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ABSTRACT
DYNAMIC STABILITY OF BEANM-COLUMN
SUTHAT KOSUWANPIPAT
MASTER OF SCIENCE IN ENGINEERING
YOUNGSTOWN STATE UNIVERSITY, 1974.

The purpose of this thesis is to investigate the dy-
namic stability of a beam-column including the effects of
shear and rotary inertia.

The nonlinear theory yields a coupled-set of linear
partial differential equations of motion. The natural frequ=-
encies of free vibration are obtained for the case where
shear and rotary inertia are included, as well as, the case
of pure shear only. Comparisions are made with the natural
frequencies given by the classical theory. Critical buckl-
ing loads are determined by the zero condition of natural
frequency.

The critical buckling loads and natural frequencies,

- obtained by the Bernoulli-Euler theory, the Pure Shear theo-
ry, and Timoshenko theory, are analyzed and graphically com=-
pared.

The dynamic stiffness matrix which includes the eff-
ects of both shear and rotary inertia is formulated. The
static stiffness matrix which includes the effect of shear

is also obtained.
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CHAPTER I

INTRODUCTION

The analytical determination of dynamic stability
criteria of beam-columns leads to a set of coupled, linear
partial differential equations of motion.

Timoshenko' determined the static buckling load of
a beam-column including the effect of bending stress as well
as shear stress.

Brunelle® considered the buckling loads of the beam-column,
included bending and shear for a variety of boundary condi-
tions, including simply~-supported, fixed, and a combination
of both.

Anderson3 determined the natural frequency of a beam, inclu-
ding the effects of shear and rotary inertia. The forced vi-
bration problem is solved using normal mode theory.
Langhaar4 generated the equations of a beam using the minim-
um potential theorem.

In this thesis, the dynamic stability of free vibra-
tion of beam-column including the effects of shear and rota-
ry inertia, is determined. Using Hamilton's principle. The
equations of motion, the natural and forced boundary condi-
tions are determined. Two special cases which are considered
are simply-supported both ends and fixed-fixed bouﬁdary con-

ditions both ends.



The stiffness matrix is formulated via the equa-
tions of motion of simply-supvorted beam-column. The special
cases which are considered is as follows:

1) The effects of bhending, éhear, axial force, ro-
tary inertia and transverse inertia.

2) Bending, shear, axial force and transverse iner-
tia are included.

3) Bending, shear and axial force are included(i.e.

the static case).



CHAPTER II

METHOD OF ANALYSIS

2=1 Assumptions

The assumptions for analysis of the beam~column,sub-
ject to axial load, are as follows:
1) The beam-column consists of a perfectly elastic

material.
2) The beam-column is originally perfectly straight.
3) Tﬁe axial loads are applied along the centroidal
axis of the beam~-column.
These assumptions are used for analysis throughout

this thesis.

2-2 Hamilton's Principle

Hamilton's principle takes the following mathemati-

cal form:
sA= 8 [ dt=0, (2-1)
where ﬁ = T - V, with f = kinetic energy
9 = potential energy
and & designates the first variational operation.

This condition yields differential equations of.motion5 of a

beam~-column as

A



where y(x,t) is defined as total deflection,

¢(x,t) is slope due to shear,

B(xt)

LA AW AT d
EI(ax‘) P(ax’> pA(aF) +"I<ax’at’

ylxt)

(2-2)

qlx.t)

and g =_ﬁj/§?z) dy with G(y) equal to the moment area of
2
1 b

cross~-section about the neutral axis

( for rectangular cross-section

Kom 1.2, )

Also, the associated natural and force boundary conditions

are prescribed:

@ x=0o0r x L

either V(x) = EI(¥iex = Pxx) + PV = PI(Txre = Pie)
or 4
either H(x) = =BI(y,, =9,)
or (y,-¢)

0
0,
0

0.

For a simply-supported beam-column the boundary conditions

are

y(o)
y(L)
1(0)
M(L)

s and

i

(2-3)



For fixed-fixed supports t@e boundary conditions are
y(0)

¥(L) = 0,
y,(0) -=¢(0) = 0, and

¥, (L) -¢ (L) = 0,

For the special case of pure shear stress and transverse

0,

(2-4)

inertia equations(2-2) reduce to the single equation

GA y 3y _

£

2=3 Free vibration of a beam-column.

For the case of free vibration the transverse
force in equation (2-2) is neglected, q(x,t) = O, Assuming
the time function is harmonic and separating variables on

space and time in the form

Ax _iflt

v(x,t) = A e'"e and
W4 Ax it (2-6)
o(x,t) =B e e ,
one obtains,
s [~ 1
~EIN+ g% -p1¥ EIN+p1QY’ B 0
= (2=7)
EIXN+ p1Q° -EIX - PX+ pAQ=-pIXQY| |4 0
J e J Ll




For non-trival solutions of the parameters of A and B, the
determinant coefficient matrix is set equal to zero and

yields the following equation of natural frequency:

$ B G . .4 b
2.\ 3 + Buosrl okt sy 1+4 AE ~ KE ~(AcrPPAKE 4 .
Ac) 2| 1T KE T AE T(AnPKE P &] (2-8)
KE ~ AE ~(An*KE 1

If the effect of axial force is neglected (i.e. P=0) equa-
tion (2-8) reduces to the form given in reference [3]
If the rotary inertia is neglected, (i.e. PI is neglected),

equation (2-8) becomes a single equation of the form

2 I A B P
N wb-eRlRE AR
<QG> 3 A[ GA] AE (o)

Ac 1~ KEL 32
GA !
For the case when shear is neglected, (i.e. G= ), as well
as rotary inertia, the natural frequency becones

2
02 . 132 Rl e e
(-A—-g—) = KA o AE (2 10)

In the case of pure shear, the bending stress terms are neg-
lected(i.c. terms containing EI are eliminated) together

with rotary inertia terms; one obtains:
2
s N - B Gl
@ 5%
For the special case of a beam, the axial force P, is

equated to zero. The natural frequencies obtained %y utili-

zation of equations (2-8) to equation (2-11) become



2 G
o 5 (PO 11 (PR, - LI YOOR i 41@
[Ag] 2 [‘ T KE (:\‘c)2 KE] It\/‘ {l+ G _G_}’ (2-12)
KE (xc)2 KE

for bending, shear, rotary and transverse inertia,

[wﬁn] L KA (2-13)
El 42
g 1= Ga A

for neglecting rotary inertia,

2
Won| - _I 32 -
[ﬁ = X (2-14)

for neglecting shear and rotary inertia, and i

o B
Ac

for neglecting bending and rotary inertia.

2
- - i (2-15)

2-4 Roots of the fourth order differential equation.

For non-trival solution of equétions (2=7). The
determinant of the coefficient matrix is set equal to zero,

and yields the following quartic equation:
 [pact- £R) KELL+e] W (panr- ﬁgln‘)
51(1“ k) el(- &%)

Equation (2-16) above yields four independent roots

Ao = O L] (2.16)

A.L

expressed as,

E 11 ;ki..hu‘ 3 !
5‘“""
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and
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|
on

where

) =i%r ) 14-%% ’
pAQ*{r’@ Wl & %ﬁ)}w
i EI(1—J(§§)
and
y pag? (1 - LBKe?)
-5

These roots yield the solutions:

y(x) = AjcoshYx+B,;sinh ¥x+C,cos §x +D, gin 6x

¢(x) = Ah,cosh¥Yx + By,ginh ¥x+ Cycos §x+D,sin 6x .

(2=17)

(2-18)

Using the first equation of equations (2-7), together with

equation (2-18), the constants in equation (2-18), are

related as

fy® = _)’_[{\_ B, ,
By = ylf\ Ay
Ca= QﬁéDl sy and
Sy ST{:' Cy

where

(2-19)



A= (EIV%pIQ),
r= (-1 BA-p10%),
¢ = (EI8% pI0?), and

fl = (=EI&+ %—plﬂ’).

Hence, the constants of equations (2-18) reduce to four which

allows for the application of only four boundary conditions,

two at each end.,

O



CHAPTER III
SINPLY-SUPPORTED BEAM~COLUNMI

3-1 The simply-supported beam-column and beam.

L " X

Bi . P

FIG. I Coordinate system of a beam-column.
For the simply-supported beam-column shown in Fig.l, ap-
plying the boundary conditions of equations (2-3) +to equa-

tions (2~18), together with equations (2-19), it follows

that
r G na L Y
3 0 I ] 0 A, 0
coshyl, sinhyL cosdL sindL By 0
- (3-1)
® 0] y 0 Cy 0
dcoshyL ®sinhyL YcossL ¥YsindL| | D, 0
- <4 L . — el
where
TP BNGE o and ;
b Yo E T )

10
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For nontrival solution of this equation, the determinant of
the goefficient matrix is set equal to zero and yields:

sinh ¥ sin 8L (¥'- 2¥d+9") = 0 (3-2)
Since the condition

sinh YL'*= O
and (V2 -2Wd+d?) +0, it follows that

sin L = 0 , and

(3-3)
5 = AT for nel, 25 Jsily sea
L

This equation reduces the roots in equations (2-17) to

d.dnm S (3-4)
A L

It follows from equation (3-1) that A,=B,=C,=0 and D, is
arbitrary; hence,

yix, %)

D,sin-ﬂ%ﬁﬁ e

: 35
and  @(x,t) i ( :

C8in 3%?5 e

where Ca =8—“€D, -
Application of equation (3-4) with equation (2-8) to equa-

tion (2-15) yields the natural frequencies:

2 e 2
R L N L
L =L1+-G___F’_+(L___>2_G_ i+ heAE-KE® n7rr)AE KE] | 3_6)
nmc] =217 KE T A T\amr/ KE G p LoARg EE
e RE Y nwr)TFE :

i (3=7)



2
TR R

Hel Ve 6 B -9
(nﬁc)— KE ~ AE i (5-9)

and for the beam (i.e. P = 0) as

(ﬁ’?rt)z:%[(‘*‘f—e)*(n—'ér)z%] fﬂ/‘“{@&ﬁ C )ZG]zd . [ SR

2
(25

w,,_,,L)z o (n__nr)2 and (3=-12)
nmc L ’

(‘;,’:,t)2 = & . 5-15)
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J=2 Critical Buckling Loads of Simply-Supported Beam-Column

The static eritical buckling loads of the beam-col-
umn are obtained by equating the natural frequencies of free
vibration to zero. It follows from equations (3-6) and (3-7),

with the condition of zero frequency that

2
nm
EI(L)

Pcr:(Pn)T: Y J<_E(D”r)2 ’ (3‘14)
G I

which ie defined as the Timoshenko buckling load' . perform-
ing a similar operation on equations (3-8) and (3-9), yields

the Buler buckling load as

Per= (Pnlg = EI(—rlLl)2 ’ (3-15)

and the shear buckling load as

oo .G_A. . (3"16)
Por = Ps = K

Combining equations (3-14), equation (3-15), and equation

(3-16), it follows that

PR DT {3=17)

Using equation (3-14), equation (3-15), and equation (3-16),



the natural frequencies in equation (3-6) through equation
(3-9) are defined in terms of the critical buckling loads

as

M)2=%[-'-:'—<1+A§—J3)] 11‘J1+ 4%(-’%’_0 » (3-18)

Qanl ¥ P 3-19)
Goe) = E0-£) » :
elf - fe(-g) o o
7 0 R P
g 7@('—-;3' ’ (3-21)
and for the beam (i.e. P=0) as
2
(iw;r_é) " AP—E y (3-22)
1 P
e e =29

2
lL —_— P Y ; -
() = G

14



' Using equation (3-19) through equation (3-24),

frequency in equation (3-18) is defined as

the natural

(3=25)

15



CHAPTER IV
GRAPHICAL RESULTS FOR THE SIMPLY-SUPPORTED CASE

Equations (3-14) through (3-16) for critical buck-
ing loads for the cases of combined bending and shear, bend-
ing only, and shear only are shown grapically in Figure 1.

Figure 2 represents a plot of the natural frequency
equations of the beam with the combined shear and rotary in-
ertia condition. The value of the parameterq%%-= 0.5774 with
K=1.2, G =12 x 10°, and E = 30 x 10°,

Equations (3-6) through (3-9) representing the nat-
ural frequencies of the beam-column are plotted in Figure 3
for various values of applied axial force. (i.e. E%FHSPsMnPQ)
As the axial force P increases the lower set of frequencies
is effected significantly, while the upper set is only minute=-
ly changed.

The approximate solution of the natural frequency
of the beam is plotted in Figure 4. When the terms of equa-
tion (3-10) are expanded in power series form. This approxi=-
mation yield valid results for the lower set of frequencies
only.

Upon expansion of equation (3-6) in power series
form, the approximate solution of the lower set of natural
frequencies of the beam-column are plotted in Figure 5 for

various values of applied axial force. (i.e.gf—SP < 0499 Per)

16
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The natural frequencies of the Timoshenko theory given by the
exact solution of equation (3-6) are higher than the approxi=-
mate values given by the series expansion of equation (3-6).

Figures 6 and 7 show the curves of the ratio of Ti-
moshenko buckling load to Euler buckling load for a rectangu=-
lar cross section for the values of,%g equal to 3.0 and 3.5,
repectively.

Figures 8 and 9 represent the plots of the ratio of
Timoshenko buckling load given by equation (3-14) to Euler
buckling load in equation (3-15) verses L/r for the first
three modes, and for the values bf,%? equal to 3.0 and 3.5,
respectively. '

The natural frequencies of a vibrating beam or beam=-
column verses the L/r ratio are shown in Figure 10. The ra-
tio of the natural frequency including rotary inertia to the
frequency excluding rotary inertia is plotted against the L/r
ratio with consideration of bending and transverse inertia.
The value of axial force does not effect this ratio.

The natural frequencies of the vibrating beam-column
are shown in Figures 11 and 12. The iatio of the natural fre-
quencies including the effects of shear and transverse iner-
‘tia to the natural frequencies given by the Bernoulli-Euler
theory (see equation (3-19) and (3-20) is plotted verses L/r
ratio. This frequency ratio is plotted for various values of

applied axial force (i.e. O <P< Pu ) with.&GE equals to 3.0



and 3.5, respectively.

Figures 13 and 14 represent the ratio of the lower
set of natural frequencies of a vibrating beam=-column given
by the Timoshenko theory to the Bernoulli-Euler theory (see
equations (3-18) and (3-20)) verses L/r ratio for various
values of applied axial force, (i.e. 0<P<P; ), and for KGE
equals to 3.0 and 3.5, respectively.

Figures 15 and 16 are the plots of the ratio of the
lower set of the natural frequencies of a vibrating beam-co-
lumn given by the Timoshenko theory (see equation 3-18) to
the natural frequenciés including shear and transverse iner-
tia (see equation 3-19) for various values of applied axial
force, (i.e. O<P<P,; ) and KGE equals to 3.0 and 3.5, res-
pectively.

The ratio of the upper set of the natural freguen-
cies of a vibrating beam-column given by the Timoshenko theo-
ry (see equation 3-18)to the natﬁral frequencies including
the effects of shear and transverse inertia given in equation
(3-19) is plotted in Figure 17 and 18 for various values of
applied axial force, (i.e. O<P <P -), and for .KG_E equals to
3.0 and 3.5, respectively.

Figures 19 and 20 represent the ratio of the upper |
set of the natural frequencies of a vibrating beam-column to

the lower set of the natural frequencies given by the Timoe

shenko theory (see equation 3-18) with various values of

18



applied axial force, (i.e. OS PSP,

3.0 and 3.5,respectively.

) and for I(S}E equals to

19
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CHAPTER V
A FIXED-FIXED SUPPORT BLAM=-COLUMN

5=1 Free vibration of a Fixed-Fixed support Beam-Column

For a fixed-fixed beam-column as shown in Fig. II,

the following set of boundary condition hold:

¥(0) = 0,
Ly= 0,
o (5-1)
[ (0], = ¥x(0) = #(0) , and
x (@) = yx(2) = o1 .
Y
P 2 L E P :
| El : %

FIG. II Co~ordinate system of a fixed-fixed beam-column.

Utilizing the same technique a given in section (3-1), one
obtains the matrix form

A M oy [F T

1 0 : 3 0 Ay 0
coshyYL sinhYL cosdL sindL B 0
= (5-2)
{sinhYL {coshYL ®sindL @cosdL D 0
= ) - e - - 9

40



For a non-trival solution of constants, the determinant of

the coefficient matrix is equated to zero, yielding
sindL sinhYL(®-¢)(@©+¢)+ 2 ®¢(cosdL coshyYL = 1) = 0 . (5-3)

The frequency of free vibration of a fixed-fixed beam-column
is found by solving equation (5-3) using a numerical techni-
gue which may be efficiently programmed on a digital compu=-

ter.
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CHAPTER VI

DYNAMIC STIFFNESS NATRIX OF A BEANM-COLULN

6~=1 Stiffness matrix for free vibration of beam-column

From the fourth order differential equation (2-16)
which includes shear and rotary inertia, the general solution

of (2-16) is found in (2-18) as

y(x) = A,coshyx + Bysinhyx + C;cosdx + D, sindx
and (6-1)
o(x) = —’%‘A,sinh X --’;—A-B, cosh x —-‘?—Iécl sin x +§n§D, cos x

’

where the constants 4y, By, C;, and D,, are determined from
the boundary conditions of the beam-column that given by Timo-

shenko' and is illustrated in Fig. III.

X
Aa
,MAa
g ot W L5 A
P o :
Vas Ors 9:3 M,
A
6L Er—_H)
P
Vea

FPIG. ITII.Sign-Convention of Beam-Column.



These boundary conditions are

y(0) = Aa,
y(L) = Ag »
EIyxx(0) = Mpp ,
EIy,(L) = DMga »
Ix(0) = 6ag »
¥x (L) =65, >

L

(+]

and .

~Vag = Vga + p!‘;ﬂ’/y(x)dx

o

where A=Ag —Aa .

—:&de-—

d (dt?

43

(6~2)

The constants 4,, By, C;, and D,, of equation (2-18), deter-

mined directly by using the first four boundary conditions

become

< MAB+ \PAA) )

(<I> )
g 1 Mag
N = :
(®—-W¥)sinhYL|\ EI
= 1 Mas and
C] ((I)—\P) (I’AA 1= EI ’
e 1 A MBA
) (®—Y) sindL |:(I) s

+ “PAA) coshYL "\pAB

_ Mag
El]’

(@A, + —M“>0038Lj|.

(6-3)




Combining (6-1) and (6-3) together with the last four bounda-

ry conditions in equation (6-2), it follows that

[ 1T e E e
an &, 0 0 EI : 0 Dis  Dig || Ohe
ey 0 O Ij:“ O 1 s ball 6,
= (6-4)
g ay O 0| |lel 0% O ibests Dadlilia
20 2, 0 O e 0 0 bu bu|lAs|,
where
¢ coshVl, . ® coséL ,

n=22= TH W) sinhV/lL (® - ¥) sindlL

o A

tanhyYL tanbh
SO L e KR 1
ST = BIalT T SipaVL
PAQY?

Az =a.42" 1+

Locosh¥L 1 .1 cos8L 1/, £ R o (4 [0
Y sinhYL Y2 § sindlL &2 WI(Q AT(P—W)

SI(P-9)

=1+"A“2<A+B)+ pm(g é),

e (R L PR 0 T ¢ N O ¢ ¢ @}
e +* LI(@-Y) )Y SinhvL w 5 oinol 8% SI(@ - W)\

- e+ 8)- B - ).



A
_ 80 {y

b =ba = To0sT ~ Tannvp

A

{y 8o
bia = b3 sinhyYlL 5ind8L !

2 2/ &0\

D33 =Dbag = k’—%(\[lﬁ+(})@) +£Eﬂ %—% ,
Dag =bey = i+ é@?(‘PC‘F(DD)— e Q@—lc— .

hguation (6~4) is rewritten in the following svmbelic

form

i3 b Bl 10

=3
Premultiplying equation (6-5) by [A] s one obtains

(o} = [ Blio}= (4o}

and

matrix

~~
i
W1
~

(6-6)

The matrix [KJ is defined as the stiffness matrix for a

single member, which includes the effects of both shes

rotary inertia. Souation (6-6) is written in component

as

| A N N T N T
I P’AB ]E" l‘:lz Iz 13 1{14 oAB
) oy N A A
1.BA O] X292 1{23 1{24 OB A

M 1
2 2
4 an— @ [N £ N N
\]AB Za 1{32 ]{33 k34 AA
N A N

VBA ' 1’:41 g9 {43 'k“ ABJ 0

. N ;
where Ky = kgp = anil ,

r and

form

(6-7)
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A N\
. _ 09 ¢y
bu=bw = 08T ~ Tanhyp !

A A
<Y 09
sinhyl 5indL

bia =byy =

s undl v S pAQ’(q,A - <1>B) : pQ’(d)G) _@ :
bae=hy = — K+ pﬁ?’(wcmm)— LIy ‘1’—9 & ‘—l’i .

Bguation (6~4) is rewritten in the following svmbelice

form

[ -Ee

Fremultiplying equation (6~5) b A one obtaings
ying 1 ’

(o} = [ Blio}= [4{o)

45

and

matrix

(6-6)

The matrix [KJ is defined as the stiffness matrix for a

single member, which includes the effects of both sheor and
rotary inertia. Douation (6-6) is written in component form
as
e "A A A AT
| jAB 1’:" l':‘z ]':'3 1':‘4 OABW
) A N A A
1.BA e £22 1{23 ku OBA
PR (6-7)
23, — a2 | A A A
VAB Za 1{32 1{33 .1(34 AA
N [\ N
Vea| - Lo Yaz  Kas k“] Ag| ,
L ] L L 4
4y N
h



A A _

].(u = kﬂ = -a|2 EI )

A A

kiy =k = (an by - aj by )EI ,

A A )

Kig = kKaa = (ay by = ayp by )EI ,

A h BT

kyy =Kgg = (233 232 = an an —L— ’

‘/\ N\ _ )

Kaa =kg = (21 2n = an 23 )‘—‘i— ’

N 4 2 '2 '.:I
Ky = ke = |Di3(21283~ 2n2a) + ba(@pan— anasy) + by(ad, - ain) T
and

o i 1 2 2 3] &l
T34 = Kag = [Ola(alzaaz‘ anan) + bu(anas= anaal) + ba(a}, - au):l T *

6=2 Stiffness matrix of beam-column where shear stress and

6]

rotary inertia are neglected.

1f shear and rotary inertia are neglected, the func-

tion/forms of equation (6-3) reduces to the following

N L L 1

y = -8 ,

G = ) 4 sy and e
® = § .

Equdtion (6-3) become :
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lAB

AI W(BzAA = BEI -

. i 2 £ I\'Aa 2
BI — ( yz e 82) F_fj_ﬂh)’] [8 AB -_,-I < 8 AA> OOuhyT]

(6-9)
o = e (o ) ana
oty 1 L
D = T sDsinsL [ZA“ - (ﬁi 2 yzA") COSS‘T‘] ¢
wguation (6-4) reduces to
“n Cy2 9; 0 —11"-‘-%3- il 0 dya du oAa W
o)) Ca2 5, O —I'—;—%.A 0 1 6‘23 d2‘ oBA
¥ = (6-10)
Ca C39 0 {9 —————VA{'B‘I L 0 0] d33 ('134 AA
1 ‘
% = O PiRE] [0 0 & lagils |
where
il 1 < st ___5_‘)
Cn=C2=0yT 1 57) \TannyL tandl
1 ( ) i Y d
Ci2= 021=<y2 + &2 \gindlL ginaYl
(v8) L 1 A R J_») >
Ca= Caa= 1+ 752 1 57 \ yTanhyy T 5tansr ~

'3 (vs) L RGeS TREN h o
C32= Cqy1= — (2 + §)\YsinhyL 2 65indL &



dy3 = dag
(= das
das =
and

d3s = dg=

Utilizing similar technigues, the

(v5)>? 1 g 1
Yis Ytanhyl dtandl

(vs)*
Y24 §2

(a U> (v}
t i & &Y

(¥8)?

1+1)
Ysinhyl 0sindl

v

2+ 5)

52 YL ~L8
y2 \sinhVYl,

for single member becomes

—1':1AB-
Liga
Vas
..VBA_‘
where
Iy = kaa
ki = ka
1{13 = k24
iy = Xog

(ch + ch)

Cyil 4

"Clzﬂl ’

—kn L PR <F kl:
kg kaa Yas Y24
kg K32  Kaz K

Lk4, kea  Kas k;t

(chdis = Cpdw )BT ,

(chdie - Cudls)ﬂl ’

& _L._1) o L’( 5L
y2 \(tanhYL 52 \tar

OAB
054

Aa

48

=

51
sindT,

),2

J

stiffness matrix [ﬁE]

(6-11)
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ka1 = kg = (C12Ca2 - CnC:n)iLI- ’

¥ BT
kKag = kg = (CpCar = G 032)%—:
K Ie d 3 ) Aot o 2 ) BL
{33 = 44 = ha(C1aC32 = CnCa) + Ga(CypCa = CpCax) + das(cyy - ch &
Kig = Kaz = dig(c2Ca2 = cpca) + dya(cipCy = cyC3a) + daa(ch - C?z)—“L—-

6-% 3tiffness matrix of beam~column when transverse inertia

and rotary inertia are neglected.

Por the static beam-column transverse and rotary in-

ertia are neglected. ZEovation (2-16) is reduces to the follow-

ing
y(x) = A ,cos8x + Bysindx + Cx + D and

(6-12)
¢(x) = hacos88xX + Bpsindx + CaX + Dy ,

po

where . and 2 =

€9
=t

utilized the seme techniques as in section (6-1), the rela-
tion between the constants of y(x) and ¢(x) in (6-12) be-

come

P
|
=Jore
g
%
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where € = 118? , and Il = EI82+ %? .

Combining the first four boundary conditions of equation
(6-2) together with equation (6-12), and (6-13), the cons-

tants in y(x) becone

1l Wi
A|=—Tp— E&B »
0% o SR i WS Y
' ¥y tandl EI ¥ sindl BI
' (6-14)
0 b (n-and -3 oo
D= A+ .
where vy =T6182—82 ¥

For the last four boundary conditions and equation (6-12),
equation (6-13) and equation (6~14) yield upon rearrange-

ment form,

i e|1 G'lz O 0 I;i?[ﬂ l O .1 -l OAB
Cz| 622 O O IT'E%A O l "1 l OBA
(6-15)
S gt 1 < G VgEL 3 B R B Ax
P, e o L O £0% f 48| 45| Bl



ey = Bn =
£ = k21,
vThere ® =

trhe stiffness matrix for the static beam-column becomes

— -

I"JE AB

I‘-.IB A

1{22

1{21

r

‘24

1{23

= kg

ko kg
1 ko2
ot o
e121 = efz fat L
ka1 K3z
| ka1 Kaz
epnsl
"™ 81231 ’

(6" <= e|2)EI
-{en + e|2)EI

-(e eq9)L
(en + €) T

5 ) B
en + €
(en u)L

ki3

ka3
ka3

1

Ee(e" + ) - °T

B

EM OA B
E24 OBA
= A
k3q =
= A
kaa| | T
(e — e

y and

(6-16)
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CHAPTER VII

DISCUSSIONS

For the free vibration of the beam-column, the addi-
tion of the combined effects of shear stress and rotary iner-
tia yields a coupled-set of linear differential equations of
motion. The uncoupling procedure for these equations produces
a fourth -order differential operator, which yields two inde-
pendent sets of natural frequencies.

If the effect of shear stress or rotary inertia or
both are eliminated, the fourth-order equation reduces to se=-
cond-order equation, and yields only one set of natural fre-
quencies.,

Bquating to zero the natural frequencies, the criti-
cal buckling loads are obtained. If shear stress, rotary in-
ertia and bending stress are included, the Timoshenko buckl-
ing load is produced. If only shear stress is retained, the
Pure Shear critical load is produced. The Euler buckling load
is obtained if only bending stress is retained.

The Timoshenko buckling load is less than but appro-
ximately equal to Euler buckling load for the value L/r grea-
ter than 100. The Timoshenko buckling load is identical to
(Pure Shear buckling load for an L/r ratio <1,0. For a very stu-
bby beam-column, (i.e. L/r is less than 10) the Euler buckling

load mathematically increases indefinitely but has no physical
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meaning. The Pure Shear buckling load is independent of the
L/r ratio. However it is physically valid for the L/r ratio
less than approximatelyl0.

The iower set of natural frequencies of the Timoshen-
ko theory are less than but approximately equal to the freq-
uencies given by the Bernoulli-Euler theory for an L/r ratio
is larger than 100, and are almost identical to the Pure Shear
vibration theory for an L/r ratio <10. ‘there is no physical
meaning for the upper set of natural frequencies in Timoshen-
ko theory. The natural frequencies of free vibration by the
Bernoulli-Euler theory varies linearly with the r/L ratio.
For an L/r ratio is smaller than 10, the Timoshenko theory
yields lower frequency values. The natural frequency given
by the Pure Shear theory is independent to L/r ratio and app-
lied in general if L/r ratio is less thanl.O.

The natural frequencies and critical buckling loads,
in Timoshenko and Bernoulli-Euler theory, decrease if the L/r
ratio increases. For a beam-column, the natural frequencies
decrease if the applied axial force increases. The percentage
decrease become significant as the applied axial force appro-
aches the critical buckling load.

The formulation of stiffness and flexibility matric-
es, including the effects of shear and rotary inertia, exclu-

ing the effects of shear and rotary inertia and excluding the



54

transverse and rotary inertia, (i.e. static case) produce a
four by four matrix with two by two symmetrical sub-matrices.
This matrix formulation allows for the solution of dynamical=-

ly loaded portal frame buckling problem including the effect

of sidesway.



CHAPTER VIII
CONCLUSIONS

The following conclusions are determined from the
resulting theoritical analysis:

The critical buckling loads of a beam-column given
by the Bernoulli-Euler, the Timoshenko and the Pure Shear
theory are valid in the following regions:

r/L <0.01 Bernoulli-Euler theory is valid

0.01<r/L<1.0 Timoshenko theory is valid

/L 1.0 Pure Shear theory is valid

The natural frequencies of free vibration of the vi-
brating beam are valid over the following regions:

r/L <0.10 Bernoulli-Euler theory holds

0.10<r/L.<1.0 Timoshenko theory holds

/L > 1.0 Pure Shear theory holds

The natural frequencies of free vibration of the
beam-column are valid as follows:

For 1/4 RSP <3/4 P,

r/L < 0,10 Bernoulli-Euler theory is valid

0.10<r/L<1.0 Timoshenko theory is valid

/1L » 1.0 Pure Shear theory is valid
" also for 3/4 RSP<0.99 B,

r/1. < 0,10 Bernoulli-Euler theory holds
0.10<r/1L <0.,80 Timoshenko theory holds
r/L >0.80 Pure Shear theory holds
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The effects of shear stress and rotary inertia on
the natural frequencies and critical buckling loads of a
long slender beam-column (i.e. L/r is greater than 100) is
small in comparision with the effect of bending stress. For
short stubby beam-column, (i.e. L/r <60) the effect of bend=-
ing stress is small in comparision with shear stress.

As the value of the parameterl%E increases, the na-
tural frequencies and critical buckling loads are slightly
decreased.

The Timoshenko theory yields the best results for

all values of the L/r ratio for the beam-column,
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