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Cl ll\PTl: l ~ I 

1.1 I iJ'l'EODCCTI O 

'l'he -.. tability of the simpl e u :- u c-: ..., s ub je c ted to t h e 

s ing l e fo r c e P , shown i n F i g . 1 wa ., inv st igatcd by fl L _,o s 

(1) a s a ba i c mode l to il l ustrate s n11L o f the buck l i r. g 

:1c 11om2na l n s tructu r eb. 

truss , the buck ling phenomenon is ind uced Ly axial t hrust 

o 1 , t he b ending effec t i., n eg l e cted . 

Eere i r. , t . e effe ct s of bot h Jcn( ing a HJ. 

a -c teken into c onsidera tion. Tl c s l r c ctur ~ l r espo s : of 

.-:· ·: . a truss :=u jected to a c rt ical orce at the c e:ntr c:.. 1 

.·• , .... 

is na l a s a s l an e d c t n1 , , a~ s h own in f' .~ · ' . ·, d . 

T.1e f llowin g v o const r u.in Ls a r i n posed on t ' 1(;; 

s lar:tcd colur.m: (1 ) T . . c: ..... op enc B t'. i. :~;1 la ces only i1 t he 

\h: J" i c a l d ir ~tion; nc ( 2) 
... 

The lm1c ~ c , d l ha s a zero 

l: i :.:; l acc n ent · a ll cHre cti ns . 

/ 

f 
p 

13 s 

~ )st 
e 

' ' ' ' 

e 
A 

"..... 'j,W- (a.) ( b) ( C.) 

Figure 1 . Mis e s Truss Figure - Slan t e d Column 

] 

~ 



.:.7.· 3 : ~ .• 
_, -

C0~si~er 2 n ~ l a sti- a ~ ~ ~ r i s . a tic sl~n te<l c olumn . 

l ~ngt :1 L (Fi g . subjected to a ve r tica l f o rce 

L~ -::. a n c'. :' be the a:r:ial a C:. l c=i. te r a l c oo rdina. t es with t:~'-

or i ~ i n l ocated a t t he ce n troi~ of the cross- s e ction at t he 

l ower en~, A. Let u a n d w be the a x i a l and late ral dis -

F. 

p l acemen ts , r espective l y , and l e t ~ o ~ t>( .. 1 ) b e t h e ang le 

b~b1e~n the c en t e r line of t h e column and t he vertical line . 

-
I:nd _<:\. . nas no d isp l a c e r-11en t \-Jh ile t he u ppe r end, B..,. ma y 

hav e a d isp l acement only in t h e vertical direction . . Thus , 

end B ha s a geometrica l c o n s tra int tha t t he total disp l a c ement 

in t he horizontal d irection must vanish which is e xpressed 

in equat i o n f orm as 

0 ., o..t ")(. = L (1) 

I f t he e ffect s o f bending strain and a x ial strain are 

conside r e d t he lon g i t ud ina l s train compone nt i s defined as 

e,. = (2.) 

i n 1:1h icn c>. s ubscri? t precected b y a corn.ma repre sents the 

:;;: s :: .:.:n c on s is ts o f t he s t ra :Ln ene r gy o f d e -formation anci t he 

-~ - - "':-.::=nti ~1J. e. ~. r:~ ~::: r; y o f th._ ap~Jli2cl e~:terna l force F, anCi i s 

v 
l 

[ [ ¥ ( u),. + i ~~ r ~ ~1 ~~)C J dx 

-- [ r{-uc.05~ ... w-s\tt ol )) ( 3) 

_r· ·..i. :-i. ::. :i- n ( l ~ :,'1 util i:::i n 0 <: i1-:. La c::r r u. n c::,e r.ult i p lie r t e c hn i <] U-

~. 
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in tlic f orm 

v 
l 

J [ EP./t ( U, ;,t "'- 1/t W':,_ 
0 

1. 

) + 'EI/t W'_,:x] dx 

- [ F ( -ucoso( + v.rs1N~)J ( 4) 

... 
where ~ is an arbitrary multiplier to Le determined, 

A = the oross~sectional · area, : E = Young's 

rnodulas, I = second moment of area, a nd F ~ app lied 

vertical forc e at the movable end. 

Not1ng the -follow~nq i "dimensionless. parameters: 

'L .. x/ L · (•Sa) 

u - u./ L (Sb) 

w 14'/ L (Sc) 

>i 
,,... 

(Sd) /\/Ac 

f F/ AE (Se) 

Re. 1 
f\L/I (Sf) 

then , equation (4) is rewritten in dimensionless form · as 

I 1 J' ~AEL- Vt [ ( u,1... y, ~;) d 1 4- l/tR'" W_,~l d1 

+ [fees~ U "'." f~•Nix W -A(Us;N II( ... Wco~o<.)]1., c 6 > 

where the quantity 

::1 

( 7) 

is the axial strain produced by the dimensionless axial force~ 

For equilibrium the. first variatio11 u £ the Equation (G) must ~Je 

zero. Performing the individual variations on the para~eters 
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u o.n u W ~ l. C! 1-cl .-, ~· spc ctively ... 

~ -( fcos~ - )'..SINO() (7a) 

W,11ll • f'W,l1 - 0 
..) 

.for 0 LL LI (7b ) 

toc;2thcr with t he f ollowing :.. o undary condi tions: 

e1 thev- or 

@ 1.. 0 w,l 0 w,{,1. 0 (8::t,b) - -
'If a 

~ 9 a, l: ) - 0 W;l1\. 1-f W,L - 0 

L 
u. - 0 f' 0 ( l Oa , b ) 

~ t •I w,l 0 w,n 0 ( l l a , l:i ) 

w - 0 w,rn + f 1 

w,! - 4>Rt (12a,b) 

Ll 0 ti Rt. ~ ( f cos()( - Aslt( ol.. } - 0 (13 a, b) 

in whi c 1 

( 14) 

\ :ere t he f un c tion t> i s the shea r forc e in t he col umn. 

Inte gration o f Lquation (7) y i e l d s the r ela tions hip 

Lelwccn axial deformation, bending d e f o rma tion, and the 

parameter f as 

(15 ) 

Also , t he d i mensionless f orm of the con s tra i nt e q uat i o n, whi c h 

m~st be a tis f i <Jd , i s o btained f rorn ·-.:q uat ion ( 1 ) as 



0 _, at l _ o 

The general solution of E<]uation ( 7b) is written .:u.; 

W( J i 

(16) 

(17) 

l\pplying the boundary· condition U =- o @ l _ o 

implies that parameter f' 
is nonzero i t follows that 

= 

is nonzero. 1"\t 1- I since /3 

(18a) 

l\pply ing the uoundary conditions on the function W ~ -W(o) _ o 

yields and Wei> ( \. .e. 
.I 

~~r. ) - 0 w_,111 ... ! w)1 
a partial solution of Equation (171.)a s 

VJ ere b( CO&f'l - I) + C.S\Nr1- q,r+ (18b) 

Taking the function ~ as the independent purameter in 

the problem, the three constants, b . , c, and cp in I.:quation 

(18b) are to be determined by the two additional boundary 

at L _ o and l on the function W, together the con-

straint Equation (16). 

Solving for f and~ from Equations(7a) and (14) and 

normalizing them with respect to the I:uler buckling load for 

the column at c( _ o , one obtains 

(19a) 

(19b) 

5 
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.i .1.._: · o cff i c i _ nt, (4 , •.1cp 'l c.::; .) 1·, '..::1 ' L: Ilu .:.'o:i:;:- ;i i n t s o f the; 

pe!r t · cular c olu n u1: ~1 '2r.- c o ·d clc rat i un . "'o r o( _ o , f _ -4' , 

l ' ~ _ -).. , and ('= /o wb ich rc c1uce l:qu lt i cn (1 8a ) t o the form 

1/· _ fR' (" In d im nsiona J. f rm the l "ttc; r c qua t ion is wri tt. :::. n 

i 
a~> fc.r - ;8. ~I/Lt. whi.ch is the "-'tandar d f rr.i o f t he Euler b ucklin9 

e quation (2, J ). For any an q le o Lo< L o/t equation s (17 ) , (1 8 ) , 

and (1 9a ) are v a lid. f'or t h e spec i a l ca se o( _ 1fJt t he equatio n s 

are valid f o r a n o the r class of pro o l ems , namely t he b e nding of 

be ams. 

The h "u.l: s horbmi n g of the co j_ u,nn (F ig. 2b ) i s 

-Ucoso< .... Ws1~ci. , at L - I 

The general solution p rob l em consist o f formulation a plot 

0 ( r~ lated ~o t h• applie d forc e ) vs .S (the h e ad 

s hor ten ing ) Equat i on s ( l 9a) and (2 0 ) f orm a pair of para-

met ric Equations where ~ i s t he par illne r i - va ri ab l e . 



CHAPTF.R II 

Cr.itical Bucklinp, Load of Vertical Columns 

2 .1 BucklinJ! toads of a Vertical Column ~ .. •ith a Spring 

Support at 0ne End, The Other Fnd Simply SJnported. 

Consider a vertical column suh_1ected to the 

. loans P as shm·m in Fil!:. 3 

p 

Fi~ure 3. Verti cal Column with a Spring Support 

and a Simple Support. 

Anunrlary condi ti ons for sprin~ support at one end and 

r s i mple support at the other end are 

@ °W(t) - 0 c21~1 ) 

M (1e / 

- -kt W<l) ( 2 lb J 

L W\l) 0 
( 2l c l 

M l1) 0 ( 21 '. t ) 

Tr P. peneral solut ion of the static displacement Eauation 

(7 h) . he comes 

7 

WILDAM F. MAAG =\_~~ft~ 4 
YOIJNGSTOWN STATE UN IVERSl11 
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~ 1h :;titution of the four boundarv conditions of Eouation 

( 21 a.h , c,d) into Fouation (22) ~ives 

0 0 0 

J: 
0 

CD5f l ~'~f' L L 0 

l ' l: 5tfC
1

0!>fl EiisrnrL 0 0 0 

~t f 0 0 

F u r nontrivial solutions of these four constants the deter-

minant of the coefficient matrix i n set equal to zero 

pivinp, 

0 (23a) 

For the special case kt - o , it follows that 

n 

'C'or the srecial CRSP. kt - oD ' 
OT'.e ol--tains 

SrN f L - ~Lc.os.f'l 0 or 

ian fl f L ( ~ 3 . ) 

Vsin~ numerical techniques and notinp Fi~. '• with ~ 1 _ fonfl, 

and 



The loP~st root of this Fcma ti on (L3c) is f>l • 4. 49 35. 

The ~eneral solution of Fouation (23a) satisfies 

the equation 

0 

The solution of E9uation (24' is ohtained hv letting 

_ R.~&1N a + { 8 s1N B - cosB) 8 

with ~L _ RK and B 
EI 

and usinp, the computer pror,ram Numt~ er 1 given in Ap-

( 2 4) 

pendix I. For particular values of ~-\.l The asso-
. I 

ciated values of ~· L , are listed in Table 1 and 

a plot of the results is shown in Fir,. 5. 

T/iJH_,F 1. rriticRl hucklinr- load for a vertical 

column with sprinp, support at one end , and simply sup-

oorte<l at t he < t her. 

hl /90 L hl f>. l _hl f1l 
""l' l:.l E.I 

o.ooo ~· '""· 0 . 02 j_ 14~0 O.l ~ . 1711 

0 .001 J, 14lq 0.03 ~ . \511 I. 0 ~.AO::>! 

0 .00,5 
'· l ·H I O.OA 3. ISA~ 10.0 A.l ·H4 

0 .00, 1. 14'" 0.05 2>.\.574 100.0 4.A4q4 

0 .007 j . IA'f 0 .06 ..3. I 1.0.5 \000. 0 A .4tqo 

0 .OOt j . 14AI 0.07 j. llo'b 10000. 0 4_4q~ 

o .ooq 1. 14A.o\ o.os 1 . lfo'-7 

0 . 01 1 . IA4~ o .oq ~ -1 "q·q, 

9 



p 

# 

L, El 

8.0 . =~I SIN,./ + ( fij SIN,./ - C 05ftj )/./ = 0 
kt. 

7.0 

6.0 

5.0 

4 .4935._ __________________ ---- ----------------------- - --- ------ - --- ------- -- - -- - ---- - -- --- -

4.0 

3 .1416 
3 .0 

2.0 

1.0 

0.0 

o .o 1.0 1r.o .s.o ..& .o 5 .0 6.0 TO 8.0 9.0 10.0 1\ .0 12 .0 13.0 14.0 1.5 .0 

Figure S. Curve of ~l vs. ktl for Vertical Column with a Spring Support at One End, 
1• er 

The Other End Simply Support. 

ktl 
El 

I I-' 
c 



2 . Z Buckling Loads of ~1 Ve rti.c :1l Co lu mn \•ri t h a ') pri n g 

. u~ p ort ed a t Both Ends . 

p 

Fi~ure 6. Vertical Column with Spring Supports 

at: l oth Ends. 

Roundary c.cmd.i tions for spring supports at both ends are 

@ t - 0 W('f! 0 (2 Sa) 
/ 

M < l) -k.._;w<'l> (2 Sb ) 

@ l- l WC•e 0 ( 2 Sc) 

/ 

M(L) == kt
1
WCl) ( 2 5 d) 

The general solution of the static disple.cement eciuation 

hP.comes 

(26) -
Suhstitution of the four boundary conditions of Equation 

(25a,~.c,d) into Equation (26) gives 

11 



0 0 Cl 0 

' f ~ 
0 b 0 

.51Nf L C.05tl (, c. 0 

(-r=.\.s's1Nfl + 13c.o':>f-) -w:'co&f L -/s'~~l 0 d 0 

Y:cz 

For nontrivial solutions of these four constants the deter -

minant of the coefficient matrix is set equal to zero 

givinp, 

f + ( W,s1>fl-f'cosfl) ( 1 +~r,·L-co'tl) 

+ ( fH{'"-c.osfl +f suy~L) ( SIN/L-fl } 
kl, 

+ ( ~~ft 5\~f'l - f cosrol ) 
I . . 

0 

For the special case kt, _ OD and ktiz. _ O , it follows 

t hat 

tL {27b) -
which yields t he same values as Equation {23c). 

For the special case kt, _ ~ and kt.1.. ... r:J> , one obtains 

- 0 {27c) 

The lowest root of this Fciuation (27c) is f.L "" 6 . 2832. 

The general solution of F.quation {27a) sati~fies 

t he eouation wi th kt , - 00 , 
EI 

12 



;' ~ C) l t 1 t i. • -, F r.:o ! ·~ i ('" 1 ( ! " 1 i " n 1' t . ·J • '1 .--. 1 h ' E t t i. n . 

?. = ( - O S I ( 
' ' ) 1; - T) ~ ~ ; . ~ . \ 

, a n c kt, l == l~ T< 
E1 

I. · or p a r t iC L' l .'.1 r v alu e., c f kta.l ti\ Q o n- ~ sp< n d i n <J 
El 

': c:d . u e -~ o f ~ l Cl :· ~ l i s · ct i ri 'TC\ l..i . ~' ·" ; 1 J .-1 1 d . t t u ! th e 

i n r i s ur 1 . 

TABLC ~ - Cr i t ·cal b1 c · lin · load frn:- a ve rtica. l 

co l umn 1 · t h S?r ing supr-ort a t or1e n• ! , a d t he o t e r e nd 

!t..L ~[ ·kul AL kEt/ Al ll l ~ 

0 .00 A . Aq~5 o.!>O 4. 711 ~ 7' .00 ~.i.00.5 

0.10 A .EH.74 O.'lO A.7 ''4 'b.00 5,,,,7 
0 . 2.0 A . _.,I.OS 1.00 A .1'li6 q , OO S.71U 

0 .30 A.5qlb I. .oo 5. 01~\ 10.00 5 .757~ 

o .4o .4 . b1.'37 '.3 .oo ~.1qe1 100.00 I,. H~ID 

0 .50 4. (,5~q A.00 s. ~1.92. 1000.00 /.., .t7{,q 

0 .t,,o A . "sgi 5. 00 5. 4~~t. 10000.00 J. .t. ~g,i; 

o .-ro .4 .711~ , .oo !l . 5271 1000000.00 b.i~~l 

I ' 
L . J 



p 

I·' 
10 .00 kt. 

9 .00 
l) 1!1: ( S1Nft/ -,.1 COS ft/) ,.1 - ~~I [ftl SIN pl - 2 ( 1-co~ph] = 0 

8 .00 

7 .00 

6 .2&32 r-------------------------------------------~--------------------------------------------aoo 

5.00 

-4 .4935 

4 .00 

3 .00 

2.00 

1.00 

o.oo 

0 .00 1.00 2 .00 .s .oo 4 .00 !1 .00 6.00 7.00 &.00 e .oo 10.00 11.00 lt.OO 13 .00 14.00 15 .00 

Figure 7.Curve of AL vs . !tJ:. for a Vertical Column with a Spring Support a t One End, 
1• /!I 

The Other End Fixed. 

kt\ 
E.I 

'f--4 
~ 
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CL/ .P'j ·- r: I I I 

3 . .1.'i • ._: Gene r a l colutio n of : · o rcc·-I i .~ ·-H· S i1or tcning f or 

Slanted Co lumn \; it l S n · Lng Support a t 1 ·· · 1 < ~ .. c:. , '_.'he Ot he r 

Ln d S imp ly Supporte<l . 

1. i ru n .' G . - 1 antC: (t C."o lun n \. itl. " p r.i.1 g S up~ort 

The ·.l n. .. ~ rn.l soluti n f or t llc co lumn t. J. J, c c· t i c : r m 

( 1 8 1;) 

wcl~ -- b(co.st1-1) M- L~1y1- !l 
w1#i W,L = -1b~n~tl + .1:..tc0 5/'Z - ~ 

a'ld wl'll -;bc~ft -.Gt~s'~fL 

DO ..J. : .c· ,r ., co ne.it.ions 

M(o) (2 9a) 

Mc1) 0 ( 2 9b ) 



fl' ' ...... , 
... ... L,: c..: 

a ... u 

b - kt/~I [-~ _. ~,h~ J 

C- - (~) •x.,., <o•f L ~C~-f'•'"f l 

I\ 

8 

It fcllo \1S fr o1. I:CJ u ci. ti o11 ( 3 1 ; ) tha.t 

w)L - (;){ i~oot'l ... ~-1ir1- ·) 

w:t _ (~)'( ~~INfl +tA~co'f(s''tl- (lA&•wr'l. .&~abtaz 
-l.bCO$n +I) 

:·0 Lin0 LquZttion (l :J ), t ,1e axii:li displacci~1 .n t .be c ome s 

{ J Oa ) 

( 300 ) 

(3la) 

( 32 . ) 

( J 2 b ) 

{ 3 3a) 

( 3 3b ) 

uc~e t1 -(~)(:f [(Al -~~•Nttcosn •lA~~·t1 ·.c~co~i 
~L ~f A A. 

+ "'fZ + ras1N~(co~f1._- AA -..te.s1~~! 

~rz J ( 3 4 ) 
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r:c cal l ing t he c l a ractcri :; t.i. c Equatio n (lG ), it follow s that 

( 3 4} 

(35a) 

(J Su ) 

one o h tu.in s 

0 
( 3 Ga) 

Using ~he q uad r a · i c e quation , i t fo l low~ t hat 

( 36\>) 

Nur.1crically i 't is found t hat fo r T Lo , t he n inus Gi gn 

in front of the rad ical in Equ a tion ( 3Gb ) mu s t Le 

us0L'. , w 1i l c T :?" o the positive si·gn i s n e c essa r r . 

- ~ The Solution of Force-Head Short e ning for Slanted 

Column with Two End Simp l y Sup ported. 

Letting ~t = O , Equations 32a a nd 3 20 become 

- . (37a} 



..L 
2 (37b) 

i .-J tti:i'I f' q ua t ion pr)) , th e h": ·1d d isplaceme nt beco mes 

. ·. t ing L( · .:i. t · uv· .3 S ) u. n u ( .: S ' ) . Li,; ; .• ~ u.t -' ;p l ac c n .-:~ t 

'1, i 12 corr t..:.SP iuJ. i n<J lo _~ i ; , ru i 0 ~ ...: .. i-J ~- v '! l , ·1 I .cr: l ;-'tiort 

( 1 :J.-:1) -..1 :.5 

( ~: (. ) 

., vs . f, 

L: c :' · rame tr i c 

t.1 ~ 1...011 I i ions ' + !i a t 

0 ( 3 ~ a) 

( S-T) cot~o( 
(3 '.)0 ) 

'l'ltG cu.:.. V <f vcr ~; u.· 

.l! .U :i..·C 
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<" · ..i~ l i ons 

== ~(1-to.~) 

(t)[f(1 -tp)+ta"~] 

l , . . .... 

( ~, u ) 

( 4 '.))J ) 

q i vc:n 

( tll u ) 

·-:.le f )l m ·in g e q ua t i o ns ar } .., s :J 1 , ,1 · ..:: .:ib l c f or tl "' ,n ·e s t..! n t 

_:_A: ( tp cosot. ... 4' ~•thl ) 

@4"- s_ o 0 ( .1 ia) 

= ( S - T ) c.ot -i ol. 
( 2 b ) 

an ' = S i s o , ~ in0 1.., f ro r.1 p rog ram .iu .t,J "r C in Appen1.. ix I . 

ic l' Cinge o f '.k r-ia rame t .. r lf · ~; ~ c t ·r;nl.1C! ut i li ;:; i ng progran 
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CURVE 1!QUl\"TION& C.OhWUTER PROG~"t.I 

O.fl& 
5 . 5 t..b,, 'T0.. , "37'b_, .,sb_,s~c. A 

&.F 1?>bb_,40<lJ40bJ410.JA I b 0 

o.t"' 
t-1. 82 .!l 

0 

0.11 R !SO.O 

S.F 

O.to 

5,S 5 .1" 

0.11 
~ ... ,,,,,, 0.110~ 0 -210'1 

1.16 s 0 . 0 -'\59' 0. 010~ 

o.w 

0.11 
S . S. 

--- - -1--- - - -- ----- -- - - - --- ---...:-;..:o.o""!'"'"---

0 .10 

o.oe 

0.QI 

o.°' 

O.Of 

O.oo 
o·~.o~o---0-+i-----+-~---+-~~-+-~---+-~.l--+------+-~~-+-~~-+-~~-+---~~~ .01 0.02 o.os o .o.c. o.os o.oc o.o7 o.oa 0.09 0 .10 

Figure 9.Curve of1vs.S for The Slanted Column with various 

end condition. 

. z.o 
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t a tion . 

p 

.. _.· .:_q re · l C . . •. \ ~ L h wOWCr , l C~ 

Ir. •l t ·;. J! , • 

_, ..: t. i1i s c c lu;. n , 10 , , 1,,._, '"l L1 '.:\ l ' "' c _· ~ l ~l h. ! j aro 

... 0 4 3 -. ) 

0 

( 4 4) 

{ 4:) ) 

' 
"< v .. l i :,q Ll:c c: 1u. ra c t..;r is ti c i :" 1ua ti o n U G) , it fol l m 1s t h a t 

W-+ [, ( 1 _ ~) + tanf J ( ~ J'~ (¢) f; [ta"f-i" )cotol - 0 

<-t:t ir.s T4 ~(f-to.vif') ( 4 Ga) 

S4 J_ [~(I -~) +tan~~ J 
4 f!J I ( 46 ) 



.... 0 :I 

or using t he quadratic e q uat ion 

( 4 7) 

Equations for th i ~ case arc i <lunti c~! t o ti latter case with 

the end bound ary c ondition[; intcrcha1 1Jc<l . 

'L ms, the se two typr:: s of co L1mns i1a v e t he s a me c urve <( 

v~~ rsus S c urve. 

3 . S The So lution of ror ce ·- :: d Shorl.c ning f or l.:mted Colu,1:1 

~ i th Do th Lnd s F ixed . 
p 

Fig ure 11. Slanted Column with Doth I::nds Pixed. 

"."' ..::· slan ted c-)2. :..unns wi t ll both the l owe r and t ' e upper end 

fixe d in rota t i on , Equation s (Ba) a n d (lla) are applicable 

With 

.., 
.1., 

- 0 

0 

result ing displacements arc 

22 
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v...) 

w1 l > - A [ .. Nn-td '.:;Nc;r ! 1-Co•n l} J ' ~ s i 

U(VJ) _ ~? --L(~Jt{l-c.os,.s[r-cos~ (1.A-rJ-s1~l~'fJ} 
L l Sf 'I' SIN!" &IN,S ~ I l I l 

-b + &co~i - no::, 1,,8~ J 

·•tt -"'"'tr+ 6lN 'f1} ( 4 9 I 

~• r. >L . . .::·L l c ~ur th i s cu :.3 0 e xcept 

8..5 
1 [ { 1-co$1")(/-/GOsl-~&1~/> LJ 

"1>~·~~ 

- !>SINt ( COHf' - GOS f' --f & 11\tt> l ( :.> Ou ) 

T.6 - t»'•-t [ f"'"f' -• (I - CO•(>) J ( r: " :._') 

4"' -A: r"' co• ~ + 4> .... q . (S la ) -
s [-++(~)'s]co>~ - r(~)s1•• { 31 1.i ) 

@ ,- - s - 0 i1 0 ( ..J 2a ) -
~ <( - 0 

"' 
(5-T)cot.tO( ( .J2I.:') ...... 

an u R = 5 0 i s ol,t o. i nc' froi'1 jlrogrrJ:n .lun o r 7 in J\ npend i x 

I. The r a n g e of t he p a r.a1.1c tc r ~ i s c'. (! t *:r;-;i .:i.n _cJ. u til.izing 

program ~ -1' ::11Jc r B · n Apf r..m d i x I . 
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Cu r v e o f <( v s. S f o r Th e Sl.:rnte d Col wnn wi th 

Va r ious r n d Cond i t i on . 
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C'. i . . '""''_ L ~,:. IV 

,J . l '""_'he r:i ·•en alue Iletho 1 

I n aJCi tion to thn non linear ~orce-d i s >l acement 

me thod in t h e 'l te.rminat ion of the 1 u c;;. L 'HJ lo ads o f 

s lanted co \r ,ms , the e i g env a lue mc t bo 1 i:>res e nts a more 

. .2 irect a n d e f fi cient method o f dete r : ,i ning these 

critical loa.ds . 

The to tal p o t ent.a l e n e r q y of th system c on-

s i s ts of the str.:i.in ene r qy of deforr.:ation . The potenti a l 

- ~e r JY of t h e ex t e r nally ~ ~0l ied f orce is neg lecte . 

·r 1 e nergy fun c tion becomes 

"' y 

'I' l <.~ c ,nstra · tY .'-\c;ua ti on · at Lhe u p;)er · n d takes t he form 

0 -
The climensionle ss form of t he t otal encn:ry , utili z ing 

the Lagrange multiplier techn i q ue, i s written 

I I 

vcl - A~ l { f 1 [ lt~t - <j. W' ~l]J1 + ;1;i. i ~·'l1 dx 

1'[0.<1 l~1•~ +W"(1 k.os~} (5 3 ) 

Where the nondi mensional notation give n in Eq uation 

(Sa, b, c, cl, e, f) is utilized. The ? u .cameter / 

~agrange multi p lier con s t: ::i nt. 

Yi~lJ t h e equations 



and 

fov­; 

Equation (54a) in solution fo~n is written 

(54a) 

(54b) 

( 5 5) 

Equatiori (55) contains four consta nts a, b, c, and d, 

which together with parameter~ (included in the boundary 

conditions) yields five constants which must be in-

vestigated. Four boundary conditions on the function 

(two at each end) as given by Equations ( 3,9,11 and 

12 ) (with 4=> = /cos~ ) yield four homogeneous 

equations. These four equations together with Equation 

(54b) produce a family of five homogeneous equations 

from which the variable/ relating the c r itical buckling 

load and the slope of the column is determinable. 

4.2 Eigenvalues for a Slanted Column with Two Ends 

::>imply Supported 

The boundary conditions for simple supports at 

both end are 

- 0 
(56a) 

w,ll(o) 0 
(56b) 

W,ll(I) =- 0 

( 5 6c) 

-~ltlc, ) +I W.,ti ) ... rtlc.05~ == 0 

(56d) 
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wit! U.(1 )Slt-llj + N'(I )C.O~o( 0 ( 56e ) 

Not · ng Equati o n \ 5:; ) c- nd E ·uuti o n s (::iG2 , b , c , d , e ) 

o . 2 o btains t he f ive equation s 

a. "1- d - 0 

- 0 

- 0 

- 0 

with a ma trix ~arm of the s 0 equatior s written a s 

0 0 0 Gl 0 

0 0 0 0 b 0 
CO!lt SIN~ 0 0 0 L - 0 

!> L 
d. 0 0 t 0 ~c.o~ 0 

L C05f!JC..OZ>rJ.. CJ:J~S.IN~ fCO&rJ.. LO~d.. ':>I~ o( f 0 

Investigating the possibility of curve d forms of e q ui li-

brium, we observe that the onl: way t o h ave a nontrivial 

solution of these f ive e q uations is to h.-we t he deter-

min nt o f the coef f icie~ts s u a l t o ~arr . .h is dete rmina nt 
is 

0 0 0 

0 0 0 0 

tosr &'~f 0 0 0 - 0 
~ « 0 0 ! 0 RC05cl. 

tosrwb'J.. lO~C.Of>f I f!.,O!:Jfi. e.o~ 
l 

51N ~ 



;.!\ i c h y io ld s 

0 ( 'j 8) 

.S o ..L ~ L.ion s of t he l e- tter Eq u aL: i on t ti k e t h e f o r m 

a n 

61~ !° 
Rcohi<.-f -

0 ( 59a ) 

0 ( 5 91.i ) 

'.J:' [,n root s of I::qua ti on ( S~ a) r < n -csen ·. .h e critica l b uckli n rr 

l oads f or ~ - >- s ;")ecial a s e o f a v c rt i c 1 cc:.lumn (~.c. . ti_o } . 

Th . root s o f Equation ( S9 ) 'ield t he criti c~ l h uc k ling 

loads in te r~ f the va i ab l e ~ Ti 2 nu.11e ri c al s o l uti o n 

o f the latter ecruation a. r e s }i o wn . i 1 -1.e 3 . Co n ute r pro -

')r a in i~ u lbe r ') u s ed to J ete rrai ne t r G 'H?. va. lues is contained 

ir1 p p e nd i x I . 

TABLE 3 . r:: i g e n v lue fo r c. .-~i.1 1 t ~ c l .o l m . wi t l 

t wo e nc si r ._):'.. · s upporte<.1 . 

o< ~ °' 14 o( ;8 ()( ;a 
0.0 ,, 141~ A6.o ,.141!:> ~•.o '· 1.415 ,~ . o 1 .1..(oo 

13. o ,.14•5 &0 .0 "1415 ~' · ~ 1 . 0'!5•1 tc:t.o 0. i1lf 

,,.o , . 1415 T5.0 j. I A IS 91' .o 'l. 'too '10 .o 0. 0000 

· . J r:: i 0 e nva l u -,s or a .... l .l' t e cJ \r. 1 1· · 1 ... _h 1 ring Support s 

at "";ot i1 C.!: d •. 

28 
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B unda r y conditions f or s p ring supµo rts at bo th e nd s a re 

@7-0 - 0 
(60a) 

-
(6 0b) 

@ t - I 
(6 0c) 

(GOd) 

wi t.1 
0 (60e) 

Ec: lltion (5 4a) in s o lu tion fo r m is writt e n 

( 61) 

Su>x -: t i t ut ion of the five boundary cond itions o :'.:: Eq ua tion 

( 6) , b , c ,d ,e) into E < uation ( GJ) gi v es 

0 0 0 ~ C> 

t ~ kt, 0 0 b 0 •l. •1 
c.rc~f ---~s1'1.) (/!>INf-llit.of) -fil1 0 0 c - 0 •r u 
0 ..) 

RclOc( d 0 
f' 0 

0 

lO~fto5J., 
to~f s1~ f lO!.(J. 

.. 
0 lOS( SI" ( 

cLte rminant o f t he coeffic i en t na t ri}: is [;ct equa l to 

7.ero g .iving 



{ R<(~)( ii•)co:.i}co•f- { 1 ( ~~ )(1i\') R'to;ol -/ (~) ,,.,',; 

+/R' ({¥)col• -/(~i')••-'ot ... 1N(*)<o,,'-ot} l••f 

{ 
( ) 

r. !5 2. 3 1 ~ t( l ) l 
+ ~'f P-"oo~~ - ts'" C( .... f Rcof><J. "'"f'~ ~/ to~~ 

<-/( ~~·) ( ~~·).,•<'ot -f R'( ~·) eol« + R' ({¥)(*)us'. ""f} "~f 

0 

0 

( 62L) 

-h , t is . kt,_ c::lJ 
•1 

0 ( 6 "c) 

. n u.r12 r i c=tl S•. 1-.i_tio:i 

l...(r "i ut .~ r p ros .. a i :1 1 0 .1 n c~ n)•J r a111 11 are used t o d etermine 

3 0 



3 .. . 

'l.',"\t 'LE 4 . r; igenvalue s o :F a s lan t ed co lumn f i x ed at lowe r .ends 

~n u~per end simply supported for variou s inclina tion angles. 

ot 121 I)( ~ ol. ~ OI 16 

0 .0 '4,Aq~ 71.0 4. A5AS jS. 0 J . ~S35 f'!.S I . ~150 

l!S. 0 ..( . 4"~~ 71 . 0 A .4.4 c.~ f/..O '. '1li "'.' I .f>o'o 

'° ·o A .4'1tt /t;. 0 A. 4%0 ~J. . 5 J . 0'6l'J 9'1 . 1 I. ,,~.o\q 

A5.o 4 .4c:tll. so .o 4 . A"'O ST .o 1. . 7~ 'J'j ~q.'1 I . ro1SO 

/.o .o 4 .4~14' fl .0 ..4. ~'110 911.o t. 2'150 " ... '} o ·"w:i 
,,,0 ... 4,5, j;.o 4- .t.95S ,, .5 I . q "00 '{O.o 0 .oooo 

1'.o A . .H.10 1A4. 0 4 .IA54 ~.o I . 7.55h 

T;,_1 Lr; S. _ Eigenvaluc: s o f slan t ec:. column f i :rnd at both 

ends f or . var i ous inclina tion ~ngles. 

-

o/ 13 ol (J o{ ~ r:,t ~ 

o . o 6.tf31 9'0 . 0 ~ .l4~1 $1. () j , q ~ IGj .,.~ ~. l.49J 

".o /, . t~~I '/Jt. 0 l:..Nl}P 'If . 0 ~ .5 ll 6 fc:f. q ~.'~' 
,O,o " . ti~ 9~. 0 b . l~~'I ~1.0 .If • {~(/~ 'P':i . qs 0 .54~' 

As.o /..U!I <f~t 0 ".5~J.S ~'L5 1' • tk&t q~.oo D • 0000 
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CHAP'l'ER V 

DISCUSSION AND CONCLUSION 

5.1 Discussion 

A comparision of the critical buckling loads of the 
• 

slanted columns for~ = 82.5 using the load-deflection 

and the eigenvalue method is given in Table 6. The value 

of critical buckling load for a column with simple supports 

at both ends is (jreater· using: the 1oad'-deflectio'll method: 

than using the eigenvalue method. For the case where both 

ends are fixed or for the case with one end fixed and 

the other simply supported, the load-deflection method 

yields a lower value of · critical buckling load than the 

eigenvalue method. 

TABLE 6. Comparison of The Load-deflection and 

Eigenvalue Methods. 

.S . F 

l.S<{OS"\ 

g. \Alb 

This condition may be explained by noting Figure 14. 

For the case of simple supports at both ends the critical 

buckling load remains independent of the angle ~ up to 
0 

approximately 86. The two methods differ by only 23% which 

is a reasonable · difference . since:· .,the. :f ir:st me.thod ;. ~s · 

nonlinear and th• second linear. For the fixed~fixed .·· , ·, 

and f ixed ..... sitnply~" "suppor:teP. · _case. t<Fhe. ~ :v~lue·. oJ" ~r.i·tical~ r. .- · 

;!;>u.~-kling.,1 '.load ·is: .morel. ~:rriti~~U..:lyf~it.e~~ J;;>yc R-.:i~~nge 
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0 

in ..,,/. f or d.. greater than 8 0. In neither method is the change 

in~ accounted for directiy. Thus, there is no restriction 

that one method is more accurate than the other. 

5.2 Conclusion 

This thesis presents the solution of a class of 

large deflection problems of slanted columns. The buckling 

loads determined from the load-deflection solutions are not 

the same as those obtained by eigenvalue method. The latter, 

nevertheless, provides a simplified method for determining 

the critical buckling loads for a given column. In fact, 

the eigenvalues are practically applicable for column with 

small angle (i.e.oL~f~) and large slenderness ratio 
~ 

(i~e. R~SO). 

The comparison of the load-deflection method and 

eigenvalue method shows that the effects of the change 

~n angle -II( must be taken into consideration. It is a ba~ic 

principle of elastic stability : that the equations of 

equilibrium are derived in a deformed state. If the original 

state is used as the reference as it was done earlier, 

Equation {19a) yields the solution. If the deformed state 

is used as the reference, the angle ~ , at the load point 
, · 

becomes r:J.. where 

I 
i;J.... - tX+0 

The potential energy is written in dimensionless 

form for the load-deflection method as 
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I C I 

A&L 
+ J [ u>i 4+ w,~Jdt ~ 1~~ I W;~zdt · 

0 

... [ f ( c.o!7Ju - .s.1~ clW) - .x( u~,~ ,l • Wco&/)1 .. J 
I I 

The corresponding values of 1 and ~ denoted by f and ~ 

are obtained from Figure (14) as 

/ 

4" 
I 

"6 

A 

(o.) (b) 

(63a) 

(63b) 

Figure 14. Correction Factor for the Angular Change. 

The potential energy fuction for the eigenvalue 

( 64a) 

Equation (54b) becomes 
I I 

U&l~ Ill. ~ W'C.O&"- = 0 
.:> o.t 1 - I (64b) 

with ~ 
I 

!"UJ&<J. (64c) 

Equations (63) and (64) define a new dual set of equations 

which may be utilized to perform an extended comparison · ! · _ · 

between the two methods. 
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Computer Program Number 1 

Sol ution of the equation 

~il 51Nf>L -..(fLs1t.lf -co1°L )fl o 

l DOUBLE PRECISION RK,Zl,B,Z,Bl 
RK=O. l 

10 Zl=lO.O 
DO 50 !=31416,62830 
B=I/10000.0 
Z=RK*(DSIN(B))+(B*DSIN(B)-DCOS(B))*B 
IF (Z.LT.Zl) GO TO 20 
GO TO 50 

20 IF (Z.GE.O) GO TO 30 
GO TO 50 

30 Zl=Z 
Bl=B 

50 CONTINUE 
WRITE (6,100) RK,Bl,Zl 

100 FORMAT (3Fl5.S) 
RK=RK+O.l 
IF (RK.LE.200) GO TO 10 
STOP 
END 
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START 

DOV8l• PR•cr~•OM 
R1<.,. .. 1,e, -...,e.1 

JO 

a - ~;10000.0 

9'1--* 
81-s 

J v 

STOP 



C-i-.. o uter P ro r n.r.i "Jurr:~J CT ., 

S,J lut i on of tl .:: e q uation 

1 

10 

2 I 

J 

1 0 

DOUTI Lr: PRFXISIOLT R1:, /. l, D, Z , 3 1 
RJ( = 0 . l 
Zl = -00000000 . 0 
DO 50 I= 44 9 3 5,62. 32 
!~ ·- I/ 1 0 0 0 0 . 0 
2 = ( ')SJlJ ( 8 ) - P. * vcoc; ( 1)) ~:: ; .. J::T, * ( H *D;JI ~I ( B ) 

·- 2 > (l - r 1CO<'" ( f, )) ) 
IF ( Z . L ' . Z 1 ) CO T O 2 8 
GO TO :JO 
IP ( r· . ~ .C. 0) -:;o 'TO -; o 
GO TO 5 0 
~l = z 
n 1 = 1' 
GO '1 '0 SO 
COIJTII UE 
~RIT~ ( G, l r ) RY , Dl,Zl 
For.:v\T ("" F1 5 .:J) 
rm = 1 1~ + n .1 
IF( h . Ll~ .2 00 ) CO iO 10 
.S T OP 
.E,·lD 

Flow d i agram fo r t .>1 ;_ ~; c oP1p ute r p rogri1.m is the 

~ il. - e as f lrn .. ,r <liagram for compu te r p r oq ram LJ urr.bc r 1 

with the c i12rnges 

: 1 - .1oci1 .. 0 .. 0 
I - t1 193 5 

39 
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c ,-_,lu tion of th e eciua t.i o !1 

l 

- 0 

DOU13LI: PH.EC IS r m: :' ' l\LPfll\.' XT lJ C R f I3 ( T' 3 ( ;,~ l 
x = -o. o oonr,0 01 
l\LPHA 
XDJCR 
DO 1 0 
DCOSA 
osnrn. 

= 

I 
::::: 

--

1. 4 3 ~l 89GG 
- 0.0 01 
= 1,1 0 
DCOS (1\Lf'I\l\) 
DSHJ ( l\ . ~El\ ) 

DCO'i'l. -- l1COS!\jDSI"L~. 
T = l. O 
s = o. s 
21 = X - ( ( DCO':"~'l, **2j '(S-·T )) 
H.RI.Tr; ( 0_. 1 00 ) l\I.Pl ? \, -· ,z1 

1 ') x = X+XI!Kn 
10') FOPJ-LYL' (~ 1-' l .J . --;') 

STOP 
El'l"D 
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START 

DOU•L& PClWC.l~IOH 

a l.'-PHA_,,.,INC..A ~,...>5..>11' 

l<- -0. 0000000 I 

ALPHA - 1 • .l')"l•"I-' 

"' .. '-"'-~0.001 

1--------=-i_.,._1° ____________ ( STOP) 

1 6.10 

DC.O~A. - D<.os (l.Ll'H") 

051 .. I. - 1>51 ... (.ALP!4") 

l>C.c:>TA. - oc:.oa.1. II&'"' 
"t -1. 0 
.!....._ O · S 

Fi.9 u r 2 .:'\2 . Flow ,1 ·:lg r am for con:.1 u t er J?ro g rara ::: .. mber 3 . 
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Comput er Program Number 4 

So l ution of the equation 

*- [-Tcot<X +(T~o£~ ~4st/'-J 
= -;.: ( fco£>c{ -t- c}s1N o() 

[-~ ~s(.!tJcosc{ -(!)'~'N~ 
= 

l DOUBLE PRECISION XX,R,ALPHA,BO,X,B,ROB2,T, 
S,TOTA,0,XINCR,Y,OOX,Z 
XX=-0.0000001 
R=SO.O 
ALPHA=l. 4398966 
B0=3.1416 
DO 21 I=l,10 
X=XX 
B=R*(DSQRT(-X)) 
ROB2=R*R/(BO*BO) 
DSINA=DSIN(ALPHA) 

-DCOSA=DCOS(ALPHA) 
DCOTA=DCOSA/DSINA 
T=l.O 
S=0.5 
TCOTA=T*DCOTA 
O=X*(-TCOTA+(DSQRT(TCOTA*TCOTA+4.0*S*X)))/(2.0*S} 
XINCR=-0.0086/10.0 
XX=XX+XINCR 
WRITE(6,19) T,S,0,XINCH 

19 FORMAT (4Fl5.10) 
Y=-ROB2*(X*DCOSA+O*DSINA) 
OOX=O/X 
Z= ( (-X+S*OOX*OOX) *DCOS.A.) - (T*OOX*DSINA) 

21 WRITE (6,23) BO,Y,Z 
23 FORMAT (Fl2.4,2F30.15) 

STOP 
END 
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(sTrT,) 

POU .... ~lll•C.1$IOM 1'"..1 """''"""t...,"°,,. ..... 
1to••..1 "TJ ,_,"TOTA , o_, ><I ~C.wt_., 'f_,00~ e 

..,.'IC -o. 0000001 

R 150 · 0 
A LfHA I. -4,"l~<I W. 
IO , . 1411. 

X71o 

:r' 10 

,._,.I( 
&- "41 (.l)!.~R"T(-w)) 
~01u.- •• 111 I c ao • •Q) 
D~tU - Ds11HAl.PMA) 
l>coi.,\- 'OC.O~ (ALl'llA) 
l><..ott,- Cco~A- /J>.s,1NA 
,. - 1. 0 
~ - 0-~ 
T~oTI. - Dc.o&,1./J>6.•"'~ 

STOP 

o- XII (-TccS1A+(osc1~T (1coT,\.fJ1COTA•.C.o 
.. s•lc))) I <i.o•~ 

><1"lc..A.- -o.09t1o /\o.o 
XX - lOC "- )<l~C. .. 

I./_. -ROM• (JC "'t>C.O•,._ +O• Dr.11-4~) 

oox - o/x 
• - ((-'IC. •S•oo'C .. OO><)IH)C.OS,,t.)-(T•OO>c•~·"") 

Figure A3 . F l ow d i agrara for co p u t e r p r oqram Nunilie r 4 . 
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~~ o l u tion of the e qua tion 

l 

T - i(1 -1o~) 
5 

- ~ [' ( I - t;~ ) _.. ta'l; J 

'!'-( S-T }cot<o( o 

DOUBLE PRECI s10 .. 1 x , n .. 7\.LPW\ , XI NC.., , D , T, s, 2 1 
x = -0 . 0000000 1 
R = 5 .iJ 
li.LPiI?. -- 1. ·139 0~16G 
XI NCR = -0 . 01 
110 1 o I == , 1 n 
B = R * (:!, QR'l.1 ( ·- :-- ~) ) 

DCOS D = DCOS (B) 
DCO'l'l\. = DCOS (ALP.?\ ) /DSIN (l\LI' Jfl\. ) 
DmA 2E1 = DSI:-JD/DCO ,.. » 
T = (fl --DTA!JD ) / D 

S = ( J . O *(l. O - ( DTl\.~m/13 ))+ 'l' ,'\ ~Jr1 .k DTANB )/ 4 . 0 
Zl = X - ( (DC0TA* * 2 )*( S - T) ) 
WJU'I'E ( 6,100 ) R , i\LPU\ , X,Zl 

1 ! X = .'+XIUCR 
FO P,'1A1' ( 4 F l 5 . 7 ) 
STOP 
mm 

.s.::i;:i.i,:: as flow c! i 1.0 ram for COIT!fm tcr p r orr:::-ct;-;1 ITumlJe :!'.' :· 

the change s 

T - ( ;J - ::JTA:m ) / 13 

s - ( 3 . fl * ( 1 . 0- ( DTNJ ·:JD ) ) + :JT.7\~J!': '~DTAHB ) I 4 . (j 
IJ - H* (DSQnT ( - X )) 
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, ' 
.l. 

21 
23 

T ·- ~ Lt!--ta"' J 

.s - t[' ('-~) +tQ~; J 
cl> - fs [-Tcotti( "!: { T~oi~ +A~'f J1 J 

1"" = -f ( "1co!.ot; <bs1N~) 
[, - (-'¥ + S (:) }o!.o{ -

x ~ -.;, :;;;: .. ~-! • l lJ 0 0 0 l 
l<. ::::: 51 1. ( 
,·,L J, f?. =-= . · 3'.) ~'.'.)G(. 

:',Q=:: ' • '. '.' 3 4 
DO ..: 1 I =l, .1 1) 

B=l ~ X ( ;) C Q:" I ( <")) 
.n.o--::= ~~ *f / ( :1r * ,;r· 
D~I~Jl\= u~~I.' ~ (JU,? I! I 
DCOPl\= Dcn s (/1LP: J 1) 
l)C ( ) ';' i\.=- L C' , 0 ?1/ J ~; l. ;_ . 
D.'.' I. :-r:= D': I:.1 (J-: ) 
DCC ;.: ~= i.J COS ( i3 ) 

tY.LJ~'. :~ :3= .) ,C: J . -B/ DCCK ·_; 
1'= ( G DT.: l'Jl."'. ) / '2 

T (:Jsn~~ 

~;::::: ( 1 . n ,., ( 1. n-. ( D'l? .; IL/~ ) ) +;)'J']'_;;r; :': DT t i fL ) I <-. ·. 
TC0'.:;:'l\=T ,;.- DCOT /'. 

r,:=::""· ( · '.1. ' C0 '11 · ~ -( · · ,:.{ ' .~,'( '.~\~ 0'.L'. ·,.~'.CtY'.'l\ t- /. . '1'':-; * ·; ; ) / ( .'.'. . O* S ) 
:·~ ~~ ; '-:~= -- 1 . n "- ~.~/1 0 . 0 
~ -~ =~·~:~+~, ~ Ii CJ1 

~-T .1 ~·-= ( G ! l {) ) T ' ,. ; ~, , .''.L'J < :·t; .. : 
"'O J. ~-1.:\'.i ( 5T'l S . l .1 ) 
Y=---=· '~O.) ~: * ( X * DCO.S,'\ + U "''.)["; IL i l\) 
OOX=O/i. 

~· = ( {··· X+ S *OOX *( 0:·: ) * r •c•JS . ) .. (': .. ' * 'JOX * DS LL:"\ ) 
"J.. I ? r. (6 23 ) i,~). "{ , ::; 
F O .... · " !\ T (Pl 1J • 7 . ' l :! • :1 • .2 F 3 r • L i ) 
Jr:'<J:·· 

r,-y_ 
- ; .. u 
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46 

s a ne as flo ·1 d .i. ·:; r 2.m f , r compute r p roq r a m Numbe r 4 with 

t 1e c lrnrn; es 

T - ( n · D'I'A:rn ) / n 

~ ;... r ., • o * (1. o - ( D"'J,!:·J~/D ) ) + D'Tl\ Im *DTAim J / 4 . o 
GO ~ ~ . ~ 01 4 

XI NCR ~ - 0 . 0023 / l ·J . 0 

, .. 



l 

So lutio n o f the equation 

S _ ~~,~~ [ ( 1-co~f) V-f'O&f'- ~s•iff)-.:35•~/' (c.o&cf-Cosff!>'N(>) J 

~ - (!I - T )cot tel. - 0 

DOU JL!:: PHECI SIC!!1 X , ic , i ' ..... l: H \ , XL JCR , 13 , 'i' , .<;, z l 
.X== ... 0 . () I) 0 0 0 0 ( 1 
R== SO .O 
1\LPHh=l . ·13 9 8 9 6 0 
XllJC TI=- 0 . 001 
DO 10 I~ l,1 0 

B== ~ * ( DSQRT ( ·- X)) 
DS I N.i3=DS I N( E. ) 
DCO D=DCOS (I3 ) 
DCOTA= DCOS (AL Pf:7\ ) / DS I N (1'.L r lil\ ) 
D'I'lUJB=DS I NB/DCo s n . 
T= CD * .. s nm-2 * (1. o--ncos, ) : / ( L: *DS I Nr. ) 
S= ( (1. 0- DCOGD) * ( _.-- .i * DC'O '.-;j ~ J . O* DSHJB ) -· J . O* 

DS I NB * ( DCOS ( 2 * D )-- DCOSE · · ~ * iJS D1B) ) I ( . O* i.3 * 
D.S I'\D *DS I 1JD ) 

Zl=X-( ( DCOT1\**2)*( S - T )) 
ivIUTE ( 6 , 10 0 ) R , .l\ LPIIl\., X , ?. l 

1 0 X==X+ XI iJCR 
1 00 F O!-<Bi\ T ( 4Fl5. 7) 

STOP 
End 

Flo~v c'. i agrarn for t h is comp ute r p rogram is the 

same a.s fl ow diagram f or c or:1_ u ter p ro<:; rum !..Jumber 3 wi th 

t 1e c hang e s 

T - ( 3 * DSI:·m - 2* (1 . o - oco s rn > / ( 1"3 *Dsr:m ) 
S - ( ( 1 . 0-DCODB ) * (L-G *DC r) S I'. · 3. O*DSIUB ) 

·- 3. 0 *DS E ! 1 * ( DCO.S ( 1 * ; ~ ) ·· C'l f'I3 -- D * D.S I NJ..>. ) ) 
I (1. 0*.3* DS L J.G * DS L ' B ) 
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1 

0ol ution o f t he equation 

T -
s -

-
-
-

~SllN(> [/~'tit -I. (I -CO&f' ) J 

•,s ~ .. ;.. [ ( 1 -cos/' JI/ -f <o•f-"'"'f )-S•• "!'( •o•'f' -<"f-!' .. "/' J J * [-Tcotll. '± { T~ottae +4s~ Jl J 

-R' { q, COSll( +- cP SIN~ ) 

~ 

[-+-+ s( :f ]cosJ. - T(:Jsn1d. 

DOU r :c PRI'.CI SIOi'J X~,l,. .7\ ,J''."i\ , DO , X,B , R0~ 2 , 
TI s ; T C )T-\ I 0 Ix I'JCH ( v I oox I ;-; 
x~ ·== - o . 000 0 0 01 
R= :> • 0 
l\.LP!!A== l . 4 3° 8') (, r, 
DO==G . 2 8 3 5 
DO .21 I= l , 1 0 
X==XX 
1=R* ( DSOP.T ( - X }) 

ROD2=R*R/(B0*3 0) 
DSIJV\=DS I N (ALPili\. ) 
DCOS P,=DCOS (ALfT.z\ ) 
DCOTA= DCOSA/DE3I N11. 
DS I NB== D.S I N (B ) 
DCOSB=DCOS (B ) 
DTJ\~JL==DS Lrn/DCOSB 

'I'= (0 *DSINB- 2. I) * (1. 0-DCO.SI:. )) I ( r, * DSHJD) 
S= ( (l. o ·-DCOSB ) * ( H - D'~DCOSO ~ . . * DS i rJB ) -- 3 . O* 

rya Nn * (DCOS (2. O* B ) -Dcrw :: - '3*Ds r:m )) I ( 4. O*D 
* DSHJn *D. PF~) 

TCOT1=T* DCOTA 

O== ::* (- '.!:'COTA- (DSQRT ( i:'COTl\* TCOTI~ +.-1. O*S*X))) I (2. O*S) 
XLICH= - 0 . 006 8/10 . •) 
XX== XX + XIi'TCR 

~ i.'.UTE ( G,1 9 ) T ,s ,o , ~~rrcR, X 
1. FORMAT ( SFlS.1 0 ) 

Y== - ~or;:::< (X*DCOS.l.+ C'>'' DSii'Ii'. ) 
OOX==O/ X 

::: ~ ( ( < \ +S*OO X * On.n * DCOSA) . (T*OOX *DS HU\ ) 
21 '•!RITE ( 6, 23) DO , Y,Z 
2 i FOR'-11\'I' (F l 0 .7 ,2F30 .l ::.i) 

.... ,, ... , 
! ' ! -
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Fl o~·.r cHai:;rA.ni for t h i. s c onp uter p roc;ram is the 

Si."':.ie as f l ow d i.:19ram fo r co1~1pu ter p r o g r a m nur1be r 4 with 

the c h .:=i.nge s 

1
1 

(D*DG I ~~B··-2. O* (1. 0-- DCOSD ) ) /CD *D~IN0) 
S ~ ((l. 0-DCOSB)*( D-~ *DCOSD - 1. 0*DSIN~ ) 

-- 3 . O*DS I NB* (DCOS ( 2 . O* B ) ·· DCOSB--B*DS I N3 )) 
I ( 4 . O*D*DSii-JD *USii\TB ) 

no ~ C.'.' J Js 
XI NCR -+ - 0 . 0 068/10.0 
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) 

Co;:1µ ute r P ro ~1 r n iJu 1b e r 

:.011t ion o f the eqL a ti on 

l 

~ - R.c.otr:J.., ,_ o 

DOUGLI:: P~ ··cr sron ;: , ?,LPL'., r , ;; , t r ucn 
R= sn . o 
l\LPlfi\=l . .SG2n GS'G 
D=0 . 43 C1 G99 
')t ) 1 0 I= l,1 0 
Di i.JC ' = U. OOu l 
DSLL)=Dsr:1 {D ) 
DCO:JD == DCO.S (LJ ) 
DEi I!J, = DS I . J (ALI' Ill\) 
DCOS~=DCOS(~LPlI~) 
DC T/\. =DCOS .Z\/DE:r ; J,~ 
~~ = L.:· J * DCUl'i\ 

: Ji .. ITr; ( fl ,1 00 ) ~,l\Lf'J I,\ , :~ , 7, 

FO 1\l·'liL ( 4 P 2 0 . 7 ) 
;..1 '1'0P 
Li: JD 

so 



START 

oou•LI ~~·C.•••ON 
... , ,,.._ ...... _, 9!- r.> ""~C.R 

R -eo.o 
l,1.PHA - 1.9(,qq(jWf . _, .. ,.~ 

f>- S-&lt\C ~ 

PS1r.ie.- O~ll"IC.I) 

J><.ot.a - Oto!. l a) 
D.\11\j~- Or,1~ (Al.PHA) 
)(OSA- DC.O!> ( .. L,144) 
D~o·n-- oc.ou./ I>snu" 

STOP 
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Comp uter P r c1ran i.Jur:i.ber 1 0 

Sol ution o f t he ~qu ntion 

1 

1 0 
1 0 0 

0 

DOUD Lr. I' '\.I.~C I S 101 · r; .- 1\LP JI.i\, D, :"'. , ~I: lC R 
R=SO. O 
,"\L'J:' lL\=l. -13 93GG J .) 
B= 4. 3 5 ::- (~ 

DO 1 ) J= l , 50 
,r i ~C . ,= O . 0 1 
iJSJ ; ; 1~=DSHJ ( D ) 
DCOS l~== DCOS (B ) 
DSrJl\=DSn (l\.LP J!/..) 
DCQ .. ,,'\=DCOS (A L P! -,'\ ) 
D7AN~=DS INB/DCOSD 
D'I'l\i; ,- = D:::; I:·J l\/ DCO ~-: 1-\ 

DTI\.:~, 2= D'l1.\ Nl\ * DT!\ JJ'\ 
::: = ( ( B - iYI'At.iB ) / ( b *"" J ) ) *DCOSA * ncor,A·- ( o:..:rrn ~' 

os r ~ .". ) / ( R ** 2 ) · 
1'7RI'f _ _., (G , 1 00 ) P.. , AL ; ,7\ ,B,~~ 

D=~ D I ~ lC :{ 
FO R' IiT ( -1F20 . 7) 
srroP 
E l'JD 

F low di a q r arit for t ll .i. . c omp u t er p rog r .:i.1 is the 

~ci.me as :!: l ow c1Lv1ram for coP'lp-'..l t e r p rorr r. ar' Nur.1b_ r 9 

'.vi t h the c h .:inCJ€'S 

z -c ( D- D./,l'U) / ( J.\ 'A- * :n ) * oco:-=;\*DCOE~A 
- ( DSLL'\ * Q; I T \ )/ ( ': * * :: ) 
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Compute r P r o g ram Nu1ilier 11 

oolution o f the e q uat io:1 

1 

10 
1 0 0 

- 0 

DOi!HL":-: .:..~~ECI S I 01 J R _..'\L:): 1l\ . DI=/ T:i L :CR 
r::.-=5 0 . 0 
."'\LT' :;_\ = l. ::>G 9 . :2~ - c 2 
l~= G. ~~ 8 J 0 
D'.) 1 0 I =l. 1F 1 
~~II;C ':= 8 . 0 1 
DCOS:i=DCOS ( r: ) 
D;:" I 'J.7\.= ~ I U (.?\LP U ) 
Den: ' :::DCOS (,\LPIL ) 
D'!'l\;.J0=DSiiJB/ DCOr;n 
D~'.' ;\: .J l\.=D S i tJA/DCO .S/\ 
D 'i'A~ :}\ 2 =DT1\.NZ\ * D7.'\ 7 J)\ 
I. = ( uv:~INT>. *DSI : !l\ ) "'"1 )S INI3 ) * ( (P.**3)/ ( R**2) )+ ( (DCOSA 

** 2 ) * (DCOS I\ ** ~ )) - 2 . O* ( ( oco;:;,l\ ,., ,.. 2) *DCOSB- B* 
( (DCOSAk* \~ ) *DS I UB ) + ( (DCO:'i\** 2 ) * ( DSI"m 

* *2 ) )+( DCO;';.'\ ·-*:'. ) 

13= :3 - :nl'JCR 
F\YRi'L\'1' ( 4F 2 0 . ·; ) 

s'ro1> 
i:::J:.> 

-· 

F lov c i .:1cyrarn for th i s COH f ~Jte r 1:. roc;ram is t he 

same as ::= lo•J (' l .::-tt:; ra n -~ o r con ;_)ut"' r L ror·-rarn Nu rr.ber 9 

\vi th the chan :J .s 

z --( ( DSI"Jll.*DSi iJA ) ( DSILE1 ) * ( (B ** J ) I ( R** ?. )) 
+((DCOSA** 2 )*(DCOS ~ ** 2) ) - 2 . 0* ((DCOSA**2) 
* DCOS~ ) - ~ *(( n~osA**2)*DS INil )+((DCOSA**2) 

*( DSINR ** 2 ) )+ (DCOSA** 2 ) 
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