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ABSTRACT

DYNAMIC STIFFNESS MATRIX OF A BEAM-COLUMN
USING POWER SERIES EXPANSION TECHNIQUES

Chuchart Laohasiripunya
Master of Science in Engineering

Youngstown State University, Year 1976.

The purpose of this thesis is to obtain a power series
expansion of the general stiffness matrix for a beam-column ele-
ment. The general stiffness matrix for a beam-column element
is derived from the Bernoulli-Euler differential equation with
the inclusion of the axial force. The terms of the general
stiffness matrix containing hyperbolic and harmonic functions
are expanded in power series form. The resulting matrix series
allows for an efficient procedure for computer operations.

The matrix series expansion produces an elastic stiff-.
ness matrix, a consistent mass matrii, and a geometric matrix
associated with axial force. Higher terms in the series are
retained to the order of the fourth power in natural frequency
and axial force. All coupling terms of lower order between
these parameters are retained.

A numerical problem is included as an explanation of

the derived equations.
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CHAPTER 1
INTRODUCTION

Using the Bernoulli-Euler equations of a beam-column,
the components of the structural stiffness matrix are composed
of terms containing hypefbolic and trigonometric functions.
This form of the stiffness matrix is inefficient in the usual
computer operations currently in use. As a result, a number
of authors have developed techniques to circumvent this pro-
blem. The stiffness matrix has been separated into a number
of parts: the bending stiffness matrix of a beam, the geo-
metric stiffness matrix expressing the effect of axial férce,
and a consistent mass matrix defining the effect of inertia
forces. All three of the above matrices contain numerical
components which allows for efficient computer operations.

In determining the numerical forms of these matrices, the com-‘
ponents of the geometric stiffness matrix and the mass matrix
are in error since they are approximation to that given by the

exact Bernoulli-Euler theory.

(6)*

Rubenstein derived the required stiffness mass,
and geometric matrices utilizing static displacement functions
for the beam-column element. Henshell(l) used the 'exact'

equation in obtaining the dynamic stiffness coefficients

* Number in parenthesis refers to literature cited

in the Bibliography.



(i.e., mass matrix) for a beam element. Wang(7) used the
texact' equation in deriving the geometric stiffness matrix
for a beam-column element. Przemieniecki(s) and Paz(s) de-
rived second order coefficients for the mass matrix by using

alternate formulations.

Paz(4) has expanded the terms of the exact general
stiffness matrix for a beam-column element into a power series
expansion. He obtained the first and second order terms of the

geometric stiffness and the mass matrices.

In this thesis, terms beyond the second order effect
are obtained and comparisons of these higher order effects are
investigated among the different approximations. The follow-

ing steps are taken to establish the results:

1. The general stiffness matrix is obtained based on

the exact differential equation.

2. The hyperbolic and trigonometric components are

expanded using power series techniques.

3. Terms of the power series are retained up to and
including the order of fourth power in natural
frequency, the fourth power in axial force, and

similar lower order combinations between the two.

4. The higher order effects are investigated in a
numerical problem for the special case of simply-

supported boundary conditions.



CHAPTER @ I']
FORMULATION OF THE STIFENESS MATRIX

2wl Sglyjjpn of the Differential Eauation

The dynamic stiffness matrix of a general beam-
column is derived using the exact equation of motion,
if the effects of rotary inertia and shear deformation
arc neglected, the differential equation of motion for
& uniform hcam-column is given by the Bernoulli-Euler

equation as

4 2 3

O LPAY . PAQY, _ ,

Sx+teraxt T el gt =0 b
with X ¢ \/— the co-ordinates axes of the beam

as shown in Fig. I.
P- the axial forces
EI- the flexural stiffness
fA— the mass per unit length

t- the time variable

A\y
/\MAB)QAB /\MBP\) eBA
P R - X
A N
< f >
\/AB ’({B VBA ) JBA

Figure -] ixn-Convention



If the beam is not subjected to external forces

the
assumed solution of equation (2-1) is a harmonic func-

tion of time

y(x,t)=yc><).sin nt, (2-2)
where M- natural frequency
V(X)- the corresponding mode shape
By substituting ecauation (2-2) into (2-1) results in the
ordinary differential equation
dV+ y FAR’ (2-3)
dx¢. EId

Assuming the solution of the differential equation (2-3)
is

7 /‘\eYx ; (2-4)

it follows that

b’4+ ky-X =

(2-5)
where k"- P
el 2 (2-6)
aN=LAR .
El
The roots of eauation (2-5) become
| K |
(2-7a)
xt



where 1

—

% 2
p=|-K+ /(%‘)‘»f A"J (2-7b)

-

|
1
* 2 "
p1= :'_: + / (%)4»7\] : (2-7¢)

The general solution of the differential equation (2-3) is

y(x)=A|sian+ A:COSRX + A sinhpx + A*Coshp'x , (2-8)

where A A A

10 Ay Ag and A4 are the constants.

2.2 Boundary Conditions

The eight boundary conditions associated with the

beam-column are

Y(o) '—‘JAD 7( L)-: J"A ]
(2-9a)
%ym =08 %7(1_) = 6 and
X X
3 3
Q (9) = Yas_ Peops d (L) _ -Ven_ POsa i
Js Bl El EZ* Bl  EI
3 : (2-9b)
2
iY(O) = -Ms _dys\_) = Me
dx* EI dx EI 1,

where ({Mp ‘fBA and GM, OM are respectively the transverse
displacements and angular rotations at the ends of the beam-

column. Vﬁ.g, VM and MAQ, Msa are corresponding shear forces

and moments at the boundaries (see Figure I).

Substituting the boundary conditions given by equation (2-9a)
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and (2-9b) into equation (2-8) yields respectively the matrix

“forms
1 ) - ;
(fAB [ o l s P ( A,
0 (o)
) A8 }_: Pl Pl < A& ? (2-10)
AN TR A
%) |pe ps pC pS| | A
and
( V. W 3 3 3 K
£ e O £ oo F o |[A
s LOn PR S A,
< , : '3 % (2-11)
3 3 3 3
_Eifn £ o pc ps  pC pS A,
M -B - y
L ELM J I RS Re RS éc IS A‘J’
where
S = si.n.plL
c = cospl
S = sinhpl

C - coshp‘L




2.3 Stiffness Matrix

Performing the inverse operation on equation (2-10)

gives
( 3 b . ¢ \
Al " 12 1) al't , {s
A &8 4 a @ )
J 2 r e ] 11 13 24 4 AB r (2-12)
AJ a.!l ‘ 031. qés au. BA
| A4 j 5 ah 0111 ai,; 034._‘ eﬂh )
where

a - -ppCs-pdc
a. p- plCc-pz\Ss

0= BOTRRS

qi= ~RCL*RO

. -p,pc52+ Cl)-Rch'-psz
A 2

0,n= RCS-QS&

a4, . -pRC+pRe
a“= HS-—RS (2-13)
dy) = p.paSC*P:CS

0y = -RG+pCs-cr-pSs

A= _Bls . BH‘S

3599835
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03'4-- —'HC'I'P‘.C

a, = -ppCe+pRCcs-Cr+p s
Uga= RSC-RCS

a = -ppc+ppC

a. = P‘S-st

44

Substituting equation (2-12) into equation (2-11), the final
form of the general stiffness matrix relating end harmonic

forces and moments to displacements and rotations is

[VABW FS" ﬂ'an
Symmetric
Me| | S, S, Ons
4 Ve r 53' ) 1 { O/BA., (2-14)
LM“J i - ke T 6“_‘ . OBAJ,
where

5" =§5= B[(R‘P:'**P,‘R)\SC +(R§+§§)Cs] (2-15)
S,="5=8 [(pp-pRY+(PR-pd)Cet 2pp Ss] (2-16)
O 9B (Ré’“R;)CS-(P:ﬂw‘R;)Sc] (2-17)
o -54'=B-(Rpf+ ppcc-C)) (2-18)

5-B[-P-AR)S- (AR +REDY (2-19)



5“= B[(P:R*rp:)S—(Rp}p?)S] (2-20)

EL
and B = ’ (2-21)
2pR-2pRCe+Cp-pH Ss

subjected to the condition that
zgﬂ—agch-t(ﬁz-ﬁ)Ssa&O . (2-22)

It is convenient to introduce the following change in nota-

tion

u__.pl_’and
(2-23)
v=pL -

Substituting equation (2-23) in equation (2-15), (2-16) (2-17),
(2-18), (2-19) and (2-20), the elements of the general stiff-

ness matrix of equation (2-14) become

\S"= Su= EICuv) [u.vz(5cnuf(5c)+v3( CS)-dv(CS):]
L®

(uv) [-2(CC—|)+(lf-V:) 55]
iy wv
(2-24)

= 7]
T = EI (uv) (J-VI)CCC-I)-&-ZLLVSS
L Lt _ -

(uv) _-z( Ce- D+ (lj-—vl)ss_

—_—

' L wv 3 (2-25)




(Uv) [-z(Cc-l)+ u-v) 55]
L uv

9 =-5 - EL(uv [\/A(C)—vzcc)»r ufw)-ttCCEl

32 4 L‘*
(uv)
l: [Z(CC l)+(U. V)S:I

S _ EI (uv [-u\fﬁ-tf\s—dvs-fs]
3 .E

(uv) ZCCC |)+cu V)S]
&y

Sa EI I:Lfvsfvsﬁ-u\fs-ufs]

(uw [-ac(:c-n)»r(t_f-_\") Sgl
B v

=L3_ [uv(C5)+u(C5) veSer- uv(SC)]

10

(2-26)

(2-27)

(2-28)

(2-29) .
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CHAPTER III

POWER SERIES EXPANSION

3.1 Power Series Expansion in Functions u, v

The known power series expansions of trigonometric

and hyberbolic functions about the points u=o, v=0 are

T ¢ 8 o h W b

coshw=1+U +U +0 40 4 U 4 U + U+ Wy ... (3-1a)
20 4| 61 3 100 ! b
3 5 1 9 " 3 15 1

Sihhu=w+U 4 + L s s WLal U Uy, (3-1b)
ET I B TR TR TY B YR I AR
2 J* é f’ Jo iz & 16 :

COsSY = |=Y¥Y + Y V¥V 4V ¥ 4V ~__ *+__geccece-r’ Si-lc
gl 41 &1 § ol izl @ ( )
3 vs y1 Vq V“ vll v)s vr&

IRV = v.V N e Mg = - O T 3-1d
e 3! M | L 9 nl [CY TR ( )

Substituting eccouation (3-1a), (3-1b), (3-1c¢c) and (3-1d)

into equation (2-24), (2-25), (2—?6), (2-27), 1(2=28)" and

(2-29), the denominator of these terms becomes
% 5 b 6 $ lo
D:\_J.l/ Wl + ¥ 4 _u 4 U + w + W 1%, TR )
1* 12 8o &J20 hs3boo 41900160  ¥,264,857,60s
L @ W 6 4 1o 12
+V (R 40 - w _ w = w = w t.en)
© i8c 5oho 90,20 A 716016 Ak 763,208

4 4 ¢ lo
+v(L—u._u g4 ) u

- = \+.....-)
12 TWo ‘iwwe 75600 111,720,800 239 geo,f00




1¢

6 {1 W b ¢
L8 o . ® R > 4 u 4 cerereenennenil)
Teo 5046 15000 1L, §m%00 12,404,600

§ ! 4 ¢
+V(__1_ 4 _u + U - u ok, = s Ss SaA fe viwn )
6120 Qo120 21,171,600  15,2%0,460
1[4 1 &
+ V(- | = uw = w i S ST P v g, )
k53,600 M Tq001L 239,500,800

The numerator of these terms take the form

Y k2 Ry wg R§ b ¥ I
N‘=N3=E_I(uv)[(u+u.v wv 4 WV 4 uv 1wy o uy +)

O 6 12 360 kL 342 k00 IT, 07,200
n, Lg Lo 21
s(auy- v’ _1 BEY . WBBY o MKV ...\
6 30 §o%0 181 w40 97,247,200
10 "i-
+(v.._y_.,1_,v _.y i din it
6 120 s5pho 362 8¢0 59 q:z oo
6 b 6 é b ¢
it el s, b ..
6 o 360 #3x0 2h,920
¢ $r G X
R BEY o WY 4 BV gl von el )
20 5040 24192 24,92
0 1o 2 o ) )
w el B U BT GY, i it s x5

G040 151, M40 3626 so0

12 Ilz
0T, o RS L5 e ddie iy s v §

382,980 39,916,f00

14 ;
‘\’(_l&__-r.t-)’
39,916,800



=N = EI (uw)
i ‘*»LI;

-

6 1o 12 |
(Eq.-*l"_-tﬁ p M 4 B + w! T PR,
2 T20 ko3to 3618%00  479,00),600

1 1 6 ¢ lo 2 2
SO0 WY o wVE 3wV 13uvt _ k3uy
i 160 40,320 1§14 hoo 479,00 ,Z;o

2 6 ¢ 1o
Youw vt ouvt | uy! L nuvt

2 2% F2 a,9% 920 B3 w5600

- )

¥ 2 & b ¢
+(l__.l3uve+ u,*V - _uv A s ________,)
710 40320 241,920 2903040
o 4 10
K-y e - HuV"._._.._._.__.-_-.._--..) -
HQ3a0 |, 814,400 W3, i3 foo
't ¢ Jo 12
(_V_-__V__.Qi____L +_V__......1.......-...---..-....)
3 30 ko 45360 394l 670
Qadd ot wdf o My
3 %0 b3 qomn  399,6¢

Wit M, A, |

3 30 180 ¥ 560 |,$1% k00

6 b6
NI S N e T )
30 630  ¥5bo |b)200
¢ g X 4
NG i L F Al s - - <)
fho 9072 1,813,300
lo 10
S < R L )
hs260 299,165
2
A SR, P AL ) T
3,991, 6%0
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b & lo 2 |
N=-N =EL(U)[ (-¥ 4 ¥ .y + ¥V _ _v PR ¥ BETON
ook TR 2 1% Yao 49320 3,626,800 41900 bo0
! b 2 ¢ 2 |0 22
+(-u,v+ uy”'__uil_v + Wy _uyv - Uuv +)

Y20 ko320 3,625,600  LYa,00], 600

w R e ettt =
; )
o 1z
+(_u. vt uv x .y R il SRANTY
By Yo he3x0 363800 474 g0l 600
+(- -IL u g g==- - SasE e
I20 hoa.ao 8,62t 500 19,00 boo
(3-3d)
l [
TR AU L 0 s A iR e O
a1 6 120 5oko 362880 39416 Foo
2k 2 10 2
+(-2V 4 UV - uv‘thfv? Uy WS R
6 20 50%0  362,8%0 39 416, go0
¢ 16 ! !
_.(._u’*,_u__ T AR R ut _________)
6 o  boro  36asg0 29,916,800
2 6 1 lo
W A N D )
6 120 Bk 363,850 39,416 goo ’
(3-3¢)
4 g |0 | ]
Nu EI uy)| ( v ¥ oL ¥ " YA -~ v +_9
£ 6 a0 Bowo 62850 39,al6,800 4,223 020 000
Q2 4 210 < 1
N AN VM Y 3-+7)

3 e 5,040 362,950 39.916,500 6,243,020 ¢00

L b ¢ lo
A 4uv kv %)
30 Boko  3bagvo 3q4il,s00  bratol0800




158"

boog § |0 £N "
+( U =+ L ~+ W <+ w ¥ n + w +'>
120 Boko 362 gt0 sq)alé)?oo 6,247 020,000

(3-3f)

3.2 Power Series Expansion in the Functions a, b

Since the series\expansion in equation (3-2), (3-3a)
(3-3b), (3-3c), (3-3d), (3-3e), and (3-3f) are in even func-
tions of variables u and v, it is efficient to introduce the

simpler notation of the form

- 5
A=Uu , and
(3-4)

b=v"

Referring to equation (2-7b) and (2-7c), the variables a, b

are related to the parameters k* and M as follows:

(3-5a)

where e /(_15’)14. A . - (3-5b)
2

Substituting equation (3-4) into equation (3-2), and re-
arranging terms in increasing powers of a and b, the equa-

tion (3-2) becomes

t 2 3 7 2
D=Vabca+b5| | , a . b @ o B ey & _ML+;4L.
T Tx T80 TBo 6,720 2016 4,720 Ah53600 k53600 4530600

= bs + a‘f & Izécﬂ;’ & l&aJ)ls <+ bu +}

#5380 47,900,160 239,500,800 43,900,160 17,900, 1bo

(3-6)
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Similarly, the numerators of equation (3-3a), (3-3b), (3-3¢),

. (3-3d), (3-3e) and (3-3f) are respectively,

ﬁﬁb +!Zﬂbl

: 1 1 3
N-N_EllaB(le): |+£-_Q+.§_-4_b_4l7_+_11_ -
U 6 6 1% 20 120 5040 oMo 5,040

b 3 b $
f . _Lsab.,‘/oal:‘_z?ab.,_bi,,.....:l,

362,8v0 362,780 3éa€f0

5040 362,830 361,890

(3-7a)

3
N.=-N,= Elﬁ5fa+5) 148-b 4+d _babs b 4 a8 _sdbypd
0 T T 2 Y20 Tao Jao Hojan  Bojb ko 320

- b _asdb , yoab™ _ pedbt, L |
ko320 3617 9oo 361H’oo 361?900 36153300 56;99::0
(3-7b)

2 2
N=N- EIJab(atb| L4 a _b 4 @ _ab 4 b* |, 2° _ 34}
n W T3 3 30 230 Bwo 25 Bho 435,360 45}360

3 4 2

i il PR _gadb - 4 12ddl

45,360 45,360 3,491 850 3,991,690 19,95% %00

3

- l’“ab =+ b‘, - s om e o s st SO IO - Bl

3,941,680 3941 480 ’

(3-7c¢)
, db

L 1 3
N=-N=©EL/obca+hy|-L-a 3 b _a ,ab b . 2
i A 2 Tao Yae Tao 40,30 406330

o 3 2
koj3lo ko320  3,62g%00 3.6a¢ 800 3628500

3bag g00 3 629 oo
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N=_E_IJEca+J>>‘]:- -%_+_GL__a b8 b _a ,db_ ab

120 |ao lao 5040 50ko 5,040

st | & oedh gl sal B

Spho 36§60 36a8ko0 56.1980 361?30564?919

N=E_I\/Z_((4+L)l:l+a ih 40 -ab g Wb

Ne.

3
aU’ =~ v + a‘* - 4
34).,no 3t2850 34,4b§o0 33416800 39,916,800

-a«La & b* +.'_-_-..--_-_,__.-_---___J.

3,416,800  39,4iL goo

(3-7£)

The series expansion of the coefficient Sll’ 521, SZZ’

S 532, and 542 in equation (2-24), (2-25), (2-26), (2-27),

i
(2-28) and (2-29) are determined by performing the division of
the numerator terms of equations (3-7a) through (3-7f) by the

denominator form given in equation (3-6).

After considerable amount of algebraic operations, the follow-

ing series terms are obtained:

N 33 5 5 Yoo ago Yoo 63,000 63,000 63,000

5=\5=L§_ [2+6a [ _uqal: b . a'; + 17&% T
&

4 3 2
-« ¥ . ma _ db 347514
63,000 53y1q000 gsqqooo 97,020 ooo

- I-‘}a)Da —Lb“__’.---__-__-_---%'v

5,390,000  §§3,120006

(3-8a)
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L 3 2, +
S="S = EI 6+a-_b__.a _|o1ab- b‘ + 0 + 41al:_am$
N T o 10 4o 2,j00  Lhoo 34000 96000 )26,000

g 3 2
Jt . #a _ Léasdb _ anvs ab _ 1,643 05
126000 | 16Rd4o000  qY,040,000 562 RoOL00 47, 020,000

;ﬂ—y-_-__ e e e e e e N P e e | 9
1,16 4,240,000

(3-8b)

SeSeEl[4+2a o ub o na” _jasb - nb” 4 & L 3db_ ab”
5 B f3oo 350 6,300 QY000 63000 63000

4 3 3
b _ 55924 - loqaL - e} ab- _ _leaab
21,000 640 3320000  |£,170,000 * §73,180,000 |4 170,000

_q0ldb”  _ joqab® _ T A e | ,
613,180,000 5,170,000 6/40.3330,000 _

(3-8¢)

5=-S.-_EI[_6_14L>_+ d Latieh . ks a + q;»a"L_q;aL"’

o Jo %o 515 %00 (26,000 141,000 147,000

e : 2 3
+b L wa - ol,maab _ 449 1 2,273 ab
126,000 |,164, 240,000 W5 530,000 12,127,500 |}#5,530,600

+_ul_&_+--___-..--_--.---_-------_--------J’ |

\)léu,auo,ooo
(3-84d)

35|=ﬂ -1n-6a , bb _,_a_"_.z_sﬁlo 15 i s 11ab, P
E 5 B "o s Yoo 63000 63000 63,000 63,006

Yoo, ndb _ desaab” el md L]

+1la
591,140000 52390000 6,063,350 5,390,000 543 )a0e00
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1 3
S eblla-gdsh . pe +uab+|3b_ua _ab+ab‘
ML 30 36 12,600 435 2,600 378,000 5260 53150
3 i+ 3 4
+ub . 294314 L,2998b . yordb" |, fasgal’
34€,000  38,419,920,000 ° 200,103 Y50 {90, 3,850 400, 105,150
38,419,420,000

(3-8f)

3.3 Powers Series Expansion in Basic Parameters

Substituting equation (3-5a) and (3-5b) into equation
(3-8a), (3-8b), (3-8c), (3-8d), (3-8e) and (3-8f), and by

S S S

: t Y opAnt b
noting K EEI and A—ZEY , the coefficients S 51 S595 Sz1»

"’

832, and 842 become

8= S,= 1nEL - E(B>_ Lm0 - L _(pmPab L (p)

[ty 5L h2.0 3150kl Yoo EI
5% L
st ey _ 12 (P _ 5P alomPal,
161,100 EI £63000(E1)"  5%2,120,000  h, @51,000(EL)"
(3-9a)
A L - V4 [
5“_—. —5»5: bEL - (P> _ uf‘ggnggaﬁ - L PPy L (% .usL(PA)(JL%
L lo 2o ')'160 },’fODEI .’lﬂloﬁao EI
3 6, K4 6 L
P L e msL(pA)(PJ»")+ ph. g e
126,000 (E1)" |, 164 40,000 (EI)® 4,702 000 (EI)*
(3-9b)
3 v 5 r 3 _* ¥ U
Sﬁ S'w= REL _ 2L(P>_ L (PAXDD - L (PAXPR) _ 1L (P) _ Y L(PAI(N)
2 HEL

L 5 05 ° 3150 F1 6,300EI 4 345 Goo(E1)
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5 (P P wa Ll (pn)(P D)
-L(JJ_SMLCP) ;- WAL (§h) i+_-
21,000 (E1) 592,120,000 (ED” |4 553 ,00 (EL)

(3-9¢)

1% Ud 2 g
£ .~8 _ <6p1. ¢il - mf{‘ AR - L opm(PR) _ (s 1o 3L 6P
7N 13T CL(F - 1L 0P ,,ng‘%I— |

12 lo 420 ])roo El
_ 1,681 L'I’(,QA)L(Jlf') Sk 1 )f(PJ)_ L2 )L‘(p")
13,284,800 E1 126,000 (ED)" 1,164 240,000 (E1)3

¢ v
- 8T (P
56,213 000 (E1)*

(3-9d)

S = -1FL L (-65(P) _ sk (pmem - . . ) 1 5L(P)
12EL _ (-6 . = (=L XLPAPR) () L(P
3 ERT 420 3150 FT f Yoo EI 5

5 T 3
w L AT8 L(fm(ﬁz ol )L(Pa) - (=27 );5( P".) \
3¢ 90,800 (EL) 63000 "(E1)* 194,040,000 (E1) 3 l

~(-_19 )f(fa)(P:}»'j
hg51000 (E1)™

+ s - ms S e W e ne e i e e e a

(3-9e)

8 2 5 v ‘
Syy= 2EL - (<L )LIP> - (-3 DLIPWE- (<1 > L(pA(PH)
L 30 hao 3600 F1 |

- S 3
- (-3 )E(P)_(-LOQT )L#(JPA:)‘?JI") o feull., | 3L LP2
la,6e0 E1 69,95% oo E1 38,000 (EL* |

» T 2
_ (- 4907 WP _ (2559 )L (pw (PSS
L16% 240 000 (E1)3  58412,000 (E1)*

.‘.-____- -

: |
(3-9f) |



3.4 Power Series Expansion in Matrix Form
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The power series expansion of the general stiffness

matrix for beam-column element of equation (2-14) is written as

[s]=[K] - [G]P -[M]n-[A]Pa- [6]P- [M]A-[A] Pi-[6]P

{6]7 ...

b

where [K], [GJ, [MJ, [AJ, D&]

[ﬁﬂ are defined as

—

SymmeTric
h
6L 12
2! -6 hL
symmefric
aL
5

p
g$h

)

=

{
e
=

(3-10)

, M), [A], T6] ana



(-

~ A
156 symmetric
2
420
bk 13L 156
-3L -3t -naL B
L 4
4
: symmetric
3,150 )I
41 e
[/\ LAL| 'ae 3,180
l e ——
Bl o | ol
3,50 1,680 3,150
ke ol iy
16 9o 3,600 1,160 3150
-
& Sym mefric
Yoo
i ne
1,400 6,300
i R
Yoo |,‘f00 700
R iy 11
,}00 I2,6oo 1,00 6,300
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[A]

r—
o
l._l_.l

looEl

_pL

|oco (Eﬁ

e

(EL)*

—

. .
L611
a3l Y l.l
29,106 13,669
1,214 gl 54
38,909  232,84¢ Len
2
_ubeL 1ot a3l L
Lzsz,e»i 6995 29,06 h3,659
=
A
425)
yaL et
4702 1h 553
_ 19 287L 19
ngs) . 58212 hgs)
1 - 5
_ 897l _s5e4l _y3L Al
Seilz sgAa 400 5B |
2
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L c
| 16,000 1‘[)00‘
=il _L ]
63290 |afooo 63,000
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CHAPTER 1V

NUMERTCAL EXAMPLE

4.1 Simply-Supported Beam-Column

Consider a beam-column AB that is simply-supported
at the ends, as shown in Figure II. The beam is assumed to
have the length L, a Young's Modulus E, and a second moment

of axea 1.

(y)
Mag ,0n8 ’,—-\\/A3A, Osa
P s P (x)
Y
P EL,L r

Figure IT Simply-Supported Ream-Column

Referring to Figure T, the four boundary conditions are

\;B *. 0
Ven ¥ ©

(4-1)

dap== 0 , and

C/BA-‘- 0 .

Substituting the boundary conditions given by equation (4-1)

into equation (2-14) yields the matrix form



26
Mg e ‘Su e

' (4-2)
Mol b % e laLk

where S22 = 844 and 824 = 842.

Dividing equation (4-2) by %}, the stiffness matrix of equa-
tion (4-2) takes the non-dimensional form

CHWE . i
(?}ffﬁ 22 2 4 M’ s
Msa _ o
_EJE j -S'* ‘5“_ [

Setting the determinant of the stiffness matrix of equation

(4-3) equal to zero, and using the following definitions,

I =Ar

(4-4)
2

yields

(4-5)
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At At Alp rg % Iy

13 A 'S AoA 4 Ah
SelSs 2-2 P8 LAS _ ) 88 ¥ £ u A%
- — e — e &
et iy 3~5P 2.3.5.7 2'1-3‘5'1P £.3t 5070
A2,2.6 a3a6 akoB
49 _NAps _ 1 S o4 s ..,
285 1 2.3 £t
(4-6a)
A
A A2 A3 ALA MY Alng
5=LS= e% i PS ns | 5 13 Ps
= - PR bt +
= n 2.3.5 2.5.1 2*.38 5> P iy
Ados ALn2n( A3ap pérB
1097 NS, 559 Aaps, 1! Pps . 9] p's
-+ - 22 o557 7+ +o -
24375 2351 Fr5 g3
(4-6b)
Two poSsible solutions of equation (4-5) are
A A
== > d 4 -
e . an (4-7a)
A A
= -G - 4-7
S, 3, | (4-7b)

Substituting equation (4-6a) and (4-6b) into equation (4-7a)

and (4-7b) yields respectively,

2 A AL : Az A A A
g g p8. 1 AECE Apst_ L RNy A
2.3 2 3.5 s 235 eé. 3t sty
AZAZ AL Adrb Alag
" | P8 o P L 'T_L__—'P 5 = 0
25_51' 5 7 2" 3;. 5.7 2. S |
(4-8a)

and
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Aal AZAz AZA AN a2 A Aday
e FN . W M N g*_ 13 $
2.8 2.5.5.1 Mt sty 25ty T
A A3 6 8
g L gNRERE R 5 R
2% 325 1t n A OLE | 2.5
(4-8b)

4.2 Case I - Beam Vibration

If the simply-supported beam is not subjected to axial

forces (i.e. P=0), equation (4-8a) and equation (4-8b) reduce

respectively as follows:

b 3 A2 For o2
0’8ty 2357 (w8 2.3.5.7 _ o

(W s
29 29
(4-9a)
A2 A2 2 L ATAg I o+ 2
snd (Ws), 235701 cws)_ 2.3.5.7.0 _ o,
13 13
(4-9b)
Two possible solutions of equation (4-9a) are
A A2
(WwsS)= 100, 54925, and
(4-10)
(wshH=-621.97156 .
The latter value has no physical significance.
Similarly, two possible solutions of equation (4-9b) are
a A2
(wWS) = 1778.29133 , and
(4-11)

(&§‘>=—6043.0061|7 ’

where the negative root is neglected.
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4.3 Case II Static Beam-Column

If the simply-supported beam-column is not subjected
to dynamic forces (i.e.ft=0), equation (4-8a) and equation

(4-8b) respectively reduce to the form
A 3 A a3 Aazz 6 2 2 a2 § 5 2
(P§1)¥+ z2.5(psyr+2.3.5.7 (PS)+ 2.3.5.7(PS)-2.3.51=0
and ‘ (4-12a)

P anl3 [3 S2 an2 B8 342
3T(p8, 2 5.11(p)s 35 TN PSH- 235 NP5 -2.85 =0

(4-12b)
Two possible solutions of equation (4-12a) are as
A AL
(psS) = q.84064 , and
™ (4-13)

il
(§§) = -52.64116
CR

Similarly, two possible solutions of equation (4-12b) are

>

(P &)= 4o.WT5QT4 | ang

g

(4-14)

<%‘§3__. -124.019150

The two negative values in the above equations are neglected.

4.4 Case III Beam-Column Vibration

When the simply-supported beam-column is subjected to

both axial forces and dynamic forces, eqguation (4-8a) and equa-
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tion (4-8b) take the forms respectively as

where

and

where

vk A . .
(25) 418 [a4o+3ocps>+cp )J (R8)+ 3 [(f:os‘)"», ‘w(f) A
29 58
+1680(ﬁg‘)t+10'aoo(’3§')-laoqéoo] =0,
(4-15)
ps'= p (P8~ ass064(P)
(R P P
CR CR
(4-16)
Aah
(N9s)

s 2 [I38600 +2310(p2 )+a7<p5‘>flcm)+ 3 [57(ps )
5

+ éosotﬁé‘f-o-znzoo(ﬁé‘)ﬁss8oeooo(f>§')-2328+8ooocfl =0

(4-17)
pSi=p (B3 ko k15974(P)
(R Pa QR
(4-18)

Substituting equétion (4-16) and (4-18) into eauation (4-15)

and (4-17) gives respectively
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29 {4 P

AN A& 2
(RS) +_L [5l20+554o.q‘1:5z(f_)+ 1760.86276(E)} (f?,g)?'
CR

b 3
;1 | 2870960809 ( Py 4 116107.62810 (P) 4 443041.57390(_8)2
5S¢ P P P
R cR CR

+ 2490944 .05100( Py -3628%00 i‘ =0
P

R
(4-19a)

and

A,\J? ;
(J‘cs)+g'g 277200 4 18699894840 (2 y 4 121234, 55090 (23 (heF
R R

6\%0 I}Hmsbu QLI R 612122545.z(.l§.) + 1362413998(£ )

P
43 R ek

+ 47123 ¥474Y% (_P) - 6495 Hoooo] =0
P |
’ ¥ (4-19b)

The solutions of equation (4-19a) and (4-19b) are dependent

on the value of P where 0¢ P ¢

Fer -4

The numerical computation of the natural frequencies of the



. e A .
simply-supported beam-column for A vs. § are shown in

the Table I.and IT with graphical results shown in Figures

I and II.
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320 4
i 2 & B
(s) + | 15120 +5340.97|52(P )+|7so.ssz7s P (as)
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- 240
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for the Lowcst Frequency Set



e é 15 50 b3 loo [to |20 )30 1Y) 150 16e |Me %0 140 Lop
Cy
0 0o | 0.2006| 041337 | 0.1003 | 0.691) | 0.0835 | 0.019) | 0.0M1L | 0.0lbs | 0.0b2b | 0.058q | 0.055Y | 6.05,7 | 6.050
0 0.35n | 0.1906 | 0.1a%0 | 0.0953 | 0.0866 | 0.0%4x | 0.0133 | 0.0b¢o | o.0635 0.0595 | 0.0560 | 0.0599 | 0.050) 0.04(
0.2 0.3547| 0.114% | 0.1]49 | 00899 | 0.08171 | 0.0Txq 0.05q) | 0.0b%2 | 0.0596 | 0.0562 0.0529 | 0.0yqq | 0.043 | 09449
03 | 0334y | 0bgs | omny | 0.0841 | 0.0v6s | 0.0Y01 | 0.0fyy | 0.0bo) | G0sb | 0053k | b.0495| 0.08k7 | 0.0443 | 0.048,
0. 0.311g | 0.|55¢ | 0.]039 | 0.0719| 0.0708 | ©. oéqu 0.0594 | 0.0556 | 0.0519 | 0.0857| 0.0456 | 0.0433 | o.0k410 | 0-0357
0.6 0445 | odyay | 0.09%% | 0.01]) o.o(,qL 0.0592 | 0.05%] | 0.050% | 0.0k | 0.0kky o.a‘ng 00395 | 0.0374 | 0.0355
0.b 01543 | 0.127) | 0.0§47]| o. 0b35 | 0.05g 0.0529 | 0-0%8q| g.0k54 | 6.0423| 0.029Y | 0.037y | 0.0353 | 0.0334 | 0.0317
0.1 0.1200 | O.llop | 0.0Y23 | 0.0550 | 0.0500 | B.oa5% | 0.0423| 00342 o.o;lé 0.0343 | 0.0323 | 0.0305 0.0191 0.02y5
0% 01794 | 0.0897 | 0059% | 0.04r§ | O.040y | 0.0373 | 0.0345| 0.6320 | 0.029a | 0.0260 | 0.0243 | 0-0244 0.0 | 0. o1k
09 | oqabl | 0.b333 | o.on22 | D.031L | 6.0037 | 00263 | 0.0m43 | 0.0226 | 0.021) | 0-019% | 001l | 0.0 | 0.0k, | 0.015¢
J.o 0 0 o] o 0 0 o 0 o 0 0 6 0 )

Table I Natural Frequency vs. Slenderness Ratio

for the Lowest Frequency Set
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4.5 Summary of Numerical Results
4.5a Case I - Beam Vibration
The natural frequency of the vibrating beam with
simple supports is given by the exact classical
solution as
1 4
W= (nl) EI n ,2,» (4-20)
h L FA
or in the usual form as
z 4
(W) =(nT) S T T (4-21)
h §7-'
The following table is constructed for comparison
purposes.
: @, 8. $ Diff.
Type of Solution —— 7 R ~
w3 0.5 w,s a,3
Exact Solution 9.86496 | 39.4¥84 (o} o
Series Two Terms l0.9545 | 50.1496 | [0.99 2y.16
- Form Three Terms | jo 0295 | #2.1%0q | |.62 £.82
Table III Comparison of Beam Frequencies
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4.5b Case II - Beam Column
The critical buckling load of the beam-column
with simple supports is given by the exact

classical solution as

2
%~=(%%)EI B oGS, (4-22)

or in the usual form as

A (]
b ] h R U,2,8.. -
ﬁ_ (_Bg_l) »%,3 (4-23)

The following table is constructed for compari-

SOn purposes.

. 5 3t ¢ Dj
Type of Solution . L Tz lef&_
Exact Solution 9.86496 | 34. 4784 [ °
Two Terms 12.0000 | 6o.0000 | 21.5% 51.9¢
Series Three Terms | 10-2¥0 | hs.325( | 3.84% 1% 8)
Form Four Terms 9.9562 ’“ﬂ‘” 0.5¢ 598
Five Terms 9. 840 ho.n159 0.2 2.83

Table IV Comparison of Beam-Column Critical Buckling Loads
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4.5c .Case III Beam-Column Vibration
The natural frequency of the vibrating beam-
| column with simple supports is given by the
exact classical solution as.
/Lz= (n__“’#_E_l(l-.Fi) ne=t,2,3.... (4-24)
i pA f}s

or in the uswal form

A2 4
(n= (D (_P) h=1,2,3... (4-25)
» 22 e»
" R
where [:a=(_r_\g) EL with the lowest critical

buckling load Eu{i.e.n=l ) used in the natural

} frequency equation.




40

CHAPTER V
DISCUSSION AND CONCLUSIONS

5 . 1 Qiigg§siog

For .therspeecial éase of vibrating beam, Table III
shows that as the number of terms in the power seriesqyin-
creases; the series:-is convergent. tQ the exact . .numerieal
value. Taking two terms of series expansion gives a value
of the lowest frequency form (&@ ) as approximately 11.0%
different than the exact value, and the value of the second
lowest frequency form (&ﬁ ) as approximately 27.0% different
than the exact value. Three terms of series gives the value
of the lowest freguency form (&ﬁ ) as approximately 1.6%
different than the exact value, and the value of the second
lowest frequency form (G} ) as approximately 6.8% different
than the exact value,

For the special case of beam-column, Table IV shows
that as the number of power series increases, the series is
convergent to the exact value. Two terms of series gives the
value of the lowest critical buckling form (glg) approximately
21.5% different from the exact value and the second lowest
critical buckling form (ﬁzg) as approximately 51.9% different
from the exact value. Three terms of series gives the value
of the lowest critical buckling form (glg) as approximately

3.8% different from the exact value and the value of the

A
second lowest critical buckling form (ng) as approximately




41

14.8% different from the exact value. Four terms of series
" gives the value of the lowest critical buckling form (ﬁlg)
as approximately 0.8% different from the exact value and
the value of the second lowest critical buckling form (62§)
as approximately 5.7% different from the exact value. Five
terms of series give the value of the lowest critical buck-
ling form (Slg) as approximately 0.2% different than the
exact value and the value of the second lowest critical buck-
ling form (gzg) as approximately 2.5% different from the exact
value.

For the special case of vibra;ing beam-column,
Table T and II show that the power series expansion is con-

vergent. However, the series containing the first six terms

of the series are efficiently convergent. This condition
holds for all value of P . Table I and II also show that the
Pcr

series containing terms up to the nine terms of the series are
not efficiently convergent. It is convergent only for the
value of P close to unity.

Pcr

5.2 Conclusions

Taking the power series expansion of the dynamic
stiffness matrix for beam vibration in the three term matrix

form
[Kd] = [x]- [Mo]n"- [Ml]ff

yields a convergent series with solutions extremely accurate

in comparison with the exact solution, in the order of 2% of



the exact value.

Taking power secries expansion for the static becam-

column in the five term form
[ks] =[¥] - [66] ¥ - [64] Pt - [N S vt -. ..

yields approximate solution within less than 1% of the exact
value.
Taking power series expansion of the vibrating beam-

column in nine term matrix form as
[s1- [<1- o v - [ - [a]es - [6]] o2 - [w)A
[Gz] g [GS] pt - [A;] plalo. ...

yields numerical solution more accurate than the six term

matrix form only for the special case when P is close to
PCY

unity.
To avoid the situation of less accurate numerical
values for small values of P , it is suggested that addition-
Yer

al terms of the matrix expansion be determined. This would

involve a ten term series expansion in the form

s -[00 - Ted v - 16 2 - [ oS

ADd - T v o Ing o2
- 1 - et

The latter two matrices [A;] and [Mé] must be determined by

. . 5 . . 5 5
numerical investigation of the terms (a +:.---eeceseeeeoi+b™) and




(BT siakernnie =S +b6) respectively.
It is recommended that this numerical task be
undertaken as a future topic of a Master's Thesis to extend

the analysis.

43



44

BIBLIOGRAPHY

Henshell, R.D., and Warburton, G.B., '"Transmission of
Vibration in Beam Systems', Int. J. Num. Meth. Engng.,

1, 47-66(1969).

Knopp, K., "Theory and Application of Infinite Series",

Blackie, London, 1963.

Paz, M., '"Mathematical Observations in Structural

Dynamics', Int. J. Comp. Struct., 3, 385-396(1973).

Paz, M., and Dung, L., "Power Series Expansion of the
General Stiffness Matrix for Beam Element'", Int. J. Num.

Methd. Engng., 9, 449-459(1975).

Przemieniecki, J.S., "Theory of Matrix Structural

Analysis', McGraw-Hill, New York, 1968.

Rubinstein, M.F., '"Structural Systems, Statics, Dynamic

and Stability", Prentice-Hall, Englewood Cliffs, N.J.

1970.

Wang, C.K., "Computer Methods in Advanced Structural

Analysis'", Intext Educational Publications, New York,

1873.



