A of R 

c a n  be genera ted  by a t  most two elements.  

Proof :  I f  A=(O) w e  a r e  done. I f  no t  t h e n  l e t  h 4 0 be i n  A. 

L e t  E = b b l .  S i n c e  B is an i d e a l  of R and K is Dedekind we may w r i t e  

B = P1 . . . P w i t h  Pi prime by lemma 38. Thus b  = pl . . . pn w i t h  pi i n  n  

P  . T h e r e f o r e  b is in  P  and K-P c o n s i s t s  of e lements  of t h e  form 
i 1 1 

5 4 ~ a r s e n  and i lccar thy,  pp. 136-37. 

5 5 ~ a p l a n s k y ,  p. 68. 



u(1-b)" where u  is a  u n i t .  By lemma 37 A l o c a l i z e d  a t  P is p r i n c i p a l  1 

and hence equa l  t o  ( a ) .  We can f i n d  a  pos i t  ive  i n t e g e r  n  such t h a t  

(I-b)" / a  is i n  A-' and thus  (I-b)" is  i n  cl. A s  a  r e s u l t  1 is i n  

~ + a A - l  so B+aA-' = R. Hence A = A B + A ~ A - ~  = ~ b ~ - ' + ( a )  = (b)+(a)  = 

( a , b ) .  

The example fo l lowing  p r o p o s i t i o n  35 shows t h a t  theorem 39 

canno t  be g e n e r a l i z e d  t o  P r u f e r  do~xains.  The l a s t  r e s u l t  i n  t h i s  

c h a p t e r  r e u t r n s  t o  t h e  q u e s t i o n  of f a c t o r j z a t  ions  of i d e a l s  r a i s e d  i n  

c h a p t e r  I. Not on ly  is every  i d e a l  i n  a  Dedekind domain un ique ly  

f a c t o r a b l e  a s  a  product  of pr jmes but  every  domain i n  which a l l  i d e a l s  

a r e  un ique ly  f a c t o r a b l e  is a  Dedekjnd domain. 

Theorem 40. An i n t e g r a l  domain R is  a  Dedekind domain i f  and 

o n l y  i f  eve ry  nonzero i d e a l  of R can  be expressed  a s  unique product  of 

p r  ime i d e a l s .  

Proof :  The f i r s t  h a l f  of t h e  proof is p resen ted  i n  l e m m a  38. 

I f  eve ry  i d e a l  of R is a  unique product  of prjmes, then  f i r s t  we must 

show t h a t  eve ry  i n v e r t j b l e  prime i d e a l  i n  R i n  maximal. I f  P  is an 

i n v e r t i b l e  prjme which is no t  maximal then  P+(a) R f o r  some a  i n  R-P. 

Thus P+(a) = 2 PI . . . p and P+(a ) = Q1 . . . w i t h  P . and Q . pr  ime. I f  k  Qn 1 3 * * * * * * * 
= Pi  ... Pk 

* 
we le t  R = R/P, P = P j/P, Q j  = Qi/P and a  = a+P t h e n  a  R 

* * * * * 2 *  * 
and ( a * 1 2 ~ *  = Q1 . . . Qn . S i n c e  a  R and ( a  ) R a r e  i n v e r t  i b l e  each P 

* * 2 * 2 * * and Cj is  i n v e r t  i b l e  so  we have ( P  . . . (Pk ) = P1 . . . Qn w i t h  P  
1 i 

- - - 
Q2 i- 1 - Q2i . T h e r e f o r e  (p+(a)12= P t ( a 2 )  and a s  a  r e s u l t  P is 

c o n t a i n e d  i n  ( ~ + ( a )  )2. Thus f o r  a l l  p  i n  P, p  = q+ra wi th  q  i n  p2 and 

r i n R .  S i n c e  p  and q a r e  i n P  bu t  a  is no t ,  r must be i n P  s o  P is 



29 

2 - 1  -1 
conta ined  i n  p2 +Pa. There fore  R = PP-I is  con ta ined  in  P P +Pap = 

P+(a) which c o n t r a d i c t s  our cho jce  of a  so  P must be maximal. 
56 

I f  Q is a  nonzero prime i d e a l  i n  R and a  L 0 is in  Q t h e n  (a)=P1 

. . . Pk w i t h  each Pi a prime idea l .  S ince  ( a )  is i n v e r t i b l e ,  each Pi is 

i n v e r t  i b l e  and hence maximal. S ince  P1 . . . Pk is con ta ined  i n  Q, Pi is 

c o n t a i n e d  i n  Q f o r  some i and t h u s  Pj=Q and Q is i n v e r t i b l e .  I f  T is a 

nonzero i d e a l  of R t h e n  I = P1 ... Pn w i t h  Pi prime. S i n c e  each Pi is 

i n v e r t  i b l e ,  I is  a l s o  i n v e r t  i b l e .  There fore  R is a Dedekind domain. 
57 

5 6 
Larsen  and McCarthy, pp. 135-36. 

57 
L a r s e n  and McCarthy, p. 135. 



CHAPTER I V  

GENERALIZATIONS OF DEDEKIND DOMAINS 

I n  t h j s  c h a p t e r ,  we s h a l l  begin  by c o n s i d e r i n g  a n o t h e r  

e q u j v a l e n t  def i n i t  ion of a  Dedekind domain. F i r s t  we must c o n s i d e r  

some def i n )  t ions. 

I f  R is a  commutative r j n g  and A a n  R-module then  an o rdered  

sequence of e lements  xl, ... , xn i n  R is c a l l e d  an  R-sequence on 

A i f  ( x ,  . . . , A f A and x i  is no t  i n  t h e  z e r o  d i v i s o r s  

of A/(xl, . . . , X  j-l)A f o r  any i. I n  t h e  c a s e  of A = R, t h e  

sequence x  . . . ,xn is an R-sequence i f  each xi  is n e i t h e r  a  u n i t  nor 

a z e r o  d i v i s o r  in  R/(xl, . . . , x ). It can be shown t h a t  i f  R is 
i- 1 

Noether jan  and I is an i d e a l  of K then  a l l  of t h e  maximal R-sequences 

on R con ta jned  in  I have t h e  same leng th .  I n  t h i s  c a s e ,  t h e  grade 

of t h e  i d e a l  I is def ined a s  t h e  common l e n g t h  of t h e  maximal K- 

sequences .  58 

T h i s  d e f i n i t j o n  can be g e n e r a l i z e d  f o r  t h e  c a s e  of g rade  1 t o  

non-Noether jan domains by def in ing  an i d e a l  I i n  a  domain R t o  have 

g r a d e  1 i f  t h e r e  is a  nonzero element x  jn I such t h a t  I is con ta ined  

i n  t h e  z e r o  d i v i s o r s  of R/(x).  For our purposes i t  w i l l  be necessa ry  

t o  use  a  s l i g h t l y  s t r o n g e r  d e f j n i t i o n  of g rade  1. We s h a l l  d e f i n e  an 

58 
Kaplansky, pp. 84-89. 
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i d e a l  I i n  a  domain R t o  have grade 1 i f  f o r  any nonzero 5 i n  I t h e r e  

e x i s t s  an r no t  in  ( j )  such t h a t  rI is  conta ined jn ( i ) .  The fo l lowing  

two p r o p o s i t i o n s  show t h a t  t h e s e  two def i n i t  ions  of g rade  1 a r e  

e q u i v a l e n t  i f  K is Noether jan.  The proof of t h e  f  irst p r o p o s i t  ion is 

p r e s e n t e d  i n  Kaplansky(pp.55-56). 

P r o p o s i t  ion 41. I f  R is Noether ian,  A a f i n i t e l y  genera ted  R- 

module and S a  s u b r j n g  conta ined in t h e  z e r o  d i v i s o r s  of A then t h e r e  

is a  nonzero element a  i n  A such t h a t  Sa = 0. 

P r o p o s i t i o n  42. I f  I is a  nonzero f i n j t e l y  genera ted  i d e a l  of R 

( I = ( t l ,  ... t tl 4 0 )  and i t  t h e r e  e x i s t s  r n o t  i n  ( t  ) such t h a t  rI 
1 

is con ta ined  i n  ( t l )  t h e n  f o r  a l l  a  # 0 i n  I t h e r e  Ss a  b  no t  i n  ( a )  

such t h a t  b I  is con ta ined  jn (a) .  
59 

Proof :  I f  a is a nonzero element of I t h e n  ra=bt  f o r  some b 
1 

i n  R. We c la im t h a t  b  is not  jn ( a )  f o r  i f  +ria then  r a  = r 
1 atl 

C a n c e l l i n g  a  on each s i d e  would y i e l d  r i n  ( t  , a c o n t r a d i c t j o n .  

S i n c e  b t l I  = arI which is con ta jned  i n  a ( t  ) we have b I  con ta ined  jn 
1 

( t,) 

We can now r e l a t e  grade t o  Dedekind domains. A l o c a l  domain R 

w i t h  maximal i d e a l  N is def ined t o  be a  d i s c r e t e  v a l u a t i o n  r i n g  (DVK) 

i f  K is i n t e g r a l l y  c l o s e d  and M has  grade 1. Theorem 45  which is a 

d i r e c t  r e s u l t  of t h e  fo l lowing  lemmas and theorem 32 r e l a t e s  Dedekind 

domains and d i s c r e t e  v a l u a t i o n  r jngs. 

Lemma 43. I f  R is a  Dedekjnd domain then f o r  every maximal 

i d e a l  M of R, 1s a  DVR. 

59 
S. Floyd Barger,  " I n v e r t i b l e  I d e a l s  and Theory of Grade" 

(unpubl ished work, Youngstown S t a t e  Univers  i t y ,  1974),  p. 1. 



Proof:  By propos i t ion  34, I$, is a va lua t ion  domain and hence 

i n t e g r a l l y  c losed by theoran 28. (Note t h a t  by theorem 21, R i t s e l f  is 

i n t e g r a l l y  c losed.)  By theorem 30, M is p r j n c i p a l  and thus has  grade 

Lemma 44.  I f  R js a DVK then every i dea l  in  R is p r inc ipa l .  

Proof: S ince  t he  maximal i dea l  M has grade 1 t h e r e  a r e  

e lements  x i n  M and y in  R such t h a t  y is not i n  ( x )  but My is 

contained in  (x) .  Therefore  y/x is in M-' but no t  in  R. Since M is 

maximal and f4M-l con t a in s  M and R con ta in s  N M - ~ , M M - ~  = M o r  R. I f  

M M ' ~  = M then by propos i t  ion 10, M-' is i n t e g r a l  over R and hence equal  

t o  K s i n c e  every DVR is i n t e g r a l l y  closed. Since t h i s  is a 

c o n t r a d i c t  ion, M M - ~  = R so M i n v e r t i b l e  and thus p r i n c i p a l  by theorem 

I f  we l e t  M = (x)  then  every element of R may be w r i t t e n  ux n 

where u is a u n i t  and n is a pos i t i ve  integer .  C lea r ly  f o r  a l l  r and s 

i n  R,  r d iv ides  s o r  s d iv ides  r. A s  a r e s u l t  R is a va lua t ion  domain 

and s i n c e  R is Noetherian a l l  of i ts  idea l s  must t h e r e f o r e  be 

pr  jnc ipa l .  

Theorem 45. A Noetherian domain js Dedekind i f  and only i f  f o r  - 
every  maximal i dea l  M of R, RM is a DVR. 

The r e s u l t  of theorem 45 can be genera l ized  t o  domains which 

a r e  not  q u a s j  l o c a l  a s  shown i n  theorem 46. The " i f"  po r t i on  of t h e  

proof of theorem 46 is very s i m i l a r  t o  t he  proof of lemma 44 and has 

been omitted. 

6 0 
Kaplansky, pp. 67-68. 
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Theorem 46. A Noether ian  domain R is  Dedekind i f  and on ly  i f  R 

is i n t e g r a l l y  c l o s e d  and every  i d e a l  of R h a s  g rade  1. 

Proof :  I f  K is a  Dedekind domain t h e n  R is i n t e g r a l l y  c l o s e d  

- 1 -1 
( s e e  proof of lemma 43) .  L e t  I be  an i d e a l  of R. S i n c e  I1 = R , I 

- 1 
s t r i c t l y  c o n t a i n s  R. L e t  r/s be a n  element of I no t  i n  K. T h e r e f o r e  

r1 is c o n t a i n e d  i n  ( s )  but  r is not  i n  ( s ) .  I f  I + ( s )  = R then  

1 =  i + t s  (12)  

w i t h  i i n  I and t i n  K. M u l t i p l y i n g  both  s i d e s  by r y i e l d s  two terms 

on t h e  r j g h t  hand s i d e  i n  ( s ) .  T h i s  would f o r c e  r i n t o  ( s ) ,  a  

c o n t r a d i c t  ion. T h e r e f o r  I + ( s )  is an i d e a l  of K. C l e a r l y  r ( I + ( s ) )  i s  

c o n t a i n e d  i n  ( s )  s o  by p r o p o s i t i o n  42, I + ( s )  h a s  g rade  1. For  a l l  i f0  

i n  I ,  j is i n  I + ( s )  s o  t h e r e  e x i s t s  a  b no t  i n  ( i )  such t h a t  b ( I + ( s ) )  

is c o n t a i n e d  i n  ( a ) .  Thus bI  is  con ta ined  i n  ( a ) .  
6  2  

There  is no immediate g e n e r a l i z a t i o n  of theorem 45 t o  non- 

Noe the r jan  domains. I f  K is an a l g e b r a i c a l l y  c l o s e d  f i e l d  and K(x,y) 

t h e  r i n g  of r a t  i o n a l  f u n c t i o n s  i n  two v a r i a b l e s  over  K and i f  K 

c o n s i s t s  of a l l  r a t i o n a l  f u n c t i o n s  of t h e  form p(x, y ) / q ( x ,  y)  such t h a t  

p(O,y) /q(o ,y)  is i n  K and x d i v i d e s  q(x,  y) t h e n  R h a s  g rade  1 ,  and is 

i n t e g r a l l y  c l o s e d  and quas i- loca l .  R is n o t  Noe the r ian  and no t  a 

P r u f e r  dona i n  however. 

We w i l l  now c o n s i d e r  a  c l a s s  of domains l e s s  r e s t r i c t i v e  than  

Dedekind domains. A n-domain is an i n t e g r a l  domain i n  which every  

p r i n c i p a l  i d e a l  is a  product of prime i d e a l s .  C l e a r l y  every  Dedekind 

domain is a  T-domajn. I f  we add t h e  r e s t r i c t  ion t h a t  every  nonzero  

i d e a l  h a s  g rade  1  then  T -domains and Dedekjnd domains a r e  e q u i v a l e n t .  

6 2 ~ a r g e r ,  pp. 1-2. 
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Lemma 47. I f  P is an i n v e r t i b l e  prime i d e a l  p roper ly  containec! 

- 1 
i n  an i d e a l  I which is proper ly  con ta ined  in  K t h e n  I = R. 

Proof :  L e t  M be a maximal i d e a l  c o n t a i n i n g  I. Suppose t h e r e  

-1 
is a z i n  I such t h a t  z is not  i n  R. I f  z  = r / s  w i t h  r i n  R, s i n  R- 

PI,  t h e n  ( r / s ) I  is  conta ined in R so I is  con ta ined  i n  ( s ) .  There fore  P 

is  s t r i c t l y  con ta ined  i n  ( s ) .  I n  Rp, P and ( s )  a r e  both  p r i n c i p a l  and 

P is prime so s must be a u n i t  which c o n t r a d i c t s  t h e  f a c t  t h a t  z js no t  

- 1 i n  R. Thus z is i n  I and hence P bu t  n o t  i n  RN. S i n c e  PM is M M 

p r i n c i p a l  by theorem 32 we can say P = ( x )  f o r  some x i n  There  is M 

some r i n  RM such t h a t  zx = r. S i n c e  z is not  i n  Pb , x does n o t  

d i v i d e  r. I f  we l e t  y be in  IEi b u t  n o t  i n  P however then  yz=r  i n  
M 1 

which impl ies  t h a t  y r  is i n  ( x )  = P 
Pi 

T h i s  l e a d s  t o  t h e  c o n t r a d i c t  ion 

t h a t  x does  d i v i d e  r. There fore  I-' = R. 

Theorem 48. I f  R is  a  domain i n  which every nonzero i d e a l  

h a s  grade 1 t h e n  R is Dedekind. 

Proof :  L e t  P be a prjme i d e a l  i n  R and a an element of P, a#O. 

We can w r i t e  ( a )  = P1 .. . P and s i n c e  ( a )  i s  i n v e r t i b l e  each Pi is 
n 

i n v e r t i b l e .  We c la im t h a t  each P is maximal f o r  i f  not  then  t h e r e  is 
i 

a b n o t  in  
'i 

such t h a t  Pi+(b) is  p roper ly  con ta ined  in  R. By 

lemma 47 (P +( b)  )-I=R b u t  as shown i n  t h e  proof of lemma 44, (P +(b))- I  

p r o p e r l y  c o n t a i n s  R s i n c e  P+(b) is f i n i t e l y  genera ted  and has  grade 1 

s o  we have a c o n t r a d i c t  ion. S i n c e  P . . . P is conta ined in  P some P 
1 n i 

i s  con ta jned  i n  and thus  equa l  t o  P. There fore  P is maximal and 

i n v e r t i b l e .  A s  a r e s u l t  R is a v a l u a t i o n  domain and s i n c e  every  prime 
P 

i d e a l  in  K is f i n i t e l y  genera ted ,  R is Noether ian.  There fore  by 

p r o p o s i t i o n  34, R is a P r u f e r  domain and hence a Dedekind domain. 6 3 

6 3 
Barger,  pp. 2-3. 
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The c l a s s  of IT-domains may be g e n e r a l i z e d  t o  a  l a r g e r  c l a s s  

known a s  K r u l l  domajns. An i n t e g r a l  domain R is a  R r u l l  domain i f  f o r  

e v e r y  minimal pr  jme P  of R, Ky is a  DVR, R = (1 Rp where t h e  

i n t e r s e c t  ion ranges  over  a l l  minimal pr imes of R, and any nonzero 

e lement  of R l i e s  i n  on ly  f j n j t e l y  many minimal prime i d e a l s .  It can 

b e  shown t h a t  any i n t e g r a l l y  c losed  Noe ther ian  domain is a  K r u l l  

6 4 
domain. 

A s  a  conc lus ion  t o  t h i s  c h a p t e r ,  we s h a l l  c o n s i d e r  a n o t h e r  

means of s t r e n g t h e n i n g  a   domain t o  make i t  e q u j v a l e n t  t o  a Dedekjnd 

domain, It is s u f f i c j e n t  t o  r e q u i r e  t h a t  every i d e a l  genera ted  by two 

e lements  be a  product  of pr ime jdeals .  

Lemma 49. I f  R is a domain i n  wh ich  every i d e a l  genera ted  by 

two e lements  is a  product  of pr jrne i d e a l s ,  t h e n  every R-sequence h a s  

l e n g t h  1. 

Proof :  I f  a, b  is an R-sequence then w r  i t e  ( a ,  h)  = PI.. . P . 
n  

* * * * 
I f  K* = R/(a)  and ( b  ) = ( b + ( a ) )  = P1 ... Pn t h e n  b  is not  a z e r o  

* * 
d i v i s o r  so ( b  ) is  i n v e r t i b l e .  Thus each P  is i n v e r t i b l e .  (b*)2 = 

i 
* 2  * 2  2 * * 

(P1 ) ... (P ) but i f  ( a , b )  = Q 1  . .. \ t h e n  we a l s o  have ( b  ) = Q1 n  * * * * . . . , w i t h  each Q i n v e r t i b l e .  S ince  Pi and Q a r e  i n v e r t i b l e ,  m = 
i i 

2  2 
2n and p.=Q2i-l=f22i. There fore  ( a , b )  = ( a , b  ) and a s  a  r e s u l t  a is i n  

1 

2  2  
(a,b12 . Thus we may w r  i te  a  = r a  +r2 abcr3b which f o r c e s  r3 b2 

i n t o  
1 

( a ) .  S i n c e  b  is not  a  z e r o  d i v i s o r  of R / ( a ) ,  r3 must be i n  ( a ) .  

T h e r e f o r e  a=r $ + ( r  a  + r b ) a b  so ( a )  is con ta ined  i n  (a12 + ( a ) ( b ) .  
1 2  

6 4 
Kaplansky, p. 82. 



3 6 

-1 
M u l t l p l y i n g  by ( a )  y i e l d s  R con ta ined  i n  (a)+(b)  = ( a , b ) ,  a 

c o n t r a d i c t  ion. 6 5 

Theorem 50. I f  3 is a domain i n  which every  i d e a l  genera ted  by 

two e lements  is a product  of pr jme i d e a l s  then  R is Dedekind. 

Proof :  L e t  P b e  a minjmal prime of R and l e t  x be  jn P, x f 0. 

W e  c a n  w r i t e  (x)  = P1 ... Pn s o  P1 ... Pn is  con ta ined  i n  P. T h e r e f o r e  

some Pi is con ta jned  i n  and hence e q u a l  t o  P. Thus P is  i n v e r t i b l e  and 

66 
s o  P is pr i n c i p a l  where M is a maximal i d e a l  c o n t a i n j n g  P. L e t  ( p )  = 

M 

P . For  a l l  a n o t  i n  ( p ) , p , a  is n o t  a n  R-sequence by lemma 49 s o  ( p , a )  

= . T h e r e f o r e  ( p )  is maximal jn R and hence e q u a l  t o  M . 6 7 
M F1 

T h e r e f o r e  $4 is  Noe the r jan  and Ik h a s  g rade  1.  A s  shown i n  t h e  proof 

of  lemma 44, is a v a l u a t i o n  domain s j n c e  & is p r i n c i p a l .  T h e r e f o r e  

is i n t e g r a l l y  c l o s e d  and hence a DVR s o  by theorem 45, R is a 

Dedekind domain. 

65 
Barger ,  p. 3 .  

6 6 ~ o b e r t  Gi lmer ,  M u l t i p l i c a t i v e  I d e a l  Theory (New York: Marcel  
Dekker, Inc. ,  1972) ,  p. 573. 

67 
Barger ,  p. 4. 
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