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ABSTRACT 

DEFLECTION OF A SYMMETRICAL, PARABOLIC, 

FIXED-END ARCH 

Suravit Pitucklimskul 

Master of Science in Engineering 

Youngstown State University, 1972 

The purpose of this thesis was to solve the compl exity of the 

analysis of symmetrical, parabolic fixed-end arches by a numerical 

analysis method . T~e conditions of loading were vertical concentrated, 

vertical uniformly distributed and horizontal uniformly distributed. 

The analysis for the given types of loading was accomplished 

in three steps: 

l) Computer programs were written that would numericall y 

analyze an experimental arch. The programs were developed 

to compute the three redundants (horizontal react i on, 

vertical reaction and clockwise fixed-end moment) at the 

right fixed end; along with outputs for the vertical and 

horizontal deflection for any point on the span of the 

arch. 

2) The results from the computer analysis of the experi mental 

arch are validated by several techniques, to verify 

results. 

3) The experimental arch was analyzed for various loads and 

rise-to-span ratios and the data were applied to the 

construction of a set of design charts. 
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The design charts show: 

1) The vertical deflection for any point on any symmetrical, 

parabolic, fixed-e nd arch with different types of loading; 

2) the horizontal deflection for the same data; 

3) the horizontal reaction; 

4) the vertical reaction; 

5) the fixed-end moment. 

With the design charts constructed, results were obtained 

applicable for any rise-to-span ratio, length of the span, and intensity 

of load. 
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CHAPTER I 

INTRODUCTION 

The structural analysis of arch members is much more complex 

than that of the straight members. For example it can be seen that, by 

the principle of virtual work, the deflection equation is given by 

LA 
I::. = ( Mm ds 

) O EI 

where ~ represents the deflection of the desired point in the direction 

of the dummy unit load; 

M represents the bending moment in the member caused by the 

real loads; 

m represents the bending moment in the member caused by the 

dummy unit load; 

E represents the Modulus of elasticity of the member; 

I represents the moment of inertia of the member; 

ds represents the increment of the member along the actual length; 

LA represents the actual (axial) length of the member. 

For straight members ds = dx where O ~ x ~ L, and 

where dx is the increment of the member along the straight length 

(usually in horizontal), 

x is the distance of any point in the member from the left 

fixed end support, and 

L is the span length of the member. 
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But for arch members ds = /d-;2~cty2-

/ 1 + (21.) 2 dx dx = 

for O < x ~ L where y is the ordi nate distance, and has t he geometri c 

rel ati on to t he absissa x. 

The equation for the member with curved axes becomes 
rl 

6 = \ Mm / l + (dy) 2 dx 
j EI dx 
0 

To simplify matters, however, it is often assumed that t he 

momen t of inertia of the cross-section of the curved member varies 

directly as the secant of the angle S, where Sis the angle between 

t he horizontal and a tangent drawn from a point on the axis of curved 

member, that is, (see Figure l. l) 

I= I Sec S, 
C 

where Ic == moment of inertia of the cross section of the curved member 

at the crown. 

If that is the case, then 
LA 

6 
= ( Mm ds 

) EI sec S 
0 C 

Since ds in the curved axis member is ds = Sec s dx (See Fig. l.l), 

hence L 

= ( Mm dx 
Jo Eic 

The n, the integration is fur t her simplified. However, this assump tion 

hol ds and gives the accurate results only when the curve is very flat, 

and t he greater the curvature becomes, the less accurate the result is. 

Therefore, some other methods must be introduced; ones which will not 

involve a complicated integration, and which will give accurate results. 
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Mathematically, the problem can be h~ndled by changing the 

following integration: 
/A 
I 

6 = \ Mm ds 
) O EI 

which yields the exact results to 

the numerical method: 

N Mm 
6 = z: IT ds which gives only approximate 

1 
results. The difference between these two methods, however, is negli-

gible, provided that N is sufficiently large. 

The underlying principles of this numerical method are: 

l) Divide the curve member into N (any arbitrary number) 

increments, having equal lengths. 

2) Calculate each value of the energy function for each 

increment. 

3) Sum up all the calculations to obtain the final result. 

This method seems to be a simple method, but unfortunately, 

the degree of accuracy is dependent on the number of increments. With 

the aid of the computer, the calculation can be made at a greater speed 

than it could have been accomplished otherwise. 

The curve members can be circular, elliptical, parabolic, 

transformed catenarian or others. It happens that in a segmental 

member of low rise to span ratio (flat curved member) with the axis 

defined by a circular arc, the arc curvature approaches that of a 

parabola. As for other curves, the investigations also indicate results, 

deviating only slightly from the parabolic curve. Th~t means that the 

solutions derived for flat arched members with parabolic axes are 

applicable to flat arched members with various curvatures axes and 

provide sufficiently accurate results in the range of a low rise to 
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span ratio. 

Hence, the basis of this thesis involved the development of a 

computer program that would numerically analyze a symmetrical, parabolic, 

fixed end arch subjected to a vertical concentrated load, a vertical 

uniformly distributed load over any portion of the span, a horizontal 

uniformly distributed load over any half-left portion of the span and 

would print out the horizontal and vertical deflections for any point 

along the arch axis. 

Finally the influence diagrams,or so called design charts, 

were constructed for vertical and horizontal deflection at any point on 

the parabolic fixed end arch due to various types of loading conditions. 
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CHAPTER II 

THE COMPUTER PROGRAM 

A representative arch will be introduced and analyzed, the arch 

being a constant 100 feet in length; the concentrated load 1000 pounds 

and the uniformly distributed load 100 pounds per foot; the rises being 

25, 30, 40, and 50 feet respectively. 

The assumptions made for the analysis are: 

l) E and I are constant 

2) The members are within proportional limit, that is, 

Hooke's Law holds (stress is proportional to strain) 

3) The arch geometry is symmetrical 

4) All deflections are arch center line deflections 

5) The effect from the axial deformation is negligible. 

This assumption is valid only for arches with rise-to

span ratios greater than 0.2. For smaller ratios, i.e., 

flat arches, axial effects can be significant. 

With the use of Fortran IV computer language, programs were 

developed to iterate the increments. The program consists of a main 

program and ten subprograms. The main program will read and write the· 

following: 

l) Specification of arch (span, rise) 

2) Loading conditions (concentrated, uniforms, horizontal, 

vertical, span and intensity of load} 

3) Positions and numbers of points where deflections 

are to be calculated. 
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4) Print out data in number 1, 2, and 3 

5) Call the subprograms from storages 

6) Print out the desired data and deflection 

Since fixed-end arches are statically indeterminate to the third 

degree, it is required to solve the determinants for three simultaneous 

equations in order to determine the unknown reactions at the right end 

of the fixed-end arch. 

The following subprograms are used to solve for the reactions 

at both fixed ends: 

ACTVC (due to vertical concentrated loading) 

ACT~C (due to horizontal concentrated loading) 

ACTVU (due to vertical uniform loading) 

ACTHU (due to horizontal uniform loading) 

The following subprograms are used to solve for vertical de

fl ecti ans: 

VDFVC (due to the vertical concentrated load; other sub

program needed is AtTVC) 

VDFVU (due to the vertical uni formed load; other subprograms 

needed are ACTVU and ACTVC) 

VDFHU (due to the horizontal uniformed load; other subpro

grams needed are ACTHU and ACTVC) 

The following subprograms are used to solve for horizontal 

deflection: 

HDFVC (due to the vertical concentrated load; other subpro

grams needed are ACTVC and ACTHC) 

HDFVU (due to the vertical uniformed load; other subprograms 

needed are ACTVU and ACTHC) 

~OUNGSTOVv J STATE UNIVERSITY 
- ------.LIBRAR'l 



8 

HDFHU (due to the horizontal uniformed load; other subprograms 

needed are ACTHU and ACTHC) 

A basic flow chart of the program along with computer print-outs 

of each subprogram are shown in Figures 2.1 through 2.14 inclusive. 

Figures 2.15 through 2.19 show typical input and output data. 



READ 
Specification of arch (Span length; rise; 
relationship between distances in hori
zontal and vertical direction) 

READ 
Number of increments required; number of 
data inputs (one output data is calculated 
from one input data) 

Initiate Arg. (J=l) ____ , __ 

L~~~~~_:_~~-:Tree;s~t~AAlr~g~.-(( Is J )num-
--------- ber of data input) 

Increment Arg. J=J:;,------

___ T_r_u_e _--1! STOP I 

False ---
READ 

load condition (horizontal or 
vertical; concentrated or uni
formed; intensity and span of load) 

READ 
The porition of the point to deter
mine the deflections 

I Initial Arg. (K=l) ------------· ! 
1 ---- ! 
i_ -------·r est Arg.( Is K) 
1-<::::::-- number of data 
· ------------'"--- input ) 

---- ·~ 

True 

False 
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I 
t Increment Arg. K=K+f - ' 

( 

I 
I I 

! 
f l 

- y-
I 

Calculation of Reaction 
(call sub program ACTVE, ACTHC 
ACTVU, ACTHU ) 

t .---______ __.____ _____ 7 

Write ! Calculation of vertical and 
horizontal deflections (call 

+------------ -1 Resul ts I sub program VDFVC, HDFVC, 
VDFVU, HDFVU 

i VDFHU , HDFHU) 

Fig. 2.1 General flow chart of computer program 
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r -'· L l !J T JC { f \ , \ I , t 1 , ,f.... -t , I> , -~ 'i .-, , !:... V ,J , /. .. H P ) 

•~ i LL ,\ ,-, 1 ·-' ! ( r,\ , c:,L , ~· , '· , f • J ' :.. : l l f I ' i 1 ' ~ f• l... l ) 

(. .J. I l M rvc { ! i-. , ', L , 1 ' \ J , IJ , 1\ ' 1 J2 1
1'.\1.12, '. tll.,_') 
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Fig. 2.2 Computer print-out of main program(A) ---
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L S P -= l 
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' W?I T'[ ( 6 ,1 :j ctl l X.-Jl ,X .-,2 

t-- ._1'--' ,, ·\ T ( 2 ':>A , ~- ,2 ') • "-< ' E:?o . n,n 
,. ~ I T r: ( .., , -, "-, I 

t=1·• :;,i, 'T ( 2 l ..< , qi •J'-' I LONTld_ f1 f STA'-1Cf- CJF OF FL fC Tl 07\J r- q Gill\ r:,, ' ' I' 
L 4~, X, I {FT . ) I , 

\f', k r l f: ( ~ ,l ~'-l2 ) XJ 
F li'"' '1~T ( 

' I \ ' r-?." . :; ' / l 
L <.., i I - L s p +- , • 

,, . i 1..::1 ( , , !.~, l 
F . -~? ~ :\T ( l •l X, I I ~. ~: ') E: H:f ' 4X ,' Hf,D [ZCJ'H1\L t ! DEFLr::c rr u·i • ,5 X, ' l 1 Vr---:TT CH r:T l•:t- L f-C T ! .7~. 1 ,/, l7X , I (L2S .-fT . 31 ' , lR,( , 
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"'"\,-1 1 91-1 lX-U-SS , '\X,LF_.;;<; 

C A,Ll . ',..__ Tv,J ( 
I " ' 
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Fig. 2.3 Computer print-out of main program(B) 
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r---__ 
~ 

r-----:----
......__ 

?0 rJATE = 72285 

MAIN PROGRAM ( FOR HORIZONTAL UNIFORM LOAD) 

C A L C U L A T l CJ,\ F 11 R V t: f.' T I C /\ L A KI } H iJ ? I l nt'~ T A L r1 E F L ~ L T I O 01 S 
LlU~ TC ~,U 1~IZ U\ HL IJrdFf'-1. '' U~:tiC.l hCTli';G RIGHr .... A0 0 
/PTfE'6 ,ll 

FGr~AT(llJl,/////,?vX,'************************************' 

2 'CAL CUL,'.TTCi\· FCH vcP.TTCfll -~. 1,J t-J'lkTZCNT~L Of.F-LECTIU\JS ',t• X, 
3 • * • , 1 , z 0 x , , * , , 6 x , • r c1 ~ r o ., J k r z u ~H t.. L u r ..r F o O ~~ L u Af) A c r 1 N G , , 

4 ' '"'Tri-.r •'\R 'J ' AX '" / -, ,, ''°'' 59X ' * ' / 2JX ' '*~·-•···",~*~*~· ' ,, , . (, .. 

' . . ' '~ ' ' ,'.__ J"' •' ' ' ' ' ' ' 
-,c .. '\ • ;. ,,.,,. - ' ~- ,;, • 

5•~~****~******~******** *****~ ********************' I 
LSP=l 
L SP= l s p +- ~, 

~ EA IJ ( 5 , l 0 7 l ,v t\ X , LE- S S , i\ f ) ,\ T A 
FnRV./lT(3! l.()) 
n~ , I l9Y ~l=l, f,D .'.T 1i 
If(LSP/32 . Gt: . l l ', , ·? I Ti.:: ( b , 2 00 ) 
!F(LSD/3~ . CE. l IL S:->= l 
qft1n1s , I J :> I SL , rl , ,', , I J 

1=' LJRM AT{4tl~J . 7) 
~ E t . 1 ( 5 , l J n l X \A: l , X ,1 2 , X l J 

Fr> R t-! t. T ( 3 f- ? J • l ) l 
w~' ITc!n,22) 
FnRMAT(////, 1 t1 X, I [. ;::r-,!~TH ci= <; PAN ' ' RX, 1 t-1 EIGl-1T CF s p !\ "l I ,l '.)X, 

l 'U ':Tf- r1r.;,. L l ) -~ r; t f / f 2 ' X f f ( FT. } I ,l7 X, ' ( FT.) . ' l4 X,' (L t3S . • 
2 , ' PE K FT. ) ' , 

LSP=LSP+J 
•,, ::. l T f-- ( i1 , l )u l SL,1-l , :< 

t- C l~ t · :, T ( l 2 x , t. ? \) • -:: ' ?> ♦ ·::.?~) . '3 , 3x,E20.a ' I > 
wPITE ( 6,731l 
F r'C!,V~ T ( ) 1 ;, 

' 
I \ r:? T [ C /'-.I SPM; OF l (.;.\ D F P [",I A' ,/,V'.>X, 

l ' (FT. } I , 1 -:; X, I (FT., ) ' ) 

~h' T::= ( 6' l JS l l x. ,, l , i , 2 
I- ,='"/\T ( ;> '.) < ' L-, ' . :.... J . 

) ' r?J . S ,/ ) 

,,;:; ITi:( h , 2, ) ) 

r ,- 1 R~-1 t, T ( 27 l q •Y _, , r z , . ,;T" L r:;r S T ·~~.CE nF CE FL i:C TI Jl\l FP c; '1 ;\ I t / f 

l 1, ~ X, ' I ,= T • ) t l 
.~ r., !T[: ( {: ' I ) ,:; I ) X lJ 

F [,' I~•~ T ( .)blq t:7C . :i , / ) 

L ~.i) -L <;.:>+L. 

.~, ( .. I T E ( ') , Z L. I 
rr ",v f\ T ( l 4 \ • ' f';(~f_,;.'.' f I 

' ~x' . t-1 ( ') r Z[,\!T t.l :: I ~Jff lrCT { '" i' , i:; X. ' 
l • Vr· rr ,-:,t - T ; C" t L .-r TT ., 

' ' I ' ) 7 j.. ' ' (L-'S.-FT . j) t 

' L-L \ • 
' • {l µ) .- CT . 3 ) I i '-

LSP=LSr+-1 
r1r l r, r, r /=I r 'I ') ' \ X ' ! ;::_ - <" 

) ) 

C :..L L :.CTr•lJ ( I ;.. , ,) L , . "< , 1 , A, :? , V'• , iJ. ·., c' , i. V p , 1\ 1 i i-' ) 

r ll LL nerve ( T X , '; t 
' 

.- 1 A ii f IJ , '\V,lJ2 • .~V:J2 , 1\Hll l 
CAL L ,"', S l GC. ( I X , ,., I - ' ' j ' )( • ! ' ~., ' :. ' i J l , :. VU I ' /\ ri,)l ) 

·-:: .:LL t-- )r- l'J ( L< , .)l , · ' ,\ ' 1 ' 'I. -,., ., ' Ii 
\ ' ') , ,. I/ f' , .~ ..; ' , X d , lJ , ,\. •i U l , A\/Ul , t I< 

l ", f '! J l , •-1 ,' F , y I~ l 

Fig. 2.4 Computer print-out of main program(C) 
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le 0//4,iz:nJto/l COMPUTER CE NT ER 15 . 
(_- Lr.Vf:L 2] V!\ TN 0 1T E = 7 22'd5 l :i/Li/5.: 

~ 

( 

-I 
- - ' L \. , ;f ~Fl ( I X, -.; L , I-' , ),.. ,,, 1 Xi .. 2 , 1/1i , :4-1p , .'\ V ';J , ,'.\HP , X •) , l, , 1\ U2 , l, 1/Ul , l,.,l. 

' J ~ t 1t I 2 • \/ ._' r-. ) 

l ') i r T F { ,'- . ., l 1 ) r X • }i,-~)i= . 'J •F 
1 l •,./ r ' • I Al ! 1 ' l ;i \ . L ;~, f ( ';,.. 

' E) ) . l ) , q" , ::::zo . l ~Jl 
L 'J ,... = L \ D +- :' /\. ;\ / l ~ . ... , .) 

t 1 ·1 , 
' T I'. j~ ., - .... __ ),_, f'' 1 c. ,., l. T ( 1 r< l , I ll/ ) 

- !' :P ) 

1 --

_______ .,_ 

·- -- - -· 

--------

-- -·- -------

- ---· -

r--~ 
- ----- ·-

r---

r---
--·- -

r-----_ 
- ·-

I- Fig. 2.4 ( continue ) ----.. ·- -· - - --- -- ---·--· -- - - - -

....._ 



e 0//41/i(f' pJ/'f COMPUTER CENTER 

~ LFVfL 2:.) ,_ , ' . I - . OATE - 722R5 

- r 
\. 

r SUBPROGRAM ACTVC 
C 

- SU ►~ f~ '.1 IJ T I \ E f.CfVC ('<,SL, i,, Xi> , P , ,\ 1'1 , A V , /\ H I 

C *,:,su ) P R ( ! ~ R A ',; Tl1 11\J i.:z F· i:cn c:~~ s'~* 
( *);,;,!-' ) t_ j ~- r r~1 Vf-L' fIC 1\ t ( ·:.',C F- ,H I c.. 1 F L ,Jf\ f1 **'f !... 
( T~iS r' ,{; .: ,, I<. \ i·' I C US'... ,"'; F 'J '"- t= I :\J L I hi r; TI If-: V.'\ L Ut: S UF M, . .; 

C t~ T A Ar'J;; ~ r ' . ..:..· ' FI I.F- ) f-: ,\j J jJ~l<>. 0 ,Q Lt C ~RC~ . 

l 
.I '"' 

C ( ::- F'- nvF i,L L ;. F.- :\CT [ J "' <: \ \J J CH A .';G t: Tl rPEE Eim ~\ T t3 ) I,-.., 

Z=I< 
1FLX=Sl./Z 
X= i'>f l X I 2. • 

C I r... [ f l '-' l ILE v ~ L 'JL S F C, R \I L f- u r,, c T 1 1J N - 1 i ... c P c " E !\i r ~ 
Ff l = '.) • ,J 
r- ~J? = \,). 0 
F~3=U . O 
;=r.t+=J.J 
f \JS =u . 0 
f ,. ':>=O . ;') 
cr-.7-=u .J 
lf\d =J.J 
rf\S=O . <J 

C Ti-<:: F- C L L 1J ,.. f f'< (; ST r, r 1: r-1 r '-J T \ A pf- USC:D F OR C~LCULATI NG 

C JF ALL fl.Jr. C f I 1 ~ i\J - I '-! C R f- v, F N T S 
;)1··, 9 7 [ = l ' K 
e:=4 . u*d/SL~,;,,z 
F=-SL -?. G~X 
G= ( i: tf l '~ ~'? 
J :::,= ( SJf.-1 ( 1 • (i +- ; ) ) ,:q_1 EL X 

'l = r * ( SL),!"X - Xt-'~'?l 
Ir { X • 1_, t: . ·1 

~ . . :.'it) . X •LT• XP ) Cl=D . 00 
H ( X ~ f- • 1 p ~ ' ' X . LC SL ) Cl=t . 00 . . '. '\~ ) . . 
p ,., -= ~ i::: (;(- XP J t,- ( l • r) - ': l ) 

r i Ii' Cl I= iJ \~'1-' ', 
,: IJ' CT 2 =CS ~' .::i '/ ,:, ( X-Sll 
! j\( I , = r '> ,:· ,' ,, ,;, Y 

ru ~CT 1-t= JS 
F Y·(TS = ).)~'( X-SL I 
C' t • C r , ) = "· s ,., Y 

~ 'J 

'- t 11,("f 7= ,<.;,:'( ( x - ':-L l ~ ;!,; ) l 
C" Jr, : T .; = '' S"' Y ,;. ( x-:,L l - 1-'J'>.• l·1=,1::.·-'( y' .,:, * ') 
L l = f ~ 1 t- r I 

,. 
J •' ' .. 

... , ~ = f ~. l r t- I J ,c l / 

1--- i..: \ ."3=r " h ,-u ·. : T ~ 

r· '. 't = r '_,, t .-~ I, .c T ,,. 

F ·.·',=Ft, it FU •I,- T ·"'i 
r--- -= F...., I; T 

- L)\, ~ I ,:., 
' ' 
j-'. 7 = 1 7 t , I J ': r 7 
F •. . = i=~. {t-t--!j'J( fH 

t---- ;.. . ?- F. ) .. ~ Li ( ! ; .. , . 
,<c::::»:t>Jt-L.X 

, ' r ;, ... j Tr-,~ U ~-r--_ 

r----- Fig. 2.5 Computer print-out of subprogram ACTVC 
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le ¼1t'z:(J J<Jt'/;J coMPUTER CENTER 

G [[V[L 20 DATE = 72285 

' 
-

l 
-

-

-

C 
C 

-

c:.cc 

r---... 

---
r---_ 

r---.-----
......__ 

I 

l 

1 

1 

·\ = F:'..; 1 * ( F:O~'f "J •j -·f- ,,,, ,:n:,? I -F'J ~~' ( F ".2 ~' f N q- t- N 3 ~' F \J 8 ) 
+ P:t * ( t- i'J ..:.' {'f= ~. ~- ._- \J '> * F r-. 1 ) 

O.=F '~ 4*( I- :,?,:,f~ 1-f-~,j*F , -i )-F \,l* (F~S*fNQ-f-~6*F~ 9 ) 
+- F- '! f:, .:, ( f'.'" ', ~' F ~J 3 - F ''1 fi '~ f- ,\12 ) 

C=-1-'f,t,,;:( }- :\ ' .:: r- t 3-F ·~ ,-,-1~ F ;' ?)-FN~*(F~~*FN3-F~0*F~2l 
+ r ,,~ 1 * { H "'i ,:< F '· '3 - r- ,\ f-, ,:, f \i 7 ) 

' ).= ;:t1 14 :::::: { ~ ~- 7 ~' f \ --~- F \ '! ~, t--? I - F ~-J 5 * ( F '~ 5 t., F N 9 - P if, * F ~- 8 ) 

+ t'.Jo*· ( r !, :, t, f i' ; 8 - r: '-; 0 ,;, r ,\j 7 ) 

fr1 Riv A f ( '+ ,i X, 4 r l::., • b ) 
IF(L . [ ·"\ . o. I r:({IT~ ( 6 , 9JJ )t,, ;:i , c , o 
h•1=A / ll 
1JV = b / (J 
.:'J:-l=C / 'J 
4H= KH 
~V=P-:IV 
.:d'=·V*\I - , \- f'::,XP 
'r -<. C I U ft\; 

c:'iD 

Fig. 2.5 ( continue ) 
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t 0//-llt"Z:f')(Jt'/;I COMPUTER CENTER 18 

15/14/-t:> ,; L FV EL 2 J Ds\Tt: - 72285 

-

C 
C 
C 

C 
C 
C 
(, 

(' 
'--

C 

C 
C 

SUBPROGRAM ACTHC 

SLJhl<f~UTfi1l: /'( T HC (1',<;L,H,XP, 0 ,~'-1,AV,AII) 
,i,,:,surP'~U(~K.M"' f l F I'J") f<•.:~\C TI J: ~S'-'* 
1n:, 1., c ;r r 1 1- 1 • ~ T z r, ~n AL c r; r-1 r:;:: ~, r K fl TE L , J /.il * * * 
Tflb Pi lf.l',;f<i'\'.·\ IS US[u f_>~ f-P.uUJ, THc Vi\LU!:S (I f :,1 , V All L H 

.\T :\ :~:Jl ,, f-Jk A F D' rf) F · 1 [) DA !<. AG .. JL I ( l\ f< CH . 
( ::: F " 1] V F / 1 L L ~- f .A C Tr l 11 : c; '\ \J 1) ( H .iv J G [ T O F R F E E \J D A T R ) 
l-=K 
Of-t X=SL/ l 
X = t1E L ;< /?. 
I >. llIALIZt V ,~ UJ[S l=Jk ALL f-U ,K Tllli'-l _ Ir'-ICRi:MEI\JfS 
FiH=O. ·J 
F '"? = 0 . :") 
i=r;3=() . 0 
Fill-+= 0 . l) 

..: :J 5=0 . ·J 
F;\6=0 . 8 
H 7= 0 . J 
F 1\ :. = () • ,) 

THF. FJLLt lvd l'.G ST 1iTt 1·1t:NTS Als.t- USfD F '1 Q CALCULATI'iG Su -~"lATICNS 
l l F /\ L L F U :\ r: T f r: ,\ - I 'JC R •= 1"i 1:: tH S 

0L 9 7 I= l , K 
f"' = <t • O* • l / S L ,:: ~' 2 
F=St-2 . lhX 1---------c-=--=-.C--'----'----------------------------------------
1·,= l C *F l ,:, .:c2 
iJ<;=( SC..)KT ( l. O t-C)) '~dE-LX 
Y = ;:- ,:0 ( S I ,:, X - \ ;· ,;, ? l 

I r { X • ,; [ • d • ,I" r"' . ~ . . 
F l ir, I l. r l ::: n s -:, ,) : I 
FU', CT~= US*;,v;, ( .\-\Ll 
;::: \ I • I C T ~ = ·,, s ,;, J ,, .,, y 

I- ' ; . l C. T 4 = ' ) ::, 

F , J' ; C Vi = ) 5 ~' ( i - S L l 
: t•r.;('7'6=-11':,':,v 

)., . LE- • 
X • l [ . 

r: I i 'I = T I-= ) ,; ·:, ( { y - ') L l :, z ) 
,-=:.,.\Cf t;=_: ;;;(<v,: I ;,,-·.)l i 
r-:- 1 , r ~· c- = 1 ~ -:, ~'! \ 'i 1;- ) \ 

-~ i=i-~.1 +-F . .J ,c. Tl 
~'.2=H.?+r-J ,(' T? 

;(f) l µ,v.::P* ( Y-YD) 

SL ) 0 ~,. = l . 0 

I 

r---.. ___ ....:_F_'.:'..:.· _~- _=_c....:.r'~· ·:.'....., +:_r~.J....!._....:..r _T'.,_'._1 ---------------------------------'! 
- '" 't = i-:. '•-+ C J - TI+ 

t-'.:,=>1'.'J + r-lj J( 1) 
r---_ ___ r_ ._, ....:..:-'_"'_;_f-_ 1-__ +_r .....:'....:..' .:_r__;_f .:..:.:i ________________________________ ....:lll 

;•,':=-F'.-<..-..:t1•,r J-~ 
11 l~r- ,, 7+ r·u·. i r I 

..____ ___ ,--.:...._1=-.:....r_:__:'•....:...- 1_+...:.·t_-l:.::...J....:.·· --=-C....:..T_ l _________________ _______________ ~_.J 

f.=A..+J·_L<. 
·7 

-------------------------------------------Jill 

Fig. 2.6 Computer print-out of subprogram ACTHC 

I 

........ ___ _ 
-----------------------------------------...J., 

..... 



-

(e J/(11iz:flJ<Jfty COMPUTER CENTER 

r LfVc:L 20 AC THC f)f\TE = 722 8 5 

C ,.. 
'-

1 + r r • h ~, ( t-- , 2 ,:, F ; -, - r- .-~ ~ ,,., F N 7 l 
d =F N4e(t--\2*f~~-~~~~F~·ll - ~~l*l~\5*FN1 -F\ 6*FN8 ) 

1 + F \; , ·... ( f f . r~ ,;q ... ' 3 - F , G ~: r \ ? l 
C = F 'J 4 ~,, ( i- , ~ l :., r ' , 1- t \ ! ·1 ,, r ~- 2 l - H, ') ;'< ( t- \i ':> * H B - H•J 6 ,,., F- l'l 2 l 

l + F "" 1 t,, ( i=- f\ 5 * F ' J 8 - ~ \ 1 ;, F- " f l 
...; = H~ -+ r. ( t- ·, 7 ,'< f- ' -1 - F 'l 1 -~ * ? I - F \ 5 * ( F 1\ 5 * F /\I g - F i\ b t,, f--i\J 3 ) 

19 

LS/14/4~ 

--------------------------------------------
1 + t--'Jb~' ( ~-l 5,!:F1-..::l - f-i\6 1~HJ 7 

::3•~ =A/) 
~v=•i. 111 
Ji1 = C I ,::, 
AH=2 Y-P 
AV=-BV 
~ ·,, = fW t,, SL - f:.'l '1 - fl * Y P 
F-ETURt~ 

Fig. 2.6 (continue) 
--------------------------------------·- --



(e 0/(-11/lff'pJ//y COMPUTER CENTER 

G L f VE L 20 DA TE= 72285 

C 
C SUBPROGRAM ACTVU 
(, 

C 
S UR f<' ll UT f N J: t. C TV U ( K , S L , H , X ·,.J l , X ',i 2 , '.~ , Ml , AV , AH ) 

C ~' * S U 1\f.> ;i [' '3 P I\ ~:. r ,1 r T t\11~ Df/.1CT I 1lNSi.< * 
- C ~·*,:, L1' Ji: TJ V[ Q. T £Ci\L lJ '·J [ hJ Ci.' I LU A I) **~' 

r THTS P~ C,G RAi•' IS USft. FJ~ FI ;\JO i i'"G THE VALU ES iJF t~ ' V Atm \., 

r AT A A'JD 4 F· i- /\ r- I X CJ UJD PAP.'\t3QL1C ARCH . 
1_ 

C, t-,. 

C (P E:·,1ovE ALL Ri:ACT1CJNS /\ r,.,J[) CiiANGE TU FREE c: ND AT R) 

Z=K 
n;::t,X =SL/l 
X=Dl-:LX/2 . 

C INITIALIZ E VALU ES r ;-:-,R ALL FUNCTIQN_INCRc~ENTS 
F'~ l = U . J 
Fi\i2=0 . 0 
F~! 3 = J. J 
F!\ 1+=J . 0 
r"-1:i=o.o 
F 11J6 = u . J 
i="l7=G . 0 
f-'JR=D . O 
F'.\19=8 .0 

C T,, t:: FC1LLi-lir, I l\G ST1HEMf~TS I\ FE USED F nr) Ct\LCULATI~iG 
(, s LJi11 .~·, Ar r ui~ s IJF ALL F U 1'1 C. T I U i ~ - I f°'J C -< t: ,v\ f: r-. T S 

IJC'I q7 l = 1 , K 
!:=4 . O*H /SL :;,,:,2 
F=SL-2 . 0¾~X 
G=(F*F l **2 
)S ={ SQ<~T ( J. c, +r; ) ) ~': 1 [ l X 
Y=H'( SL*X -X ~'"'2) 
I~ ( X • t~E • J . • A 'i D . X .L f . XWl)P~=(X~2-X~l)*~*X-((X~2**2l 

1 - tx,,,.1~,~n )\<;/2.J 
IF ( X • r, T • Xi-- l . \ '" ') . X • L c: • X /j? ) p V: X ,,, ? * X * ',-: - { ( X ,; 2 ,,~ * 2 ) 

l + ( X*';,z) I t., , , I 2 • :J 
I~ (Y, . CT . Xh? . \ Jf) . 'j . 1-t: . SL l ,>1--•=C . 0 

i= L \ C T 1 = i; S ,;, ~, , ✓, 

1= u~. c r 2-= 1) s ,~rt' ~, ( x - s L l 
F L'-1 ( T ' - f) S ,:, ,,J ., * Y 

l U 'J (,, T 11 =: I JS 
FU~KT">=Q')t.,( 1.-S-L) - r: I\( 1 o-:-'l S ~y 
t-; :\;( T 7 =,JS~' ( { >- -Sl J ,., ,;, ? ) 

'- I J C f -~ ::: D S ,:, Y ,;, ( X - :) L l 
r--- FU', Cl 'r=: · S ,:, ( Y,:,. ;, ? ) 

~r l = F :,J 1 + r lJ \ f' T l 
;:, r"?. = F- 1~ 2 + r , r, c r 2 

r---__ ~\ "'S-F1·~ '.tt-f- J ,( T 3 
r,,4=r·,,t+-r,J'.( T.;. 
;::~•S= c:,~'J tF-.J • ( T .:_, 

i--- F ,\ u = r \1 ', +- r J , C T :) 
f J 7 = f '. i l + f u ·~ C T / 
C '.J = r ·, •l + F ',; if r ·l r---:_ 

L 

~ Fig. 2.7 Computer print-out of subprogram ACTVU 
......_ 
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20 
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rle 0/(nr"z:f'pJ/ty COMPUTER CENTER 

G lFV[L 2J 

C 
C 
C 

F:\l=FNCJ +t-= C'~(" Tl 
X=X+-DfLX 

AC TVU DATE = 72285 

21 

14/47/2.i 

c-1 7 ':'lf'.Tir---,u:-: -----~--.ac..-"-"---------------------------------------, '. = F- \ l ~' ( 1-- TP r '~ =,- f i ~ ::l ~ ,:-, 2 ) - fr', 5 ,;, ( F i'i 2 * P.J 9 - F !\J 3 * F t\J 8 l 
l + f--i\6* ( f N2>'< F \JFi-F -~ 3-';:FfH ) ' 

':3 = F ~ 4* ( F- r, 2 ~: r (\i g- t: ,\ 3 "' i::: f\ '1 I - i:- ,\, 1 ..;a ! Fr" 5 * F N 9- F N f> * F N R ) - l F ,\JA* ( p s * F", 3- r \ 6* r- .\J 2 j + 
C=F~4*(fN7*F N3-F ~~*FN2l -F N5~ {F~5*FN3-FN6*FN2) 

l + FNl* (O.S* F :--JR -.: ~:'1*F 'F ) 
~ J=PH* ( fidJ.< H , 9-F •\J :3**?) - r 'J5>'< ( fl~:> *FN()- F ~t, * FNa) 

l + FN 6* { fNS*F~b - F\6*F 17 l 
' 

R,'-1=A / D 
dV =~/'C 
oH=C/D 
;l M = :i,H 

/I V =, 1 * ( )(\-. 2 - X •,-; 1 l - 2 V 
A~ =9V *SL- ~~ - ~* ((X~ 2**2 )-(X ~1 **2 ) ,12.0 
k. ET U ;.! ~, 

::~D 

. 

-
r---.. 

r---__ 

r--__ 
I 

I'--- H 

Fig. 2.7 
r---.----

( continue ) 

---
...... 



11/e f(11r'rf'PJt"/y coMPUTER CENT ER 

V - Lt:V~L 20 1.1 MAIIIJ DATE= 72285 

C 
r 
'- SUBPROGRAM ACTHU 
C 

SUlRnJJI~E 4CTHU (K,SL,H, XW1 ,XW2,W,A M,AV,AH) 
C **SUUP~GGRA~ rn Fl~~ Rf~CTIO~S** 
c ,:: ,:, -~ L; 1 1 r T 1-; r- u q I z .-J i\ r /\ L u -~ 1 F J R M L Cl t. J * * * 

,=-
C Tf •IS P "'· C 1-; R -~ ~• I S USt::C f- •J" Ff Ni)I :~r- TH[ Vl\LUFS CH- M, 
C l\ T A ,VW M f-(1:-{ t, i:: I Xt D ENO Pi'IRABOL IC t\~CH . 

C l ~Fr--iovt ,'\L L kf:I\CTIGNS A:liJ CHt\NGE ro ff.\ t: t Cim AT r\) - - L=K 
DfLX=SL/Z 
X=DELX/2 . 

=- C UJITfflLTZE VILUES f:- '1 r~ A LL Fdf\.CTION - l NCR HlFN T S 
FNl=O . O 
F;\J;>=O.O 
f-"! :,=o . 1J 
F ,\l4= O. 0 
F\S=(' . 0 

-- ~- F~i6=0.0 
FN7=0 . 0 
r: -~ 8 = 0 • 0 

- FVJ=J . O 

V /\1\jlJ H 
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12/52/Jl 

C THE: FULUJ!.✓ I r-..G STATE!.1f"JTS APE USED FC!R CALCULATING SiJ"1.'-1AT IOf\.S 
C UF i\l. L Fl 11\ r T I ,J \J - r ~l C ~ E f'-1 [ \j T s 

-- -
OCJ q7 I= l, K . 
E:= ..... U*H/SL**? 
F=SL -2. u,·,x 

-
l;=(E*tl,:'*2 
ns=( S(Jr<.T( l. G<,l l~<DELX 
Y=t,:,( St,::X - X*t.'2) 
Y .~ l = r~ * ( S L * X Y, I-X ,: l~'*21 
v~2=E*<SL~Xft?-XA2~«21 
IF ( X . (~ ~ . \ . il'JO . X .L [ . X ' ✓ l ) Ptb ( YW2-YW l l •~'t,'>~Y ., . 

-
l - (lY~i*~?)-{Y~l*~2) l *;" / 2 . J 

[ F-( X • GT . ,< ,\ l . ~\JJ • X • L !: • A I I 2 ) P 'A = Y \~ 2 * Y * ~-; - ( (Yi✓ 2**2) 
l + ( y * ,, 2) ) ~'·1 /?. n 

1r ( X . GT. X \.\ 2 • J\ ,,, r J • X . LE . SLlP 1A=O . O 
t-- L.m CT 2:: .JS t., P /' ,, ( X- SL l 
f- : Jr , 1 T 3 - . ; \ ,:. -"> ,·' ,,,, Y 
,.:: u ~ ! c T 1+ = J s 
F 1J\1CTS=O\~'( X-SLl 

,__ r,; ,,CT f,-= -, s ;,v 

f-l.Al .. T '= ') s ,, ( ( X-_)L) ,,~:? J 
FL: '~ (, T B =- , ; S ::< Y ,;, { X - :; L ; 

t---- f- I J' CT , = I l ~. ~' ( Y ~ _., ' l 
i.:: •,i :2 " r \I 2 + r IJ r J c T 2 
F '., 1 = r ~. 1 t F U '~ C T 1 

r--_ t=- i· 4 - F r,i 4 + r l 1,, c 1 1+ 
,- , '.> = r 'l '> + r- I,· JC T ':, 
F ~J t, = ... ,\I> + f- lJ '~ C T ..) ..____ 
~ .'. 7 = Fi'J 7 + f: u\ C r r 
f-',J=F\J:itFU .. ( l ·l 

F -.. c1 = r ~ 1 + ~ u ', c T Y ,; 

r--_ '<-=!'.+!)FL·,< 

~- Fig. 2.8 -----
Computer print-out of subprogram ACTHU 
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1/e 0//4,r"z:e )(Jfo/J COMPUTER CENTER 

1 G LEVFL 2u AC THU DATE= 72285 

C 
C 
C 

S7 CLT'H I NuE 

-

-
t---.. 

r--_ 

r--_ 

r--_ 

I'---_ __ 
..... 

A =F N l * (;: ll 7* H.9- HH* * 2 1-FN 5* ( F"J2*FN 9- F N3* F/\J8 I 
l • F~6*(F~2*F~M-FN1*F~7 ) 

3-=ff,i 4 ," ( l- r,z.:;.: F l\~ - F i\ :•I':: Fr. '5 ) -F ~ 1 * ( t N5*F N-J- FN6 *F-N 8 I 
l + FN6* (F N5*F~3-F NA*F~2 ) 

C=F1''4* { r ,\J 7* Fi,3 - PJR,'<Fi•' 2 I-P~5* ( FN5*Ff\J1-F Nn *FI\J? l 
1· + F:n,:: ( H .: 5*F ,\Jb - Hd,* f-- 1''17 I 

u=l= N4*( F,'1!1*f--i'-t ➔- FiJH* 1.::21-i:f\!5*( f-f'.;S*F"J9-F N6*FN8) 
l + F~6*{FN'J*FN9-Fl'~*FN7 } 

SM::4/ U 
dV=o/D 
nH =C/ D 

, i- I --
AH= aH-w:;: < 
Av= - ~\/ 

~ E TU rUJ 
E:\D 

. - •i .. , .... ,~ - - '· ---~ 
( Yh2-Y bl 11 ) 

Fig. 2.8 

• 

( continue ) 
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( SUBPROGRAM VDFVC 

\ ~; ,.) ~ '; l j r r 'J /- \' ' f- ',' r_ ( r~ ' s L ' ~1 ' X ;:) ' 11 
' A' 1 p ' A I/ p ' ,• r' p ' X J ' lJ ' A 11 J • \ \/ ! J ' 1\ i u ' 

V L' r.:: ) 

;, ,- '·'.) ,_,r · 1 
l - ,l 

)::L/:::C,! 11 

, ·, \ T·' ' [ ', ) 1/ r ~· : f 1 <'. I 

r. ,. , r I r AL 1 z F v c. L I ic:: r:-n ;-;_ v 1: :.z r r c 4 L E r u E F L E c r I u "J s 
V·'L=J . ,) 

C v:~TTC~L ~1 0~~L~CTl(\S 
f)(I l <; 7 I = l , i/ 
;.: = 4 • 0 ,:, H / S L ',":' / 
F=SI -z .... ;,~x 
.-; ::-: { :: -:, i- ) ,:· ,~ ? 

,1 '.-> = ( :, >~ f ( l . C +- r, I l : >:: l /... 
{ = c:. ~' ( S L ,:, l - ,< ,:, ~, !. l 
I I· { :- • . ; r· • J • • .1. ' ~J • X • L r • X P l C ? "' 1J • 0 
l r { X • ·~ T • ,.._ F • \ ' ; , ·i • X • L t: • S L l C ? = t • 0 

I r ' i • -~~ ~ • .<, t J . .. \ --. ... ; • X • L t: • SL ) C 3 = l • <'J 

u ·· "';, r: l, +· , ·J 1 ,:, ;-. - ~ ,i , .:, v - L 3 ,:, . .1,;,: ( x- x 1 1 l 
; t =: , 1 ' 1 ;;: I , ': i ') 

1/.lr=Vi)f+,)~
;, = X + ') •· I !, 

, r , · .1 : 

24 
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Fig. 2.9 Computer print-out of subprogram VDFVC 
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1/e Ol/4,t"z,f'J<Jt'ly- coMPUTER CENTER 

' l f- V ":L I u 

( 

C 
( 

C 

C 

~ ,. 

C 

,--

-

h7 

-

-
----
r--

r----

r----_ 

2:J 01\TE = 77285 

SUBPROGRAM HDFVC 

sun, R LI t..: T ! H-: ..., , _ _i r v c ( < , SL , H , x P , t-> , I\·' P , ,w P , AH P , x u , u , AM u , Av u , A 11u , 
1 HDF ,Y d ) 

,:, ~, s u :..', r P ,~. :-, 1~ , \ r • T ,1 r- r · .1 ~- 1 i c: .~ t 7 'J \ T /1 L o F r- L F c r r :-, "J s 1-' * 
,;,,,,,:,[·J~ T'i vc~rsTT(i\L C.l' 1 lCc:iH~ATE LfJAO':.,*~' 
l =c V 

OElX=SL/Z 
X=OELX/'J . -
I\· ITIALIZI:: VALUE r J!{ H 1:.:. I Z fl\JT t\L DEFLECT I C\J S 
Hnr=o . n 
T ~. t: t- rJ L U . "· l r• i -~ ST 14 ft· ,I~ ~l Ts :'\PE l J SE') F ll h CI\LCULATIT\G 
1-n~ I ZCl'.JT :\l f:I 1Jf-F1_:=-r. Tl ,_jNS 
on 1 '-17 I= 1 , 11 

E =- 4 • 0 ~' ~ I S L ,, ~' 2 
F=SL-2 . !J~'X 
,:;=.(F*1="H":<,:-
0 ::i = I S 1-1 '1 T ( 1 . ) + ~) ),:, ·;:: LX 
Y=E*( SL*x-·,,:,!,,z) 
Y iJ=F *! SL ,:, X · J- X L; ,:,,:, 2 I 
T F ( X • :; t: . J . • /1 ·~ [) • ';-.. • L F • XP)Cl=C . O 
I c: ( X • GT . ,;P .lt '~Q . )( • l. F • SL )Gl-=l.O 
PV=A~P + 4VP*X-A~P*Y-~l*(X-X~)~P 
IHX • Ci: • ' . A ., i-, • " • L :: • XUlG2=J . 0 ·v ' • 

IF ( X . GT. XlJ .t1\ ~). ;.. .LE. SL )G?=l . O 
1 H-= A "1 U + £, Vu ,,, X - 1-1 , l L ~' Y- :; 2 ,, 1 J ,:, ! Y-Y U l 
J f : p •.' ~' 'J'·'. * I) c_; 

HOF= HClF + [\ := 
:<=X+Of-LX ,,., 

' JT I i\l.JF ' 
~'.ETUR..\J 
F·~ ') 

r----.....___ Fig. 2. 10 Computer print-out of subprogram HDFVC 

...... 
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wle D//nr"z:(l)!J(°t;! COMPUTER CENTER 

V r, LfVEL 2'.J MATN DATE= 72285 

r:. 
r 
' 

SUBPROGRAM VDFVU 
r 

S ld POUT I ' J E V r) 'r VI J ( K , SL , 14 , X W 1 , X\r12 , .-J, A :-1 , AV , Ad, XU , U, A MU , AV U, 
l AHU,V llF ) 

C ~'*Slll"Wl-/:7,~~t. '.I S1J I VF f=l:f.' VEQTICAL ft nrFt.l:CT!ONS*** 
r--- C 1,,~=X'[)U[ T~l \[ ~fICA I UN[FQPM L D/U*** 

7-K 
~ -
"[LX=SL/Z - X=Dt-LX/2 • . 

C li'dl'l~LILc VALUE FJR VER Tl CAL EI DEFLECT !JNS 
V:lF= t) • 0 

i.----r TH f: F O L U >t. I 11. G ST .'IT r: ,,. ,- \i TS ARE USEO FOR CALCUL/\T f \JG 
C VF-rJ.TICi\L tl DEFLECT If \J s 

f)fl l en T=l,i< 
- [:::A. 0* ·-i/SL'~~'2 

F=SL-? . o,:,x 
G={ ft.:F 1,:,t.<J 

0S=(SOR.T( l . O+.;} )~''>t:U< 
Y=E:* ( SL*X-X:*':,;) 
IF ( X . {~= . o. • I\ ~--1 D • \ .L ~. XWllPM~AM+AV*X-A~*Y 
[ F ( X • ~; l • J.. ',, 1 • A l'JlJ • X • LE. X i1 2 ) fJ ;-1 = A "'i +AV * X - AH t.< Y 

l - ({X-X •,,.; 1 ) ,:, * ? l ~' \·~ / 2 • ') 
fF(X . GT. X ~- 2 • "\jf"'. J, .LF. SL l P '•1 = A ,\1 + 4 V '-' ,< - A H * Y 

l - ( 2 • u * x. - X :, ? - X ,·! 1 ) :;, ( X ,1 .2 - X ~. l l t., w / ? • 0 
IF ( X • GE . o. • Ar.H.' . X .L E • XU)r~=0 .0 
f J: ( X .r;r. XU "'~:" . . ,; . ;, • L c: • SL)(,=L . J 
U~=A~U+~VJ*X-AHU*Y-C~*U*IX-X0) 
I) F = P :~ * UJ\,' * ;J S 
>/OF=V'JF+ il t 
/4=X+fJt:· LX 

jt:7 (17\ T p .J'J~ 
,.)FTLP r-. 
~•\ID 

-

r--

:--_ 

r---_ 

..______ 

.... Fig. 2. 11 Computer print-out of subprogram VDFVU ---
..... 
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({fie 'D/(J1t"z:epJ,°o/ coMPUTER CENTER 

V r: L t.: V f-- L 2 0 DATE== 72285 

C 
(, SUBPROGRAM HDFVU 

SU f:.P O L, T Ii~ [ f-ll t V d ( K , c; L , H, X ~d , Xv-:? , ,✓ , ,\ r-1, /\ V, AH, XU, U , A "11J , ,\VU, 

C 
1 AhU,YDF,YU l 

~¾~JUE TO VL~TTC/\L 
l =r< 
1F:LX=SI /l 

H ''·<I z n ~n AL D F F L E (.. T I G N s ~' * 

27 

l3/22/.H 

[

- X=fJt::LX/2 • 

. - c_·_~_r_~_r_r_1_A_L_r_z_F_v_i_L_u_E_ F_~_~_H_d_~_r_z_o_~_r_A_L __ E_r_~_E_F_L_E_c_r_1_u_N_s ___________ _ 
>l[;f-==-0 .0 

- r T r-l E r- C L L Ui-1 r ~, r; ~Tt'.Tf: 'F::',JI S 1\ Rt USED :l F t_,R C/\LCULAT NG 
r I V':k [ ZU'H AL [ I >Ef--L'.::CT i rP,S 

/l:'l l '-17 I = 1 , I<' 

t:=4 . U*'1/SL*~'2 
F=SL-.? . ,),:<X 
G=( l_-=,r-Fl 1'*? 
')S =( S'-)f{T( l. O+G ) H";t:LX 
Y=F~={ SL*X-X>:,r.s?) 
YU=-:~•( SL *XtJ-xu::,~,z) 
I F ( X • (~t: . J . •!\ /\JI) • X • L l::: • X0L)P~=AM + AV*X-AH*Y 
l F ( X • GT . X 1'-1 I • . '\ j\j i) . X .LF • X W? l rr-1= A~ .. +AV ~,x-AIHY 

1 - ((X-X Wll**Z l* W/2 . 0 
! F ( X • .,; T • X .~ 2 . :,•~~) . X .L E . SL l F ·,1 = i\ '-1 +AV* X - Ari~' Y . 

1 - (2.U*X-X ~!-X~ ll *(X1?-x ~ 1,~~,2 . o 
[F(X . CF . J . 'd I~, 

..... \J ._, • X • L F. • X!l)C3=0 . 0 
IF ( X • Gr. XU . A;--.;r, . A • Lt: • St. lC3=l.0 
u·-1 = fl M U+t-. VU 1,, X- .\ r ilJ,:: Y-C Hu,:, ( Y-YU) 
~) F =f'l 1·i*lJ\' *i1 <; 
Y:lf=HnF +0F 
X=X+UELX 

l 17 er \; TI f\iUE 
qr T'LJRN 
E: i's, ~J 

-

-
r--

..___ 

""" 

r---_ 

Fig. 2. 12 Computer print-out of subprogram HDFVU -----
....... 



rle 0/(Hilf{JJ'Jt~ COMPUTER CENTER 28 

,.. LF-VE L 2 () t,,1A T "J DA T E = 72285 12/52 / .H 
V 

- C 
r ·SUBPROGRAM VDFHU ·~ I C - su1q nun ~~ F VDfHU ( K , SL , H , X w 1 , X "I 2 , 'fl , A "'l P , AV r , A HP , X d , U , A :'-1U 

l , ~VU , tHU , V.)'r) 
r * * SU'1 P'.~ ,~ ,-;R .'.\:"i TD l==T~J!J VfRTT( AL CE FL FC TY C\! S':r * 

~ 

C -~""*DUE: Tu !HP l Zu~IT AL uN r FLJ R ;v LDAD** * 
l =K 
J:=LX =SL/Z - ~=JF LX/ ? . 

C 11 ITI ~LIZ E V ti.LUE hlR VER TI CAL El DE FLECTI ON S 
Vi'F =O.O - C TH[ Hl LL O,~ U,G S T /\Tf.\f-.\J TS ARE USED F OR C:AL CULATI NG 

C VER TICA L E l O[FlE:CT I CNS 
I nr; 197 T=l. i< 

F=4. 0¥H / SL"-'*2 
F=S L- 2 . J*X 
; =! E*F l **2 
1S= ( S()'H ( l. O+Gl l *D[LX 
Y=f* ( SL* X- X** 21 I Y~l= f* ( SL*X~ l- X~ 1**2 1 I 

YI', 2 = F * ( S l * X w 2- X \,; 2 t- *? l I 

[ F C X r· ~ .. , . Af'>jD . X • LE . X~ llP M=AMP+AVP*X-A HP*Y . uc . \ I • 

IF ( X • r; r. xi,.;i • • \ "Jf; . X . Lr- . X~2 ) PM =A MP +AVP* X- AH P*Y 
1 - ((Y-Y Wl) **2 ) *W/2 . 0 . 

I F ( X • GT. X¼? . AN\) . X . LE • SU PM =A MP+AVP * X-AHP*Y 
1 -!, ftZ - Y~ l) * (Y *2 . 0-Y~ L- Y~2 l *W / 2 . 0 

' I F ( X • CE . J . • /\ r·i n • X • L !: • XU IC3=0 . 0 
I F ( X • GT. XU . J\NO • X • LE . SL ) C3= 1. 0 
· J '-1 = !.I 'vi U +: VU* X - ~ H 'J ,:, Y - ( "3 ,:, U .. ~ { X - X U l 
,) f- = p ,,, ~- u ,·i * J s 
VUF=VOF +DF I 
X=X +DF LX I 

197 c,··n l "!UE 1 

RETtlRN i 
;:\:) 

' 
1 

~ 

J 

a 
I -
Ii 
I 

t---

i 
t---

I 

I 

r---
~-

r--_ I 

----- Fig. 2. 13 Computer print-out of subprogram VDFHU I 
-

..._ 



(e f/nt"t:f' pJ//y COMPUTER CENTER 29 

G LEVf-L 2J MAIN DATE = 72285 12/5,U 3 l 

- C 
C SUBPROGRAM HDFHU 
C - SUdi:UJUT I '--iE 1-< fJ FH iJ (K,SL,rl.XW1,X~2,W,A ~ P,AVP,AHP,XU,U,~MU, 

1 AVU,AHU,H'.)F,YU) 
C ,!<,~SL1 PD~f•f,~ '\ I\ rr, r: r rn H(l :; t Z'l"H 1.L DErl E=CTlfl NS** 

r C *** lJ lJE TlJ 1 UK I l :_; r,n::. L U,·JIFL ; t:.>.M LLJA D*** 

l 
Z=K 
DFLX=SL/Z 
X=D[LX/2. 

C f l\ITIAL!l.E VALUE F>JR HCJR I ZON T AL 01::FLECTION 
1-mF=C.O 

C THc FULL U'~ I ~J G s TAT E r-: t::. :sn s ~f.'.c USi:U FUR CALCULi\T I NC, 
r HCq I ZG IH AL r I D':Flt:CTI WJ I., 

1r; l~7 I=l,K 
~ F:=4.c,:,~/SL**2 

r=::SL-2.0*X 
•'";= ( i:: t.,F) * * 2 
DS=(SQRT(l. C+Gl)*J t lX 

, 
Y=':*(SL~~x-x:1;:z-21 
Y!J=E * ( SL * X' 1- XU*,.~?) n 

Y~ l=E*(SL*X ~ l-X ~ l* * 2l I 
Y~2=E*(SL*X~2-X ~2** 1 l 
IF ( X . GE. CJ • • A I\J[) . X • LE. X~ l)PM=AMP+AVP*~-AHP*Y 
IHX .GT. Xhl . A NU . X •Lr- • X .~ 2) P t,,I= A,"1 P+,W P*X-AHP *Y 

I . 
l - ( ( Y - Y i.~ 1 l ~' ~' 2 l * \"1 / 2 • 0 

I F- ( X • c; r. X v. 2 .A r; 1j . X • t f • Sll P~=AMP+AVP*X-AHP*Y I 

l - (Y W2-YWLl*(Y*2. 0-Y ~ l-Y ~2)* ~/2.0 ' 
IF(X • GF. o. • .:\ "l C • X .L E: • XU)C3=l).0 I 

IF ( X • (; T • XU • 1 ' ; r; . X • I_ f • SL ICl=l.O 
U:V1= A '1U + t. VU * X- 1\h u,:,v-C 3 *'J ,:, ( Y-i U l 
'.) f = p V ,'< LJ .'·1 * f) S 
f-Wr= f--l U f +OF l 

X=X+ DELX 
-~ 

1 
l 'J7 CON TI NJF 

Pr= TU•-: 1.: 1 
:;,\ ~ 

1 

' 
H 
I • 
~ 

l -- l 
r---.. 

r---_ 

r---_ 
I 
I 

t-. Fig. 2 .14 Computer print-out of subprogram HDFHU 

1 ------
......... 



30 

(8) Position of load (9) Position of deflection 

I o.2oooooooooooc+o2 0.400COOOOOOC+C2 
(2E20.10) 

( 8) --
0 0 - 0 0 ~- . - : . -· , . . . . . . .. 0 0 . - 0 0 0 0 0 .. G O · ·- . 0 0 - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 G O O O O O O O O O O O O 
l 2 3 4 l I 7 l I 10 11 12 13 14 15 lG 11 li 11 lO 21 22 23 24 lS 16 2~l_l _3~21, 32 33 34 3l 3G 31 ~O _Jl 40 4112 0 44 45 4G 47 40 40 ~ -11 52 53 ~ 15 16 5111 :: 60 t i 61 il U GS 6G 67 61 &l JO 71 71 73 74 i, ) 

(4) Span length of arch (6) Load intensity 

(5) Height of arch (7) Unit load 
0~ 100000£:+03 0~ 300000£+02 0~ 1000000£+04 0~ 1000000£+01 

(4E20.15) 
-◄....__.I 

(5) ..._, (7) 

0 0 f: 0 0 0 0 - 0 0 0 0 ~ 0 0. 0 0 0 0 0 .. 0 0 0 0 0 0 0 .. 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 fi 
I 2 l 4 , I 7 I 9 10 11 12 13 14 !:!! 1'._ 18 2_92_0 212223 24_2S 16 27 28 29 30 31323_3 ~_E J!_l; Jl! 39 40 4142 43 44 45 45 47 4! 49 :0 51 52 53 51 55 SS 57 58 59 60 61 62 6l 64 65 66 i7 68 69 70 71 72 73 74 i, ; 0 

(1) No. of maximum increments (3) No. of sets of data 

(2) No. of minimum increments 
---- .~.-------. ---- ..... 

2CO 50 4 
(3Il0) 

(1) -1 {2)----1 (3)-1 

0 0 0 0 0 0 0 o:: 0 0 0 0 0 0 0 0 0 0 0 0 0 0 GOO O COO O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O 0 
1234567!9101111UHeIBnrearo~nnMH~n~~m~32~M~~DHHg4IOOM~«o«o~~~~~~~HUHU~UmMUHUHH ffi71TIU Mn ~ 

111111111111111111111111111111111111111111111111111111111111111i111111111111 

2 2 2 2 2 2 2 ~ 2 2 2 2 2 2 2 2 2 2 2·2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 222, 222 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 

3 3 3 3 3 3 3 3 3 3 3 3 3 3 33 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 l 3 

44444444444444444444444444444~'.4444444444444444444444444444444444444444444444 

5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 = 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 ;, 

s 6 s s s s 6 s s s s sos s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s & s s s s s s s s s s s s s s s s s s s s s s s s s s s G Ga 
77 7 77 7 77 7 77 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 77 7 7 7 7 7 7 7 7 7 77 7 77 7 7 7 77 77 77 7 7 7 7 7 7 7 7 7 7 7 7 77 71! 

888E8888888388688888888888888888888888888888888888888888888888888888888388 U 

9S99999999~9999999999999999999999999S9999999999999999999999999999999S99999ST 
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CHAPTER III 

PRESENTATION OF RESULTS 

The various computer program results were used to construct 

design charts which show the horizontal and vertical deflecti ons for 

any point on a symmetrical, parabolic, fixed-end arch with three types 

38 

of loading. Since the arch used in the analysis was 100 feet in length, 

the rise proportional to the span length, and the intensity of the loads 

were 1000 pounds for the concentrated load and 100 pounds per foot for 

the uniform distributed load, there must be some conversion factors asso

ciated with the values calculated. That is: 

For concentrated load 

EIA(l000)(100) 3 
= X p L 

and for uniformly distributed load 

EIA( 100) ( 100) 4 
= X 

W L 

where 

A = the value of the deflection in feet 

p = any concentrated loading in pounds 

w = any uniformly distributed loading in pounds 

L = span length of any arch in Feet 

I= moment inertia of the arch in ft. 4 

E = Modulus of Elasticity of the arch in lbs./ft. 2 

X = the value read from the charts. 



The following will be a brief explanation of the charts: 

The horizontal axis will show horizontal distance of any point 

on the arch in tenth of the span length (L) having the left fixed-end 

as the initial. 

The vertical axis will show the value of either the expression 

Sign Convention 

For vertical deflection 

positive sign indicates the downward movement of the point 

negative sign indicates the upward movement of the point 

For horizontal deflection 

positive sign indicates the rightward movement of the point 

negative sign indicates the leftward movement of the point 

The design curves, reaction curves and fixed-end moment curves 

are shown in Figure 3.1 to 3.56 inclusive. 
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CHAPTER IV 

VERIFICATION OF RESULTS 

On occasion, an incorrect computer program can give output and, 

therefore, it is very important to find methods which prove and check 

the outputs to make sure that it yields the correct values. 

The following checks had been accomplished to support the data 

calculated: 

l) No matter where the loads act, the horizontal and vertical 

deflections at both ends of the arch are zero. 

2) When the concentrated load acts at the crown, the vertical 

deflections on the left hand side of the arch are equal to and have the 

same direction a$ those at corresponding points on the right hand side. 

The same can be said for the horizontal deflections but in this instance, 

the directions are reversed. 

3) A symmetrical arch loaded equally at a corresponding point 

will undergo symmetrical deformation. The entire symmetrical relation

ships also exist. 

4) Maxwell 1 s Law of Reciprocal Deflection holds, for both 

horizontal and vertical direction individually, 

vertical 

i.e. 
/:. hAB = 

5) ) Mvmh ds = ) 

load is at A, the 

/:. hBA and /:,. v,l\B = I:. vAB 

Mhmvds when the point of application of the 

horizontal deflection at B will come out 

equal in magnitude to the vertical deflection at A when the po i nt of 

application of horizontal load is at B. 

I 

I 
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6) No deflection is obtained when the arch is loaded with a 

vertical uniformly distributed load over the entire span. 

7) Another method used to check the results was to let the rise 

of the arch equal zero. The arch will then become an ordinary fixed-end 

beam. Formulas are available for the end reactions of such beams and, 

therefore, a convenient check was available. For flat arches, however, 

the axial energy must also be considered and containly an arch with a 

rise equal to zero qualifies as a flat arch. Appendix A presents an 

analysis of flat arches, i.e. H/L < .2 and the results were confirmed 

using the comparison between a fixed-end beam and an arch with a zero rise. 

8) Leon Tovic (See Bibliography) has tabulated reactions for 

fixed-end parabolic arches. The computer results compared favorably 

with these tabulations. 

9) The final check used was to assume that the results obtained 

from the action of a vertical concentrated load are right. Then using 

the results, influence lines were constructed and then used to check the 

results from the vertical uniformed load. For vertification purposes the 

midpoint of an arch (span length= 100 feet, rise= 25 feet) was selected 

as the test point. Influence lines were constructed using 'the design 

charts given in Chapter 3 (shown in Fig. 4.1 and Fig. 4.2) and with the 

aid of polar planimeter, it is possible to find the area under the in

fluence lines. This results were then checked with those obtained for 

the numberical analysis for the case of vertical uniformly distributed 

load, since the area under the influence line between any two points 

multiplied by the intensity of the given uniform load will produce the 

same deflection as that by a uniform load acting between the same two 

points. The results of this comparison are shown in Table 4.1. 
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TABLE 4-1 

Comparison between deflections obtained from influence lines 
and computer results 

VERTICAL DEFLECTION CHECK .. 

Loaded Deflection Calculated 
Area Parameter 

Span Influence Line · Computer 

o - 30 - 1.446 2560 - 0.37xl06 - 0.37x106 

o - 50 + 0.0007 2560 + 179 .o- 0 0 

o - 80 + 0.85 2560 + 0.2175xl06 0.218x106 

HORIZONTAL DEFLECTION CHECK 

Loaded Deflection Calculated 

Span 
Area Parameter 

Influence Line Computer 

0 - 30 2.66 3200 0 .851 x106 0.849xl06 

0 - 50 4.55 3200 l .455xl06 1 . 453xl06 

0 - 80 1.17 3200 0.374xl06 0. 372xl06 
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CHAPTER V 

APPLICATION 

Under the assumptions in Chapter II, it can be shown that the 

preceeding design charts for the symmetrical, parabolic, fixed-end arch 

can be used without limits. 

To show the application of the design charts in finding the 

deflections of the desired point in arbitrary arches, the following 

problems will be presented as demonstration: 

Problem 1. 

Given. A symmetrical, parabolic, fixed-end arch with a span 

of 50 feet and a rise of 15 feet. Find the deflections in terms of 

EI of the point 20 feet from the left end under the following individual 

loading conditions: 

a) A vertical concentrated load of 3,000 pounds intensity 

acting at a point 40 feet from the left end; 

b) A vertical uniformly distributed load of 200 pounds in

tensity per foot acting downward with a span equal to 0.4 

time the span of the arch beginning from the left end; 

c) A horizontal uniformly distributed load of 100 pounds in

tensity per foot acting rightward at the half-left side 

with a span equal to 0.2 time the height of the arch be

ginning from the left support. 



a) 

Solution: 

I .-

In this 

3,000 lbs, = p 
/ 

40==.8L 
/ 

20 =.4L • I 

I 

------50=L--------~-1 

case we have 

H 15 
= 0.3 [ = 50 

( l ~O) 3 = ( l ~~) 3 = 8 

1000 1000 l 
-p- = 3000 = 3 

(i) For vertical deflection: 

103 

From the preceeding chapter, design chart Fig. 3.15, the reading 

point on the horizontal axis is~= 0.4L and the value is 
50 

Therefore 

EI _ -0.48 X 10 6 X 3 
~v - s = -0.18 X 10 6 

(ii) For horizontal deflection: 

From design chart Fig. 3.16: 

EI~ (1000)(100)3 = -0.455 x 106 
h p L 



b) 

Therefore 

EI~ = -0.171 x 10 
h 

6 

t ' \ t i l + 200 !bs/ft.=W 
/ 

20 =AL 

I 

---------- 50=L--------.-

Solution: In this case we have 

H 
r 

100 w 

= 

= 

15 
50 

100 
200 

(i) For vertical deflection: 

= 0.3 

1 
= 2 

104 

J 
I 5 =H 

l 

From design chart Fig. 3.25, on the horizontal axis = 20 = 0.4L ; 
50 

the value reads 
EI~v( l~O)( 1~0)4 = 1.5 x ,os 

Therefore 

EI~ = 0. 1875 X 106 

V 



(ii) For horizontal deflection: 

From design chart Fig. 3.26, at 0.4L 

= l. 43 X 10 
6 

Therefore 

EI~h = 0.1788 x 10 6 

c) 

, 
20 =.4L ... , 

W=/00 lbsj£;t, 

.2Hl 8 ' / 
I 

i---------- 5 0 = L 

Solution: We have 

H 
r 

100 w 

= 

= 

15 
50 

100 
100 

(i) For vertical deflection: 

= 0.3 

= l 

-J 
15 =H 

_J 

From design chart Fig. 3.37, on the horizontal axis= 20 _ 
50 

the value reads 

105 



Therefore 

EI~ · = 0 
V 

(ii) For horizontal deflection: 

From design chart Fig. 3.38 at 0.4L 

Therefore 

106 
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Problem 2. 

Given: A symmetrical, parabolic, fixed-end arch with a span of 

100 feet and a rise of 30 feet. The loads acting on the arch are shown 

in the figure below. 
I 

/ 

30 1-- 25 

J I I 1 I 1 
50=.5L 

-i----------1 
I'--- 30~.3L .., 

I 

4,000 =P 

J W = 3 O I b s/ ft 

--------100 = L _______ ___, 

Find the vertical and horizontal deflections, in terms of EI for _ 

points 30 feet measured horizontally from the left end and at the crown. 

Solution: 

To solve this type of problem requires the principle of super

position and an interpolation of values between the charts. The method 

in general can be simplified thus: 

And 
p 

I 

65 = 0.65L 
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* Note: Sx = The value of the deflection ( of any point) 
when the load is at x distance from the left 
fixed end of the arch. 

S = The value of the deflection (of any point) 
O-x when the span of load is 0-x. 

I • 

15 .so. 

J_ o~o.2H 

Hence the result will be 

from the given, we have 

li. = 30 = 0.3 
L 100 

and the positions of the determined points are 

3o = 0 3L 100 . 
and 0.5L horizontally 

Solving for SA (deflections due to vertical concentrated load) 

p = 4000 
(100)3 ( 100)3 l = = 0.65L -L-

100 ~ 
1 

1000 = 1000 = l 
~ 4000 · 4 



Positions of loading from 

the left fixed end 

at 0.6 L 

at 0.7 L 

at 0.65 L 

Hence Efo 
V 

Positions of loading 

the left fixed end 

at 0.6 L 

at 0.7 L 

= 

= 

from 

at 0.65 L 

Hence = 

= 

109 

The value of Eit.(lOOO)(l00) 3 

v p I at 

0.3 L 
(horizontally) 

-0.495 X 106 

-0.677 X 106 

-0.586 X 106 

at 0.3 L 

-0.586 X 106 
X 4 

-2.344 X 106 

0.5 L 
(horizontally) 

.21 X 106 

-0.07 X 106 

0.07 X 106 

at 0.5 L 

0.07 X 106 X 4 

0.28 X 106 

The value of Eit;( 1000) ( 100) 3 

h p L at 

0.3 L 
(horizontally) 

-0.47 X 106 

-0.60 X 106 

-0.535 X 106 

at 0.3 L 

-0.535 X 106 
X 4 

-2.14 X 106 

0.5 L 
(horizontally) 

-0.335 X 106 

-0.50 X 106 

-0.4175 X 106 

at 0.5 L 
-0.4175 X 10° X 4 

-1.67 X 106 

Solve for s
8 

(deflections due to vertical uniformly distributed load) 

I 

Al, 55 = 0 o ~_fil.
1 

25' j i l ! 111 = 300 lbs./fL 

~ (~)4 (.;.) 4 = = l 

100 100 l 
w = 300 = 3 

I 

II 
I 



Span of loading 

(horizontally) 

0 - .50 L 

0 - .60 L 

0 - .55 L 

0 - .20 L 

0 - . 30 L 

0 - 0.25 L 

Finally 
0.55 L- 0.25 L 

Hence EI~ 
V 

Span of loading 

(horizontally) 

0 - 0.5 L 

0 - 0.6 L 

0 - 0.55 L 

0 - 0.2 L 

0 - 0.3 L 

0 - 0.25 L 

Finally 

= 

= 

0.55 L- 0.25 L 

Hence = 

= 

The value of EI~v( l~O )( l~O) 4 at 
0.3 L 0.5 L 

(hori ion tally) (horizontally) 

2.0 X 106 
0 

. 172 x l 06 0.033 X 106 

1.086 X 106 0.0165 X 106 

0.475 X 106 -0.22 X 106 

1.2 X 106 -0.39 X 106 

0.8375 X 106 -0.305 X 106 

. 6 
0.2485 X 10 0.3215 X 106 

at 0.3 L 

0.2485 X 106 x.3 
at 0.5 L 

0.3215 X 106 
X 3 

0.7455 X 106 0.9645 X 106 

The value of ... 1~ (100 '(100) 4 
c. h W I I at 

0.3 L 0.5 L 
(horizontally) (horizontally) 

l. 83 x l 06 l. 46 x l 06 

1.2 X 106 1.3 X 106 

l.515xl06 l. 38 x 106 

0.535 X 106 0. 37 X 106 

.0. 095 X 10 6 0.086 X 106 

0.315 X 106 0.228 X 106 

1.2 X 106 l.152 X 106 

at .3 L at 0.5 L 

1. 2 x l 06 x 3 l. 152 X l 06 
X 3 

3.6 X 106 3.456 X 106 

110 
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Solving for 6c (deflections due to horizontal uniformly distributed load) 

~.-------. ( l~O) 4 = ( 100) 4 = 1 

1s'LJ37/ft. ""'"" ·• 
100 

100 100 2 ,, . * w = 150 = 3 

Span of loading The value of EI~v( 180 )( 1~0) 4 at 

(vertically) 

0 - 0.4 H 

0 - 0.6 H 

0 - 0.5 H 

0 - 0.2 H 

Finally 
0.5 H - 0.2 H 

Hence = 

= 

0.3 L 
(horizontally) 

. 12 X 106 

0.35 X 106 

0.235 X 106 

.0009 X 106 

0.226 X 106 

at 0.3 L 

0.226 X 106xf 
0.339 X 106 

0.5 L 
(hori zonta 11 y) 

-.07 X 106 
... 

-0.19 X 106 

-0.13 X 106 

-.011 X 106 

-0.119x106 

at 0.5 L 

-0.119 X 106xf 
-0.1785 X 106 

i 
I 
I 

l 
l 
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Span of loading The value of EI ( 1 eo) ( l ~O) at 

0.3 L 0.5 L 
(vertically) (horizontally) (horizontal lyt 

0 - 0.4 H . 145 X l 06 . l x l 06 

0 - 0.6 H .4 X 106 .28 X 106 

0 - 0.5 H 0.2725 X 106 . 19 X 106 

0 - 0.2 H 0.02 X 106 .014 X 106 

Finally 
0.5 H - 0.2 H 0.2525 X 106 0.176 X 106 

at 0.3 L at 0.5 L 

Hence Eit:.h = 0.2525 X l06xf 0.176 X 106xf 
= 0.3788 X 106 0.264 X 106 

From S = SA + SB + SC 

at 0.3L at a.SL 

i.e. total Eit:. = -2. 344 X 106 0.28 X 106 
V 

0.7455 x 106 0.9645 X 106 

0.339 X 106 -0.1785 X 106 

= -1.2595 X 106 1.066 X 106 

and total E It, = -2.14 X 106 1.67 X 106 
h 

3.6 X 106 3.456 X 106 

0.3788 X 106 0.264 X 106 

= 1.8388 X 106 2.05 X 106 

The combination of the deflections will follow algebric rules. 
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The previous examples show how utilize the design charts to 

find deflections. The results of reactions and moments can be calculated 

(from the included charts in Chapter III) in a similar manner. 
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CHAPTER VI 

CONCLUSIONS 

With the use of all the preceeding charts, it is believed that 

the analysis of the symmetrical, parabolic, fixed-end arches can be 

easily accomplished. Other types of symmetrical fixed-end arches, e.g. 

circular arches, can be analyzed in the same manner by changing the 

equation of the arch axis in the computer programs. 

It is possible to include two-hinged arch design charts with 

. those of the fixed-end, and thus, the analysis of the symmetrical, 

parabolic arches will become more complete and effective. Finally, by 

the same procedure, it is hoped that in the future some other types of 

arches, symmetrical and unsymmetrical, can also be simplified and repre

sented in diagrams or charts, which in turn clarify the analysis of 

arches. 

It is hoped that these design charts can be made available to 

the practicing engineer to aid in his designs. Secondary moments set 

up in the arch by the arch deflecting away from the thrust line can be 

significant when the thrust line lies close to the arch axis. The charts 

presented in this study will enable the design to consider these secon

dary moments since the deformed shape of the arch can be determined. 
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APPENDIX A 

In the analysis of the flat arches, (~ ~ 0.2) the effect of 

axial deformation becomes substantial and the energy method used pre

viously must be modified accordingly. The basic procedure remains 

essentially the same with the deflection expression taking the following 

form; 

where 

= { Mmds + ( Nnds 
j EI ) EA 

N represents the axial force of the desired point in the 

member caused by the real loads; 

n represents the axial force of the desired point in the 

member caused by the dummy unit load. 

A represent the cross-section of the arch member at the 

desired point. 

The design charts are constructed by keeping the height-to-span 

ratio constant and varying the values of R, 

where R 

hence 

= 

= 

square of radius of gyration of the cross section 

of the arch 

I 
A 

EI~ = f Mmds + f (NnR) ds 

The following design charts show the values of the deflections 

due to a vertical applied concentrated unit load. 
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flat arch (~ = 0.15) with the position of load at .4 the span of the arch. 
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Fig. A.29 Design chart for the vertical deflection for any point on the span of a 
flat arch (f = 0.15) with the position of load at .5 the span of the arch. 
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Fig. A.30 Design chart for the horizontal deflection for any point on the span of a 
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Fiq. A.31 Design chart for the vertical deflection for any point on the span of a 

flat arch f~ = 0.2)with the position of load at 0.1 the span of the arch. 
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Fig. A.32 Design chart for the horizontal deflection for any point on the span of a 
flat arch (~ = 0.2) with the position of load at .1 the span of the arch. 
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Fig. A.34 Design chart for the horiiontal deflection for any point on the span of a 

flat arch (~ = 0.2)with the position of load at .2 the .span of the arch• 
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· Fig. A. 36 Design chart for the horizontal deflection for any point on the span of a 
flat arch (t = 0.2)with the position of load at .3 the span of the arch. 
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Fig. A. 37 Design chart for the vertical deflection for any point on the span of a 
flat arch (~ = 0.2)with the position of load at .4 the span of the arch. ..... 
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