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ABSTRACT 

DYNAMIC STABILITY OF BEAM-COLUMN 

SUTHAT KOSUWANPIPAT 

MASTER OF SCIENCE IN ENGINEERING 

YOUNGSTOWN STATE UNIVERSITY, 1974. 

The purpose of this thesis· is to investigate the dy­

namic stability of a beam-column including the effects of 

shear and rotary inertia. 

The nonlinear theory yields a coupled-set o·f linear 

partial differential equations of motion. The natural frequ­

encies of free vibration are obtained for the case where 

shear and rotary inertia are included, as well as, the case 

of pure shear only. Comparisions are made with the natural 

frequencies given by the classical theory. Critical buckl­

ing loads are determined by the zero condition of natural 

frequency. 

The critical buckling loads and natural frequencies, 

obtained by the Bernoulli-Euler theory, the Pure Shear theo­

ry, and Timoshenko theory, are analyzed and graphically com­

pared. 

The dynamic stiffness matrix which includes the eff­

ects of both shear and rotary inertia is formulated. The 

static stiffness. matrix which includes the effect of shear 

is also obtained. 
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CH APTER I 

INTRODUCTION 

The analytical determination of dynamic stability 

criteria of beam-columns leads to a set of coupled, linear 

partial differential eq,uations of motion. 

Timoshenko1 determined the static buckling load of 

a beam-column including the effect of bending stress as v7ell 

as shear stress. 

Brunelle 2 considered the buckling loads of the beam-column, 

included bending and shear for a variety of boundary condi­

tions, including simply-supported, fixed, and a combination 

of both. 
3 

Anderson determined the natural frequency of a beam, inclu-

ding the effects of shear and rotary inertia. The forced vi­

bration problem is solved using normal mode theory. 

Langhaar
4 

generated the equations of a beam using the minim­

um potential theorem. 

In this thesis, the dynamic stability of free vibra­

tion of beam-column includinc the effects of shear and rota­

ry inertia, is determined. Using Hamilton's principle. the 

equations of motion, the natural and forced boundary condi­

tions are determined. Two special cases which are considered 

are simply-supported both ends and fixed-fixed boundary con­

ditions both ends. 

l 



The stiffness matrix is formulated via the equa­

tions of motion of simply-supported beam-column. The special 

cases which are considered is as follows: 

1) The effects of bending , shear, axial force, ro­

tary inertia and transverse inertia. 

2) Bending , shear, axial force and transverse iner­

tia are included. 

3) Bending, shear and axial force are included(i. e. 

the static case). 

2 



METHOD OF ANALYSIS 

2-1 Assumptions 

The assumptions for analysis of the beam-column,sub­

j ect to axial load, are as follovJS: 

1) The beam-column consists of a perfectly elastic 

material. 

2) The beam-column is originally perfectly straight. 

3) The axial loads are applied along the centroidal 

axis of the beam-column. 

These assu~ptions are used for analysis throughout 

this thesis. 

2-2 Hamilton's Principle 

Hamilton's principle takes the following mathemati-

cal form: 
fl 

8A= (2-1) 
fl fl fl fl 

where 1 = T V, with T 
fl 

V - potential enerey 

and 8 desit:;mdes the :first variational operation. 

This condition yields differential eouations of. motion
5 

of a 

beam-column as 

3 



¢(x,t) 0 

= (2-2) 

-EI(a4 \ _p(02 \-PA(02 \ +Pr(L) y(x t) q{x,t) ax1 ax1 aeJ ax2atY · 

·where y(x, t) is defined as total deflection, 

~(x,t) is slope due to shear, 

and K ::: AfQ
2
(y) dy with Q (y) equal to the moment area of 

12 b 
cross-section about the neutral axis 

( for rectangular cross-section 

K = 1.2.) 

Also, the associated natural and force boundary conditions 

are prescribed: 

@ x = 0 or x = L 

or y = 0, 

either Nl (x) = - EI ( y X X - ¢ X) = 0 

or (yx - ¢) = 0. 

For a simply-supported beam-column the boundary conditions 

are 

y(o) = 0' 

y(L) = 0, 
(2-3) 

l.I ( 0) - 0' and -
I•.l( L) = 0 , 

4 



For fixed-fixed supports the boundary conditions are 

y(O) - o, -
y(1) - o, - (2-4) 

Y.(O) -<t>(O) .. o, and 

Yx (1) - <t> (1) • O. 

For the special case of pure shear stress and transverse 

inertia equations ( 2-2) reduce to the s .ingle equation 

GA o<t> 
KdX 

2 2 

P oY + PA oY • = ox2 ot2 

2-3 Free vibration of a beam-column. 

For the case of free vibration 

(2-5) 

the transverse 

force in equation (2-2) is neglected, q(x,t) = o. Assuming 

the time function is harmonic and separating variables on 

space and time in the form 

one obtains, 

EIX+pICi2 

y(x,t) = A e>.xeiOt 

q,{x, t) = B e>.x e10
\ 

4 2 2 ~-2 -EIX-PX+pA!l-PIAU 

and 
(2-6) 

B 0 

(2-7) 

A 0 

5 



For non-trival solutions of the parameters of A and B, the 

determinant coefficient matrix is set equal to zero and 

yields the following equation of natural frequency: 

4 AE KE (,\crJ nPAvK,c.E 
_E__ _ ii. _ _ 1 ~] ] 

1 + -------~-2 

[ 
G P 1 Gl 1 + KE - AE - < ,\ 7)2 KEJ 

(2-8) 

• 

If the effect of axial force is neelected (i.e. P=O) equa­

tion (2-8) reduces to the form given in referenc( [3] 

If the rotary inertia is neglected, · (i.e. PI is neglected), 

equation (2-8) becomes a single equation of the form 

J_ [1 - K P] X2 + J:._ 
A GA AE 

1 _ _ KU>.,2 
GA 

• (2-9) 

For the case when shear is neGlected, (i.e. G=m ), as well 

as rotary inertia, the natural frequency becomes 

2 

(r~➔ = 1 x + :E • (2-10) 

In the case of pure shear, the bending stress terms are neg­

lected(i.c. terms containing EI are eliminated) together 

with rotary inertia terms; one obtains: 

2 (r~; = :E - ~E • (2-11) 

For the special case of a beam, the axial force P, is 
• equated to zero. The natural frequencies obtained by utili-

zation of equations (2-8) to equation (2-11) become 

l) 



for bending, shear, rotary and transverse inertia, 

l - KEI ')..2 
GA 

for n~glecting rotary inertia, 

[

~2= _I ),..2 
. AC J A 

for neglecting shear and rotary inertia, and 

[:~r = - ~E 

for neglecting bending and rotary inertia. 

] (2-12) 

(2-13) 

(2-l.4) 

(2-15) 

2-4 Roots of the fourth order differential equation. 

For non-trival solution of equations (2-7). The 

determinant of the coefficient matrix is set equal to zero, 

and yields the following quartic equation: 

t+~An2{~ - tf)r2+ W}+P] A2- ~An2-¥?n4) Ao = o • 
E1(1-Af) E1(1--B:) 

Equation (2-16) above yields four independent roots 

upressed as, 

(2-16) 

314671 

7 



where 

and 

A1 

A2 

A3 

A4 

= Y, 

= -Y, 
ib, 

- i1>, 

b = _!l_ 
ti 

and 

, 

T/ = 
PAn

2 {r2(1 - ~ + ~)} +P 

EI(1- ~) 

X = 
PAn2 (1 - ~n2

) 

E1(1 - *) 
• 

These roots yield the solutions: 

(2-17) . 

' 

y(x) = A1 cash Y x + B1 sinh Y x + C1 cos ox + D1 sin ox l 
" 

(2-18) 
¢(x) = A2C OSh Y x + B2sinh Yx + C2 COS 8 x + D2sin ox 

Using the first equation of equations (2-7), together with 

equation (2-13), the constants in equation (2-18), are 

related as 

and 

where 

8 



A= (EIY2
+ PI D-2), 

r = ( - EI Y2 + -it -pl !12
) , 

t = (EI82+ pI!12
), and 

n = (-EI82 + 1!- -PI!12
). 

Hence, the constants of equations (2-18) reduc e to four which 

allows for the application of only four boundary conditions, 

two at each end. 

9 



CHAP.TER III 

SII.1PLY-SUPPORTED BBAf!i-COLU!\1J:J 

3-1 The simply-supported beam-column and beam. 

L X 
p 

EI p 

FIG . I Coordinate system of a beam-column. 

For the simply-supported beam-column shown in }'ig. I, ap-

plying the boundary conditions of equations (2-3) to equa­

tions (2-18) , together with equations (2-19), it follows 

that 

l 

coshYL 

<I> 

<t>coshYL 

where 

0 

sinh YL 

0 

<t>sinh YL 

AY2 
<P = y2 + r ' 

• 

and 

1 

cosoL 

q, 

\Jlcos 81 

0 A1 0 

sinoL B1 0 
= (3-1) 

0 C1 0 

\Jl sinoL D1 0 

' 

10 



For nontrival solution of this equation, the determinant of 

the poefficient matrix is set equal to zero and yields : 

sinh Y L sin 81 (\J'2 
- 2\J' <l> + <1>

2
) 

Since the condition 

sinh YL * 0 ' 
and ( \J'

2 
-2\J'<l>+<l>2

) =t- O, it follows that 

sin o L = 0 , and 

0 

8 = n 7r 
L 

for n=l,2,3,4, ••• 

This equation reduces the roots in equations ( 2-17) to 

(3-2) 

(3-3) 

A= in" • (3-4) 
L 

It follows from equation ( 3-1 ) that A1 = B1 = C1 = 0 and D1 is 

arbitrary ; hence, 

y(x,t) D1 sin n7T'x iUt 
e 

' L 

C2 sin n 7T' x iU t (3-5) 
and cp( x,t) = e 

L 

where C2 
_QS_ 
- Il D1 . 

Application of equation (3-4) with equation (2-8) to equa­

tion (2-15) yields the natural frequencies: 

l OT L1 = l.11 + _g_ - J:.... + ( _1__f _g_] t ± ~rro/ 2 L KE AE \nr,r7 KE 

KE (n7rr )2 
1 +- --

G L 
' (3-7) 

11 



[non L)2 

(mrc 
[nrrrJ

2 
_ _f_ 

\ L) AE 
, and 

, 

and for the beam ( i . e .. P = O) as 

(':wGnL'f 
~n1rc7 

(wonLJ2 
\rl1TC) 

2 (w5 l\ 
\rl 1TC/ 

G 
KE 

G 4 
KE 1

--'- [(, ...G._) (_ L j2 G ]2 
~+ KE +\n 17 r7 KE 

' 

and 

12 

(3-8) 

(3- 9) 

' (3-10) 

(3-11) 

(3-12) 

(3-13) 



-
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3-2 Critical Buckling Loads of Simply-Supported Beam-Column 

The static critical buckling loads of the beam-col­

umn are obtained by equating the natural frequencies of free 

vibration to zero. It follows from equations (3-6) and (3-7), 

with the condition of zero frequency that 

(3-14) 

which is defined as the 'l'imoshenko buckling load 1 
• Perform­

ing a similar operation on equations (3-8) and (3-9), yields 

the Euler buckling load as 

and the shear buckling load as 

Per = 
GA 

Ps= K 

(3-15) 

• (3-16) 

Combining equations (3-14), equation (3-15), and equation 

(3-16), it follows that 

_1_ + _1_ 
PnE Ps • (3-17) 

Using eauation (3-14), equation (3-15), and equation (3-16), 



,, 

the natural frequencies in equation (3-6) through e-quation 

(3-9) are defined in terms of the critical buckling loads· 

as 

, (3-18) 

(0Gnl)2 PnT(l _ ..f_) , (3-19) 
n1TC AE PnT 

~Oon~
2 

n7TC 
P,,E (1 _ _!:_) 

AE P,,E 
, and ·(3-20) 

(OsLJ - _Ji-(1 - ..!:) , (3-21) n1TC - AE P. 

and for the beam (i.e. P .. 0) as 

( OJG,L) - _BL (3-22') 
n1TC AE 

, 

- PnE 
' a.ml (3-23) AE 

t'"•Lr - -1L • (3-24) 
n1TC AE 

14 



1 Using equation (3-19) throush equation (3-24), the natural 

frequency in equation (3-18) is defined as 

(3-25) 

15 



CHAPTER IV 

GRAPHICAL RESULTS FOR THE SIMPLY-SUPPORTED CASE 

Equations (3-14) through (3-16) for critical buck­

ing loads for the cases of combined bending and shear, bend­

ing only, and shear only are shown grapically in Figure 1. 

Figure 2 represents a plot of the natural frequency 

equations of the beam with the combined shear and rotary in­

ertia condition. The value of the parametex.Jfi = 0.5774 with 

K = 1.2, G = 12 x 106
, and E = 30 x 106

• 

Equations (3-6) through (3-9) representing the nat-, 

ural' frequencies of the beam-column. are plotted in Figure 3 

for various values of applied axial force. (i.e. P4 ~ PS0..99Pc,) 

As· the axial force P increases the lower set of frequencies 

is effected significantly, while the upper set is only minute­

ly changed. 

The approximate solution of the natural frequency 

of the beam is plotted in Figure 4. When the terms of equa­

tion (3-10) are expanded in power series form. This approxi­

mation yield valid results for the lower set of frequencies 

only. 

Upon expansion of equation (3-6) in power series 

form, the approximate solution of the lower set of natural 

frequencies of the beam-column are plotted in Figure 5 for 

various values of applied axial force. (i.e. P4 $P ~ 0.99 Pc,) 

16 



The natural frequencies of the Tirnoshenko theory given by the 

exact solution of equation (3-6) are higher than the approxi­

mate values given by the series expansion of equation (3-6). 

Figures 6 and 7 show the curves of the ratio of Ti­

moshenko buckling load to Euler buckling load for a rectangu­

lar cross section for the values of KE equal to 3.0 and 3.?, 
G 

repectively. 

Figures 8 and 9 represent the plots: of the ratio of 

Timoshenko buckling load given by equation (3-14) to Euler 

buckling load in equation (3-15) vers-es L/r for the first 

three modes, and for the values of KE equal to 3.0 and 3.5, 
G 

respectively. 

The natural frequencies of a vibrating beam or beam­

column verses the L/r ratio are shown in Figure 10. The ra­

tio of the natural frequency including rotary inertia to the 

frequency excluding rotary inertia is plotted against the L/r 

ratio with consideration of bending and transverse inertia. 

The value of axial force does not effect this ratio. 

The natural frequencies of the vibrating beam-column 

are shown in Figures 11 and 12. The ratio of the natural fre­

quencies including the effects of shear and transverse iner­

tia to the natural frequencies given by the Bernoulli-Euler 

theory (see equation (3-19) and (3-20) is plotted verses L/r 

ratio. This frequency ratio is plotted for various values of 

applied axial force (i.e. 0 :5 P '$ Pnr ) with~ equals · to· 3.0 
G 

17 



and 3.5,respectively. 

Figures 13 and 14 represent the ratio of the lower 

set of natural frequencies of a vibrating beam-column given 

by the Timoshenko, theory to the Bernoulli-Euler theory ( see 

equations (3-18) and (3-20)) verses L/r ratio for various 

values of applied axial force, (i.e. 0 ~p ~ Pnr ), and for ~E 

equals to 3.0 and 3.5, respectively. 

Figures 15 and 16 are the plots of the ratio of the 

lower set of the natural frequencies of a vibrating beam-co­

lumn given by the Timoshenko theory (see equation 3-18) to 

the natural frequencies including shear and transverse iner­

tia (see equation 3-19) for various values of applied axial 

force, (i.e. O~P~Pnr) and,¥ equals' to 3.0 and 3.5, res­

pectively. 

The ratio of the upper set of the natural frequen­

cies of a vibrating beam-column given by the Timoshenko ·theo­

ry (see equation 3-18)to the natural frequencies including 

the effects of shear and transverse inertia given in equation 

(3-19) is plotted in Figure 17 and 18 for various values of 

applied axial force, (i.e. 0 ~ P ~ Pnr ) , and for Kl equals to 

3.0 and 3.5, respectively. 

Figures 19 and 20 represent the ratio of the upper 

set of the natural frequencies of a vibrating beam-column to 

the lower set of the natural frequencies given by the Timo­

shenko theory {Be·e equation 3-18) with various values of 
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applied axial force, (i.e. Q$p'Spnr 

3 .o and 3 .5, re·spectively. 

) and fo,r ll equals to 
G 

19 



lk 
AE 

.5 

PnT 
AE 

nrrj 
- 1 + KE (n7Tr\2 , 

G - L 

---BERNOULLI-EULER THEORY 

Pne 
AE = tr')' 

PURE SHEAR VIBRATION THEORY 
G 
KE = .33 

I 

0 1 [G 
1T '\JKE 

~TIMOSHENKO THEORY 

.5 

FIGUilE 1 Critical Duckling Loacls ror t11e Bear:i-colurJn. 

Ps 
AE 

1 

G • 
KE 

n...!.. 
L 

I\) 
0 



21 

2 

Ll ]
2 

WsL _ G 
n"c - ""iE. 

TIMOSHENKO THEORY 

1 

.5774 

TIMOSHENKO THEORY 

nL 0------------------------- L 
.5 1 

FIGURE 2 Natural Frequencies of Free Vibration of a Beam. 



2 

Rn+)Ll 
[nirc] 

r !lsLJ
2 

-= _!L (l - P ) Lnnc Ali r. . 

TIMOSHENKO THEORY 

11-------------------------
BERNOULLI-EULER THEORY 

P=½Pcr 

p:~;;,): j: \Po, ~: / P=0.9P., 

/ I / / / PURE SHEAR VIBRATION 

.soor---,-:--/~/---:z~===============T=H=EORY 

TIMOSHENKO THEORY 

---
..:::;;_ __________ --=-------------nL 

5 L 
FIGURE 3 Natural Frequencies of a Beam-column for 

½ Pc, ~ P ~ 0 • 99Pcr • 

22 



1 

I 
I 

, 

Cuonl nTTC 
nTTC - -L- ' 

---BERNOULLI~EULER THEORY 

I 
_/_ 

I 
I 

I 

----TIMOSHENKO THEORY 

._ ____________ 5 ___________ _...1nf 

FIG.4 The approximate solution of Natural Frequencies of the Beam. 

2J 



...B. (1 p ) 
AE - Pnr 

..fl. (l+ AE _ ..E..) 
AE Pnr P. 

, 

Oonl _&(1- L) ' n1TC -
A E P,,E 

=J~(1-..f..) OsL 
mrc • AE P. 

1 

BERNOULLI-EULER THEORY 
P=¼Pc, 

I P=½Pc, =%Per 
I 

.5 

1
11 

I P=0. 9Pc, 

t .. , / 1" / 
/ J11 r,: / 1,, 

I I {2 / / I' PURE SHEAR VIBRATION 
3.ie THEORY 

TIMOSHENKO THEORY 

- -- - T11 P=0 • 99Pcr ---
-..::::;;_ _________________________ nL 

.5 1 L 

FIG. 5 The approximate solution of Natural Frequencies of 
the Beam-column for ½ Per~ P ~ 0.99Pc, • 

24 



Pnr 
PnE 

1 , ......, -

.5 

PnT = 
Pn"; 

1 

1 + .K.E..]n" ~ h)2 
G l12 T 

KE_ 3 .o G 

O .25 .5 .75 1 11 
L 

FIGURE 6 n.atio of Cri ticp.l Buckling Loads (~oE ) vs h/L ratio. 
· i;-nr 

N 
V1 



P,.y 
i:. 

1~ 

.5 

KE= J • .5 
G 

0 h L 
.5 .75 .25 

FIGURE 7 Ilatio or Critical Buckling Loads (..Bif) vs h/L ratio Fnr 

1 

I\) 

°' 



PnT 
PnE 

1 

.5 

PnT = 
PnE 

1 

1 + ~E (n~j 

KE_ 3.0 
G -

0'------:-----:--=----~----=-c:-----------'-,-----L 
20 40 60 80 100 120 r 

FIGURE 8 Ratio of Critical Buckling Loads (P.P.□E) vs L/r ratio. 
nT 

f\) 

~ 

, 



f:_y 
f:_E 

1· 

.5 
KE= J.5 
G 

L 
O 20 40 60 80 100 120 r 

FIGURE 9 natio of Critical Buckling Loads (P.P.~) vs L/r ratio. 
nT 

I\) 
co 



2 
Orn 

ffon 

1 

.5 

0 

n=3 

10 30 

0~" _ 
o?n 

'iO 

1 

I+ (r)' 

70 90 

FIGURE 10 Ratio of Natural Frequencies 

110 

(Orn )2 TI: vs L/r. 

L 
r 

"' \0 



2 
0Gn 

2 
Oon 
1 

.5 

8:c°' 
/J•.2o/ 

117 
8=,75 

2 nGn -
n?n -

8=1 

1-8 
1- KE(n1r\2_ 8 

G L 
T 

KE = 3 .o 
G 

========-:..= 

O 20 40 60 80 100 120 1._ 

FIGURE 11 natio or Natural Frequencies <H~r vs L/r ratio for O ~ P ~r Per • 

J 

vl 
0 



I 
OGn 
-2-

0on 
1 

.5 

8=0 
8-.2 

8 =. 

8=.75 

g = 3.5 
G 

8= 1 L 
O 20 40 60 80 . 100 120 r 

FIGURE 12 Ratio of Natural Frequencies (~)2 vs L/r ratio for O ~ P ~ Per • 

vi ..., 



n~ 
-=-r 
Oon 

1 

.5 

8=0 

8=.75 

2 02 0-n _ Gn 
n2""'"--
0on n?n [ l+(fYa{~-R(HJ}] 

g = 3.o 
G 

8=1 L 
o------2-0----4~0=-----6~0:-----~8~0----o-10~0=-----1~2=0---r 

FIGURE 13 Ratio of Natural Frequencies (g:t vs L/r ratio f or O ~ P ~ Per • 

v,I 
I\) 



2 
0-n 

2 
Oon 

1 

8=0 
I I 

8-.s' I 
.st / 

8=.75 

I KE G-= J.5 

8= 1 L 
O' 20 40 60 80 100 120 r 

FIGURE 111 Ratio of Natural Frequencies (~-n/ vs L/r ratio for O ~ P ~ Per • 
l'on 

v1 
v1 



2 
0-n 

2 Oan 

1 

.975 

.9 50 

/3 = 1 
KE er. 3.0 

.925!,.-----1,,-----.,___ ___ ---,,J..~--..L. o 40 ao 12 r 

FIGURE 15 Ratio of Natural Frequencies <8:/vs L/r ratio 
for O ~ P ~ Per • 

34 



1 

.975 

/3=1 

.950 

/3-0 

KE - • 3.5 
G 

·9 250.._ ___ _.40----a~----1-'---- ~ 

FIGURE 16 Ratio of Natural Frequencies <H;f vs L/r 
ratio :tor O ~ P ~ Per • 

35 



2 
O+n 

--2 
(}Gn 

4000 

2000 

/3=.5 

· {3=.75 

0~ 
ot 

E! = 3.0 
G 

G 
KE 

(7)4 
0~" {n")4(1- fJo: > o: 

2 Oon 

- 0~" 
0~" 

0 ' ~ 20 40 so ao 100 120 ~ 

FIGURE 17 Ratio of Natural Frequencies <irl vs L/r ratio for O 5- P 5- Per • 
Gn 

vi 

°' 



2 
O.n 

2 
OGn 

4000 

2000 

/3~.15 

=1 

KE• 3.5 
G 

0 I ~ 20 40 6() 80 100 1~0 
L 
r 

FIGURE 18 Ratio of Natural Frequencies (~l vs L/r ratio for O ~ P ~ Pc, • 

\..-J 
--.J 



4000 

o!, 
2 O.n 

2000 

0 

/3-1 

{J=.5 /3=.25 

f3=.7_. I I 
{JsO 

20 40 

rin -- G 
~ - KE 

KE "" 2 ~ ]2 1+-cr +- [1+(nr;a{1-8(1-a}} -1 
nzr (1-8) r 

60 

.!... . 
r 

KE = 3 .o 
G 

80 100 120 
..b. 
r 

FIGURE 19 Ratio of Natural Frequencies cfr;l vs L/r ratio i"or u ~ P ~ Per • 

~ 
0) 



2 . 

n." 
n' 

4000 

2000 

f3 = 1 

PJ pr• ... 
(3:0 

KE a J.5 
G 

L 
o' ~ 20 4'0 60 ao 100 120 T 

FIGURE 20 Ratio of Natural Frequencies <t,l vs L/r ratio for O ~ P ~ Per • 

'-" 
\0 



CHAPTER V 

A FIXED-FIXED SUPPORT BEAM-COLUIV1N 

5-1 Free vibration of a Fixed-Fixed support Beam-Column 

For a fixed-fixed beam-column as shown in Fig. II, 

the- following set of boundary condition hold: 

y(O) = 0 , 

y(L) - 0 , 

~x (Qi = Yx(O') - 4>(0) 
(5-.1) 

, and 

~x (Ll = y x (L) - <t>(L) • 

y 

p L p 

El X 

FIG. II Co-ordinate system of a fixed-fixed beam-column. 

Utilizing the same technique a given in section (3-1), one 

obtains· the matrix form 

1 0 1 0 A1 0 

coshYL sinhYL cosoL sinoL B1 0 

' 
- (5-2) 

0 0 0 C1 0 

(sinhYL (coshYL E)sinoL E>cosBL D1 0 , 

40 



where 

and E>= 

y + AY 
r 

s - {s 
n • 

For a non-trival solution of constants, the determinant of 

the coefficient matrix is equated to zero, yielding 

sinSL sinhYL(E>-()(0+()+2E>((cos8L coshYL - 1) = 0. (5-3) 

The frequency of free vibration of a fixed-fixed beam-column 

is found by solving equation (5-3) using a numerical techni­

que which may be efficiently programmed on a digital compu­

ter. 
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CHAPTER VI 

DY:11AMIC STIFFIJESS LIATRIX OF A BEAM-COLUI:.!N 

6-1 Stiffness matrix for free vibration of beam-column 

From the fourth order differential equation (2-16) 

which includes shear and rotary inertia, the general solution 

of (2-16) is found in (2-18 ) as 

y(x) = A1 coshYx + B1 sinhYx + C1 cosox + D1 sinox 

and (6-1) 

¢(x) = ~A A1 sinh X - ~'..AB1 cosh X - ttcl sin X + t~ D1 cos X , 

where the constants A1 , B1 , C1 , and D1 , are determined from 

the boundary conditions of the beam-colur:m that given by Timo­

shenko1 and is illustrated in Fig. III. 

X 

p 

p 

L 
y 

FIG. III.Sien-Convention of Beam-Column . 
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These boundary conditions are 

y(O) tlA , 

y(L) ~B ' 
EIYxx( O) MAB , 

Eiyxx( L) I,I eA , 
Yx (O) 8AB ' 
Yx (1) = -8eA , 

M •• + Pl\ - v •• L - r,: •• + fJAfli~y(x)dx 

and 

-V•• - Vo•+ fl.'c fl2 i~(x)dx O , 

111here 

(6-2) 

- P I1Ld)'.b dx = O 
dxdt2 

' 
0 

The constants A1 , B1 , C1 , and D1 , of equation (2-18 ), deter­

mined directly by usine the first four bound ary conditions 

become 

( 6 - 3 ) 

1 [<I>~e + MEIBA _(<I>tlA + MEAie)cos8Ll. 
{<f>-'1') sin8L ~ j 
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Combining (6-1) and (6-3) together with the last four bounda­

ry conditions in equation (6-2), it follows that 

all a 12 0 0 M AB 1 0 b 13 b 14 6AB EI 

a21 a22 0 0 hl sA 0 1 b 23 b24 (JBA EI 
(6-4) 

a 31 an 0 0 VAB L 0 0 b 33 b34 AA EI 

a 41 a 42 0 0 VsA L 0 0 b43 b44 As EI ' 

where 

' coshYL 0 cosoL , 
a 11 = a22 = (<I>-'I') sinhYL (@-'I') sinSL 

A A 

' 0 = , 
t8-nhY1 tanoL 

A ' 
a 21 = a 12 = 0 ' , 

sinBL sinhYL 

+ PA02 l L coshYL _ l +l cos81 _ _.l(+ PI 0
2 

(_( _ 0~, 
a 31 =a

42
= l EI (<I>-'I') y sinhYL Y2 c5 sinSL 82 \ EI(@-'I') Y 8) 

A A 

= t+ PA0
2(J\ + s) + P0

2
(_{_ _ 0), 

EI E Y o 

PA0
2
(/ \\ n02

( ( 0:\ 
= -1 - EI\c + DJ - E T - T) ' 
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I\ (q, 
b 13 = b 24 - 0 <J> 

- tanoL tanhYL 
, 

I\ I\ 

b 14 = b 23 = 
(q, 0 <I> 

sinhYL sinoL 
, 

b 33 = b 44 = k
2

- ~f2

(q,~ + 4>@) + Pn2c <J>0 _ ~ 
E o Y 

, and 

I\ 6 

b34 = b 43 = - k2 + p}t?2(q, e +<J> 6) - p?2( <J>oe - ~(~ .. 

Bquation (6-4) is rewritten in the following s ymbolic matrix 

form 

- 1 

F.'renultiplying eq_u,,,..,tion (G-5) by [1\] , or10 obt2j_n.s 

(G-6) 

The matrix [KJ is defined as the stiffness matrix fo~ a 

ciEcle mer,11:or, which j_ncluden the effects of both i:)hec'Y 2.nd 

rot~ry inertia. Equation (6-6) is written in comnon ent form 

,1.S 

I\ I\ I\ I\ 
D AB 

1,-
1. 11 k 12 k 13 k 14 BAB 

I\ I\ I\ I\ 
r7 

k 21 k 22 k 23 k 24 88A l •BA 
➔ 

(6-7) I 

,_, 2 a 2 I\ I\ I\ I\ 
VAB 

'-"11 - ·12 
k 31 k32 k 33 k 34 AA 

I\ I\ I\ I\ 
V BA k 41 k 42 k 43 ·1c44 As , 

I\ I\ 
v1here 1 •. k 22 a 11 :CI 1' 11 
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/\ (q, 
b 13 = b 24 

e <I> 
tanoL tanhYL 

, 

/\ /\ 

b 14 = b 23 = 
(q, e <I> 

sinhYL sin81 
, 

, and 

.. 

Bquat ion (6-4) ia rewritten in the following s ymbolic matrix 

form 

-1 

.P rernultiplying equ.:1.tion (G-5) by [A] , on0 obtaj.ns 

( G-6 ) 

The matrix [KJ is defined as the stiffness matrix for a 

ci1:c;lc DH:m1:or, which j_ncludon the effects of both che::1.r 2.nd 

rot~ry inertia. Equation (6-6) is written in comnon ent form 

/\ /\ /\ /\ 
j jAB lr J . 11 k 12 k13 k 14 9AB 

/\ /\ /\ /\ 
!'i 1r k22 k 23 k 24 9BA J •BA !>.21 

-i 
(6-7) I 

,, 2 a 2 /\ /\ /\ /\ 
VA B 

u n - 12 
1,. kn k 33 k 34 ~A ,·,.31 

/\ /\ /\ /\ 
VBA k 41 l:42 k 43 1C44 ~B , 

/\ /\ 
v1here 1 •. = !c22 = a 11 EI h Jl , 
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/\ /\ 
k,2 k2, 

/\ /\ 
k,3 = k24 

/\ /\ 
k,4 = k23 

/\ /\ 

k31 = k42 

/\ /\ 

k32 = k41 

/\ /\ 

k33 = k44 

and 

/\ /\ 

k34 = l::43 

6-2 Stiffness matrix of beam-column where shear stress and 

rotary inertia are neglected . 

lf shear and rotary inertia are neglected, the func­

tion/forms of equation (6-3) reduces to the following 

<I> y2 , 

'I' - 82 
' 

( y , and 
( 6 -8) 

8 • 

Equ~tion (6-3) become 
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1 
02) ( 0

2 
~A - ~ iB) ( y2 

, 
+ 

1 [ p ( I\lAs 0 2 ) ] c52~ - ~ 
( y2 + o2) r..; i nh YI B :~I + 

1
~ 1 - ~A cosh YL , 

(6-9 ) 

1 
( y2~A + ,. 0 l\iAB and ( y2 + c52) BI , 

1 

~ 11 C12 0 0 ~ 
il 

1 0 cl,3 d ,4 BAB 

0 0 
T,] 

0 cl23 d24 6BA C21 C22 --=.:..:.M.. 1 ra 
- ( G- 10) 

C31 C32 (_) (1 VAB L 
EI 

0 0 d 33 d34 ~A 

C41 C42 0 0 Vt3A. L 0 0 d43 d44 ~B 
EI 

, 

··;hero 

J. 
( ta~YL ta~6V Cu= C:22 = ( y2 62) 

, 
+ 

C21 = ( y2 ( r.:i~oL si1J1r1) , C12= + 62) 

2 

( Y 8) ( L 1 + L J. ) 
C31 = C42 = 1 + ( y2 + lr) Ytcmh YL -yl otanoL - o2 ' 



d13 = d 24 = 
(Yo)2 

( 1 + 
(Y2+ S2) Yt.anh YL ot~no1J 

, 

2 

d 14 d23 = - (;{
0
~2) ( Ysj_~h YL + 1 ) = Ss inoL 

, 

Y
2 

( oL 1)7 S2 tanoL - J ' 

and 

Utilizing similar techniques, the stiffness matrix [::E] , 

for single member becomes 

i',I AB k 11 !C12 k 13 k 14 BAB 

!J: BA k 21 k 22 k 23 k 24 8BA 

1 ( 6 -11) ( c?1 + c12l 

V AB k 31 kn k 33 k 34 ~A 

V BA k 41 Y">-42 k c3 k 44 ~B , 

~7hore 

k 11 k22 C11 EI , 

k12 k 21 -C12 .'.i: I , 

k 13 k 24 ( C11 d 13 - C12d14 )EI , 

1· ,. 
( C11 d 14 - C12 d 13 )EI "' 14 A23 , 
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k 31 k 42 (C C C ,.. ) 1.::1 
12 32 - 11 '-'31 1 , 

lr 
1c32 l:41 

1,-
k 44 '·'-33 

nr a ( C C C C ) + c.l ( C C C C \ + cl ( c2 c2 ) 
1
~ -13 12 32 - 11 31 -14 12 31 - 11 32 ) 33 11 - 12 1 , 

k34 k 43 

6 - 3 ::;ti ffness matrix of beam-column when transverse j_nertia 

and rotary inertia are neglected. 

For the static beam-column transverse and rot ary in­

ertia are neclected. Zquation (2-16) is reduces to the follow­

ing 

y(x) A1 cos ox + B1 sin8x + C1 x + D 1 and 
(6-12) 

vrhcre o= and k2 

utilized the s2,11ie techniques as in section (6-1), the rela­

tion between the constants of y(x) and •(x) in (6-12) be­

come 

0 

0 

, 
( 6-13) 

and 
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where , and lI = Ei o2 + GA 
K • 

Combining the first four boundary conditions of equation 

(6-2) tor.;ether i'lith equation (6-12), nnd (6-13 ), tho cons­

tants in y(x) become 

where 

1 

1 
q, 

q, 

1 
L 

~A 

q, 

1 !'.!AB 

tanoL EI -

c~B -
1 

~A+w 

+ _1_ L:AB • q, El 

= i 02_ 02 
fl 

1 1 '' l,t BA 

'P sinoL EI 
,. 

I1~ BA 1 Ti! AB) 

EI q, ~I 
, 

• 

For the last four boundary condi tiorw 2.nd 

equation ( G-13 ) 2,nd equation (6-14) yield 

mcnt form , 

8 11 8 12 0 0 l,:AB 1 0 1 - 1 
BI 

0 0 
fl 

0 1 -1 1 C 21 e22 1'1, BA 

EI 

-1 1 -1 0 V AB L 0 0 .I' f 
-2;1 

-.J. 

l -1 0 -1 V 1A 1 0 0 f - f 
~ 

nhere , 
811 = e22= 0 l .....L q, tanoL '11 1 

(6-14) 
and 

equation (6 -12 ), 

U T)O n reP,r,:-anc;e-

9AB 

OBA 

(6 -15) 

~A 

~B , 
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e12 = e 21 1 0 1 and 
= q, L q, sinoL 

, 

f = 1c2 L 
' 

Hhore 0 = 0 - k 
fl • 

'l'he stiffness matrix for the static beam-column beco□ es 

MAB k11 k 12 k13 k14 (JAB 

r,I eA k21 k22 k 23 k24 (JBA 
1 (6-16) 

e~,- e?2 
k31 k34 

/).A 
VAB k32 k33 T 

VeA k41 k42 k43 k44 
/).9 , 
T 

Vihere 

kn = kn e11 EI 

,-
k21 e12EI K12 = - ' 

k 13 = k24 (en + e12 )EI 
' 

k14 = k23 -te11 + e12)EI 
' 

k31 k42 -ten .81 = + e12)1 , 

k32 = k41 (e11 + e )EI 
12 -L ' 

k33 = k44 [-2 ( e11 + 812) - fCeh e~1 )] 1iI ' 
and 

k34 = k43 [ 2 (e11 + e12) - rCeh - eh)] iI • 



CHAPTER VII 

DISCUSSIONS 

For the free vibration of the beam-column, the addi­

tion of the combined effects of shear stress an~ rotary iner­

tia yields a coupled-set of linear differential equations of 

motion. The uncoupling procedure for these equations produces 

a fourth -order differential operator, which yields two inde­

pendent sets of natural frequencies. 

If the effect of shear stress or rotary inertia or 

both are eliminated, the fourth-order equation reduces to se­

cond-order equation, and yields only one set of natural fre­

quencies. 

Equating to zero the natural frequencies, the criti­

cal buckling loads are obtained. If shear stress, rotary in­

ertia and bending stress are included, the Timoshenko buckl­

ine load is produced. If only shear stress is retained, the 

Pure Shear critical load is produced. The Euler buckling load 

is obtained if only bending stress is retained. 

The Timoshenko buckling load is less than but appro­

ximately equal to Euler buckling load for the value L/r grea­

ter ~h?,n 100. The Timoshenko. buckling load is identical to 

Pure Shear buckling load for an L/r ratio <1.0. For a very stu­

bby beam-column, {i.e. L/r is less than 10) the Euler buckling 

load mathematically increases indefinitely but has no physical 

52 



meanine. 'l'he Pure Shenr buckling load is independent of the 

L/r ratio. However it is physically valid for the L/r ratio 

less than approximatelyl.O. 

The lower set of natural frequencies of the Timoshen­

ko theory are less than but approximately equal to the freq­

uencies given by the Bernoulli-Euler theory for an L/r ratio 

is larger than 100, and are almost identical to the Pure Shear 

vibration theory for an L/r ratio < 1.0. •1·here is no physical 

meaning for the upper set of natural frequencies in Timoshen­

ko theory. the natural frequencies of free vibration by the 

Bernoulli-Euler theory varies linearly with the r/1 ·ratio. 

For an L/r ratio is smaller than 10, the Timoshenko theory 

yields lower frequency values. The natural frequency given 

by the Pure Shear theory is independent to L/r ratio and app­

lied in general if L/r ratio is less thanl~. 

The natural frequencies and critical buckling loads, 

in Timoshenko and Bernoulli-Euler theory, decrease if the L/r 

ratio increases. For a beam-column, the natural frequencies 

decrease if the applied axial force increases. The percentage 

decrease become significant as the applied axial force appro­

aches the critical buckling load. 

The formulation of stiffness and flexibility matric­

es, including the effects of shear and rotary inertia, exclu­

ing the effects of shear and rotary inert.ia and excluding the 



transverse and rotary inertia, (i.e. static case) produce a 

four by four matrix with two by two symmetrical sub-matrices. 

This matrix formulation allows for the solution of dynamical­

ly- loaded portal frame buckling problem including the effect 

of sidesway. 
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CHAPTER VIII 

CONCLUSIONS 

The following conclusions are determined from the 

resulting theoritical analysis: 

The critical buckling loads of a beam-column given 

by the Bernoulli-Euler, the Timoshenko and the Pure Shear 

theory are valid in the following regions: 

r/L < 0.01 Bernoulli-Euler theory is valid 

0.01 < r/L < 1.0 Timoshenko theory is valid 

r /L > 1. 0 Pure Shear theory is valid 

The natural frequencies of free vibration of the vi-

brating beam are valid over the following regions: 

r/L < 0.10 Bernoulli-Euler theory holds 

0.10 < r/L < 1.0 Timoshenko theory holds 

r/L > 1.0 Pure Shear theory holds 

The natural frequencies of free vibration of the 

beam-column are valid as follows: 

For 1/4 Pc;; P ~ 3/4 Pc, 

r/L < 0.10 Bernoulli-Euler theory is valid 

0.10 < r/L < 1.0 Timoshenko theory is valid 

r /L > 1. 0 Pure Shear theory is valid 

also for 3/ 4 Pc,~ P ~ O. 99 Pc, 

r/L < 0.10 Bernoulli-Euler theory holds 

0.10 < r/L < o.ao Timoshenko theory holds 

r/L > o.ao Pure Shear theory holds 
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The effects of shear stress and rotary inertia on 

the natural frequencies and critical buckling loads of a 

long slender beam-column (i.e. L/r is greater than 100) is 

small in comparision with the effect of bending stress. For 

short stubby beam-column, (i.e. L/r <60) the effect of bend­

ing stress is small in comparision with shear stress. 

As· the value of the parameter KE increases, the na­
G 

tural frequencies and critical buckling loads· are slightly 

decreased. 

The Timoshenko theory yields the best results: for 

all values of the L/r ratio for the beam-column. 
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