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ABSTRACT 

MOTION OF SEMI-DEFINITE SYSTEMS 

INCLUDING THE EFFECT OF AXIAL FORCES 

by Chandrakant v. Sodha 

Master of Science in Engineering 

Youngstown State University, 1973 

The purpose of this thesis is to determine a 

general closed-form so.1ution o!' a discrete linear dynamic 

system having n degrees of freedom. The solution includes 

the effect of axial force as well as rigid body motion. 

This class of dynamic system which represent a large group 

of practical engineering problems are called "semi-de:t'ini te 

systems." 

The solution is given in a compact matrix form 

which eliminates the necessity of a series-type solution. 

The matrix solution is developed in Duhamel's integral form 

which allows for the application of any type of time­

varying external forcing function. 
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CHAPTER I 

INTRODUCTION 

The static stability problem of lumped-mass system 

including the effect of axial force is considered by 

Timoshenko, (9 ) where the inertial terms are neglected and 

general solution is given in algebraic form. The matrix 

formulation of static stability problem is considered by 

Rubinstein. (B) 

The effect of inertial forces and axial forces 

1 

(?) on these systems is considered by Newmark and Rosenblueth. 

The general equation of motion for this special case are 

formulated in matrix form, The solution of these formulated 

equations is given by Bellini (l) using model analysis, The 

effect of simultaneous diagonaliz~tion of the mass, stiffness 

and axial force matrices is also considered, 

Herein, the effect of rigid body motions is 

considered together with axial-type forces. The effect of 

damping forces is neglected for the mathematical models 

considered. A formal closed-form matrix-type solution is 

presented for arbitrary external time-varying forces. 



CHAPTER II 

General Formulation of Problem 

Consider a linear dynamic system with n degrees 

of freedom, where the motion of the system is described 

by m relative generalized displacements Xj(t), j=l,2, ••• m 

and (n-m) absolute generalized displacements Xj(t), 

j=m+l, ••• n relative to a fixed inertial frame. In symbolic 

partitioned column matrix form, these displacements are 

defined as 

where {x,C-t>} is the matrix of relative displacements 

and { x2Ct>} is the matrix of absolute displacements. 

In a similar manner the generalized velocity 

components are written in partitioned column matrix form as: 

Hence, the kinetic energy is defined by the following 

equation 

(la) 

2 



Where [M] defines the partitioned mass matrix as follows: 

:: [(':1!~~_JJ~~~JJ 
[M12]. i [M11.] 

[Ml]j and {.M22] are always symmetric square matrices and 

[M2:Y is a transpose of [M12] • The matrix [rn2] is a square 

matrix only if (n-m) = m. 

The total internal potential energy is 

expressed in terms of the generalized displacements in the 

following form: 

3 

(lb) 

Where [K] is defined as the stiffness matrix possessing similar 

partitioned characteristics as the mass matrix; the matrix is 

defined as follows, 

[K] 

: 



The total external potential energy is comprised 

of two parts, the part due to axial conservative forces and 

the part due to non-conservative time-varying forces. The 

total external potential energy Ve is then written in the 

following form: 

T 

Ve = ½ {xJ[P]{x} 
T 

+ {fl-tl} {x} 

where [P] defines the partitioned stability matrix as: 

(le) 

Using the matrix quadratic forms given by equations 

(la) through (le), the following set of differential equations 

of motion are obtained in matrix form using the Lagrange 

equation approach ( ?) : 

The (n-m) absolute displacements are directly associated 

with the (n-m) rigid body motions. The semi-definite dynamic 

system which results, produces a series of mathematical 

( 2) 



5 ... 

simplifications. In general, the following matrix definitions 

are produceds 
T 

[o] [K,2.] = [K2<l = 
T 

[R2] - ~.] - [o] - -
[Ki~ - [o] -
[R~] - [o] -

and the matrix [M22] is diagonal. 

Noting the above conditions equation (2) reduces 

to the forms 

.. 

(J) 

( 4) 



CHAPTER III 

Free Vibration Problem 

The free vibration problem including the effect of 

axial force is given by the partitioned matrix equation 

Solution of the Pree Vibration Problem 

Referring to equation (5), the general solution 

is assumed to take the form 

6 

(5) 

(6) 

Where .IL is defined as natural frequency of free vibration 

and the partitioned column matrix in {U~ is defined as the 

associated partitioned eigenvector matrix. Substituting 

equation (6) into equation (5) yields~ 

= {{ol] 
{oJJ 

(?) 



which for the non-trivial solution of the eigenvector 

{
iU1l 1 
{Ui\$ require that, 

7 

det 

~

[ku] - P [P..] 

L [oJ 
( 8) 

Equation(?) and (8) define the generalized eigenvalue­

eigenvector probYem in partitioned matrix form. Equation 
2. 

(8) yields j values of the parameter .1Lj, j = 1,2, ••• m, 

m+l, ••• n. The values of the natural frequencies associated 
2. 

with the rigid body motions are equal to zero, i.e., Jl:j =o, 
2. 

j = (m+l>, ••• n. Corresponding to each value of _n:j , 

equation(?) yields a single partitioned eigenvector \U}j, 
j=l,2, ••• m,m+l, ••• n. 

The set of n eigenvectors are combined into a single 

partitioned eigenvector matrix [u] which is defined as: 

The form of equation (?) requires that the matrix [u,1.]=[o] 

and [Un] is a diagonal matrix with arbitrary terms. For 

convenience, the [u 2,.J matrix is taken as the identity matrix 

[I] • Thus, the eigenvector matrix (u] reduces to the form 

vomms-oVi SiATE Ut~IVERSITY 
LIBRARY . 
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The following two orthogonality conditions result from the 

generalized eigenvalue-eigenvector form of equation ( 7): 

and 

The right hand side of equation (9a) and (9b) are diagonal 

partitioned matrices . Referring to equation (7) it follows 

that, 

w~ere. to'H~J is a diagonal partitioned matrix wit~ terms 

.ilj , j=l , 2, ••• m and where [llJ1.tt2] = [ O] since Jlj -=- 0 , 

j~m+l, ••• n. Premultiplying equation (10) by ~~:H;Jr and 

noting equations (9a) and (9b), one obtains 

C 

( 9a) 

(9b) 

(10) 
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(lla) 

or in simplified form 

(llb) 



CHAPTER IV 

• General Solution of the Forced Vibration Problem 
Including the Effect of Axial Force 

Referring to equation (4), making the substitution 

10 

{
{x,}1 = flu11] [o]]{{1,}I (l

2
) 

{x2.}J l[uii] [I] {'?11} 
' premul tiplying by ftuuf (ui,l] and noting equations (9a) and Lro] [I] 

(9b), it follows that 

-, 
Premul tiplying the equation (1.3) by r[l'lm11] [oJJand substituting 

Lr0J [Ami~J 
the equation (lla ), one obtains 

where 

(14) 

(14a) 

C 
( 
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The form of equation (14) represents the total uncoupling of 

equations of motion. Using Lagrange variation of parameters, 

the solution of equation (14) in partitioned matrix form 

becomes 

(15) 

Where [A], [B] and [E] are diagonal matrices with terms CosJljt, 

Sin.lljt, and Sin.il.j(t-~) respectively. Substituting equations (15) 

into equation (12) yields 

"(':0 

( 



where, [F] is a diagonal matrix with terms CosJlj(t-r) 

Using the following prescribed initial conditions 

ci) @ t=o, {xct)} :: { xco>~ a:nd 

cib @ t =o, { x(t)J :: { x(o>}, 

it follows that, 

Noting equation (9a), one obtains 

12 

(18) 



lJ 

The general solution of equation (4) then takes the following 

forms 

The simplification of the above equation is given in 

Appendix I. Equation (20) is investigated for the special 

cases of externally applied force i.e. {{fiCt>} l 
{f:1.(-t)J { • . 

CASE: .t 

Taking the initial conditions as zero, 

{ f X1(0J}} = t,loJ)} = {{o} ~ and 
~ x2co)} {Xz(o>} { o} 

{{f,m}l - { { f,(oJf f 
{f2(t>J -

{f1Co>} 

' 

f 



14 

where the external forces are assumed as constants, equation 

(20) reduces to the form 

CASE ii 

Assuming the initial conditions as zero and the externally 

applied forces as harmonic variation of time in the form 

it follows that, for steady state motion only equation (ZO) 

reduces to the form 

(22) 

( 23) 
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where 

[G,J 

:t_ - fm.-, Sino( -t 
o<m+I ,-/-z. m+, 

'"'"'Tf'l-t-1 

0 

0 fn Sino( t 
o<2 'YI 

-n 

um+1,1 
Jl, 

Sino<m-1-;i; unf 
12. 

5i1> o(ht _n.2 ~ 
. . . 

..0.2-0('2. I - c(rn+J I n . . 
[u,2J 

. 
and . 

:: 
U .fl.m .12.m 

Sino<m+~ . . . 
un,m Si11o<11-l;-m+im Jl z -0(2 .n.. 2 - 0(2. ' m m-1-1 m Tl 

If any of the impressed frequencies 0(1 ,o<z., •.. C>c'.Tl is equal to any 

of the natural frequencies, ..a.17 .!12.,··•Jln then the resulting motion 

is unstable, that is, at least one of generalized displacements 

x.(t) takes on an infinite value. 
J 



CHA PTER V 

Discussion 

16 

The use of the matrix type form for the equations of 

motion is proven more efficient than the series or algebraic 

type form. Its efficiency arises due to the fact the matrix 

type solution is easily programmed for computer use. 

Since the solution is given in Duhamel's integral form, 

it is applicable for any type of time varying external forcing 

functions. In this particular thesis, constant external and 

harmonic time varying forces are considered as special cases 

where steady-state motion is considered. 

The solution obtained is based on the existence of a 

simplified mathematical model of a complex dynamics problem. 

It is not the intention of this thesis to develor, directly 

a design procedure to convert a physical dynamics problem 

into a mathematical model as illustrated in this thesis. 

This aqility is obtained only by considerable experience both 

in the design office and under actual field conditions. 

The basic matrix computations utilized in the general 

solution involved typical matrix addition and multiplication. 

The formal matrix type solution presented in this thesis 

requires inversion of diagonal matrices only which is extremely 

important for large scale system, since the general matrix 

inversion process requires a large amount of memory core in 

C 

( 
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the computer. 

To better understand the theory, a numerical example of 

forced vibration problem is solved, the solution of which 

resulted in a complex a lgebraic form. Hence, numerical values 

are assigned to the physical parameters m, L, k and kt . Then 

upon varying the axial load P from Oto reasonable positive 
2 values, behavior of .fl, the square of the natural frequency 

of vibration, is tabulated and graph is plotted . 
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CHAP'rER VI 

Conclusion 

For the dynamic system considered the values of the 

square of the natural frequencies of free vibration decrease 

as the axial force increases. In addition, the inclusion of 

rigid body motion produce a condition where some of the 

square of the natural frequencies are equal to zero. The 

remaining square of the natural frequencies are decreased 

towards zero as the axial load is increased. Thus, for the 

semi-definite system considered the square of the frequency 

equal to zero is obtainable either by the existence of rigid 

body motion or by the increase of the axial load to a value 

equal to the minimum critical buckling load. 

In general , semi-definite systems produce lower values 

of square of the natural frequencies of free vibr at ion than 

the ordinary systems. This is evident by the graphical 

interpretation of fig. II-2, v1here the ordinary dynamic system 

as well as the corresponding semi-definite system are 

considered simultaneously . 

In general, rigid body motions produce more complicated 

conditions of mathematical analysis. Some reduction in 

complexities are realized (i.e., certain values of natural 

frequenc ies are zero) , however, the eigenvector problem 

becomes much more complex from a condition of physical under­

standing . 
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( 

It is uniquely shown in this analysis, that the introduction 

of partitioned matrix form not only allows for a simplified 

mathematical approach but also yields a simplified physical 

interpretation of the resulting mathematical constraints. 



APPENDIX I 

The simplification of equation (20) is as follows, 

{x,ct>} = ~u,J[A]['1m1J
1
[u,t[M1J + [u,J[A] [Ain,j

1
[u2,t[M,2~ {x,(o)} 

+ [u,J[A] [l\miJ'fu,r[M12] + [uu][A] [J\m,j
1
[u2f [MuTI {xz.(0 ) l 
I 

+[[u,J [A.n-:t[B] [Arn1J'[u,f [M11] + [u1tl [A;.J[B] [Am,J
1
[u2t[M12.TI {x,{o)} 

20 

+ [u,J [i1~} [B] ~.,..j' [ui [M,.] + [u.,] [i1_;J [B ][A.,,j'[u,f [M,.~ {X2 <0> l 
"t'=t - 112. -I 

+ f [u11] [AJ11J [Arnu] [E] {:J,("t")j dT 
t::o 

{x2ct>J = [[u2J [A] [Ar11,j
1
[u,if[M11] + [u2J [A] [J\m11f(u2,J [MnJ 

+[r] [11m22j'[rf [M11]] {x,(o) l 

+ [u2.][AJ [Am,f[u,f [M,2] + [u2,] [A] [Arn,j'[u2JT[Mu] 

(I-1) 

+ [I] [11rn211'[r r [M1~ { X1Co)} ( I-2 ) 

It should be noted carefully that the displacements defined 

by the components of {x,(-t)} are relative displacements only by 

the definition given in Chapter II. If the absolute displacements 

of these latter displacements are desired, they are computed by 
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proper scaler addition of the individual components associated 

with vectors {x,~>} and 



APPENDIX II 

Numerical Example of the Forced Vibration Problem 

II-1 Mathematical Model 

For the mathematical model shown above, assuming 1"(11-::ro2 ::-rn, 

kt, = ktz. = kt, P. = p o:nd p2 = /3 p, following matrices 

are obtained: 

22 

zmf -ml: zmL 

[M] :: -mC mi: ml 
ZmL m L 370 

kt o and 
' 

[P] -

0 0 

(I+~) L O 0 

0 

0 0 

0 

0 

k 

(II-1) 
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II-2 Solution of the Free Vibration Problem 

Noting equations (5), (6), (?) and (8) the free vibration 

problem yields the following determinant: 

-ZmCJt'2 +2 kt-3PL 
'2. 'l 

-ml.:JL - kt -2mL.n.-z. 

-ml:Jl-z.-k-t -mt"Jl:+kt -2.pL -mLil.'2- = 0 (II-2) 

- 'l m L .a.2. -mL.11.2 -3m12.2 + k 

The simplification of equation (II-2) results in the following 

algebraic equation for the determination of the natural 

freQuencies and critical buckling loads: 

_a 4 .IL'}_ '2. 
-Jlb + 

111 
(8kt + k- 1op) + m2. (-~kkt -3k +7 pk +Zt Pkt -l8P2

) 

+ ~3 ( k kf - 7 Pk kt + ~ P2 k ) :: O 

CASE i k ,/ o 

The solution of equation (II-J) in the form given is 

algebraically complex. Hence, numerical values are assigned 

to the parameters m, L, k and kt. In addition, the parameter 

Pis varied over the range o to reasonable positive values. 

The results are tabulated in tables (T-1) and (T-2). A 

graphical solution of the tabular results is shown in figure 

(II-2), 

The form of equation (7) gives three tensor invariants 

which are defined as follows: 

(II-J) 
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.If. + Jl~ + .Il'Z. 
~ = - a. 

d..n! 22. 'l '2 
+ J12fl2 + 123..Q.1 = b (II-4) 

.d;11~12: = -c 
where 

a. = ~ ( 8kt + k - Io P) 

b = ¼1. (- {ikkt - 3k: -7Pk + 21 Pkt-18 P,z.) 

and 

relative to equation (II-3) 

For each variation of physical parameters mentioned above, 

the equations (II-4) are checked to insure that the implied 

equalities are satisfied . ·rhese results are tabulated in 

tables (T-1) and (T-2). 

In general, the free vibration problem is satisfied by 

a set of natural frequencies which are all positive real values 

for the condition of stable oscillations about the equilibrium 

configuration. Since the value of (PcR)rnin is unknown 

apri9ri, a value of Pis assumed initially and the square of 

the natural frequencies are calculated. If the resultant 

frequencies are all positive, one is assured that the assumed 

value of Pis less than '.1:he value of (PcR)m,n 
is therefore obtained by a simple inspection of the signs 

of the square of the natura l frequencies . This is uniquely 

apparent in tables (T-1) and (T-2). Observation of the 

condition under wh ich t he value of one of the square of the 

natural frequencies is ide ntically zero yields the 

r 
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condition from which the value of ( Pc~)min is obtained. 'l1his 

can be seen in tables (T-1) and (T-2) in Jrd a nd 7th/8th lines 

where 

and higher critical buckling loads, respectively. It should 

also be noted that as the va lue of the load P increases, 

all the values of the square of the frequency decrease. 

Furthermore, th e gr aph ical solution in fig. (II-2) shows that 

one of the square of the natural fre q uencies remains positive 

and asymtotic to the horizontal axis. rrhe remaining two 

square of the frequencies are intially positive, decrease to 

a value of zero and then ass ume ne gative values for any 

increase in the load P. 

The reader should note at this point that this particular 

case involves no ri gid body motion. However, the analysis 

is performed so that a comparision may be made with the 

problem which includes rigid body motion. This problem 

appears in the next section. 

CASE ii k = o 

Equation (II-J) reduces to the following form: 

1\;ot ing equations (5) to (8 ), (9a) , (9b) and (lla) the 

follov•ing results in matrix f orm are obtained: 

( .i...l.. - -: ' 



= 

and 

where 

= 

--

f-'1 :: 

-t = 
f.;'J. = 

Y' = 

A = 

C ::: 

=ir, ( 4 k-¼i- 5 P + ~ ) O 

O i (4k,t-5P -q,) 

0 

I 0 
I 

--------------------➔----

0 0 : 0 

I o<.f..,, I 0 
I o<./32 I 0 
I 

f : i 

I 

?>,,_ [i { '2l"'A-2fo2 kt} + f{c] 0 

0 o<'l[A{fi:A-2"2-ktJ +P:~ 

I 0 
I 
I 

: 0 
I -- -- - - ---- ----- ----- --- - --;----

0 O : 0 

- 4 kt+ 5" P + lfJ 

(- kt + P - 4') (-7 kt + 4 P + 4') 

-4k+-5P-4' 
(-kt +p + 4') (-?kt +4P -4') 

-kt t- P +4' 

-kt +P-f 

4kt-3!0 

✓ 13ki - 19ktr' + 7 p'2-

(2kt- 3 p) 

( kt- 2 p) 

( 
(.., 

- 4ktlf 

+ 4ktlf> 

I 

26 . 

(II-5) 

(II-6) 

C. 
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The inclusion of one rigid body motion produces a condition 

where one of the natural frequencies is zero. In addition, 

it is obvious that the components of the[u1~matrix are zero. 

Also, the [u22Jmatrix is identically the unit matrix [rJ , in 

addition, the components of matrix [Ak~J are identically 

zero. 

To determine the minimum critical value of the stability 

force, the values of the two frequencies Jl1, and 

equated to zero, 

-:n ( 4 k-t- - 5" I=' + 4' ) 
I 

m (4kt-5"P-4') 

The two above equations yield 

and 

= 

0 

0 

kt 
L . 

.1L2. are 

(II-7) 

(II-8) 

Numerical results of the above equations are tabulated in 

table II-3 and a graphical solution is shown in Fig. (II-21 

where specific numerical values of the physical parameters are 

chosen therein. 

C. 



APPENDIX III 

Justification of [u] Matrix 

28 

The form of equation(?) requires that the matrix 

[u1zj = o and [u2i] is a diagonal matrix with arbitrary terms. 

For convenience, the [u2dmatrix is taken as the identity 

matrix [I]. These conditions are further justified by 

considering a special case where two rigid body displacements 

are considered. The mathematical model is shown in figure 

below. 

Mathematical Model 
Two Rigid Body Motions 

Fi} 3 

From the above model, one obtains 

zmi.2 mL
2 2ml 0 

ml: ml: ml 0 
[M] = 2ml ml 3m 0 

0 0 0 M1 

C. 



[K] = 

[P] = ? 

2kt -kt 

-kt kt 
0 0 

0 0 

3L o 

o 2L 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

O 0 

Using equations (5) to ( 7)' it follows that 

'2. '2. L '2. 'l. 
-2mLJ2.2 -2mt:.n. + 2kt-3P -mL12.-kt 0 

'2. 'l. -z. '1. L 2. 
-mt::Jl -kt -ml.:Il-tkt+2P -ml.a 0 

- '2 m Llr -mL.n.2 2. -3mfl 0 

0 0 0 
7. 

-M1..0.: 

Using equation ( 8 ) and solving for c.n..f , one 

(.n.,f '2. 
=. (12'1.) = 0 

c.n3? = ~ ( 4 kt - 5P - 4') 

(.n.,..f = ~ ( 4kt- 5 P + 4>) 

where r ::: /t3k~ - l9Pkt +- 7P2 

29 

(III-la) 

u. 0 

Ui 0 
= 

U3 0 ( III-1 ) 

u"" 0 

obtains 



Substituting (Jl~) = (11~) = 0 in equation 

(2kt-3PL) U1 - ktU2 + O.U3 

o.u, + (kt +2pL)U2 + O.U3 

o.u. + O.U 2 + O.U3 

o.u, + O.U2 + O.U3 

From equation (III-2a) one obtains, 

2kt - 3 PL-
U2 :: kt U1 

and from equation (III-2b), 

kt 
Uz :: kt- 2,=>L U, 

+ 

+ 

+ 

+ 

JO 

( II-1) it follows that 

O.U4 ::. 0 (III-2a) 

O.U4 - 0 (III-2b) -
O.U4 :: 0 (III-2c) 

o.U 4 :: 0 (III-2d) 

(III-3) 

(III-4) 

Equations (III-J) and (III-4) for P<(PcR)i, are true only when: 

i.e. u12 = o. 

From equations (III-2c) and (III-2d), it follows that 

o.U3 + 

Hence,_ u3 and u4 can have any arbitrary values. 

i.e. Le.t __ LC11 C12.J [U2z] 
Cz1 C22-

Using orthogonality conditions in equations (9a) and (9b), 

one obtains, 

where 

that C = _ ( Mz,z.)· C21 (C21.) 
l'l. M11 C11 , 

(III-5) 

(III-6) 

(III-7) 

C 



Jl 

Since is arbitrary and 
Mu 
M11 is any positive value, 

the equality will hold for the condition where 

(III-8) 

Thus, the matrix [u2~ is a diagonal matrix with 

arbitrary terms. For convenience, the [u2zj matrix is taken 

as the identity matrix [I] • Hence the [u] matrix reduces 

to the following form, 

[u] 

( 

C 

( 



Value Natural Frequencies 
of P 'lo .lf2 -«a .flt 

.o 0.127 1.000 7.872 

0.1 . 061 0.829 7.111 

0.167 0 9.733 6.597 

0.2 -0.037 0.689 6.347 

0.25 -0.099 0.633 5.966 

"' 0.50 -0.527 o.465 4.061 

0.75 -1. 057 0.379 2.177 

1.00 -1.618 0 0.618 

1.25 -2.193 -1. 735 o.427 

1.50 -3.632 -2.766 0.399 

1,75 -5,534 -3,35 0.384 

2.00 -7.443 -3.935 0.376 

(I ~"\ 

DYNAMIC STABILITY CASE 

m = k = L = k = 1 t 

Tenslor Invariants 
-a.. b 

Calculated Actual Calculated Actual 

8.999 9.000 8.998 9.000 

8.001 8.000 6.380 6.380 

7.33 7.33 4.836 4.826 

6.999 7.000 4.113 4.120 

6.5 6.5 3.123 3.125 

3.999 4.000 -o.497 0.500 

1.499 1.500 -1.877 -1.875 

-1 -1 -0.999 -1 

-3.501 -3,500 2.217 ;.2.215 

-5°999 -6 7.493 7.500 

-8,5 -8,5 15.128 15.125 

-11.002 -11.000 25.000 +25.000 

TABLE T-1 

-c 
Calculated 
~ 

1 

0.36 

·O 

-0.162 

-0.374 

-0.995 

-0.872 

-0.999 

+1.625 

+4.008 

7,119 

11.012 

Actual 

1 

0.36 

0 

-0.16 

-0.375 

-1 

-0.875 

-1.000 

+1.625 

+4.000 

7.125 

11.000 

\,,,.) 

N 



Value Natural Frequencies 
of P 

st, dz. Ji; 

o.o 0.148 1.650 B.200 

0.1 +0.064 1.490 7.445 

0.167 0 1.393 6.940 

0.20 o. 034 1.346 6.689 

0.50 -o.448 0.998 4,450 

0.75 -0.902 +0.724 2.676 

1.00 -1.414 0 +1.414 

1,25 -1.986 -1.544 1.030 

1,50 -3,473 -2.463 0,934 

1,75 -5,337 -3.041 0.877 

2.00 -7,226 -J.616 0,841 

DYNAMIC STABILITY CASE 

rn =kt= L = 1, k = 2 

Tensor Invariants 

-a. b 
Calculated Actual Calculated Actual 

9.998 10 14.978 15 

8.999 9 11.66 11.68 

8.333 8.333 9.667 9.667 

8.001 8 8. 73 8,75 

5 5 2 2 

2.498 2.5 -1.129 -1.125 

0 0 1.999 -2 

-2,5 -2,5 -0.570 -0.625 

-5,002 -5 +3. 010 +3. 000 

-7,501 -7,5 8,882 +8,875 

-10.001 -10 17.010 +17.000 

TABLE T-2 

-c 
Calculated Actual 

2.002 2 

0.71 0.72 

0 0 

-0.31 -0.32 

-1.990 -2 

-1. 75 -1.75 

0 0 

-3 .16 +3.25 

+7.989 +8,000 

+14. 234 +14.25 

-21.974 +22.000 

l..,J 
" '\.,J 



Value 
of P 

~If\ • 

o.o 

0.1 

0.167 

0.25 

0.50 

0.75 

1.00 

1.25 

1.50 

1.75 

2.00 

DYNAMIC STABILITY CASE 

m =kt= L = 1, k = 0 

(No..tur~l Fr-equ.eY1 cies)2. 

'f ..fl~ __!rz ~3 

3.605 0.395 0 7.605 

3.342 0.158 0 6.804 

3.165 0 0 6.330 

2.947 -0.197 0 5.697 

2.291 -0.791 0 3.791 

1.640 -1.390 0 1.890 

1.000 -2.000 0 0 

o.433 -2.683 0 -1.817 

0.500 -4.ooo 0 -3.000 

1.090 -5.840 0 -3.660 

1.732 -7.732 0 -4.268 

TABLE T-3 
\.,J 
-{:" 
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