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ABSTRACT

WALL INTERFERENCE IN A SUBSONIC WINDTUNNEL
WITH SLOTTED WALLS
Vinay Singh
Master of Science in Engineering

Youngstown State University, 1979

A method for the calculation of wall interference in a subsonic wind-
tunnel was developed. A rectangular windtunnel with slotted and solid
wall elements was used. A 1ifting model, represented by horse shoe vor-
tices, was placed symmetrically about the center inside windtunnel.

The total velocity potential for the flow inside the windtunnel
is expressed as the summétion of perturbation potential and the velocity
potential at free stream velocity. The perturbation potential is the
contribution from the model and the boundaries of the windtunnel. The
model potential is assumed known and the interference potential, which
is due to the walls of the tunnel, is calculated.

A non-dimensional Laplace equation for the interference poten-
tial is fourier transformed and solved. The particular solution is a
Bessel function. This solution is used to obtain an expression for the
interference potential due to any slotted or solid wall element. The
expression is multiplied by the influence coefficient of each element.
The influence coefficients are obtained by satisfying the boundary con-
ditions. The total interference potential due to each element is cal-

culated. The sum of the contribution due to all elements.gives us the
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interference potential due to the wall. The interference potential is
used to obtain the upwash and the streamline curvature in the transformed

plane. This is inverted to obtain the upwash and the streamline curvature

in the physical plane.
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CHAPTER I
INTRODUCTION

Windtunnels are used extensively to obtain information regard-
ing 1ift, drag, center of pressure etc. In order for the data to be
accurate it is important that free-air conditions are duplicated while
testing the model in the windtunnel. To simulate free air conditions
corrections for wall interferences must be used. This thesis consists
of a method to determine wall interference in a slotted wall subsonic
windtunnel.

In earlier years of the development of windtunnel mostly solid
wall wind tunnels were used. The' size of the model tested, was usually
1% or less in size as compared to the test section area, to avoid the
problem of blockage. In recent years it has become necessary to test
large scale models with unprecedehted accuracy. Ventilated windtunnels
avoid the problem of blockage and full size models could be tested in
them. Several studies have been conducted to determine the effect of
the various parameters on the types of interferences for ventilated wall
windtunnels. Different types of interferences may be classified as
solid blockage, wake blockage, 1ift interference or upwash and the
streamline curvature. Pindzola and Lo [ 9] have studied interferences
in circular, two dimensional, and rectangular windtunnels with com-
Pletely solid, completely open, slotted and perforated boundaries.

A basic difficulty in obtaining the wall interference cor-

rections is in determing the correct boundary conditions. In ear-

lier developments, the correct wall loss characteristics for porous




walls could not be determined for use in the boundary conditions.
Hence, a linear wall loss characteristic was assumed [Ref (1)].

Several studies conduﬁted later [Ref (3), (7)] showed how the boun-
dary conditions for the slotted wall windtunnel can be obtained.

It was noted that the normal velocity component for the slotted wall
windtunnel would be zero at the solid portions of the wall. Across
the open portions the local static pressure must be constant and

equal to the upstream ambient static pressure. Initially no effect

of viscosity in the flow through the slots was taken into account.
Later, Baldwin, Turner and Knechtel [37] and Wood [11] derived boundary
conditions where the viscous loss effect was taken into consideration.
Later the boundary conditions were derived with a new concept. It was
assumed that the real slotted wall could be replaced by an equivalent
homogeneous boundary whose influence near the model would be very
similar to that of the real wall. Several other investigators [Ref (5)
(11), (10),(8)]have derived boundary conditions for equivalent wall by
using different methods.

Another problem in finding the interferences is the proper
representation of the model. In most previous investigations the model
was mathematically simulated by placing a velocity potential singular-
ity in the center of the tunnel. The inviscid flow field induced by
the walls was then calculated, subject to the satisfaction of the wall
boundary conditions. In recent years several investigators, [Ref.
Davis and Moore (4), Holder (5), Wright and Bager (12), Kraft (6)] have

Presented results for finite span models.

In this thesis, the upwash and the streamline curvature are

determined for a slotted wall rectangular windtunnel. The model was




represented by a finite set of horseshoe vortices along the span. The
procedure used to obtain upwash and the streamline curvature is dis-

cussed in the following chapters. The thesis is mathematical in nature

and most of the work is shown in the appendices.




CHAPTER I1I
WIND TUNNELS

The history of the windtunnels and their types are discussed
in this chapter. The boundary conditions for each type of windtunnel

are also discussed.

History

Wind tunnels have been used for the simulation of data for free
flight since the beginning of this century. Wright Brothers used a
crude model of a windtunnel. Since their invention, attempt has been
made to produce windtunnels with more uniform flow, 1less
turbulence and more precise measuring equipment so that the information
obtained may be used to produce aerodynamically clean aircrafts.

The aircrafts tested upto 1930's had a Mach number of less
than 0.5 1In late 1930's it became necessary to construct windtunnels
in which aircrafts of higher speeds could be tested. These aircrafts
were still subsonic. Drastic changes in measurements were observed at
a Mach number more than 0.6 since the density of air changes appreciably
at such high speeds. This led to the possibility of developing open jet
windtunnels.

In late 1930's windtunnels with slotted walls were tested. It
was observed that the velocity correction is reduced by using slotted
wall windtunnels. Supersonic speeds were obtained in the slotted wall
wind tunnels without any choking. For subsonic testing, these windtunnels

are used even today. At supersonic speeds, shockwaves developed in the

slotted wall windtunnels and hence the result obtained was in error.




In 1950's perforated wall windtunnels were introduced which were able

to cancel the shockwaves over a considerable range of Mach number. The
hole size in perforated wall windtunnels should be approximately equal
or larger than the thickness of the boundary layer for effectively
canceling the shockwaves. To minimize the hole size the boundary layers
were thinned by suction into the plenum chamber. The perforated wall
windtunnels have been greatly modified since their invention and are

used even today for supersonic range testing.

Types of Windtunnels

Windtunnels are basically classified as Open circuit windtunnels
and Closed circuit windtunnels. In open circuit windtunnels there is no
guided return of the air and the tunnel draws fresh air from the atmos-
phere. In closed circuit windtunnels the air is recirculated. Wind-
tunnels are often also identified by their crossectional shape. The
classification used in this chapter is such that boundary conditions
may be discussed. The three types of windtunnels classified here, are:

1) Open Jet Windtunnels

2) Closed Wind tunnels

3) Ventilated Windtunnels
Open Jet Windtunnel

In an open jet windtunnel there is a free jet which is sur-
rounded by a plenum chamber at a static pressure. The pressure along
the free jet boundary is also constant and equal to the undisturbed

Pressure upstream of the model. In equation form this can be written

as:

Pi=Puimh AP ziO (1)




where, P is the pressure at the boundary of the free jet and P is
pressure upstream of the model. In terms of velocity, the equation can
be written as,
Vo = Vo = AV, = 0o (2)
where, V, : velocity at the jet boundary in x direction
\40: undisturbed free stream velocity.
The velocity potential, §§ , of any flow can be divided into,
(a) Velocity potential, ¢ , due to the free stream velocity and (b)
Velocity potential, ¢ , due to the changes in velocity. At the boun-
dary of an open jet we get,
W e -2—:1; = 0 (3)
Hence, the above equation gives us the boundary condition for

an open jet windtunnel.
Closed Windtunnels

In a closed windtunnel there are solid walls through which
there can be no flow. Hence, the velocity component normal to the wall

is zero. The boundary condition for a closed windtunnel is given by:
0%
aMm
where, M - is the direction normal to the wall

=0 (4)

and <& - the velocity potential due to the change in the velocity
Ventilated Windtunnels

The interferences obtained in an open jet windtunnel and a
closed wall windtunnel give results.with opposite signs. Venti-
lated wall were introduced to take advantage of this and obtain windtun-

nels with less interference. Not only the interference was minimized

it also functioned at speeds which choked in closed windtunnels. This




enabled the use of larger models. Walls can be ventilated by making

slots normal to y, z or both directions, as well as by perforations.
For boundary conditions in a slotted windtunnel the wall is of-

ten assumed at a distance different from its actual one and a homogen-

eous boundary condition is obtained. This equation applies along the

entire length of the tunnel and for subsonic flow it is given by,

2 xk 3¢ _
CE 2T dIN = a (5)
where,
Ta
Kk = & log, Cosee o= (6)

and has the dimensions of length.
Equation (5) was derived for inviscid flow [Ref 9] and has been

corrected since then. The average boundary condition [Ref (1)] for a

porous wall is derived by assuming the average velocity normal to the

wall as being proportional to the pressure drop across it. This gives

the boundary equation at the wall as,

3_¢*‘__bi=0
X R 2n

L

(7)

In the above equation R is the porosity parameter and is defined by,

_ SV 29
&= AP DM (8)
where, AP = the pressure drop through the wall
£ = the stream density
V = the stream velocity

Combining equations (5) and (7) we get a boundary equation

for a slotted wall windtunnel with viscous effects within the slots.
The equation is given by,
2
%—?;"'K'%f'on*t%:‘“- (9)
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The Tast term in equation (9) is due to the viscous effects
and it goes to zero when R = & . Such walls are known as ideal
slotted walls. When K*w or R=0 we get %—,%:o from equation (9)
which is a special case for closed walls. For kK=o and R —> co

we get %E% =0 , Which is the boundary condition for open jet.

For circular tunnel equation (9) reduces tos

U
29 3¢ L 2% A
(3= + Raxoh ¥R Bh Jy.y, =© (10)
where , X = free stream direction
% = cyclindrical coordinate perpendicular to X

and %, = radius of the tunnel.

The special cases for closed, ideal and open jet circular wind-
tunnel can be obtained from equation (10) by varying K and R as was
done previously.

The difference between slotted and perforated wall windtunnels
is in the number of openings. Perforated walls consist of numerous
openings making it extremely difficult to find the interference due to
each solid or slotted element. Hence a fictitious homogeneous wall is

assumed to find the boundary conditions. A uniform pressure change across

the wall is assumed which for the homogeneous wall is approximately given

by,
= ©
AP = UK (1)
where, 9 = dynamic pressure of the flow
© = angle between the flow and the wall
and K = constant depending upon geometry of the wall and

mach number.

For the boundary condition of perforated wall the pressure

drop across the wall should be equal and opposite to the change in




pressure due to the model.

Hence,

Z§1ﬁn°md_ + &P =© . (12)
In terms of velocity potential this can be written as,

2% A b _ 13
P T Z K M. -e . (13)

The equation derived by Baldwin [Ref 3] is similar to equa-
tion (13), but it is derived in terms of porosity parameter. This
equation is,

=g 3R =o (14)
When R = 0, we obtain the special case of closed wall. Equation (14)
can be obtained from equation (9) for K = 0.

Perforated walls do not match the disturbances that occur in

free flight as well as the slotted walls, for subsonic flow. Hence they

are never used for subsonic testing.
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CHAPTER III
WALL INTERFERENCE

To obtain data for a free flight condition, we must account
for the interferences in the data taken in a windtunnel. Interference
may arise due to the walls of the windtunnel, presence of measuring equip-
ment and model support, and due to the unsteadiness or small scale tur-
bulence of the flow. We are mainly concerned here with the wall inter-
ference. The wall interference can be divided into three parts.

1) Blockage interference

2) Streamline curvature

3) Upwash
Blockage Interference

Blockage interference can be divided into two parts. These

parts are,

1) Solid Blockage, caused by the presence of the model in
the windtunnel.

2) Wake Blockage, the blockage due to the wake of the model.

Solid Blockage

The presence of the model inside a windtunnel reduces the
area through which the flow must pass. The reduction in area changes
the flow velocity above the model. This change in velocity due to the

model is known as 'Solid Blockage'.

Fig. 1 shows 'Solid Blockage' in a closed windtunnel. The
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Fig. 1. Solid Blockage in a Closed Tunnel.
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velocity of the flow increases above the model due to the reduction in
area through which the flow must pass. A positive solid blockage factor
is obtained in a closed windtunnel.

In a free flight, the undisturbed pressure is attained after
an infinite lateral distance. In an open jet [fig. 2A] this pressure
build up between the model and jet boundary occurs considerably faster.

This is due to the fact that in an open jet the pressure
along the free jet boundary is constant and equal to the pressure up-
stream of the model in an undisturbed free jet. Hence, in an open jet
the undisturbed free stream pressure is already established at a finite
distance. The faster pressure build up causes the streamlines to
bulge out more in an open jet as compared to free flight. Consequently,
the area between adjacent streamlines increases. This results in a de-
crease in the velocity and a negative solid blockage factor for an open
jet windtunnel.

The development of ventilated wall wind tunnel was the result
of the opposite sign interference obtained for solid wall and open jet
windtunnels. The subsequent attainment of transonic test speed was mere-

ly a coincidence.

Wake Blockage

Whenever there is flow over an object, a distinct region of
high turbulence and low pressure developes behind it. This region,
known as wake, is casued by the spearation of boundary layer.

Figure 3 shows the wake blockage in a closed windtunnel.

The velocity of the fluid in the wake region is less than its velocity

upstream of the model. This increases the velocity between the wall and
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and a Closed Windtunnel.
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wake boundary to satisfy the continuity equation. The change in the

flow velocity due to the presence of the wake is known as Wake blockage.
The higher velocity also induces lowered pressure, which im-

poses a longitudinal pressure gradient. The pressure gradient induces a

drag force for which correction has to be made.
Streamline Curvature

The streamlines in a free flight, open jet windtunnel and a
closed wall windtunnel are shown in figure 2. The curvature of the
streamlines in the three cases are different due to different boundary
conditions. In a free flight, the streamlines bulge out to an infinite
lateral distance creating a pressure gradient from low values at the sur-
face to higher values in the undisturbed flow. In an open jet the undis-
turbed pressure must be attained in a finite distance. Hence the curva-
ture of the streamlines is much more pronounced in an open jet as com-
pared to the curvatures in a free flight. The change in the Streamline
curvature results in a steeper pressure gradient in an open jet windtun-
nel. In a closed wall windtunnel the Streamline curvature is reduced
due to the presence of the wall where the streamline must be straight.
Hence the pressure gradient in a closed wall windtunnel is less as compared
to the free flight. This shows that the streamline curvature obtained
in a windtunnel is different from the streamline curvature obtained in a

free flight and a correction should be made to the windtunnel data.
Upwash

The component of the velocity normal to the free stream vel-

0City gives the 1ift to the model. This component is also called upwash.
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The 1ift determined in a windtunnel is not the same as in a free flight
condition. The discrepancy is due to the different boundary conditions

in the two cases. Hence, to simulate the free flight condition it is

necessary to apply the upwash correction in the windtunnel data.
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CHAPTER IV

METHOD OF ANALYSIS

Introduction

A method of determining the upwash and the streamline curvature is

discussed in this chapter,A rectangular slotted windtunnel of height 2h,

and width 2b is shown in figure4, The slot width and the slot spacing

of the windtunnel could be varied. A 1ifting model is placed symmetri-

cally about the center inside the windtunnel. The model is represented

by infinite horse shoe vortices. Since it is a 1ifting model, there will

be circulation associated with it.

For mathematical convenience we will express the velocity po-
tential of the horse shoe vortex into x-dependent and x-independent parts.

The interference potential due to both the parts have to be determined

to obtain the 1ift interference. To determine the interference potential,

the differential equation, the boundary conditions and the velocity

potentials are transformed by fourier transformation. The differential

equation is given by the Laplace equation. The fourier transformation

of the x-independent part of the velocity potential gives a delta

function. Hence, this method is also referred to as the Delta method.

The slotted and the solid segments of the windtunnel wall are divided

into small elements. Since the effect of the element on the inter-

ference potential depends upon the location of the element, we represent

the total interference potential as a sum due to each element. In the

trans formed plane, the contribution of each wall element is expressed

as a function with an unknown coefficient. A set of algebraic equations
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with these unknown coefficients is obtained by satisfying a slotted or

a solid wall boundary condition at each wall element. The unknown co-
efficients are determined from these equations. The interference poten-
tial is now obtained by transforming back to the physical plane. Once
the interference potential is known, the upwash and the streamline

curvature can be obtained.

Laplace Equation for the Interference Potential

Let & represent the total velocity potential. The velocity
of the flow in any direction can be obtained by differentiating the

velocity potential in that direction. In equation form this is given

by,

vd =V. (15)

The total velocity potential for the flow inside the windtunnel

can be expressed as ,

$ = VX + B (16)

In equation (16),§’is the perturbation potential. The perturbation
potential is composed of, § , the contribution of the model and the
m
interference potential, ¢, , induced by the boundaries of the windtunnel.
LS

Hence equation (16) can be written as,

d =Ux + ¢_+ 3, . (17)

The linearized form of the differential equation of a steady,
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isentropic and irrotational compressible flow in.terms of the velocity

potential, ¢ , is given by,

% 3 2 a
> & > @ >3
R 22 'z\lz g S_—:.- b (18)

where, @ - compressibility factor.
In normalized coordinates, equation (18) reduces to the non-

dimensional Laplace equation,

2 ¥ Wi tione
V= (st ta)d =0 )
where,
Z ¢
K - .y— = 7 ...
x:"-‘é"’ H ‘3— Qr ) z t’. b ¢ uob (20)

If 4%nis assumed known, by representing the model by a suitable
potential function, the solution of Laplace equation subject to a boun-
dary condition on ¢ would enable us to calculate the interference poten-
tia],qn.. The non-dimensional Laplace equation for the interference po-

tential is given by,

=20 ). (21)

Fourier Transformation

The Laplace equation for the interference potential given by

equation (21) is fourier transformed according to,

“+ R

_— g eV Fexy dx

E(‘b) = [ (22)

-0
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The fourier transformation of equation (27) is,

et e
&, == £'¢ D P -
% % +[ i—i: + TE—} =o . (23)

In cyclindrical coordinates, equation (23) can be written as,
a
P a0 s

> Mg i +
g T, Tl W% o DR

When the r and ® parts of equation (24) are separated, the
r part becomes a modified Bessel's equation of order m. A particular

solution of equation (24) is,

K, (4 &)

where, Ko is a modified Bessel function of order zero.

General Solution

An approximate general solution can now be constructed by
satisfying the boundary conditions at discrete points on the boundary.

Interference potential is determined for each solid and slotted wall

element on the tunnel boundary. The summation of the interference po-

tential due to all the elements gives us the total intereference

potential.

Wall Element at y = ¢ 1

For any general wall element k, on the wall at y = + 1,

the contribution to the interference potential is,

ZK§|
(&), = S S k(U JGFF v (g ) 47 (25)

2,
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where, a = + 1 for the element on the wall at y =1
a = -1 for the element on the wall at y = - 1
z, = lower z coordinate of the kth element
and Z 4 = upper z coordinate of the kth element.

The element k is divided into subelements of lengthd§. The
argument of the modified Bessel function in equation (25) is q times
the distance from each subelement to any field point. The determination
of the distance is shown in figure (5). The integrated effect of the
subelements times the coefficient 6, gives the interference due to the

element k. The value of G;has to be determined for each wall element.

Wall Element at z = i.%

o|=>

Similarly, for a general wall element k, on the wall z = +
between ¥ and Yi41? the contribution to the interference potential is,
¥ e
(), = & S Ko (1U\ JC2-e + (3-3 7 )43 (26)
“\‘

where, e =-% for the wall element at z = h/b and e =-%—f0r the wall

element at z =-%;
Total Interference Potential

Equation (25) and equation (26) are evaluated in Appendix A.
The value of the interference potential obtained for an element k on

the wall y = + 1 is,

[(d’;)r:l s b l= G"GHE%\(_‘3-0.),1‘!;\(2'?-“‘3,\%\(l"ihﬂ . (27)
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where, a = + 1 for the wall element at y= + 1

a = -1 for the wall element at y = - 1.

The interference potential obtained for an element k on the wall

at z = + h/b is,

[(4%)‘:& =, G ‘f"‘e‘e)’ LTIC S BN ‘%‘(\3‘3n3} (28)

3 i+ { b §
a~3§
where, e = + h/b for the wall element at z = h/b
e = - h/b for the wall element at z = - h/b

The function G, (e, u, 1) is given by equation (A-23 in

Appendix A. The interference potential for any wall element can be
obtained by substituting the proper value of g for that wall element
in equation (25) or equation (26). The value of ¢ for the wall element
is obtained by satisfying the boundary conditions for that element.
These boundary conditions are given in Chapter 5. The summation of

the interference potential due to each solid and slotted element on

the wall at y = + 1 and z = + h/b will give us the total interference
potential. With the interference potential known, we can determine

the upwash and the streamline curvature.

Determination of Upwash

The upwash can be obtained in the transformed plane by
differentiating the interference potential with respect to the com-

ponent z. The equatioﬁ is given by,

S
2 . (29)

i

oqol




25

The upwash in the physical plane is obtained by taking the

reverse transform. Hence, the upwash in the physical plane is

+®© - A
ol ki gt
Wy = [z ( 2z 3 &
-

In equation (30) the term 2%? is the sum of EgZQufor all the elements

(30)

on the wall y = +1 and z = i‘%- Fig. 6 shows the distribution of
elements on the tunnel boundary. The number of elements on the top
half of the left wall is K,. There are K,-K, elements on the right half
of the top wall. The number of elements on the other sections of the
wall are also shown in the figure 6. The word 'section' is used here
as half of the wall on any side of the tunnel. In Appendix B the total

upwash is obtained by determining the contribution of each section of

the wall. The equation for upwash can be written as,

ch Em (zﬂ), -2, ) m(*'hj

E c‘ ¥ [‘M(‘-}H)’ \%\(z *‘zs)’"b'(z*zmﬂ
+ E [M('a =1)» 19| (z Zy )»l‘bl z- a@]
_ E D,\(% \),\%I(hzk),l%l(aw“;)__]

= & )
3 6 F, \Lq,‘(i- /b),\%\(‘“‘tk),l%\(‘a\“‘&,mzl

x E o F :\_—q,\ (a-Wb?»“l’\(‘t"tx+‘3"""(‘t"38
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Ky
_Z s, F, Eq,\ (2 + R L9 (F+9) 10 4+ % L)

K=K +|

Ka
S IS S S MU R WA RIITR) BED

K=K+l
In equation (31) the terms are due to the contribution from

the section top half of left wall, bottom half of left wall, top half of
right wall, bottom half of right wall, left half of top wall, right half
of top wall, left half of bottom wall and the right half of bottom wall
respectively. Equation (31) is a function of q, y and z and can be

written as ,

2 - Pwnyre) . (32)
Y-

If the influence coefficient, ¢ , has a real part,c'and an
imaginary part & , then P (g, y, z) will also have a real and an

imaginary part. The real part is,

"P:(%'\&,z) :['P‘ (‘lt.‘t. 2)]6‘6‘ . (33)

The imaginary part is,

Py, = [RGBy (34)

Therefore, the Upwash is,
+ .

" _l%:
W, = -J:'—Er_L["’.(%%,ﬂ + B Qy.de dg ()

(3

Equation (35) can also be written as,
*o y
W= I (R e) Gegx -1 (g, 2)Sing =
-

+{F Gy, 2) Geqx - 1T, (g, 2)Soq =1y, (30)
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The upwash, wi, is real. Hence, %i‘ba must be even in q for
the real part and odd in q for the imaginary part. Equation (36) can now
be written as,

©

W. =

2 ' Y, 2) Cos x-"P"(,, Sin ds
c & (Fas eyx-Teyasnyde . ()

Upwash is obtained from equation (37), after determining the

real and imaginary parts of the function P](q, ¥y ).

Determination of Streamline Curvature

If wi is the upwash, %a:°i gives us the streamline curvature.
Hence, the streamline curvature is obtained from the interference po-

tential by the equation,

+ P = -ig>
W - 2 S%‘ﬁb‘ e 4y (38)
'bx ~ .bx =z
Differentiating the right hand side we get,
+ L = 3
. B¢L -L%:
DWW - Cty) szt e d

Equation (39) can be written as

@0 " .
2 j(-m["’: Q21+ 1B @ga)||Eoe- Sy

Since, we must obtain a real term for the streamline curvature, equation

(40) becomes,

(a0
o ;}S(‘D? Cosq =~ T, Sega)dq .y

The above equation is used to determine the streamline curva-

ture once the real and the imaginary parts of the function P] (q, ¥, 2)

are known.
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CHAPTER V
THE INFLUENCE COEFFICIENTS

The influence coefficient, ¢ , of an element is obtained by sat-
isfying the boundary condition of that element. The boundary condition
is obtained, depending on whether the element is slotted or solid. The
influence coefficient of the element depends upon the location of the
element on the boundary. Hence a different value of 6 is obtained for

each wall element.

Boundary Condition For Slotted Wall

The normal velocity to the wall is proportional to the pres-
sure drop through the slot. This leads to the boundary condition for

a slotted wall element. The boundary condition is given by,

[+ E“_:]E‘”‘”]” (42)

where, n = Normal coordinate to the wall + y or + z

R

Porosity parameter

Rearranging and fourier transforming equation (42),

-ig, + B 28 = iyd, - 223, (43)

¢ R 2n R on :
Equation (43) is a general equation for any slotted element on the

boundary of the tunnel.

Wall Element on y = 1, 0<z<h/b

Figure 7 shows the portion of the wall which is represented

by y = 1, 0 & z< h/b. If the slotted wall element is located on this
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th

wall, the equation for a representative n™ wall element is,

~Lq W, tng) + % %:& (Nscm.qn) = ."%E“mf' Ce,+¢y) 89

: G N
+.|.M|i_1 - % LM29~+ 28y v LMy, (44)
The value of cbl was obtained from Appendix A and of ¢mfr~om Appendix C

Since, §§f43 is represented by W from the notations used in Appendix D,

equation (44) can be written as,
- 19 Wymig) + B Wg) = i (Mg * (ra) 5D
s im ) - (Mg r B8y M) | )

Expressing the complex influence coefficient as,
] "

G = 0 G
k T Pk

w (46)

and letting the primes and the double primes on the functions w] and w3

represent their real and imaginar& parts respectively, the real part of

equation (45) is,

VM3 (mig) + & WM = g M- B - @ SEYe)

and the imaginary part of equation (45) is,

\

"
-9 Wy Cmg) + & W nig) = g Mg T g ere,) 69)
:-_g Mzi. (48)
Wall Element on z = h/b, 0< y< 1

Figure (8) shows the portion of the wall represented by

z=nh/b, 0< y< 1. Equation (43) is evaluated for a representative nth

wall element on this wall. Substituting the values ofzé,,%% ELL s :;nn
L™

and 2 &_ in equation (43) we get,
1n¢m

- LW, (M,g) * % W,(m.q) = Lq,[mm F LM,

(49)
+ (c,+c.1)8c1,)_'| -%[M“ * M L '\)Scﬁ
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Let primes and double primes represent the real and imaginary parts of
functions N4 and w2. Separating the real and the imaginary parts of the
equation (49);

Real part:

VWL (M) + & Wy (mig) = -9 M - &M,

8§y e

¢ pl®

-2
R
Imaginary part:

YW, (Mg) + B (mg) = g M+ g (6ve,) B

: % Mai o

Boundary Condition for Solid Wall

There is no flow across a solid wall element, hence the boundary

condition is given by,

"b%\ (¢‘ + ¢m) =0 . (52)

Fourier transforming equation (52),

2, = -2 S
.S, ¥ U (53)
Equation (53) is a general equation for any solid element on the tunnel

boundary.
Wall Element on y =1, 0< z< h/b

Fugure (6) shows the position of the wall on which the element

is located. In equation (53), the value of $.‘ is substituted from Appen-

th

dix A and of ;mfrom AppendixC . For the n~ wall element equation (53)

reduces to,

2 (Fbl‘) = - (Mm v (v, )8¢q) + LMu) ;

(54)

l} .—23




33

Using the notations from Appendix D , equation (54) can be written as,

Wmg) = =M, - T8¢y -~ t™M, | (55)
The real and the imaginary parts of w](n,q) are substituted in equation
(55). The real part is denoted by a prime and the double prime de-
notes the imaginary part. Equation (55) is then separated into the real

and the imaginary parts. The real part of equation(55) is,

W, (m,qY) = - M, - 468 (56)

and the imaginary part is given by,
n
We(mgq) = - M (57)
Wall Element on z = h/b, 0 sy« 1

Figure (7) shows the position of the wall on which the element
is located. Substituting the values of ;i andg'm,equation (53) for this

element can be written as,
WNalmg) = = (Mg + » 8(q) + L My) | (58)

Separating the real and imaginary parts of equation (58) we get,

Real part:

1
Wo(mig) =-M,, - »89) (59)
Imaginary part:
1]
W, (miq) = = Mg (60)
To find the influence coefficient we have to satisfy the bound-

ary condition equations (47), (48), (50), (51), (56), (57), (59) and

(60). Appendix D defines the terms Wy Wos Wy, Wy, My, Mg, 2, (¢, +¢,)

and v .
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System of Equations

A set of equations is developed for all the wall elements. Each
equation has a real and an imaginary part. Thus the total number of
equations is twice the number of the wall elements. These equations are

described below.

Slotted Wall Elements at y = 1

Real Part of the Equation

The real part of the boundary condition equation for the slotted
wall elements located at y = 1 is given by equation (47). Equation (47)
can be written as a matrix equation for all the (K.I - N]) slotted ele-
ments on the wall y = 1 by using Appendix D. Equations (D-4), (D-17),
(D-25), (D-31) and equation (D-48) are substituted in equation (47). The

matrix equation thus obtained is given by,
e o =
pieiied + & 171 L 19 7 aiMg

GO BT LY

where,
™M . = ; (62)
{ “"ti"‘ [M.;] 3= !
and l:in ( )
63
{.Mzg.%in= [-_M:.;J wai_
2= 2p

The subscript n represents the index of the slotted wall elements on the
wall y = 1. Equation (61) represents (K.I - N]) equations with 2K, un-

knowns for N] solid elements on the wall at y = 1.
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Imaginary Part of the Equation

The imaginary part of the boundary equation for the slotted wall
elements at y = 1 is given by equation (48). By substituting equations
(D-5), (D-16), (D-28) and (D-34), we can write equation (48) in matrix

form. This matrix equation is,

BARLR IS LS R AL

64
o % {M:.l,\&s 1—"[,{\\/3 S(q,) i
where,
2 ["‘m:l 4 (65)
2=2,
and

1Mai,yd = [M] o1 (66)

Equation (64) represents (K - N ) equat1ons w1th 2K2 unknowns.

Slotted Wall Elements at z = h/b

Real Part of the Equation

The real part of the boundary condition equation for a slotted
wall element at z =-E— is given by equation (50). By using equations
(D-9), (D-22), (D-25) (D-37) and (D-43) we write equation (50) in mat-

rix form for all the slotted elements on the wall z =-%. This equation is,

O IR TG SR CUE R I

(67)
= % {Mag,23 - % 23 8¢9

where,

S(Mni..tzi = [M"‘:] z -

.| | %

L] b
ba
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and,

{Msmei = [Mss] %

(69)
'\lb “
. . t
Imaginary Part of the Equation

tn

The imaginary part of the boundary condition equation for slot-
ted elements on the wall z =

h/b is given by equation (51). By using
equations (D-21), (D-10), (D-28), (D-43) and (D-40) we write equation

(51) into a matrix form. This matrix equation is given by,

- {234’} + &

e M 1971 = V1Ml

—% {Ma, 23 +9 v} £(9)

(70)
where,
-
{Mm:zi = _Mlp] 2= ‘_‘/b (71)
and Sl
-
{-Msl,zzs= ;M3J =ty | (72)
4 T

Solid Elements at y = 1

Real Part of the Equation

The real part of the boundary condition equation for a solid

element on the wall y = 1 is given by equation (56). Using equations

(D-4 ), (D-31) and (D-48) we can express equation (56) by the matrix
equation,

71 ad™] 7 Thed - 183800y

(73)
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Imaginary Part of the Equation

The imaginary part of the boundary condition equation for a solid
wall element is given by equation (57). By using equations (D-5 ) and

(D-34) we can express equation (57) by the matrix equation,
" D= .
{Tivsmm 153 = “iMayd o (74)

Solid Elements at z =-E

Real Part of the Equation

The real part of the boundary condition equation for a solid
wall element at z =-% is given by equation (59). By using equations
(D-9 ), (D-37) and (D-43) we can express equation (59) in matrix form

for all the solid elements on the wall z =-E . This matrix equation is,

iUﬁzs“m{o"i : —IMara ¥ -{»} 8 (75)
where,
{Mar2} = [_Mskj 2= '_»lb : (76)
't * %

Imaginary Part of the Equation

The imaginary part of the boundary condition equation for a solid
wall element at z = %—is given by equation (60). By substituting equat-
ions (D-10) and (D-40)in equation (60) a matrix equation is obtained for

all the solid elements at z =-% . This equation is given by,

1, AT S el . | om

Hence, a set of 2K2 equations is obtained for all the slotted
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and the solid elements with 2K2 unknowns. The unknowns are the real and
the imaginary part of the influence coefficients. These equations can

be written as one matrix equation in the form,

pAi{e"] = {m} + {836 . (78)
The left hand side of the equation (78) is,
Q‘ P
{Tiy5u43 5 cf
:
iusi ssL\D ° : '
-
-S:— {Tiysuﬂ‘ vicd :K‘
- e .& T :-
{AS {G_NS - . 1‘{ S R { iYsLﬂ fti-
'Eiuiesmt SRR a,
8 ™
-9 {?3 ® L3, sier E
° iTsvuuu ﬁ“
L © sy | & _
The right side of equation (78) is,
‘ E—— ot I
—iM ‘-R'Yi $aL\D -{ ivsomn
- $Mag.2d souip s ig "
- 9 {Miad swot % imzmlm ";‘. {5 P
Y imm.y’} sLoT -::inai,ﬁ sLoT + Y {""31 SLeT 8(‘1,)
- % imﬂ"t% 5L°T- % i'Msp‘l&isLQT -% {\,il SLeT
9 M |R.l§g\.°1 - % imﬁuﬁsw‘_ 1Y 2 SLeT
—{Mﬁ-'\-‘li soL\D °
"{Mal.ii soLID = (o) g

The matrix given by equation (78) is solved to obtain the values

of the influence coefficients. Once the influence coefficients are
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determined, the interference potential can be obtained by using equation

(25) and equation (26).
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CHAPTER VI
SUMMARY
Results

A method for the calculation of wall interference in a wind-
tunnel has been presented in this thesis. Equation (37) was derived to
evaluate the upwash. The streamline curvature is determined by equation
(41). These equations contain unknown values of the influence coeffic-
ients of the wall elements. The influence coefficients are determined
using equation (78).

A computer program was used to calculate the 1ift interference
and the streamline curvature. The calculations were performed for one
case only. Figure 9 shows the arrangement of the solid and slotted
wall elements for the test case. The porosity parameter of the slotted
wall element was taken as one, and the porosity parameter of the solid
wall element was taken as zero. The Tift was evaluated at an element
located at the center of the tunnel. The upwash determined at this
point was 0.1056 and the streamline curvature was 0.1825. These cal-
culations compared favorably with the results of Pejack and Stein]e,.I
and Kraft [6]. Various values of the upwash and the streamline curva-
ture can be obtained at different locations on the wing for different
tunnel size, porosity parameter and wall element sizes. This can
enable us to compare the data for different variables. These calcula-

tions can be used not only in correcting the data obtained in a wind-

1

Publication pending.
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Fig. 9.

Arrangement of The Wall Elements for Test Case
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tunnel test, but also in designing windtunnels with minimum interference.
Conclusion

Theories for predicting the interference effects in windtunnel
haQe been available for more than 25 years. The methods used in most
of the previous studies for investigating the wall interference used a
homogeneous wall boundary. The homogeneous wall is an approximation
with several Timitations. Methods based on the hdmogeneous wall con-
ditions become less exact as the 1ifting model span becomes larger.
For large slot spacing also, the solution obtained using homogeneous wall
is not very accurate. The method described in this thesis uses an exact,
non-homogeneous boundary condition. A set of equations was solved to
calculate the interfering influence of each small segment on the wall.
Since the effect of each of these segments is different on the total
interference,a much more accurate result is obtained. The variables,
such as the location of the solid and the slotted elements and the poros-
ity parameter can be changed and the interference could be obtained by
this method without any difficulty. The delta function obtained in the
equations poses no problem. If the model function is divided into x -
dependent and x - independent parts, the result obtained due to the delta
part of the equations is the same as the result due to the x - indepen-
dent part of the model potential. Hence, this method avoids the prob-

lem of splitting the problem into x - dependent and x - independent parts

to obtain the total interference potential.
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Recommendations

The method described in this thesis should be studied further
to find its accuracy over other methods. The results obtained were
only for one case in which there were very few slotted and solid
elements. In such a case, the results obtained are not expected to vary
much as compared to the results obtained by using homogeneous wall meth-
ods. This method is long and further study should indicate when the
use of this method becomes important.

It is also recommended to investigate the wall interference ob-
tained by changing the size and the locations of the solid and the slot-

ted elements. A study of this kind will be useful in modifying the de-

sign of the windtunnel.
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APPENDIX A

The expression for the total interference potential is obtained
in this appendix. To obtain this expression the following two expressions

are solved first. 2y

Ke (V01f(2-87 + (§-2> ) 4§

2y

‘*K#l
S Ko (W) r(i.-e)1 + (‘-i)" )di 5 (A-2)

Hx
In equation (A-1), the value of a is equal to 1 for elements on

the right wall and a is equal to -1 for elements on the left wall. 1In
equation (A-2) the value of e is equal to h/b for elements on the top

wall and -h/b for elements on the bottom wall.
Evaluation of Equation (A-1)

Working with the equation

2‘K$l
I, = S Ko (\%\Rz-s)‘+ (4-ay )ds (A-3)
z
we get a2 %
- =
I = o S'.Ko [8*+ €= ) d§ sl
where,
L = lower limit
U- = ypper limit
§ - 131 (-9
£ =19\ (y-=)

The value of the term inside the integral in equation (A-4), is

obtained by using a Bessel function relation. This relation [Ref. ( 2)]
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is,

“+~ 0
K, (R)Cos vy = Z Kuin® Ty Csne g
where
‘x.—\tCQsQ = Rl vy (A-6)
\*S’i.r\e = RSnvw (A-7)
For ® = /2 and V=0 equation (A-5) can be written as,
2
K, [8*+ € 2___ Kn(181) Ty (&) Cos & T (A-8)
In the above equation x and y were replaced by & and & respectively
Since,
Ka(8) = K_, (6) (A-9)
T, (&) = I _, (e) (A-10)
equation (A-8) can be written as,
Ko ("¢ ™ V'= a.g_c-\) K, (18V) I, Ce)
=\
+ K (181) T (e . (A-11)
Substituting equation (A 11) in equation (A-4),
('8
= -2 Z(—\) I, [k, 08) a8
Y K=\ L
" '19(6) i_K,(\S\) 48 . (A-12)
Using power series expansion we can write,
Ko C181) =

- - -2K+ At
{(\) (-‘m t-1)1\ (s)

(Evy (ak+t )
t=o *

e & gzznnb
PP ZE-{_;(/ ) [}n EEQ

= - -éw(t-n)—%_v(zk-»-{;«]j
(A-13)
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t
o L
weny= Zd 0 A

¥ is the Euler's constant equal to 0.5772157. From mathematical tables

we have,
g e
Ko (181) =-[~c + ‘f_‘ I, (8) + tza‘ ((t/‘z)) %:, /&] .
(A-15)
Substituting the value of 10(6)wh1‘ch is given by
o at
St Z‘., ((SZT) (A-16)

in equation (A-15) and rearranging terms we get,

o ® at
Kc(\s\) = -2 (S/,_) Qn\s\ ¥+ 7 (s/z} (\\»(tﬂ)*-‘S)

t=o (t:\)’- tzo (1Y
>

_(8/2_2 (8/2.) ]

T R - ZEe - taw

Substituting the value of V(1) in equation (A- 17) we get

K. 181y ‘= - (S/z) L \81 (/z)
SJ(181) tZo Tty - + Z; e (\p(\:ﬂ)ﬂf)

2t
o §/a
> b ¥ (A-18)

<t =0 (t ‘.)a- '
The values of K2k(ls| ) and Ko( \8] ) are substituted in equation (A-12).

Rearranging the terms,

o AK-)
o 1) (2k-t-1)!
T = _i Z( D) :[a.lg(e) %o £y (- ~2K+2L +1)

‘ 19) K=y

2K+2t 4|

S —2K 4+ 2t +) a (8.)
( ) Z(ti)(zg-g-t)\ (2k+2t+1)

¥ (t+)) + 1 y(z2x+ar )

ki
2
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N T W _]

2- 2K+ at + 1\

Qc +\
(872.)
= I:Q(E) Z (t\) (-:-t‘\'\) (\P(t*-‘)

L oot )]
T e ’-)i

_ (A-19)
The values of & have an upper and Tower limit in fhe above equation.
Putting the Timits,
e (A€ Bnd K,

1= 191 (2-2,)

in equation (A-19),
2K-|

[ =]
* oo i i 1) (2r-t -1))
2= Z( ) 1,_,‘( ){t=°(t))(-2i<+at+‘)

~aK +at +\ ~2K+2t +1|
-(3)

—

-k 3K+=-t +1 aksatn ][
E ’-L -(3) .] + wita) +

(t! )(2K+t)l (2Kk+2t+1) |

i
8 2K+2t+1) +
/2 ( ) an+at+\]
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2
t=o (B)) (2t +1) 1 (2k +2t +1)

zk+zt+\ e
jgi_ 2.[;(Hﬁu B BRLVNS (sﬁ. e Pn l%};l ‘i

Qar+\

- 2 I(e) [(‘7) - G ‘.][_“\'(t“)"'atn
i t=o (EVY (2t +1)

\2__ 1 (E)ZL(%_ 2.!:+\ _(Lyﬁ-t'ﬂb\‘\_g:\-]
(e)” (2-t+\)

(A-20)

By noting that the value of :[,(S)is,

8
I (&) = Z L—/—"-L- (A-21)

t5o- (E1Y
which can be expanded into, 4
2.
\ (%) (82)
L) = © O T @nt (A-22)

we obatin I0 (0) =1 for £ - o. Similarly the value of 12k(0) can be
obtained as zero. The values of Iéﬁand IZk(O) can be substituted in
equation (A-20) to obtain the value of I].

From equation (A-20), we can see that I] is a function of &€ , u

and 1. Hence we can write,

I, = G (e,u,b) . (A-23)

\

Since the values of € , u and 1 are different for each element, the val-

ue of I] depends upon the location of the element. The expressions for

I] for different locations of the elements are shown below.
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Element On the Right Wall

The value of & tends to Q| (Z,-% ) as z tends to ;n ;

If z, and L are the lower and the upper limits of the element lo-

k
cated on the right wall and Z, is outside the interval z, to 2,4 then,

T, =G (0 @En-2,\)» W1 (En-2,)) | (A-24)

In the above equation y tends to a, hence & tends to zero.
Element on the Left Wall

For a wall element on the left wall, z tends to ;n and y tends

to -a. Hence,

m
n

- aa\q|
Wl C2, - 2,)

t = g, -2,).

Therefore,

£
1]

I‘ = G, (" 2a19), 19| (Zn- 2 o) (in-zt)).(;\_zs)
Element on the Upper Wall

For the wall element on the upper wall, z tends to h/b and y

tends to yn . Therefore,

€ = 1) (Y, -2)
we syl Sy -2 ,0)
o= 90 (Hp -2y)

Using the above expressions for & , u and 1 we can write equation (A-23)

as,

Io= & (9 (Fma i (Me-2 ) (B -gD)(’A-ZG)
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Element On the Lower Wall

For an element on the Tower wall z tends to - h/b and y tends

to yh.. The value of I, for these elements is given by,

I‘ = G" (“M (qn“a) ’ H)\ (-% -ZK+\3’ \tbl (-% -EK)>.(A-27)

Expression for I] when z, is midway between z, and 24

" “n is midway between z, and Zi40 then z is equal to 4 ; :

The expression for I] is given by,

Y (z-u)
Ke | 8% + €* as

wicz-ey 1Y '
Substituting the value ot z)we get,
9 G2
R S -k, [8*+ € 48

it e iy o : (A-29)
=

If we write (u - 1) equal to Az, then equation (A-29) can be written
91 52

as,
) Sz-\-ﬁz ds

I

(A-30)
By changing the 1imits and reversing the sign of the upper limit we can

write the above equation as
] ) o2/2

T =callae ke JSTE L an

' . 191 ' (A-31)

For a wall element at y equal to a, the value of € is equal to zero.

Now, putting the limits
= oz
L=0
£ =0
in equation (A-23), we get

I, = -2G,(0, 19 42, o) .
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Evaluation of Equation (A-2)

The solution of equation (A-2) is analogous to the solution of

equation (A-1). The expression for I, is given by,
\*kﬂ

{ QU [eor+ (3 )42 =T, . (A-33)
e

o can be obtained for any wall element by replacing z with

Yy, a with e and y with z. The solutions obtained after these replace-

The value of I

ments are given below.
When }h is midway between the interval y, to y,,, the solution

is analogous to equation (A-32). It is given by,

Gt T \
12. = ~-2G, (o, %‘- (‘*K-H—%K) ’ O) 3 (A-34)
i 4 Y, s outside the interval Yy to Yk41° then the value of 12
depends upon the location of the element. For an element located on the

upper wall, the expression is given by,
I, = G (o. 91 O - ) 1901 (‘*n-‘h‘)) . (A-35)
If the element is located on the bottom wall the value of 12 is
given by,
I =G (- - q -
a2 ' ( eI\ 519 (Y, %H-D’ Hll(‘*n Y . (A-36)

If the element is on the right wall, y tends to 1 and the ex-

pression for I2 is given by,

T,= G (9 Ea-e 1 0-%,, ) 9 0-%,)) | (A37)
For the element on the left wall y tends to -1 and I2 is obtained from

the expression,

L =& (U Eo G-, ) (1-%,)). (A-38)
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Total Interference Potential

The general expression for the interference potential expressed

as the sum of the contributions from each element is given by,

¢, =2 SJeke@waHal | (A-39)

ENTIRE BobdY
]

In the above equation r 1is the distance from each element to the point
in space where the value of o, is desired. The equation is summed over
the entire body because the total interference due to any element, is
the sum of the interference of each element evaluated at this element.
The total interference potential of an element, for the two different

cases, is given below.
Element Located At y =1, 0<& z ¢ h/b

Figure 10 shows the location of this element.

! ELEMENT

Figure 10. Element Tocated at y =1 and 0« z £ h/b

For this element n, equation (A-39) can be expanded into,

K,
¢ = E o G, (V1,191 (2, -2, ) Wl (E.-2))
K=
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e E O & (21915 10 (Ear 2,5 WI(Ear 2,))

+ § T & (& WUl (R m2,,)) 5 W1 (E, —2,))

K= mn+l

n-i 71 o
+ z O'KG\(O' Mz, ~ iK'\-\) 4 \q”(an—ikj)

K=\
-= G’!‘LG\(O' "%L ( L EKB’O)

¥
<__.i. L -
=7 & (0 W (Eat 2,.) > Wl (Fo+z,))
k=1
K; -
+ E Gy G, (m (Zn-Rp)s 19 QO %) \%l(‘-‘t.‘))
K= K +1
K
+ § o &, (191 (Ea- Rrp)o WA %) > 1) O +%y,))
K=K, +\
Ka_ X
_E T & (U Er BrpYs 191 -y ) > 191 00,0
K=K *\
KZ.
= E Sk G" (‘QJ‘ (én"' c“/b) » 19l (v %K)}\%\ ("""3*“3) Y
K=K, +l
(A-40)

In the above equation the order of the summation is left wall top half,

left wall bottom half, right wall top half, element n, right wall bottom

half, top wall right half, top wall Tleft half, bottom wall right half

and bottom wall left half. To simplify equation (A-40) we can write the

total interference potential due to element n as,

¢, = Wy(mq) (A-41)

L
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The function w3(n,q) has a real and an imaginary part since the
influence coefficient, Gy » in equation (A-40) is a complex function.
Let prime and double prime represent the real and imaginary part of
the interference potential. Then, the real part is,

\
W, (m,9) =E\J ("\:‘bﬂ )
> gl TS

<=
and the imaginary part is,

|1 - N '

In the above equations G: and c:'are the real and the imaginary parts

of the influence coefficient.

' Element Located At z = h/b, 0< y< 1
] _ELEMENT
! |
| i
ST} SRR SR
1
! |
| :
! |

Figure 11. Element Tocated at z = h/b, 0 L y L 1

For this element n, equation (A-39) can be expanded into,

¢ E Ty G, (\q,\ (\a— +1) > 191 (‘\/b zkﬂ),n;\(’\/b-z. ))

- Zo‘ G, (\%I (‘a- +1)» l%\("/b*' zk-\-\)’l‘m (L"'ZQ)

e E Oy &, (n’\(-‘in-‘)’ 1 (K/b'zk-bb"q” (k/b"ila>

K=)

i Zr &, (01(F,1)0 19 (P 2,019 (B +2,)
| | ”h Z¢ & (0 M1 (= aa ) 1 Cham '8))

K=mn+\




m-\
~+ E T &, (0> ) (hee "hu-\\ : X (%n-%&wy

K=K\
. 2.9 (o, 'l%.—" (\*KH- ‘*n)’o)

KZ
> aee (0 W 0 ) 191 Gar )

K= K, +\

Ka
b Z ¢KG“(=HA "% > \9\ (t}n' %K-\-\)’H" (t*h-%\g)

Kz K+)

Ka
_ Z o & (20 kL w (Fov )09 Gty

K=K+

(A-44)
In the above equation the order of the summation is left wall
top half, left wall bottom half, right wall top half, right wall bottom
half, top wall right half, element n, top wall left half, bottom wall
right half, and bottom wall left half. The right hand side of equation

(A-44) can be given by,

b, = W, (m9) (A-45)

For a complex influence coefficient the real and the imaginary

|u.,cm.m b= (A-26)
Oy = Oy

W, (m, | (A-47)
[ h(“ 9) O"K-.-.G":

parts of w4(n,q) are,

W, (.9)

N: (", 9)

55



56

APPENDIX B

For any wall element on the boundary, the expression
Y Sk,(\q,\h' yd§ (B-1)
is evaluated in this appendix. In the above equation n is the normal
coordinate y or z. Then, the above integral is expressed for the en-
tire boundary, evaluated at any nth wall element on z = h/b, y<1 (top
wall, right half) and for any nth wall element on y = 1, z< h/b (right

wall, top half).

General Expression for 13

13 is given by equation (B-1) when the normal coordinate is

\
y and the distance, % , is measured from an element on the right or
the Teft wall to any point in the windtunnel. The expression for 13
s,
\

zK"-
_( Ko (19} J(2-g)* 4 (y-ad= )& = A (B-2)
z&

"
e 1Y

where, a = 1 for elements on the right wall and a = -1 for elements on
the left wall.

Equation (B-2) can be written as,

2
S ' -} K,,(\Q,lf(g-s)’-,‘_(.t_q)a. 191 (g - _]
Z‘ R (‘q}lJ(a—i)l_‘_ (."3'“-3" J(i“i)"-\- (“'Q%J

Differentiating equation (B-3),
2

313 =

dg (B-3)

3

s . S‘ - K 0 Jz-5Y¥ & (yoav) [\‘bl("&‘] % ) (B-4)

2, J2-g ¥ + (y-a)
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Substituting,
§ =19\ (2- %)
€ 2\%\(2“Q3
= =\ d
4§ = -11dg -
in equation (B-4)
1_5 SK(JS'A\-e)
> fEr = (B-6)
where,
W=l CE-2,,)
L :\%\(2'£K3
Noting that,
2K v e |= i
as| ° [85% = (B-7)
and integrating equation (B-6) by parts,
w
T, = —-g- KO(JS’“-P&:')JQ
N )
® & ¥
—(:-I &> - < 48 | (B-8)

Substituting the value of K4 {S‘*.e‘ from equation (A-33) in appen-

dix (A), in equation (B-7), and evaluating the integral,

NN rrsabl,
52 5

eZ““ X (\e\)J 2¢(6)d8

ug S Ko(\e\)S:‘EL Jiak .

(B-9)




Substituting,
o) £ at+ah
St L. ot
T2 B0 7 £, AV v (8-10)
A
T _(8) f_ (S/j
= _ B-11
% Azo (R))* . Sl
in equation (B-9) and integrating the right hand side,
) :.t-v-ah -\
—€ (825 e 2 (—\3 K, (\e\)
S'—L 8 ad éz Zh\(:zt-u..)\(ztux-s)

pee) 2%~

= B i) oLV
Se (R1YC2R-) - (B-12)
Inserting equation (B-12) into equation (B-8) and putting the upper
and the lower limit in the equation,
::-%K(.lu.-ve" )+ %—K(JE-\-e )

. at +2h-\

~e€ ZL-nt K“(\e\)z SARMSYTN

fizo (%)) (2E+ ) (At *2R-))

Q- 2h-\
— & K (\ \) Z (U/:.) xR (976- ; (B-]3)
hzo (h\) (22-\)

From equation (B-13), 13 can be shown to be a function € , U

and 1. Hence,

I, = F (&,u, ) (B-14)

where, the function F] is defined by equation (B-13) and the values
of € , uand £ are given by,

e =9\ (4=
QL (2-2,)
¢ = Wl (2-2.)

1

(B-15)

58
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Equations (B-13) and (B-14) give the general expression for I,.

Evaluation of I3 for y = aand z = z,

%4 Midway Between Zk and Zk+] ony=a

The value of 13 for an element at y = a can be obtained by
substituting equation (B-5) in equation (B-4), if ;n lies between the
Timits Zk and Zk+1 of the element. When Zk< Zn< Zk+] , we assume that

;nh'es in the middle of the element. The equation for I3 18

] w
ek ({eg+r e )
I, = { s as (B-16)
b JE 4 g*

The 1limits u and 1 are defined by equation (B-15). The term K ]5'-_\_@)

in equation (B-16) can be expandecf into [Ref. (2)],
4 J8 e g = !
K, (Je*ver ) = {.‘ + b - e Zochn(a.-»m.

ah +
[J E* 4 e"]
2

o sz: s ah4l g \
J8%+ A
. A L. S [""5_" ] [2 s* :uh-ﬂ)]

[§%+vex hzo 1) Cha) s\ + (B-17)

Rearranging equation (B-17),

e A e (Frsakat
k,(l_r_——s +ez.)={“6+en‘lsz*e }{ q* +-§_—( Sq‘\-& )

+ highan edd pewers of (FTier § + { ! -
P $ fere

‘6:4-&2- . “3"“" odd powers ogrs?-;—é-g i (B-18)

Substituting equation (B-18) in equation (B-16),

w

g £ a8
L

i -

3= 8r + &> . (B-19)
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A11 the other terms of equation (B-18) can be neglected as & tends to

zero. Integrating equation (B-19),

w
¥a. = {__T“”C‘ gla . (B-20)

The above equation gives the value of I3 for an element on the
side walls. The value of 13 for the left and the right wall are shown

below.

13 For the Left Wall

For the left wall a is equal to -1. In this case when y tends
to -a, the value of & which is given by equation (B-5) tends to ot.

Putting these limits in equation (B-20),

e m,uc'zn-zk,,\]__ -|[\%&(3u-z‘3
T, = tan [: = : on =

. (B-21)
Evaluating the right hand side of equation (B-21),
o 1 1,V (B-22)
when, Z,&Z L7 ;-
if Eh is not between Zk and Z 4 1e
X, =0 (B-23)

3 »
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I, For the Right Wall

3

The value of a is equal to 1 for the right wall. Hence the
value of € tends to 0 as y tends to a. Putting these limits in
equation (B-20),

ekt ol ‘w\(in-zk+aj_‘_—\ H,l(%,,-z,‘)-]
Tam ™ [ 1 S . (B-24)

o~!

Evaluating the right hand side of equation (B-24),

I,= T (B-25)

when, Zk< zn 4 Zk+1

If zn is not between Zk and Zk+1’

X . =z=0. (B-26)

z, Midway Between Zk and Zk+] ony = -a

The value of I, for y = a and.z = Eh, where Eﬁ is midway be-

tween Zk and Zk+1 at the nth wall element on y = -a, can be obtained

from equation (B-14). From equation (B-15) the value of € for the

element at y = -a is,
€ =-2al9| . (B-27)

Using equation (B-27) and equation (B-14), the value of I, is,

j:5 = F‘ ["2‘1\‘“; 191 (%n'ak,h"%\(én“?—'nﬁ .(B-28)
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General Expression For I4

Equation (B-1) is denoted by I4 when the normal coordinate is

z and r' is the distance between the side walls and any point in the

tunnel. Therefore,

al‘ﬁ-l
3_ o CANe d - I
= g Ke (\U) [(2-5F + (4-a3 ) % W . 558
2y

Differentiating equation (B-29),

zKi—l
5 K, Ol [(2-8Y + (y-aF e
Jz-50 + (4-a¥ . (B-30)
iK
Substituting
&= \@l (2-7)
€= \91 (§-2)
af= -9l % (8-31)

in equation (B-30) the value of I, can be written as,

(V 8
- K o & & €* )
b Wy sl = el (B-32)
0 JoBtr + 1 &

Using ref (2), we note that,

~BRI[F+a )

d 2 2 =

Hence the integral of equation (B-32) is given by,
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w
I, = —[K° (8%« e‘):] (B-34)
2 L]
Putting the Timits in equation (B-34),
I, =-K([w+e) +x (J0+e*) (B-35)

From equation (B-35) I, is a function of € , u and 1. Therefore we can

express 14 as a function of these three variables. That is,

1y, =R (e, u, ),

(B-36)

The function F2 is defined by equation (B-35) and the arguments & , u
and 1 are,

€ = 19l (§-a)

W= ial (2 2y,,)

t = w (z-2,),

(B-37)
Evaluation of I, Forz =e and y = Y,
For z =

eand y = }h, the value of I4 can be obtained by using
equation (B-36) and (B-37).

The expression e is h/b for the top wall

and e is -h/b for the bottom wall. If }h is the center of the nth

wall element on z = e, then I4 is given by,

I,=F E%l (§-2)s 9l (e.-am),\q,\(e-a‘ﬂ _(B-38)

General Expression For 15

]
If the normal coordinate is z and r 1is the distance from the
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top or the bottom wall to any point in the windtunnel, then equation

(B-1) is denoted by 15. Therefore,
EOP)

1= 2 [ % (ufe-ers (-3 .

(B-39)
K
Comparing equation (B-39) with equation (B-2), we see that if y
and z are interchanged and if e and a are interchanged, the result given

by equation (B-13) can be used. Therefore,
Ig = K [Wl (2-e),\91 (‘t"'t.‘ﬂ),l‘i;l (‘&"*Q:I . (B-40)

Evaluation of I For z =e And y = }6

h

}h At The Center of n'" Wall Element On The Wall z = e

Using the result in equation (B-22) and equation (B-25) the value
of I for z = eand y = }h 185
3:5 = T (B-41)
when Y £ Yn < Y- Here, Y and Y4 are the 1imits of the element for
which the value of 15 is being calculated. If }h does not lie between
Yk and Y41 then from equation (B-23) and equation (B-26) the value of
15 is given by,

il Bt (8-42)

th

}h At The Center of n* Wall Element On The Wall z = -e

The value of I, for z = e and y = }h can be obtained by using the

th

5

result given by equation (B-28). Here, }h is the center of the n”" wall

element on the wall z = -e. Replacing z and a in equation (B-28) with

Yy and e respectively, we get,
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I, = F‘ [—aem >\l (Qn- ‘ah"),lq,\(qh-th)j .(B—43)

General Expression For 16

If the normal coordinate is y and the distance, r', is measured

from the top or the bottom wall, then equation (B-1) is denoted by 16'

Therefore, ‘tk*\
Al AS Ke er & (3-GF )dE .
y %\3’% (\3,1](2 e) + (4 gy )4% (824
w

Comparing equation (B-44) with equation (B-29), we see that if
y and z are interchanged and e and a are interchanged, the result given

by equation (B-36) can be used as the solution of equation (B-44). That

is,

I, =K Eb\ (2-e),19) (%-%Kﬂ).\q”o*-n,,;i} . (B-45)

Evaluation of Ig For y = a and z = Eh

h

76 At The Center of n°" Wall Element On The Wall y=a

The value of I6 for y =aand z = Eh s Where Eh is the center
of the nth element on the wall y = a, is obtained by putting the limits
in equation (B-45). Therefore,

L I‘ = F;_ EM (in“e)5 \9\ (Q.-‘tkﬂ),w\(a-ttg (B-46)

"&"50.
292,

Expression For the Entire Boundary

Equation (B-1) multiplied by the influence coefficient of the

elements is,
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= '
A S 6, % (W A') A (B-47)
Equation (B-47) is expressed below for the entire wall boundary. The

expression depends upon the location of the element.

Wall Element At y = 1, 0<z< h/b

Expressing equation (B-47) for the entire boundary, evaluated

at the nth element on the wall y = 1, 0<z<h/b,

> S R I(ur)dg

Entire Boundary (B-48)

Expanding equation (B-48),

K
E R Em » Y (Bn= 2,0 5 ) <in-z.§]
k=)
K
_E 9 F\E\‘H > 19 (Ba+ 2), 191 (0~ i“bj
k=)

+ Onp (W)

¥ E G, F:.B\ (in—%),m 0= 4,2 WO,
K=K +\
s,

+Z T R 191 Bam M) W1 ()5 91 0 D

—

e
_E S B[R+ M) 0-%,,) 9 0"**3
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Ky
- Sy F,_E‘N (2, + %) 90 (0% %) YN (\-w-&ﬂzl
K= k+\
(B-49)

The terms in the above equation are due to the left wall top
half, 1eft wall bottom half, right wall, top wall right half, top wall
left half, bottom wall right half and the bottom wall left half. Equation
(B-49) is a function of q and the location of the element, n. Therefore

the above equation can be expressed as,

> e (R 00a)y Ak = Wima).

Entire Boundary (B-50)

For a complex influence coefficient we get a real and an imagin-

ary value of W,(n,q). The real value is,

N: (rmq) = Ed. ('n.q,E] osl (B-51)

and the imaginary value is,

Nn (m,g) = E’J\ ('“"'llﬂ G‘K.-.G‘: (B-52)

The primes and the double primes indicate the real and the imaginary

values respectively.
Wall Element At z = h/b, 0Ly« 1

Expressing equation (B-47) for the entire boundary, evaluated
th

element on the wall z = h/b, 0< ¥y« 1,

E % & { wunr)dk | (8-53)

Enlire deom&

at the n
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Expanding equation (B-53),

Ky
ZG‘K F"E‘b\ oo (-2, ) (s 'zkﬂ
K=\
K,
—_5_ Ty Fa E’\ (:&n‘\'\) sl (Rt Bl ) 0 9l (e‘/w?-‘gz,
K=y
+ G, (%)
K
+ E % R Eb\ (Fa-0) 5 @l (B - 2,05 90 (k/b-zg)]
K =)
K
—'z T, Fal 101 (%,-1) 0 ) (Mot 2e,)s 190 (“/b*zn)]
k=)
Ka
_E o Rl 2wt 2wl (B -4, 0wl («}n-hﬂ
K=K+
Ko
- . F| \9 k > \9) ('" + «) )\ -
kN '% Tt T ) W Gt )
K= K‘-H

| (B-54)
The terms in the above equation are due to the left wall top
half, left wall bottom half, top wall, right wall top half, right wall
bottom half, bottom wall right half and the bottom wall left half.

Equation (B-54) is a function of q and the location of the element, n.

Therefore, the above equation is expressed as,
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E G-g “o%, _S K° (W‘h‘) df = N:. ('\'\’)q’) ’
Entire Boundary (B-55)

For a complex influence coefficient we get a real and an imag-

inary value of wz(n,q). The real value is,

Wy () = [Ratng)] o = ol (B-56)

N:_ (r\\’cu) = EJ:_("\;QJ]r =°.‘|‘| ; (B-57)

The primes and the double primes indicate the real and the imaginary

values respectively.
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APPENDIX C

In this appendix the transform of the velocity potential of the

model, and its y and z derivatives are evaluated. The velocity potential

of the horse shoe vortex at the origin is given by,

$ = Ts :
™ fRTeTﬂz_{y z] el

where S is the half span.

If we consider the model as made up of pairs of elements, then

for an element pair j of span z;yj which is located at x=% Xy Y7Yj the model

potential is given by equation (C-2). The 1ifting element is shown in Fig. 12.

(é 3 _L_YL 1+ st
Joo-xF e @Lovy 3+ 21| | O Vphz

T‘ A\l
f*-*h@‘[(vw ey sz ol WL

In normalized form this model potential can be written as,

ioy. [ = 2
(4> y, = :iiie:ad-  E— L .
™% L (g*+ 25 T (g 2D
r Bl 45 1 3
Gn o (=Tt aany ) (3T 2

1 \ (c-3)
JetepT ety (3rteet) .t

where, the above equation was normalized by using,

§ o (2., :
X~ = —t = m - a - AYQ
' Ue b ’ ( m)d Uso b : i \ad— %
" \/ -V "o \j + Y £ Z
Y4 __Er.a- y R = —_if-d- » 2= =
and =<' = ..___-:"7‘6- ) s
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Fig. 12. Location of The Lifting Element
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Taking the transform of (<bm}& according to,
e—— +w .
o SR S (), €7 dx
( 3& Jzw \é (c-5)
)
we obtain, ‘O ;e
&) = _.A—Lﬁ Si eV ax' 5Aj
-] \ \.‘bi
S 1-e.q‘”cd.'al’.' + ok = S S

Ln 2w (yraat)

ix' .\.(\a *t‘)
-+

\ L !‘.
'ﬂ“ A"&a 2 g X e Y dx.'
bu I5m (g ) J=* (§" e . (c-6)

Integrating the first two terms on the right side of equation (C-6),

(B v o8l 2 By | ey 2 £@)

fam (g2t 23w (3t D
: +® \ L%x
i kPR ‘*”ﬁfx"- d
L 25 ('-a"‘«-z) _J—x“'ma x 2=
w Sufifp, @ "‘i'“adi x eV 4o
LT [3% (‘A"‘-\-a‘)e AR . (o8

The model potential, (¢,,,3&,g1'ven by equation (C-3) has an x-
dependent part and an x-independent part. By taking the transform of the

x-dependent part, (@) ,according to,

— \ - i '
de,), = — J (dmy). eV dax' :
( m;)& J_J.TT l'I'\I.a (C-8)
-0
we get, " \ ‘.‘ ‘.‘ . et \s. q, \
(Bea), = aY; 2 L g % Singx .
i uﬂl_‘(\a"‘+z ) aJ:“\-u"'*«- e
¥ oY%, 21 x Sin § X dx' (C-9)
h“ﬁ-?‘ (‘a“:*_zt) -L jzﬂ-* %‘\2.\_;3.

The Cos part of equation (C-8) is zero since (¢m133 is an odd function
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of x' . By using the relation,

T x Sngx 4 - 2L Kk ()
n_[?z“— = 19l (c-10)

equation (C-9) can be written as,
7y ! ¥,04%, 29 ¢
(o = — 4 , Tyt
+ %84 29

I‘b\:.njﬁ_?, W K\(W‘J t&“a“’il 3 . (c-11)

Noting that,

+ @
— ' L9, ¢ - 19 x;
( z)é = S e (d’"“\\ . dx (c-12)
which can be written as,
o ' & : s
( ¢m:> i =re & Y ( ¢m:)d (C-13)

Hence, (Cbmz)& is given by

Using the above relation, equation (C-7) becomes,

_ L:b'.z- — \
(Fe)y = ¢ 8@+ €y B + € A("“‘Qa (c-15)
where,
£, S Aoyt (c-16)
2 aw (*a‘z-\- 2*)
C;_ - '6& A\a‘-\ z (C-17)

AR (YD)
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Substituting the value of (Cbma), from equation (C-11) in equation (C-15)
we get, $

(‘_bmS. = (c.®@ i-c,_8<q,>) — %8329 Swnq=;
&

2W 3w 19)
KOs ) % OU[yTeeE )
1§ wws " g™ ees
¥309; 29 Cosgxy ®,091 [yFva= ) Kl(\%\m) .
2® (or 19 emsm " Tygrear b L (c8)

In the above equation, if the real part which is independent of SC%)is

+

denoted by M., and the imaginary part by M]i then equation (C-18) becomes,

1R

(zm)é = Mg + (6+¢,)8¢g) + 1M (c-19)

Derivatives of the Model Potential

The derivatives of the transform of the model potential, (:;:A) s
with respect to y and z are given below. The derivatives of the real and

the imaginary part are taken separately.
Derivative With Respect To y
Real Part

The derivative of the real part of equation (C-19) is given by,

8( -—’6 AL 2 a'a s
%KE"I&*' ¢, +¢) 71:] (g L) @)

— 3%,z 2% SO + 529i23  Swnqx;
P 2T I

2 e =
By K, [V r) |, 2K (npFee )
(9% + 2%) e

YK (9 [Te e ) 24K omm:??)
(s 2b) ('a“ + 2 )P (c-20)
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The above equation can be represented by,

_.% [Mm + (C,+Cy) S(ﬁ,)_l =M, + ? 8q) (c-21)
where, M2R represents the part of the equation (C-21) which is indepen-
dent of §¢j). The coefficient of &(j)part of equation (C-21) is repre-
sented by 9

Imaginary Part

The derivative of the imaginary part of equation (C-19) is given

by,
A M, = 8% 27%s9% [\%l'a‘\(,(\%\lw‘a-z‘)
3"6 2w 2w 191 (.8.:.‘_23)
24k gt r2T ) v gk () [eeE )
(W*+z?f“ (g‘+é*)
ay'k, (191 [4*° *z{'
AL a0 b ; (c-22)

If the right hand side of the above equation is represented by MZi’

then,

_%‘{Mli. — M:.'L 1 (C-23)

Combining the real and the imaginary part, the y derivative of

the transform of the model potential of an element j is given by,

4.y = T 8@+ LM,
"%&( Y = Maar PR IML (c-24)

Derivative With Respect to z

Real Part

The derivative of the real part of equation (C-19) is given by,




76

2
2 (Mevcarenbay) = Tt E% +2t) -28* g0y

2w Lg*ra>y
+ e, [%“ﬁ-g")-zzj Q)
2 2w @+ 2>)
_‘_'6343;19,831\%15 (_2-__-1’; _|) K (\‘vll\az«-z )
2T (ZE 19| Y ICEET o
2 . i
2" k(19 [325e ) L (2E )K L) [a5 &)
(y*+2?) 3“ re [9* s ==
+ A% 2 K (91 [T eet ):’
(q™ +2%)

(c-25)
If M3R represents the part of the equation (C-25) which is independent

of 8¢grand the coefficient of the 8(g)part of the equation is,

%_z[n gt (G+Ca) 8(%3 =M+ ¥8Q) | (cgp)

Imaginary Part

The derivative of the imaginary part of equation ((C-19) is given

by,

2 Mg o =¥ 849%s9%y | (S -=-+.=.“‘
2 2T W 19\

K, (91 [4=*+ 2> ) L+ )9 zzkg(\q,\j Yo+ '-
j%"‘rz" (y*+2*)

._2‘.353_1_ - \) K\(\%” ‘A“a"‘?) \%\% Ke (19 I‘a :+t
4 *E “d“"+z‘ (gt +2™)

(C-27)

Representing the right hand side of the above equation by M3i’
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..-&(M\'A AT .

Combining the real and the imaginary part, the z-derivative of the trans-

(c-28)

form of the model potential of an element j is given by,

% (4’,.,06 = ME:R -+ le + Y S(%) ) (c-29)




78

APPENDIX D

The terms used in the boundary condition equations are described

in this appendix in a matrix form. These terms are given below.

Matrix Expression for W] (n,q) and W] (n,q)

The term Wq(n,q) is given by equation (B-50) in appendix B.
The value of W ﬁn,q) is different for each of the wall elements and for

each value of q. These values of w](n,q) can be expressed by a column

matrix,

g = {7t (0-1)

For k<k, , the nkthelement of matrix {Ti is obtained by using

equation (B-49) in appendix B. The matrix iTS for this case is,
{73 = R, wiz.o- 2,0 5091 (’i,\-z‘i]

e F‘r-aﬁll 2 H"(in"' EK) ’ FH(E“*-E'"D]

s

A1 \F K=n
+ (D-2)
2y \F K#n

— °

The terms in the above equation are for the left wall top half, left

wall bottom half and the right wall.
For K< kSK2 the value of the nkthe1ement of matrix {T}is

given by,

{'\'Smf E.Eq"(zh - &/b) ,\‘1}\ (\- ‘*"‘)’l%‘(‘-—‘t“ﬂ
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+ F;IEN (E,-%p) 5@ O+ %) 0 V) (O ‘t.‘..lj
et E‘bl (2, + typ) > ) O-%,, ) 9l (\-%‘)]

- R [\u g, + b)) ATEGL A M E W‘(""h..ﬂ
(D-3)

The terms in the above equation are for the top wall right half, top
wall left half, bottom wall right half and the bottom wall left half
respectively. In equation (D-2) and equation (D-3), n may take on
index values from 1 to kl . Some values of n correspond to the solid
elements and others to slotted wall elements. It is convenient to
such that the former is{ T{ for the

define { T} and {T}

y slot y solid
set of slotted wall element indices and the latter is {T‘Sfor the set

\
of solid element indices located at y = 1. The matrices {w.i and {wv}

can be obtained by putting the real and the imaginary values of 6 . Thus,

gl = 1731 (0-4)
iw d = 17iis") (0-5)

1 n
Matrix Expression For W,(n,q) and W, (n,q)

The term wz(n,q) is given by equation (B55) in appendix B.
The value of wz(n,q) is different for each wall element and for each
value of q. These values can be expressed in a matrix form by

putting,

N, (ng) = {Uite} (D-6)
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For K < kg K‘_the nkth element of the matrix {Uiis given by,

{usnkz -Eﬁ 219 % P W1 (%, - %) 5 19) (Tin"'h)]
...[F.\ 2\91 ;‘/b s (Y] (C&.h-‘%k),ﬁ,\ (tth*'%k-u)]

w \F K=m

(o] \F K¥En . (D-7)

The first two terms in the above equation are due to the bottom wall and
the last two terms are due to the top wall.

For k£ K, the nkh element of matrix {Usis,
iuinn R R Eﬂ" (':k,,'\'l) » 191 (C\/b_ E‘“) s 191 (&/b' i“)j

-F [\‘b\ CRa+1) 2191 (rpr 2)) »\%l(*‘/b‘féw)]

R [‘%\ (En-\) » 191 ('\/b'ZHJ,HA(%_E‘)]

-k [l‘bl (F-1) 191 (200191 (A + zw)](D-B)

The terms in the above equation are due to the left wall top half., left
wall bottom half, right wall top half and the right wall bottom half
respectively.

In equation (D-7) and equation (D-8), n takes on values from
K y * 1 to Kz' Some values of n correspond to solid elements and some
to the slotted elements. We define matrices {Ui 7 ot and {Ui 7 Saldd
such that the former matrix is for the set of slotfed element and the
latter matrix is for the set of solid elements. The value of {w;_{
and {w"23 can be obtained by putting the real and the imaginary values of

the influence coefficient in equation (D-6). Hence,

{w.3
w3

V3 3013 (D-9)
uife"y g}
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1 n
Matrix Expression for Ws3(n,q) and W3 (n,q)

The function W4(n,q) is defined by equation (A-41) in appendix

A. W, (n,q) has a different value for each nthwaH element and for each
value of q. For each q, it is convenient to express the values of

W 3(n,q) as elements of a column matrix.

iwgd = {ciisy . (D-11)

The matrix io‘s is a column matrix of K,elements and {ci is

th

a (Ky - Ny) by Ko matrix. The nk™" element of{c"ﬁ can be found by using

equation (A40) and equation (A- 41) of appendix A. For k<k |the
nkth element is given by,
e b s
tel =& R, eE, -2, 19 (zh-a,‘)]
[ - o=
=G, (2195 91 B+ 2,) s 19 (z“-»;am‘)]

—G\ [0 9 \QI\ (-?;n-\- EK) ) \‘b\ (-zh-‘.zk"‘ﬂ

-1

o , ‘%l (E,’- EF‘H)’ 19] (Eh-zk)] If nEK
o,%_l_ (z‘ﬂ-ik),o] ¥ n=k

LR

(D-12)

-6,

The terms on the right hand side of equation (D-12) are for the left wall
top half, left wall bottom half, right wall bottom half and the right
wall top half.

The nkth element of matrix {cs for K1< ksK2 is given by,
iciu =Q [_Ttm (- %) 191 Q=40 19 O-%,.) :
£ & [191 G, - Red 1w 04 W0+ g, ]

-6 MG WO )W G |
= S IV R e ), By ) (YD) |
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The terms on the right hand side of the above equation are for the top
wall right half, top wall left half, bottom wall right half and the
bottom wall left half. In equation (D-12) and equation (D-13), n takes
on values only corresponding to the slotted element index numbers on

y = 1. If prime and double prime denotes the real and the imaginary

part of the influence coefficient, then we can express it as,

]
e R (D-14)

Therefore,
{w.d = 13 [{a-‘g1- i{cr"i] . (D-15)

Hence the real and the imaginary part of {_NB 3 are,

a3 = {cf {o's (0-16)

tw.§ = {3 §_o-“§ : (D-17)

|} "
Matrix Expression For W,(n,q) and w4'(n,q)

The function Wy (n,q) is defined by equation (A-45) in appendix
A. The value of Wg(n,q) is different for each nthwall element and for
each value of q. For each value of q, the column matrix can be ex-

pressed as,

{93 = {33 {o3 ©-18)

h

For k€K, the nk™" element of the matrix $D3 is given by,

iﬁih‘= G. E‘%\ (%h‘*\) s 11 (g\/b- Ek-ﬂ) » 1Y) (Klb-igﬂ
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- G, E‘b\ (Ttnﬂ) s 1 Ry + Z2...) s \91 (R/b-v»a‘):l
+ G‘\[\%\ (t&n-‘s’ | (e\/b“ik*‘XQ\qu (e\/b_zk}_—]

= 6 U G 19 (M2 )09 (P re Y]

(D-19)

The right hand terms in the above equation are due to the left wall top
. half, left wall bottom half, right wall top half and the right wall

bottom half respectively.

<kg K, the nk" element of the matrix {D} is given by,

For K 2

:
™3 = 6, [o. L, 4, 0, *‘&.J]

| ~6, (2 M (G-, ) s 1) (‘xn-‘hﬂ

- G| [a 2Vb \‘b\ ) \ql| (Tﬁn* %gg.\) 2 \$' (l—tn"‘%Kﬂ

. & [}.m CHn= s \%I(f&n-‘&‘ﬂ F nEk

:i * -2G, | o, ¥ -

: \ ' (%&“ tﬁ") » O \F n=x (D-20)
The terms in the above equation are due to the top wall left half, bottom
wall right half, bottom wall left half and the top wall right half

respectively. In equation (D-19) and equation (D-20) n takes on values

only corresponding to the slotted element index numbers on z = h/b. The

matrices {w;iand {N;i are obtained by putting the real and the

imaginary values of the influence coefficient. Thus,

w3 = 31{«"3 (0-21)
(M1 = 1231 022
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Matrix Expression For M]i and M]r

The term M,.is the imaginary part of equation (C-18). It is

given by,
M = ."'&A"hl‘bCosfi/Ia ik‘ (\MW)
Qv [Zw  \9|

+ XK (9 l yn® o a2 i (D-23)

The above equation is a function of q and n. Therefore,

M, = M, M9 . (D-24)
The function M‘l(n,q) has a different value for each wall
element and for each value of q. For a fixed q, we can represent Mli(n,q)

by a (KZX 1) matrix. I% is the total number of wall elements. Therefore,

’—(Mu‘.)“——[

(Mnoal
(Md)

(Mﬂ.) kal
—ied

{Mui i

3\

(D-25)

The term M“2 is the real part of equation (C-18). It does

not contain the & (q) part and is given by,
M. = % 8%:29 S\n‘iy__l.‘ K, (\9] I‘A'aﬁ- 2>
IR an Gw 19| rgf?rzj;;:—'
4 K, (\91 'laua. +1a* ) S

The above equation is a function of q and n. Therefore,

(D-26)

(D-27)
hﬂnn.'= rﬂl& (71'1’) .




The value of n varies for each wall element. For K, wall

elements and a fixed q the function M1R(n,q) can be represented by a

(K, x 1) matrix. Hence the matrix {M\QZS is,

= —_

(MW) )

(M),
{Mm.% = \

(D-28)

IR
-3

—

Matrix Expression for M2R and MZi

The term N&Ris the ®(q) independent part of equation (C22).
MZR15 given by,

M = %5 28% 29 Snyx; {
A an faw 19\

Wl Y K, Q91 [57 + 22 )
(g* +2*) fy

2y k () [97*2x ) L WY K (91 [errax )

Cy?+ 2>)>>

Cy*a 22)
+ ‘."3‘ K‘x (\ql‘ ,I ‘a“l‘\' 2> ) 3 (D-29)
(\al\ + iz. )Ma. .
Since zis a function of n, Mz&is also a function of n. Hence, the
above equation can be written as,
Mzg = Mzg (n,Cb) . (D-30)

For a fixed q, the values of N&R(n,q) for each wall element

can be expressed by a matrix {Mni. If I% is the total number of wall

element, the matrix {Mmiis a column matrix of the order (sz 1)<

85
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CEI

K, \
L—- e (D-31)

The function MZi is obtained by differentiating M]i with respect

to y. The equation for MZi 1S,

My = — 2% 29 Goex ]:“w § % Qo1 [FFe D
L 2T 2w \q) (L&.z + 22_)
&%. K, (‘%'.‘ ‘2 e ) - \jl\ ‘a" K°(l‘b| ’na\oz,\_ta. )

anta-‘_&a.?a. (a“a‘_iz_)
+ 29w 9l e et ] (D-32)

( ant ¢ 2™ )31:.
The above equation is a function of z and q. Since z is a function of

n, we can express equation (D-32) as,

Mzi o MlL (h'%x . (D-33)

MZi("’q) has a different value for each of the wall elements
and for each value of q. For a constant q and all the K2 elements we

can represent the values of M21.(n,q) by a column matrix {M.ui'

T -

CMzt)u

Mai),,

{Mz&i == :
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Matrix Expression for Ma.g and Mai

The term Mo is the 8 (q) independent part of equation (C-25).

It is given by,

i L R R - K OV PR
“w 2n 2w (W9l %‘«-Z? j?;ET::;E:-—
v T | 2 ) )
(\a\l + 22_) la“ +2 .a“ _‘.2;_

+-

IS Ke (101 J ynd 4 p> ):l
' (D-35)

(g% +2%)

The above equation is a function of n and q. Therefore we can express

it as,

Map = Map(mg), (D-36)

The function lgR(n,q) has a different value for each wall
element and for each value of q. For each q we can express K2 values

of Mpby a column matrix iMy&. Where,

— ol
(P133>u

(h«3§§z\

{Mani b :

M“)m (D-37)
_— P

The function M3iis obtained by differentiating M]i with

respect to z. It is given by,

| My'= TUANY Cugmy [(—_— )

2w 2w 19 Wi
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K (o) [y 22) T Gat [yt 2> )
jia,a. + zz (‘3‘1'\'21)

+< S —\) k, (191 [y )
g+ [oerer

+ 2* Ky (11 9y a® )

e 2.
(4" +2*) . A

The above equation can be expressed as a function of n and q. That is,

My, = Mgy (U9, (D-39)

The functionMsi (n,q) has a different value for each wall

element and for each value of q. For each g, we can express K2 values

of My, by a column matrix, {Msti' Where,
(hq3L)u
(M3i.3‘_|
i”a‘ui = :
|
i ' (D-40)
L_ al) -

Matrix Expression For MV

The term V is the coefficient of S(q) in equation (C-25)

and is given by,
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= 2
- o . Ay, (%\_22.) " __2_1)
[aTw (2) | (T rat) g+ 2*)
(D-41)
In the above equation, all terms are constant except z. Since z is a

function of n, we can write,

Vo= VmY | (D-42)

We can express the values of » for all the wall elements by

the matrix {\)S. Where,

1 oa!
v,
\31‘
- |
{\Ji i I
|
|
e (D-43)

Matrix Expression For (G + &)

Equation (C-16) and equation (C-17) give the expressions for
C; and C2 respectively. If W represents the summation of C] and C2

then,

& I_:-_“_ (‘a".'\‘éa) 4 afi_“_ (gauz_‘_il) . (D-44)

The above equation can be expressed as a function of z. Since z is a

function of n, we can write,

i B A (D-45)
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The function W(n) has a different value for each wall element.
For all the K2 elements we can represent the values of w(n) by a col-

umn matrix, {\\'g , of the order (K2 x1).

L

(D-46)

. i 0
Matrix Expression For 4

The term @ is the coefficient of S(q) in equation (C-22).

That is,

| S, Tl TS 2y xyeyE 2y
alzw (4« 2y alsw (‘6“1“‘"3'):' ¥

(D-47)

The above equation indicates that G is a function of z. All other
terms in equation (D-47) are constant. Since the value of z changes for
each element on the wall, @ can be expressed by a column matm’x,{‘ii "

of the order (K2 x1).

3
w = |

(D-48)




91

Matrix Expression For The Influence Coefficient

The influence coefficient, @ , has a different value for

each wall element. Hence the values of the influence coefficient for

all the & wall elements can be expressed by a matrix {cg.

——

G,

LY

-

{_6'3 =

(D-49)

l
[
l
I

The influence coefficient for each element in the above equation has a

real part, ' , and an imaginary part, A
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