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ABSTRACT 

DYNAMIC STIFFNESS MATRIX OF A BEAM-COLUMN 

USING POWER SERIES EXPANSION TECHNIQUES 

Chuchart Laohasiripunya 

Master of Science in Engineering 

Youngstown State ' University, Year 1976. 

The purpose of this thesis is to obtain a power series 

expansion of the general stiffness matrix for a beam-column ele-

ment. The general stiffness matrix for a beam-column element 

is derived from the Bernoulli-Euler differential equation with 

the inclusion of the axial force. The terms of the gener.al 

stiffness matrix containing hyperbolic and harmonic functions 

are expanded in power series form. The resulting matrix . series 

allows for an efficient procedure for computer operations. 

The matrix series expansion produces an elastic stiff-

ness matrix, a consistent mass matrix, and a geometric matrix 

associated with axial force. Higher terms in the series are 

retained to the order of the fourth power in natural frequency 

and axial force. All coupling term s of lower order between 

these parameters are retained. 

A numerical problem is included as an explanation of 

the derived equations. 

359985 
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CHAPTER I 

INTEODUCTION 

Using the Bernoulli-Euler equations of a beam-column, 

the components of the structural stiffness matrix are composed 

' of terms containing hyperbolic and trigonometric functions. 

This form of the stiffness matrix is inefficient in the usual 

computer operations currently in use. As a result, a number 

of authors have developed techniques to circumvent this pro-

blem. The stiffness matrix has been separated into a number 

of parts: the bending stiffness matrix of a beam, the geo-

metric stiffness matrix expressing the effect of axial force, 

and a consistent mass matrix defining the effect of inertia 

forces. All three of the above matrices contain numerical 

components which allows for efficient computer operations. 

In determining the numerical forms of these matrices, the com-

ponents of the geometric stiffness matrix and the mass matrix 

are in error since they are approximation to that given by the 

exact Bernoulli-Euler theory. 

Rubenstein( 6)* derived the required stiffness mass, 

and geometric matrices utilizing static displacement functions 

for the beam-column element. Henshell(l) used the 'exact' 

equation in obtaining the dynamic stiffness coefficients 

* Number in parenthesis refers to literature cited 

in the .Bibliography, 



(i.e., mass matrix) for a beam element. Wang( 7) used the 

'exact' equation in deriving the geometric stiffness matrix 

for a beam-column element. Przemieniecki(S) and Paz( 3) de-

2 · 

rived second order coefficients for the mass matrix by using 

alternate formulations. 

Paz( 4) has expanded the terms of the exact general 

stiffness matrix for a b~am-column element into a power series 

expansion. He obtained the first and second order terms of the 

geometric stiffness and the mass matrices. 

In this thesis, terms beyond the second order effect 

are obtained an~ comparisons of these higher order effects are 

investigated among the different approximations. The follow­

ing steps are taken to establish the results: 

1. The general stiffness matrix is obtained based on 

the exact differential equation. 

2. The hyperbolic and trigonometric components are 

expanded using power series techniques. 

3. Terms of the power series are retained up to and 

including the order of fourth power in natural 

frequency, the fourth power in axial force, and 

similar lower order combinations between the two. 

4. The higher order effects are investigated in a 

numerical problem for the special case of simply~ 

supported boundary conditions. 
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CHAPTER TT 

i:ORMULATlON OF Tl l E ST TFFNESS MATRTX 

2 .1 Solutio n o! the Djffercntial Eq uatio n 

The dynamic stiffne ss matrix of a general beam-
' 

column is derjvcd using the exact equation of motion, 

if the effects of rotary inertia and shear deformation 

arc neglected, the differential equation of motion for 

:i uni f orm hcam - column is given by .the Bernoulli-Euler 

equation a.s 

(2-1) 

with x ~ y - t he co-ordinates axes of the beam 

as shown in Fig . I. 

f - the axial {orces 

EI - the flexural stiffness 

f'A- the mass per unit length 

t - the time variable 

~MBA , 6BA 
p _,,,t----------------i,_ p x 

- I'" -y ,,.. 
L -------r 

VaA , ~" 
Figure I · i ~ ·. n-Convcntjon 



4 
If the beam is not subjected to external forces, the 

· assumed solution of equation (2-1) is a harmonic .func-

tion of time 

(2-2) 

where ./\.- natural frequency 

ytx>- the corresponding mode shape. 
' 

By s ubstituting e quation (2-2) into (2-1) results in the 

ordinary differential equation 

(2-:~) 

Assumin g the solution of the differential equation (2-3) _ 

lS 

(2-4) 

it follows that 

(2-5) 

wher e 

(2-6) 

The root~ of eauation (2-5) becom e 

J ( 2 - 7 a) 



s· 

where 

P,- h' + <fi + x•J~ (2-7h) 

I 

Pi.· [• ~'... tf >\ ""'JI (2-7c) 

The general solution of the differential equation (2-3) is 

V<xJ=ASLnr:>x-+AcosoxTAsLn.h.nx+Acoshox, (2-s) · l 1 la i r:a. a r1 t I I 

where A1 , A2 , A3 and A4 are the constants. 

2.2 Boundary Conditions 

The eight boundary conditions associated with the 

beam-column are 

yco) -= d,.e -ycL). /_,, 
(2-9a) 

dy<o>-e"a dycL> =- e8" and 
dx dx 

j J 
dy(o) = VAa_ P 0,4t dye L> _ - Ve" _ P e,11 
cbJ E.t El -a;~.i El EI 

(2-9b) 
z 

!iyrw =-dycO) = _Mu Mu 
clx1 EI dxa. E.I 

where d~, c{A and 0~, 88 11. are respectively the transverse 

displacements a nd angular rotations at the ends of the beam­

column. v,.,,, v,,A and MA,) Ma,. are corresponding shear forces 

and moments at the boundaries (see Figure I). 

Substituting the boundary conditions given by equation (2-9a) 



6 . 

a nd ( 2-9b ) i n t o equa t i on (2 - 8) yields respectively the ma t rix / 

·for ms 

c(B 0 0 A, 

9A8 P1 0 R 0 Aa. 
- (2-10) 

~~ s c. 5 c A, 

SB.A f{C -P,.s r.C R5 A" 

and 

~B- p eAB 
J .J 

A, -Pi 0 P. 0 El El 

J. P.l A2 MAB 0 -R 0 
·El I 

(2-11) 

_Vs,.,_ P eDA J .s ~c ~5 A, -P.c P..S P, P, El EI l t. 

M~A 
l i. ts P.C A~ -P.s -r.c El l l ~ , 

where 

s = si.n.P.L 
l 
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2.3 Stiffness Matrix 

Performing the inverse operation on equation ( 2 -10) 

gives 

A, a a a. a..i. ~ II Jt ,, 
Ai a a. ao a e,.., - ,, lt t4 

(2-12) 

A, a a, a. a rJ;,,. .31 ~1 ~.s ~ ... 

A4 a a. a a, 
e8A 

~· 41 0 44-

where 

a _ - P. P. Cs - p Sc 
11- I 1 I 

a= Pi- 8cc -Pi Ss 
12. 

a= 
13 RStP,PzS 

a= -P.CtP.c 
14 

2 2. 1 5 
a =- -R~cSiCJ-RRCc~R s ... , 
a 

21= 
R Cs -Pi Sc 

(l -p.~C + Rf-iC u= 

Cl = RS-r.s (2-13) H . 

a~,- R'iSc-t fiCs 
031 = -RCc t Rcs~c'°J-r.Ss 

1 2. I 

a.H =- -Pis - p, ri5 
359985 

WI L ~ r- p q ri RY 
YOU! G., I I ' ... • ;: IT'l 
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a - -P.C + P,( 
'"' 1 1 

C a. J. 1(! 

CL"' = -R Pz c t P. Pi ( s -c) + P,. us 

<:41= g_Sc - P. Cs 

C\3= -P.RC1-PiPi( 

~.= R5 - Pis · 

Substituting e quation (2-12) into equati on (2-11), the final 

form of the general stiffness matrix relating end harmonic 

forces and moments to displacements and rotations is 

VAB S,, dM 
Symmetrtc 

s.2, MA8 Su eAB 
-

cfs~ 
(2-14) 

Vs1i s3, 5J1 jH 

Ma .. s., 041 '54~ . j 96A .. ~ 

where 

5 5 [ 1 ~ ~ ' 4- J 1 c J 
II = J~ = B ( P. R + P, RhJC + (RR t P. fP s (2-15) 

S. :-5 = B [cP.~ -P.J P.)-+ CR~P.-RR)Cc t to
1

R
1

5sl 
11 ~} 1 li. I J. I 1 I .I rt l 'j 

(2-16) 

521 - 54+- B[ Cf14 + R>Cs -Cp~R + Ft>Sc J (2-17) 

0= -S=B[<R~+Ffn>cc-C)l 
J1 "' 111 ~ 

(2-18) 

- [c-zJ_1t- S .)l,+ 4::-J 5~ 1 B P.Pi RR) -(P,R RPi_)~ (2-19) 
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(2-20) 

and (2-21) 

subjected to the condition that 

(2-22) 

It is convenient to introduce the following change in nota-

tion 

. U. = P.L ' and 

(2-23) 

v = Pil . 

Substituting equation (2-23) in equation (2-15), (2-16) (2-17), 

(2-18), (2-19) and (2-20), the elements of the general stiff-

ness matrix of equation (2-14) become 

~.= .S,,= tVLLvl [ u.v'c5ci+~c5q+/cCs,-U"1.CsiJ 

( U. V) [- 2 ( (c -1) t ( J. -V
1

) 5 ~ 
~ . u.v ~ 

S=-5 =EI cuv> l-cu-v1>cCc-1>+2u.v5J 
11 -u L+ j 

-=-------------------------~ 

( U.V) l -H Cc-1)+ (J-v
1J5sJ 

L~ L ~v 

(2-24') 

(2-25) 



10 . 

S =5 =EI [uv"cCs)+JcCs)-:cSc>-J.vcSc)l 
21 .... -, J 

<u.v> [tcCc-1)+ cu1-i1Ssl 
LI. L lLV J 

(2-26) 

(2-27) 

5= El cuv)[-u.:5-tfS-tlvs-v\l 
31 l! :J -=--------------------;-"""'-

( u.v) r_ 2 c Cc-•)+ c tl-v>5~ 
~ L ~v J 

(2-28) 

4,- 1! [ u'.v 5 t v' S -u.J s - ifs J 
c t;J [- ec Cc-o+ c ~/15~ 

(2-29) . 



.CHAPTER III 

POWER SERIES EXPANSI ON 

3 .1 ~ owe r Series Expansion in Functi on s u , v 

The kno wn p ower series expan si ons of t rigo nom e t ric 

a nd hy ber bolic fu n c t io n s 'abo u t the p o i n ts u=o , v =o are 

i. It- ' I IO l"L \lt '' 
COS h. U, • I+ U. t IA. + M. t ~ + U. -+ U. + U. ~ ~ + · · · · · · · · · · 

1"1 4-1 6! &! 10! \1! \It! tb! 
(3-la) 

(3 - lb) 

c.o~ v 
~ it- 6 i' lo 1:z. lit lb 

= 1-v..,v -~+Y.-Y..+Y.-v .,,v+ ·· ··· · ··· 
t! 4~ 6! f! 10! 11! '~~ Ii.~ 

(3-1.c ) 

S S 1 q II I' '' I~ 
= V.-V _.,:!_-l:_ ... V -~ .... L-:t....-1-+·· · ·· · ··· 

.S~ 5 ! 7 ! Ci'! II! \~! 15 ~ 11~ 
(3 - ld) 

Su bstituting co u ation (3-la) , (3-lb),. (3-lc) and (3-lcl) 

i n t o e q u a t i on ( 2 - 2 4 ) , ( 2 - 2 5 ) , ( 2 -'2 6 ) , ( 2 - 2 7 ) , ( 2 - 2 8 ) a n cl 

(2 - 29) , t h e denominator of th e se t e rms becomes 

I ' Ji. 6 r 10 12. 

+V(~-+E::._ - IL u.. LI,.. - IA. -t .... .. ) 
6 1eo 5,o4o 10,'fl 0 ~ ,1•0,016 If ... ,.. > 'f ~ ) I ;l.Ot 

~ ' It ' i to 
+vcl - Lt. -~ - Ll + ~ Lt \ + .. ... -) 

11 lTO l,ltl+ 0 75,ho 111,110)~0 1lct, 6•0,100 



~ 

.. "' + ············· · ~ 
1&1140•1'°0 . 

' 1 It ' +V( I+-'-'-+ LC. - U 1'·················· ·) 
b,l.lo 10,1~0 ir 1"111 1too l~,1't01 4'o 

IO 
-+V(- ___ 1_ 

h~,f>•o 
1;q,i ••• 100 ...... ........ . ....... -~ 

(3 - 2) 

The numerator of these terms take the f orm 

... (, 9 10 ,, '+ 
... c "1-.L.+:L -.L ~ 1._ + v ... ........... . ) 

6 1'10 Sflt o 361,Uo ~lf,11,1 ioo 

' t uv i"··· .. ...... ) 
.11t•, 1~0 

lo It- · 
II ll " + ....•.......•..• - ••... ) 

J,,1~,100 

. . . . . . . . . . . . . . . . . . . . . . . ·) 

... ·• . .. l . . . . . . .. .. ····l 
(3-3a) 



13 · 

N=-N = EI (Ltv) ( U: ~ ~ -+ ~ + ~ + Lt + _u.._ . ··+-·· ..... . ) 
[ 

If- ' Q IO l2. IJt 

11 ~~ ty" 'l 1lt 110 401310 Vz.iJi'oo ~i~po1,600 

?. l ~ 1. ' .! Q'" 1 IE> L /2. L 
+(w.11-+~-~-1314V - 13UV - .lt3UV T ..... . ) 

.l.~ J~O lft'1 ~1.0 t1 ~1Jf.,4oo lf.1'VJOf,bOO 

(3-3b) 

~ 2. t 4 " ' ~ " J. 1• 
+(.tLO' _ Uv - KV+ !AV _ ~ ·+. ··--·····--···~ 

T ~o 630 'f,o1.). 3(1.'f,lo~ 

+( u.' - /./ - Jv't + if/~+- ...... ..... ·-· ···-) 
3o '3o ':#,5to lf11)'-.00 

.+( 1./
1 

_ u\
1 

+ u~v~ · · + ·· ···· ·· · ···- -·--- · ---·-) 
f i.o ,

1
012 I)~ J~,JtOO 

/0 /b z.. 
4 

( 4-s~~o - ~~'I~'' '6·+ .. - - - -- -- - - - - - - - - - - - -) 

(3-3c) 
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[ 

If. ' i 10 /2. N=-N - El (1-\Y) (-:i ..\ .!._ - _'.'_ ~ _v _ __ v~-
~i. lt-1 0 t ,_~ 'f10 Jl-o,3J...o 3) 6.H,floo 

II+ 
4- v . +·· ·· ··) 
~ °H}'o1,600 

+ (- t.t>t - u\~ + . -- -·. - -- - - - - - - - - - - - - - - - - - - - - -- - -) 
2 ~ 

(3 - 3d) 

[ 

it ' (s 10 I~ IJ.t N- ElCUV) (-V-+V- y + v - v v ") 
31 L~ 6 t'-o 5>0Ji.o 36.l)Uo 4-~'l,'11,Joo _____ ____ _ 

(3-3e) 



(3-3f) 

3.2 Power Series Expansion in the Functions a, b 

Since the series expansion in equation (3-2), (3-3a) -
' 

(3-3b), (3-3c), (3-3d), (3-3e), and (3-3f) are in even func-

tions of variables u and v, it is efficient to introduce the 

simpler notation of the form 

,_ 
a= u ' and 

1 

b =" . J (3-4) 

Referring to equation (2-7b) and (2-7c), the variables a, b 

kl. d .,_Pt are related to the parameters an n as follows: 

J 
(3-Sa) 

where (3-Sb) 

Substituting equation (3-4) into equation (3-2), and re-

arranging terms in increasing powers of a and b, the equa-

tion (3-2) becomes 

D= 

I ~I~ ,, ~ ] + 1.ti..llo _ l~a./::I 4- -1- ... · 

:Z.3/f,soo,Boo tl,qoo,ibo 't''1,'ft>O,I e:. 

(3 - 6) 
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Similarly, the numerators of equation (3-3a), (3-3b), (3-3c), 

(3-3d), (3-3e) and (3-3f) are respectively, 

N-N-!J.jOOCa+b) 1-t-J!.-.Q. +..£-~~JL+_g_ _ ~ + ~ 
. 2[ t b ~ J J. ·- _, l. 

II H L~ 6 (, I ).o ao 1i.o 5,o'to ;,O.\O b,O'tO 

(3-7a) 

-...:;__ t -~-- _ ti_Q_ + JOtAo _ ~ 4 --2_ +'·· , 
L 3 't ~b .lJ z.. J d I 't J 

40,~10 3,62.fJ~oo J,61r,Vo0 ~,6.t~loo 3
1
61t,soo ~J6H,~ot> 

(3-7b) . 

- I ~ali j,'t ] 3/l'H)'so +3,,0,1.)680 + · --- · · ··--------·------ ' 

(3-7c) 

,b.lt 
- -- + - - - -- -- - --

~J 6)..1; ~QO 
- - --- ----] . 

(3-7d) 
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(3-7e) 

( 3- 7 f) 

The series expansion of the coefficient s11 , s21 , s 22 , 

s31' s32' and s42 in equation (2-24), (2-25), (2-26), (2-27), 

(2-28) and (2-29) are determined by performing the division of 

the numerator terms o f equations (3-?a) through (3-7f) by the 

denominator form given in equation (3-6). 

After considerable amount of algebraic operations, the follow-

ing series terms are obtained: 

5-S = E1 
II 3~ Lf 

-5~::;,~:oo - &:~'.,::,oo:- --- ---- -- ---l 
(3-8a) 



'+ 
111 a 

is · 

~, ~',,. ~,t.7> ---- -- ------------------ ---------- ---] ' 

S.l.1.- s++ s.r [ 4 + J.a. - ±.L- 11az., - Iii a.6 - 11 h"" 
L 15 15 6/,oo ~,15o 6)300 

-lL - 5,5qq a.'+ 101 iJ, 
J.1)000 6)1t.0 ~!>.:l o,oo-o ,, ,11 o)ooo 

~,,.... 

- '101 ab 
' i13Jl~O}>OO 

(3-8b) 

_ /oqttb 0 

1t,noJotJo 

(3-8c) 

+
13 ~ · ~ ~,- 13 o -+ 111 a _ JJJ.. i.3a: o _ .'fa. 'I ~ b _ J/Ji3 ab 

1~6)ooo 111&4).>...lf-o)ooo t~5,.?3o)ooo ).l., IQ. '7 Jsoc P+-5,~oJooo 

\1~~,~:0,000 t - - ------ - ------- - .. - - - - - - - --- - ---J' 

+ 11 I a 'r + 11 Jb _ J o2>CJtJ.b'l-

5 {l.l., I ~o _poo 6}>qopo o h/J 6 3.) "H5 o 

(3-8d) 



\:,:;~~~:. •• t------ ----·- -- -------------------+ 
(3-8£) 

3.3 Powers Series Expansion in Basic Parameters 

Substituting equation (3-Sa) and (3 - Sb) into equation 

(3-8a), (3-8b), (3-8c), (3-8d), (3-Se). and (3-8£), and by 

k':..f noting EI 

s32' and s42 become 

s. ~ pz. L 5""' 5 =- 11 Er _ 6 (p; _ 156LCPA2UlJ _ L ( PAJ( Jl,J - L (p; 
II ~3 ~ 5L Jt~O • J 150U > 100 EI 

(3-9a) 

( 3 - 9b) 
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( 3 - 9c) 

1 v If- " z. ... 
5.a.=- -S = -6 EI - (I )(f; - 13 LrfA)CJ\.)- L CfAJ(P.Jt.> - (- I )L (PJ 

:,1,. +t l_t 10 ~g_o J,6Bo 'EI tltoo EI 

(3-9d) 

5 ""i.-

- (- 1q )L(fA)(PJv>+-----··------- .. -.: _____ ----· 
4,fs I poo (E iJ i-

(3-9e) 

(3-9f) 
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3.4 Power Series Expansion in Matrix Form 

The power series expansion of the general stiffness 

matrix for beam-column element of equation (2-14) is written as 

(3-10) 

where [KJ, [&o]' [MJ, [AJ, [GJ, [aj' [AJ '[GJ and 

are defined as 

It symtnetric 

bl 
2 

[K]= El 4-L 

!! -6L I~ -12 

(;L z.c -bl 4[ 

6 sym IT\etri c 5L 

_J_ 1L 
[ G.] == 10 TI) 

-i _, 
kc .SL lo 

' _J... _J_ ~l. 
iO 30 lO 5 



z z· 

156 sym rnth·ic 

[MJ= fAL 2iL 4c 
/f."o 

~~ \3L 15~ 

-13L 
l 

-3L -l'lL 4-t 

(3-11) 

3,150 
symrneJric 

~ 
L e 

[A,]=- t;IL l,l6o 31 1~0 

--'- J:_ I --
3,150 l,6ro ~, 150 

L L2. __ L_ Lt 

~6~ 31600 l,l.60 3,150 

L syrn roeh·ic. 
lOO 

_L II L~ 

[G,)=-fr-
1,~00 6,300 

_ _L L~ L 
'tDo -1 ,~o Yoo 

_L_ _ ..Jli! Lz. llLl 
---1,ltoo 12)600 1,+00 6,~o 
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I\ I 
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ti IL ~o1 Ll. _ 11 ,L 5"'f L2. 
1, lbl+,l..40 ~lbi+-,~o l,16lt}~ 5Q-.2}'~-0 
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CHAPTER TV 

NUMERICAL EXAMPLE 

4.1 Simply-Supported Beam-Column 

Consider a beam-column AB that is simply-supported 

at the ends, as shown in Figure II . The beam is assumed to 

have the length L, a Young ' s Modulus E, and a second moment 

of area I . 
Cy) 

A El , L 

Figure II Simply-Supported Beam-Co lumn 

Referring to Figure I, the four boundary conditions are 

v ../= 0 
As 

VB,..+ 0 
(4-1) 

OA~ = 0 
' and 

OBA= 0 

Substituting the boundary conditions given by equation (4-1) 

into equation (2 - 14) yields the matrix form 
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( 4 - 2) 

EI Dividing equation (4-2) by L' the stiffness matrix of equa-

tion (4-2) t akes the non-d i me nsional form 

M,,.,a ~t s e 
Ej.., z.; AB 

L = L (4-:)) 
f:j.,., E.1 

5 ~i e EJ.-- 1' 81\ 
L 

Setting the determinant of the stiffness matrix of equation 

(4 ~ 3) equal to zero , and using the f ollowing definitions, 

l 

I -Ar 

" P- .E 
AE 

(4-4) 
2. 

e=i 
f 

S- L --r 
yields 

( 4- 5) 



2 7 . 

where 

,. 
S - L5-u Elu 

"i,. "+ ,.i.,.~ "it,.., 
I .n.ps - II ps_ ll Jl.S 
' 5"7 l t. • l + :a. .. t.3. . ? -3.5.7 t.3. 5.7.11 

• .,,. g 
5oq p S _ ..... 

' • + ... 2_.3 .5 . l. II 
(4 =6a) 

I\ 

5 ""J. =LS- a~_,_ps + 
~~ El 1~ 2.~ . s 

(4-6b) 

Two possible solutions of equation (4-5) are 

(4-7a) 

,.. ,.. s = -5. 
!t Z.'t-

(4-7b) 

Substituting equation (4-6a) and (4-6b) into equation (4-7a) 

and (4-7b) yields respectively, 

A AZ Al. "I. z __ , ps_ 1 As_ 
2. 3 2

1
. 3. 5 

11 ·1'I1 A' ___ .Jtp s -
5 z. J. 
l·.3.5 . T 

(4-8a) 

and 
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..... ' 
. I~ .IL S "" 
' , i 1 2 . ~. ~ .. 1. II 

31 p•;fl= o 
l & + 1 

2..J.S.l . 11 

(4-8h) 

4.2 Case I - Beam Vibration 

If the simply-supported beam is not subjected to axial 

forces (i.e. P=o), equation (4-8a) and equation (4-8b) reduce 

respectively as follows: 

AlAZ. 1 .. J 1'1 l'J. l .. l 

(W S ) + t,.3.5.7(WS )_ 2-3.~.7 - 0 
iq iq 

( 4_ - 9a) 

111 "2 J. 't 1 "'"" l .. &. 1. 

and (W 5 ) + i. 3. 5. 1.11 ( w s ) 'l..3.5.'1.11 - 0. 
I~ I~ 

(4-9b) 

Two possible solutions of equation (4-9a) are 

A. A~ 

(WS>- Joo.5qlt5, and 

(4-10) 

The latter value has no physical significance. 

Similarly, two possible solutions of equation (4-9b) are 

.. "Z. 
(CV 5 ) - 117 8. ~q I ~.3 , and 

(4-11) _ 

where the negative root is neglected. 
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4.3 Case II Static Beam-Column 

If the simply-supported beam-column is not subjected 

to dynamic forces (i.e.Jl..=O), equation (4-8a) and equation 

(4-8b) respectively reduce to the form 

A A 1 Ji. ) A Al 3 ~ A ...t 'Z 6 & i A Al , t Z. 

(pS>+t.5CpS>+2. . .3 .5 .7CpSl-t t.3.5.7(pS)-? .3.5.7= O 

and (4-12a) 

A 11 ~ ~ I' 11l 5 ~ l I ,. Ill 1 f> Z. ) t A Al 8 J It l 
3 7 C p S.2) .,. 'Z . 5. 1. II ( p S ) + 2.. 3. 5 . 1 . II Cf S ) - , 2. '. 5. l . II Cp S ) - t. 3., .'1. II = 0 · 

(4-12b) 

Two possible solutions of equation (4-12a) are as 

A AZ. 

q. Bqo6q , (p s) ~ and 
Ck 

(4-13) 
I\ ii.Z. 

-.52. b'\ II 6 er, s > = 
c~ 

Similarly, two possible solutions of equation (4-12b) are 

(4-14) 

The two negative values in the above equations are neglected. 

4.4 Case III Beam-Column Vibration 

When the simply-supported beam-column is subjected to 

both axial forces and dynamic forces, equation (4-8a) and equa-



tion (4-8b) take the forms respectively as 

6 ""l 1 A A1 I J +I Bo Cp~) t 10' Boo(ps )- J2oqboo _ 

where 

AA,.. f ""2 ""j" 2 [ AAJ.ft. and (Jl S) +1.... 13S6oo +23Jo<ps >+37 <ps'> (.nS)..,. l.... 37 <ps) 
65 . 650 

where 4o . 4 l 5 q 1 4 ( P ) 
PcR 

30 · 

0, 

(4-15) 

(4-16) 

(4-17) 

(4-18) 

Substi tut ing equation (4-16) and (4-18) into equation (4-15) 

and (4-J7) gjves respectively 



(115) +_!_ 151'20-t5~40 . qi152(_)+ J76o.S6'2'16(.E_) (JiS) AA'\- [ p 2] 1'A2. 

?.~ ~~ ~R 

-t- 2<1'3091+4- .os1oocP) ~3bZIVifoo]= o 
F2R. 

+ 1t 11 ?. ~ 'lt-; '1 t- (£ ) - 6~ 9 5 11- 4- () 0 0 0 l = 0 

P. -
' ( .. 
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(4-19a) 

(4--19b) 

The soluti ons of equa• ion (4-19a) and (4-19b) are dependent 

on t h c \' ;i. l u c o f _f_ w he re o E- ..E f. I 
Pc~ ~II. 

The nu r1c dc a l conr;:rnt atio -- 'f the n·Jtunll frequencj e s of the 
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A A 
simp ly - supported beam-column for~ vs. s are shown in 

the Table I . and II with graphical r esults shown in Figures 

I an<l II. 
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4.5 Summary of Numerical Results 

4.Sa Case I - Beam Vibration 

3 7. 

The natural frequency of the vibrating beam with 

simple supports is given by the exact classical 

solution as 

L + (4-20) W = C hT) E.I n I , 1. 1 a .. .. 
" L fA 

or in the usual form as 

" l + (W)=(nlr) n. I l ').I~ ,.•• (4 :- 21) 
h sz. . 

The following table is constructed for comparison 

purposes. 

,. .. 
% Di ff. C.Ui. s. 

Type of Solution .. ,. w .. s ,. ,. .. w,s w,s lll1S 

Exact Solution Cf . 8~'16 .H. ltl8t 0 0 

Series Two Terms to . q5 ~5 50.\1\'I~ 10. q~ ~l.t6 

Form Three Terms 10 . 07.~5 ll'2. . f '1-01 /. 61 &.82. 

Table III Comparison of Beam Frequencies 
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4.Sb Case II - Beam Column 

The critical buckling load of the beam-column 

with simple supports is given by the exact 

classical solution as 

(4-22) 

or in the us~al form as 

n. t,i,,3 ... (4-23) 

The following table is constructed for compari-

son purposes. 

A ,. L 

% Diff. Type of Solution 
P,. $ 

~- .. ' "\. P. ,, ... 'I-

I 'J Pas P.t 

Exact Solution q, 86416 ~'l . 1+'79-'" 0 0 

Two Terms 12 .oooo 60 . 0000 ,., . s 5' 51.'I~ 

Series Three Terms 10.2.~0 4& .115, .3. 'II- /Jt. .i I 

Form Four Terms 'f.'l562 ~1.1''' 0 . tf r,.·a 

Five Terms 'I . gqo' ltcUt'1 J, O • .l.I 1.53 

Table IV Comparison of Beam-Column Critical Buckling Loads 
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.4 .S c Case III Beam-Column Vibration 

The natural frequency of the vibrating beam-

column with simple suoports is given by the 

exact classical solution as 

flt= (rt1f~_EJ (1-f_) 
"' Llj. fA Pett 

I'\ 

n-1,~,J ... · (4-24) 

or in the usual form 

where 

/\ 1 1f I+-
(Ji)=(~) (l_.E.) l't=I ,1,3. · . (4-25) 

I> "i P. s (.fl .. 
'L ti.: 

Pc.t= <n1IJ n with the lowest critical n. Li. 

buckling load ~c--. (i. e . n= 1 ) used in the natural 

frequency equation. 
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CHAPTER V 

DISCUSSION AND CONCLUSIONS 

5.1 Discussion 

For the special case of vibrating beam, Table III 

shows th a t as the number df terms in the power series in -

creases , the series is converge-nt to the exact numerical 

value. Liking t1vo terms of series expansjon gives a value 

of the lowest frequency form (w
1
s) as approximately 11.0 % 

different than the exact value, and the value of the second 
~ ~ 

lowe s t frequency form (CJJ
1
6) as a-rproximately 27. 0% different 

than the exact value. Three terms of Series gives the value 
~ /\ 

of the lowest frequency form ( W1 ~) as approximately 1. 6% 

different than the exact value, and the value of the second 

" ~ . . lowest frequency form (w}) as approxi~ately 6.8% different 

than the exact value. 

For th e special case of beam -c olumn, Table JV shows 

that as the number of power series increases, the series is 

convergent to the exact va lue . Two terms of series gives the 
,.. 

value of the lowest critical buckling form (P 1 ~) approximately 

21.5% different from the exact value antl the second lowest 

" /\ critical buckling form (P
2
s) as approximately 51. 9% different 

from the exact value. Three tercis of series gives the value 

of the lowest critical 
/\ /\ 

buckling form (P
1

s) as approximately 

3.8% different from the ex Qc t value and the value of the 

,,. " 
second lowest critical bu cl : · ng form (P

2
s) as approxim a tely 



14.8% different from the exact value. Four terms of series 
,. ,. 

gives the value of the lowest critical buckling form (P 1 s) 

as approximately 0.8% different from the exact value and 
,. ,. 

the value of the second lowest critical buckling form (P 2s) 

as approximately 5.7% different from the exact value. Five 

terms of series give the value of the lowest critical buck­
,. ,. 

ling form (P 1 s) as approximately 0.2% different than the 
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exact value and the value of the second lowest critical buck-
,.. " 

ling form (P 2s) as approximately 2.5% different from the exact 

value. 

For the special case of vibrating beam-column, 

Table I and II show that the uower series expansion is con-

vergent. However, the series containing the first six terms 

of the series are effic iently convergent. This condition 

holds for all value of P Table I and II also show that the 
Per 

series containing terms up to the nine terms of the series are 

not efficiently convergent. 

value of P 
Per 

close to unity. 

5.2 Conclusions 

It is convergent only f or the 

Taking the power series expansion of the dynamic 

stiffness matrix for beam vibration in the three term matrix 

form 

yields a convergent series with solutions extremely accurat~ 

in comparison with the exact solution, in the order of 2% of 
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the exac t value . 

Taklng power series expansion f or the static beam-

column in the five term form 

yields approximate solution within less than 1% of the exact 

value . 

Taking power series expansion of the vibrating beam-

c olumn in nine term matrix form as 

[ S ] = [ K J - [ G 
0

] P - [ M 
0

] Jl.i - [ A 1] PA - [ G 11 
[cJ P3 - [c3] P 4 - [ A~ P2Jt'--

yields numerical solution more accurate than the six term 

matrix form only f or the special case when P is close to 
Per 

unity . 

To avoid th e situation of less accurate numerical 

values fo r small values of P , it is suggested that addition­
Pcr 

a l t e rms of the matrix expansion be determined. This would 

involve a ten term series expansion in the form 

[s] [r KJ - [G
0
l P - [GJ r2 - [G2] r~ 

- [ [ M o1 + hJ p + [ A 21 p j Ji' 

_· [ [MJ + [ A3] ~fl.It - IM21 Jl6 

The latter two ma tr.ices [ A_J and [M 2J must be determined by 

numeric:l1 investigation of : Ii terms 5 5 (a + ...... . . ....... .. +h) and 



(a 6+- ············:+b6) r e spectiv e ly. 

It is recommend e d th a t this numerical task be 

undertaken as a future topic of a Master's Thesis to extend 

the analysis. 
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