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The purpose of this thesis is to obtain a power 

series expansion of the general stiffness matrix for a beam­

column element. Solutions are obtained using the general 

Timoshenko beam theory including the combined effects of 

bending and shear stress, together with axial force and 

transverse and rotary inertia. 

The general stiffness matrix of this continuous, 

elastic, vibrating, structural element possesses components 

which contain complex hyperbolic and trigonometric functions. 

The idealization of this continuous system into a discrete 

element system is performed utilizing a power series expan­

sion technique which produces a family of matrices contain­

ing algebraic components. The latter matrix form is extremely 

efficient for matrix computer operations. 

The matrix series expansion produces a two term 

expansion of elastic stiffness matrix, a two term expansion 

of the consistent mass matrix, and a two term expansion of 

the geometric stiffness matrix. In addition, all coupling 

matrices of the latter three parameters are obtained. 
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CHAPTER I 

INTRODUCTION 

1,1 Historical Review 

The mathematical idealizing of vibrating continuous 

elastic systems into discrete element systems, as used in 

matrix computer analysis, leads to the equations of motion 

which define a general stiffness matrix with components that 

are in the form of an infinite matrix series. The classical 

solutions of the equations of motion of a beam-column form a 

structural stiffness matrix with coefficients defined in 

terms of hyperbolic and trigonometric functions. This form 

of the stiffness matrix is inefficient in the usual computer 

operations which most efficiently and effectively utilize 

matrix forms which are algebraic in form. 

As a result, a number of authors have develope tech­

niques to circumvent this problem. The stiffness matrix has 

been separated into a number of parts: the bending stiffness 

matrix of a beam defining the effects of bending and shear 

stresses, the geometric stiffness matrix expressing the 

effect of axial force, and a consistent mass matrix defining 

the effect of inertial forces. All three of the above ma­

trices contain algebraic (numerical) components which allows 

for efficient computer operations. 

1 
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Przemieniecki( 5 )* derived first and second order 

matrix forms for the mass and stiffness matrices of a beam, 

utilizing a single infinite power series expansion in ascend­

ing powers of frequency. 

Paz( 4 ) has expanded the terms of the exact general 

stiffness matrix for beam-column element derived from the 

Bernoulli-Euler equations into a power series expansion. 

By a process of longhand algebraic division, he obtained the 

bending stiffness matrix, the first and second order terms 

of the geometric stiffness matrix and the first and second 

order terms of the mass matrices including transverse 

inertia only. 

Laohasiripunya(J) utilizing a similar power series 

expansion and long-hand division extended the latter work to 

include the terms of geometric stiffness and the mass matri­

ces beyond the second order. Terms of the power series are 

retained up to and including the order of fourth power in 

natural frequency, the fourth power in axial force, and 

similar intermediate order coupling terms between the two. 

1,2 Thesis Purpose 

The purpose of this thesis is to derive the required 

bending stiffness, mass, and geometric stiffness matrices of 

the Timoshenko beam using a "double infinite" power series 

expansion in simultaneous ascending powers of frequency and 

* Number in parenthesis refers to literature cited 

in the Bibliography. 



axial force. The following systematic steps are taken to 

assure and establish proper results: 

3 

1,) The problem of a vibrating beam-element derived 

from the Bernoulli-Euler theory is considered using the 

Przemieniecki method. The bending stiffness matrix, the 

first and second order terms of the mass matrices are obtain­

ed. A consistent sign convention is introduced which imposes 

unique properties to the resulting matrices. 

2.) The problem of a vibrating beam-column element 

derived from the Bernoulli-Euler theory is investigated 

using a novel double infinite power series expansion. The 

stiffness, mass, and geometric matrices are obtained through 

the order of fourth power in natural frequency, the fourth 

power in axial force, and intermediate orders of coupling 

between the two. 

J.) The problem of the vibrating beam-element 

derived from the Timoshenko beam theory is investigated 

using the Przemieniecki method. The first and second order 

terms of the stiffness and the mass matrices are obtained 

with the added consideration of the effect of shear stress 

which is not accounted for 1.) above. 

4.) The problem of the vibrating beam-column element 

·derived from the Timoshenko theory is solved using the formu­

lated double-infinite power series expansion. The required 

stiffness, mass, and geometric matrices for the first and 

second order terms are derived. 



1,J General Theory 

The essential feature of the matrix methods of 

structural-analysis is that a continuous elastic system may 

be represented by an equivalent discrete element system hav­

ing a finite number of degrees of freedom. In the discrete 

system the displacements are specified at points selected 

arbitrarily on the actual atructure. These displacements 

4 

are then used to determine the equivalent elastic properties 

of the discrete element model representing the continuous 

system (See Figure 1). For static problems the determina­

tion of the equivalent elastic properties presents no special 

difficulty. The displacements ui = ui(x,y,z) i=x,y,z at 

any point Pin. the continuous system may be related to a 

finite number of displacements selected on the structure, 

in the matrix form: 

{ u} = [a}{ U} (1-1) 

where { U } = ( UX Uy Uz} (1-2) 

represents displactments in the directions of x, y, and z 

axes at point P 

represents a column matrix of the N displacements and [a] 

specified at a specified number of points is a rectangular 

matrix whose coefficients are functions of x, y, z. Equation 

(1-1) can be used to obtain the total strain-displacement 

relationship 



where the coefficients in [b] are determined by proper 

differentiation of the matrix [a] 
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(1-4) 

Using the Principle of Virtual Work and d'Alembert's princi­

ple and following the procedures of Przemieniecki, one obtains 

[ M ]f ij} + [ K ]f u} = { P} - ll: }[ Et }~tdV + if a}{~} dS 

+1{ a}(B }dv 

where [ M ] = f: [a] [a] d V 

V 

represents the mass matrix of the equivalent discrete 
T 

and [K] = l [ b] [ E] [ b] dV 
V 

is the stiffness matrix for the displacements {u} 

(1-5) 

(1-6) 

system 

(1-7) 

Equation 

(1-5) represents matrix equation of motion of the equivalent 

discrete system. The first term on the right hand side of 

Equation(l-5) is the column matrix of external forces in the 

directions of {u}; the second terms represents equivalent 

concentrated forces due to some specified temperature dis­

tribution; the third and fourth terms represent equivalent 

concentrated force due to surface forces and body forces 

respectively. Thus, Equation(l-5) serves not only to deter­

mine the discrete system inertia and stiffness properties but 

also to convert distributed loading into a set of discrete 

loads. 
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CHAPTER II 

EQUIVALENT MASS AND STIFFNESS MATRICES FOR BEAM ELEMENTS 

2.1 Discrete Systems 

In matrix methods of structural analysis one deals 

with discrete quantities, concentrated forces and moments, 

deflections and rotations at a point. Consequently, all 

equations of elasticity for continuous media must be reformu­

lated as matrix equations using these discrete quantities. 

As previously described in Chapter I, the mathematical form 

of the harmonic motion of beam is in the form of hyperbolic 

and trigonometric functions. Thus, the solution for mass 

and stiffness matrices may not be evaluated numerically since 

the frequency is unknown initially. To avoid this difficulty 

the nodal displacements are assumed to be related to the 

continuous displacements in the form of a series in ascend­

ing powers of the circular frequencyw. The solution of mass 

and stiffness matrices become the functions of nqdal displace­

ments. 

2.2 ~quations of Motion 

The equation of motion of a vibrating beam element 

(See Figure 2a) as obtained by the Bernoulli-Euler theory 

is given as 

4 
EI rau --ff ,PA ~x 

= 0, 

(2-1) 

WILL' J-.. F. k ,. J~ Ll .. RARY 
YOUNGSTOWi·l H TE UNIVERSITY 



with X & y the co-ordinates axes of the beam 

EI the flexural stiffness 

pA the mass per unit length 

t the time variable 

(Y) 

I Uy 
ic..ut iwt 

U1=q2· e ux u3=q.3· e 

(X) 
EI 

iwt X ic..ut U =q • e L U4=q4• e 2 2 · 

Figure 2a. Sign-Convention for the Beam Element 

Let 

and 

Figure 2b. Deformed Beam Element 

the displacement along the X-axes 

the displacement along the Y-axes 

8 



From the Engineering bending theory the relation between ux 

and uy (See Figure 2b) becomes 

= - /'aUY 

mx Y 
= - ,c,uy 

L.-ax '?_ 
(2-2) 

where = t, and y is the distance from the neutral 

axis to an arbitrary point o~ the cross-section. The con­

tinuous displacements { u} are related by an ascending powers 

s eries of to the nodal displacements in the form 

{u} = = 

where the vector { aix} and [ aiy} are row vectors. 

Assuming harmonic variations in the time parameters for free 

vibration conditions it follows that 

{u} = { _u l u2 UJ u4 } = { q1 } ·wt q2 qJ q~ • el (2-J) 

thus 
{u} = [f a0 } +w(a1 } +uf[ a 2 } + .. -]tu} 

= [ a]{ q } · e iwt (2-4) 

Utiliz ing summation notation, one obtains 

u = (ri ;{ arx }){ q} 
iwt = {ax}{ q }-eiwt (2-5a) X e 

and 

u 
= (r~ ~[_ary })[ q} 

iwt = { ay }fq }·e 
iwt 

(2-5b) y e 

Subs t ituting Equation(2-5) into Equation of motion(2-1) 
gives 

9 



10 

EI(oo r{· ~ }){ } iwt 
P

A ~w a q e 
r=o ry 

2( 00 r{ • }){ } iwt - w 2w a q e 
r-o r y 

= 0 (2-6) 

Equating to zero coefficient s of the same powers of win 

Equation (2-6), the following equations are obtained 

{~y} 
= { 0} (2-7a) 

{~y} 
= {o} (2-7b) 

EI{$ } pA a2y = { a 0y} (2-7c) 

EI{~} pA aJy = { aly }" . etc (2-7d) 

2.J Solution of the Differential Equation 

Equations (2-7a) through Equation (2-7d) are solved 

by direct integration. For Equation (2-7a), the following 

boundary conditions are applied 

at X = 0 Uy = Ul u2 = dU1 
dx 

at X = L u = UJ U4 = _ dUJ 
y dx 

For t he remaining equations containing terms { a 1y}, { a 2y}, 

{ a 3y } . . . the boundary conditions on displacement and slope 

must all vanish at x = O and L . Thus it follows that, 

{ a0y} 
[ 2 3 

2 3 2. 3 
2 3 ] = (1-J,+2') (,-2,+,)L (~ - ')L (J,-2,) (2-8a) 

{ aly} = {o} (2-8b) 

{ a2y} = .PAL4 E • • • • 7 2 3 s 6 7 

2520EI J( 22~-s2,+Js,-7~+2 ,-) (12~-22i+21i-14~+Ji)L 

2 3 6 7 2 ~ 6 7 ] 
( 9 ~ -13 i +7 i- J ~) L J ( 1 J, -18, +7 ~ - 2 f) (2-8c) 



where ~ = X 

' L 
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(2-8e) 

(2-8f) 

The matrix { a 0y} represents static transverse deflec~ 

tion distribution due to unit values of displacement u
1

, .u
2

, 

u3 , u4 applied independently. The remaining matrices in {a} 

are determined from Equation (2-2) in the form 

{ aox} = 

{·a1x} 
{ a2x} = 

(-2~+Ji)L 6.(-~+i)] (2-9a) 

(2-9b) 

(2-9d) 

2 S 6 9 10 

(2194i-504J~+8J161-6006~+770~-2Jl~)L 

(2-9e) 



2.4 

{ e } 

Total Strains-Displacement Relationship 

= 

= 

= 

The strains in the beam element are 

2 ~ 
-uux = - ,e)Uy = L-ou - _J_ 
-ox "OX2. y l'OX2. 

[{ bo} +w{ bi} +uf{ b2} + ... ]{ U} 
[ b ]{ U} 

12 

(2-9f) 

derived from 

(2-10) 

Hence, using Equations (2-8a) through (2-8f) and Equation 

(2-10), it follows that 

{ b0 } = -L?{ a0y} 
= i [ ( 6 - i 2' ) ( 4-6 ' ) L ( - 2 +6 ' ) L ( -6 + 12 ') ] ( 2 -11 a) 

{ bl } = -LY { aly} 

{ b2 } = -L~{ a2y} 

= 

= 'If;;~~~ [ ( -22+156~-210~+105(-42;) 

{bJ} = -Lf{ aJy} 

{ b4 } = -L1{ a4y} 

= 

(2-llb) 

(2-11c) 

(2-lld) 



lJ 

(2-lle) 

= { 0 l · . . etc (2-llf) 

2.5 Mass Matrix 

From Equation (1-1), the matrix [ a] is expanded into 

an infinite series in ascending powers ofw, thus 

(2-12) 

Substituting the Equation (2-8a) through Equation (2-9f) into 

Equation (2-12), the final form of the matrix [a] is 

= { a 0 } + cJ{ a2 } + J{ a4} + .. • (2-lJ) 

so 
T T T 

[{a0 }{ a0 }] +cJ[{ a0 }( a2 }+fa2 H a0 }] 

+ J[{ao }{ a4 }+{ a2 f{ a2}+{ a4}{ a0 }] + 

= 

(2-14) 

Substituting the Equation (2-14) into Equation (1-6), the 

equival ent mass matrices are in the form 

= (2-15) 

The first two component matrices appearing in the 
expans ion of Equation (2-15) are calculated as 

156 22L lJL 54 J6 JL -JL -J6 

[Mo] P AL 22L 4L2 JL2 lJL ..PI JL 4L2 L2 -JL = 
420 

JL2 4L2 + JOL L2 4L2 lJL 22L -JL JL 

54 lJL 22L 156 -J6 -JL JL J6 

(2-16) 
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708 446 1681L ~ 385 1155L %2"5 770 

446 284L2 ~2 1681L 

[M2] 
(PALL 2L3 1155L 3%5 3 L %20 

= 
2520EI 

1681L ~2 284L2 446 
4b2(} 13 L 3%5° 1155L 

~ 1681L 446 708 
770 · %20 1155L 385 

4 2L 2L -4 
5 2 5 

CPA1 CPI1L3 2L ±L2 ....1.L2 2L 5 10 2 
+ (2-17) 2520EI 

2L ....1.L2 ±L2 2L 2 10 5 

-4 2L 2L 4 
5 2 5 

2.6 St iffness Matrix 

From Equation (1-4), the total strain-displacement 

relationship is in the form of matrix [b]. Similarly, it 

may be expanded into an infinite series in ascending powers 

Of LU, 

(2-18) 

Expanding Equation (2-18), one obtains 

(2-19) 
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Substituting the Equations (2-lla) through Equation (2-llf) 
T 

into Equation (2-19) and forming the multiplication of [b][b ], 

it follows that 

= 

(2-20) 

Substituting the Equation (2-20) into Equation (1-7), the 

equivalent stiffness matrices take the form 

= (2-21) 

The components of the stiffness matrix in Equation 

(2- 21) are calculated for the first three terms as 

12 6L -6L -12 

M 
6L 4L2 -2L 2 -6L 

L -6L -2L2 4L2 6L 
(2-22) 

-12 -6L 6L 12 

[K2] = [o] (2-2J) 

J2± ~ 1681L tWo J85 1155L 9240 5 

~ 142L2 1097L2 1681L 

[K4] 
{PAL) 2LJ 1155L 3%5 27720 9240 = 

(2-24) 2520EI 
1681L 1097L2 142L2 ~ 9240 27720 Y+b5 1155L 

tWo 1681L ~ J2± 5 9240 l155L J85 
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The matrices ·[Mo] and [ K0] represent the mass inertia 

and stiffness of the beam element based on static displace­

ment functions. The matrices [ M2] and [K4J and higher order 

terms represent dynamic corrections. Recall the final dy­

namic equilibrium equation (1-5), We shall consider a com­

pletely unconstrained (free) structure undergoing free oscil­

lations. Equation (1-5) becomes 

[ M ]{ U } + [ K ]{ U} = 0 (2-25) 

Substituting Equation (2-J) into Equation (2-25), one obtains 

= {o} (2-26) 

Substituting the frequency-dependent mass and stiffness 

matrices from Equations (2-15) and (2-21) into Equation 

(2-26) yields the equation of motion in the form of a matrix 

series in ascending powers of as 

= 0 (2-27) 

For reasons of comparison of results in future chapters, the 

following definition of general stiffness matrix is intro­

duced : 

= 

Where [sBE]B is defined as the general stiffness matrix, and 

is given by Equation (2-27), 
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CHAPTER III 

FORMULATION OF MASS AND STIFFNESS MATRICES FOR BEAM-COLUMN 

J.1 Mathematic Analysis Procedures 

Recalling the results of Chapter II, the differen­

tial equation of motion of a beam element is solved by using 

a single infinite power series expansion in ascending powers 

of frequency. The solution for the mass and stiffness ma-. 

trices are in the form of power series expansion of algebraic 

terms instead of complex trigonometric and hyperbolic func­

tions which are inefficient in the usual computer operations 

currently in use. In this chapter, we analyse in the case 

of beam-column element. The differential equation of motion 

is augmented due to the presence of the axial load. The new 

technique is utilized to solve the equation of motion the 

basis of which is formulated using a double infinite power 

series expansion in ascending powers of frequency and axial 

load. Similarly, the mass, stiffness, and geometric matrices 

are expanded in the form of power series of frequency and 

axial load. The details are described in the next paragraph. 

J, 2 squations of Motion of Beam-Column 

The dynamic stiffness matrix of a general beam-column 

is formulated by using the Bernoulli-Euler theory excluding 

the effects of rotatory inertia and shear deformation. The 
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differential equation of motion for a uniform beam-column( 6 ) 

is given as 

with 

e 

4 ~ l 
EI"?)Uy + p"l'Uy + pA'?)Uy 

"l> X 4 '?> X 2. '?> tt. 
= 0 (J-1) 

X & y the co-ordinates axes of the beam-column 

as shown in Figure J 

P the axial force (compression) 

EI the flexural stiffness 

pA the mass per unit length 

t the time variable 

(Y)t 
i.a.t 

X 
EI 

L 

ei.nt 

i.n.t 
e 

Figure Ja. Sign-Convention for Beam-Column Element 

p 

duy 
dx 

p 

Figure Jb. Deformed Geometry for Beam-Column Element 

(X) 
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Letting displacement along the X-axes 

and displacement along the Y-axes 

the usual Engineering bending theory requires that 

= _;z,uy 
'7)X y 

= :-z, u 
-L_-y_ yZ (J-2) 

.,VX 

where = -y_ 
L 

As described in Paragraph J.1, it is assumed that the dis­

placements { u} are expanded in ascending powers of .n. and P 

so that 

{ u} = 

= 

= 

where, { u} 

hence, 

u y 

= + n + P +.{lp 

(J-3) 

= 

(J-5a) 

= ( ~ ~ flps{ a~s l){ q}eiat 
r=o 5=o 

(J-5b) 

Subtituting Equation (J-5) into Equation of Motion (J-1), 



one obtains 

1
00 

oo Cr+Z.> s{ y }) { ] i.nt -p 2211. p ars q e 
r:o S=o 

= 0 (J-6) 

Equating to zero coefficients of the same powers of_n_ and P 

in Equation (J-6), the following equations are obtained : 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

= 

PA{ aio} 
PA{a~2 } 

p+~J} 

(J-?a) 

(J-?b) 

(J-?c) 

(J-7d) 

(J- ?e) 

(J-7f) 

(J-?g) 

(J-7h) 

(J-7i) 

(J-7j) 

( 3-?k) 

(J-71) 

20 
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fl. 

EI{ a40 } = p+~o} (J-7m) 

EI{ a(4} jl: 

= +~3} ... etc (J-7n) 

J.J Solution of the Differential Equation 

Solutions of Equations (J-7a) through Equation (J-7n) 

are obtained by direct integration. F~r Equation (J-7a) the 

fo llowing boundary conditions are applied: 

at = 0 Uy = Ul u2 = 
dU1 X 
dx 

at X = L Uy = UJ U4 = 
_du3 

dx 

For the remaining Equations, the boundary condition that 

{a~1} , {af0}, {af1} ,,, must all vanish at x = O and L 

is applied; this yields 

{ aio} = 

{a~0 } = 

(J-8a) 

(J-8b) 

(J-8c,d) 



{ } n AL 6 [ 2 J 4 ., 6 7 e ~ 2 3 4 s 6 7 e 9 
a~1 = 11200(EI)2 (6o~-8i-JJ0~~468,-189~-J6~+45,-10~) (24~-20~-60,+66~+28~-63~+30~-5,)L 

{ af2} = 

[ a~2} = 

{ a~0 } = 

{ a~J} = 

{ a~l} = 

(21i-15~-45~+39~+7~+J,-15~+5~)1 (45~+8~-195~+162,-21,+36\-45~+10~) (J-8g) 
2 3 4- ? 6 7 e,. 9 2 3 4 ,; '» 7 B 9 ] 

{ 0} ( J-8h) 

AL 8 [ 2 a 4 "$ 6 7 a !:5 to 11 
7 £,,. __ , ,J 3(12856~-12472,-7700,+616~+17171~-17226,+4620~+154o~+J851+~1ol) 

2 ~ 4 15 6 7 8 9 -10 11 
(3576,-2076f-924o,+4620,+10934~-7J59i-4620,+616oi-2J1o~+J15j)L 

2 3 4 '7 6 7 8 9 10 it 
(JJ54~-1774~-8085~+3465~+7931~-4191~-1155~-J85,+1155~-J15l)L 

2 ~ " lj 6 7 6 '3 10 1t ] 
J(1774~+152~-5775~-616,+9779,-5874~+1155~-1540,+1155~-21ol) 

f o} 
(J-8i) 

(J-8j) 

L6 [ 2 3 4 ? 6 7 s e 
. ~·----7~~,J (6~-4,-45~+18~+210~-360~+225,-50~) 

2. 3 4 -, 6 7 
(28~-2i-110,+9~+280~-JJO~ 

· +150(-25i)L 

2. ~ 4 '7 6 7 S ~ 
( 22 ~+2~ -65i-9 "+70 ,+J0i-75 ,+25 ~) L 

{ aiJ J = { a~2 } = { a~3 } = 

2. 3 4- 5 6 7 8 9 ] 
-(6i-4,-45~+18,+210~-J60~+225~-5ol) (J-Bk) 

{ 0} (J-81,m,n,o) 

l\) 
l\) 



{afJ} 2 a. 4 ~ 6 - 7 a g 
= fi:AL

10 
4 [ 3(217504~+494os,-BJ564o,+486408~+202202~-12012~-242385~+187330~ 

54486 J20000 (EI) . 10 11 1~ 

· -J50J5~-16380~-14oo~) 

2 ~ 4 "j 6 7 s e 10 11 11 
(B6640~-39144 j-23244oi+Bo964~+268268~-86658~-175890,+80795~+60060,-5s695,+18200~ 

H> 

-2100~)L 
2 ~ 4- ? 6 7 l!, , ~ iO t\ U, 

(8J985i-J5931~-218010,+69186~+232232,-6J492~-124410,+44330~+15015,+4095~-9100~ 

. ·~ 
+2100j )L 

2. • 4 'J 6 7 8 ta to H 12. 
J(35931~+1552~-115310~-5928~+14814Bj+12012i-1J2990~+6292of-15o15~+1638oj-9100~ 

~14ooii] (J-Bp) 

{ 
y } - (p AL 4 ) 2 [ 2 3 6 7 e ,o u 

a4o - 139708800(Er) 2 J(l7841-28J 2 ~+3388~-J432~+1155~-77~+14,) 

1 s 6 7 ~ \0 11 

(11J6f-1784~+1848~-1452~+J85~-154~+21~)L 

2 !!, 6 7 \0 11 

(1097~-1681,+1386~-858~+77i-21j)L 

3(1681i-2558~+2002~-1188,+77~-14~) 
2. .S 6 7 10 11 ] 

(J-8q) 

C\) 
\..u 



{ } 
L 8 [ 2 ~ .t 5 6 7 s , to 11 

a~4 = 69ss44oooo(EI)4 J(111~-74~-770~+308~+2310,-660,-57751+7700,-3s50~+700~) 

where ~ = X 
L 

2 3 4 '5 6 7 8 ~ '\O 11 
(J054,-111,-10780~+462~+1694oi-990f-2Jloo~+21175~-770o1+105o~)L 

2 a 4 1;; 6 7 a ~ 10 '" 
(2721~+111~-8470~-462,+10010~+990~-5775i-1925,+J850j-1050~ )L 

-J(111~-74i-770~+308~+231oi-66oi-5775,+77ool-J850,+7ooj) ... etc 
2 ~ -4 ,s 6 7 8 '3 10 '\1 ] 

(J-Br) 

t\.) 
{::-
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The matrix { aio} represents static transverse deflec­

tion distribution due to unit values 0£ u
1

, u
2

, u
3

, u
4

. The 

remaining matrices in {a} are determined £ram Equation ( J-2). 

This gives 

f a~o } = 

{ a~l} = 

H0 } = 

:z ,. 6 

-J(6~-1Ji+14j-7i)L 

-6(1Ji-27{+21{-7i)] 

{ } 
'ftL4 [ 2. s 4 i; 6 

a~2 = 252oo(EI)2 -6(J~-J~-70~+21ot-210,+701) 

2. a 4 ~ 6 
(-44i+9 i+560j-1155 j+840 j-210j) L 

(J-9c) 

(J-9d) 

(J-9e) 

(J-9£) 

( J-9g) 



{ a~2} = 

{ a;o} = 

{ aiJ} = 

~..OAL6 [ 2. • 4 ., 6 7 s • -S7->~~,2 -2(20~-4~-220~+)90~-189~-42~+60~-15') 

2 3 4 ~ 6 7 8 
(-16~+20 i+Bo ~-110,-56 ~+147~-80 ~+15 ~) L 

2. 3 4 'i 6 7 8 
(-14~+15i+6o,-65~-14,-7,+40j-15,)L 

2 ,, 4 7 6 7 e ] 
-2(15~+4i-130,+13s,-21~+42~-6oi+15i) 

Yl.P LB [ 2 3 4 , ., & 7 a 
---nl "~-->- )3 -2(12856~-18708i-15400~+1540~+51513i-60291t+18480~+6930~ 

9 '\0 

+1925~+1155f) 
2. 3 ,4 <; E,, 7 8 '3 '\O 

-(2384~-2076t-12320,+7700,+21868~-17171i-12320,+18480~-77007+1155~)L 

2. :J 4 7 6 7 8 9 '\O 
-(2236i-1774~-10780~+57751+15862f-9779,-3080,-1155~+38501-1155~)L 

2 3 4 ~ 6 7 8 9 '\0 ] 
-2(1774~+22B~-11550,-1s4oi+29337i-20559i+462oi-6930,+5775~-1155 1) 

{o} 
)2 L6 [ 2 a 4 i, 6 7 a 

. - ... , ,3 -6(2~-2,-30~+15~+210~-420,+3ooi-75~) 

2 3 4 ij 6 -, B 
-(56i-6i-440i+451+1680i-2310i+12001-2257)L 

2. 3 4 'ii 6 7 8 
-(44j+6~-260j-45~+420i+210~-6001+225,)L 

6(2~-2j-30i+15i+210~-420~+300~-75j) 
2. a 4 r:, 6 7 s ] 

(3-9h) 

(3-9i) 

(3-9j) 

( 3-9k) 
I\) 

°' 



{ a;1} = {o} 
f a:J} = {o} 

f a;2 } = {o} 
{ a;J} 11 .OAL10 [ • • 4 • • = 18162144000o(EI)4 -2(217504~+74112,-1671280~+1216020~+606606~-42042~ 

7 B ~ 10 tz. 
-969540~+842985~-175175i-90090f-9100~) 

l 3 4 -, 6 7 B 9 
-(5776oi-J9144~-309920~+13494oi+536536~-202202~-469040~+2423s51+200200~ 

\O 1\ ,z 
-215215i+728001-91001 )L 

Z 3 4 -, 6 7 8 '.3 
-(55990f-J59J1~-290680~+115310~+464464i+14814Bf-JJ176of+13299oi+5005oi 

~ ft 12 
+15015i-J64001+91001 )L 

2 3 4 CJ 6 7 8 ~ 
-2(J59J11+2328j-2J0620j-14820,+444444~+42042~-531960~+28J140~-75075j 

\0 It ... ] +9009oy-54600~+9100 ~ ) 

{ a;J} = {o] 

(J-91) 

(J-9m) 

(J-9n) 

(J-9o) 

(J-9p) 

I\) 

""" 



{ 
x } _ 'rt (pAL

4
~2 

[ 2 
i:; 6 7 ' to 8 40 - 139708800 EI)2 -6(1784~-4248,+10164~-120121+4620~-J85~+77~) 

2. lj 6 B 9 '\O 

-(2272~-5J52~+11088i-10164j+J465j-1540i+2J1, )L 

2 9 6 9 10 
-(2194~-504J,+8316,-6006i+770~-231i )L 

{ a~4} 
2. s, 6 e 'lo ] 

-6(1681~-J837,+6006f-4158~+385i-77,) 

Y2.L8 [ 2 a 4 " 6 7 e ., : ?-~-, I -- - J ,4 -6(111~-111~-1540~+770,+6930~-2310~-23100~+346501-19250~ 

(J-9q) 

,o 
+J850f) 

Z 3 4 ~ 6 7 8 '!5 '\O 

-(6108i-333i-4J120~+2310~+101640~-6930~-184800~+1905751-77000,+115501 )L 

2 1J 4 ~ 6 7 8 9 '\O 
-(5442~+333~-33880f-2310~+60060,+6930,-46200~-17325~+385ooi-11550~ )L 

6(111~-111~-1540i+770i+693of-231ot-231ooi+34650~-1925oj+J85o,) 
2. 3> · 4 9 b 7 8 ta 10] 

... etc (3-9r) 

I\) 
O'.) 
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J.4 Total Strains-Displacement Relationship 

The induced strains in the beam-column element are 

derived by noting 

2 2. 

{ e } = tt,U 
= !"Uy = L "DU ~ - ~ 

l'OX ..-ox2 y l't>X2. 

= ( {too} +.a{ b10} + Pb1} +mh1} + · · -){ u} 
= {b}{u} (J-10) 

Hence, using Equation (J-Ba) through (J-Br) and Equation 

(J-10), it follows that, 

{b10} = {b11} = {o} 
ho} a 'lf~~~I [ (-22+156p1oi+105~"..42;) 

3 4 ? 
(-4+22i-70i+70~-211)L 

(J-11a) 

(J-11b) 

(J-11c,d) 

(J-11e) 

(J-11f) 



J 
)2 LJ [ :z. ~ 4 ~ 2. 3 4 s {b02 = 126oo{EI)2 -9(1-2q-70~+2soq-350~+14o,) (-22+9~+840 ~-2310~+2100~-63o~)L 

(-13-9 ~+210 i+210~-1050 ~+630 i) L 9 ( 1-2i-70 i+2801-J50~+140~) ( 3-1 lg) 
~ 3 4 '? 2. -a 4 '=- ] 

{ } 
il.p AL5 [ :z. 3 4 -. 6 7 

b2l = 252oo(EI)2 (-20+8~+660~-1560,+945~+252~-420,+120,) 

2. ~ 4 i;; 6 7 
(-8+20~+1201-220,-1404+441i-280,+6o~)L 

2 ~ 4 'i 6 7 
(-7+15~+90~-1JOi-35i-21i+140~-60f)L 

{ b22} = 

2. 3 4 r:, 6 7 ] (-15-s,+39of-54of+105i-2521+4201-12oi) 

n.p AL 7 [ z a 4 ., 6 7 ---r+-~---r-----.-3 -(12856-37416~-46200~+6160,+257565~-361746~+129360,+55440~ 
e 9 

' +173251+115501 ) 
z 3 4 ~ 6 7 e -a 

-(1192-2076f-18480i+15400~+54670i-51513{-43120j+73920~-J46501+5775~ )L 

1 ~ 4 '7 6 7 8 43 
-(111B-1774f-161701+115501+39655y-293J7~-107so,-4620~+17325y-5775~ )L 

(J-11h) 

-(1774+456~-3465oi-6160,+146685,-123354~+3234oi-5544oy+51975q-11550,) 
2 a 4 ~ 6 7 a g] 

{ bJO} = { 0 } 

. (J-11i) 

(3-11j) 

l...,J 
0 



".l Ls [ 1 , , ., 6 7 

378ooolEr)3 -JC1-2,-4si+Joi+s2s~-1260~+1050~-300,) 

Z 3 4 ~ 6 7 
-(14-J~-JJ0~+45i+21oot-J465~+21ooi-45o~)L 

2 3 4 ? 6 7 

-(11+J~-1951-45i+525,+J15~-1050~+450~)L 

J(1-21-45i+J0~+525~-1260~+1050i-JOOy) 
2. 3 4 ~ 6 7] 

(J-11k) 

{ b23} 
Yl.pAL9 . [ 2. ~ 4 

= --A•-------J~~,4 -(217504+148224,-501384o,+4864080~+3033030~ 
" {,, 7 B e 11 

-252252i-67867Bo1+6743880i-1576575j-900900i-109200i) 
2. ~ 4 ~ 6 7 8 

-(28880-391441-464880,+269880~+134134oi-606606~-1641640~+969540,+900900~ 
g \0 \1 

-107607 5 i+4oo4oo i-54600 1 ) L 
~ 3 4 ~ 6 7 8 

-(27995-35931~-4360201+23062oi+1161160~-444444~-1161160~+53196of+225225~ 
g 10 11 

+75075y-2002oof+546oo ~ )L 
2. a 4 '5 6 , s 

-(359J1+4656y-691860i-59280f+2222220f252252~-J72J720j+2265120f-675675~ 
9 10 11 ] +9009ooi-600600 r+109200' ) 

{ bJl} = { blJ} = { b32 } = { bJJ} = { 0 } 

( 3-11.l) 

(J-11rn,n,o,p) 

I..,.) 
/.-' 



{b40} 27 4 ? 6 0 9 
= >-x~.(e~~~!:,2[ -J(1?84-8496~+50820~-72072i+32340~-3465~+770,) 

4 ? 7 a g 
-(1136-5352~+27720~-30492,+13860~-6930~+1155~ )L 

4 r; e> ~ 
-(1097-5043~+20790~-18018i+3465~-1155~ )L 

4 7 & ~ ] -3(1681-7674~+J0030f-249481+J4651-770i) 

{ b04} 
n. L7 [ 2. 3 4 V 6 7 

= , - - , ,4 -3(111-2221-462of+3oso,+34650,-13860~-16170041+277200q 
s g 

-173250~+38500~) 

2. ~ 4 ~ 6 7 a ,a 
-(J054-333i-6468of+462of+2541ooi-20790,-6468oo,+7623001-3465oof+577501 )L 

Z. ?> 4 r:, 6 7 8 'ii 

-(2721+333f-50820f-462oi+150150,+207901-1617oot-693oof+17325of-57750' )L 

3(111-222i-4620f+Joso,+34650f-1J860f-1617ooj+2772ooi-1732501+38500~) 
z. 3 4- ? 6 7 e 9] 

... etc 

(3-11q) 

(J-11r) 

l.....v 
I\) 
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3.5 Mass Matrix 

Recalling Equation (J-3), the matrix [ay] is expanded 

into an infinite series in ascending powers of.Cl and P, thus 

(J-12a) 

Substituting the Equations (J-8a) through Equation (J-8r) 

i nto Equation (J-12a), the final form of the matrix [ay] 

becomes 

[ aY] = H;o} + p{ a~:i} + pfl{a~l} + p2H;2} +fl{ aro} + • • • 

(J-12b) 

From previous work it follows that 

[ M] = ):[aY ][aYJctv 

= IT abo }{ abo] + F [{ abo ]{ ab1}+{ab1}{ abo }] 

+P2 [{ abo H abz H ab1}{ ab1} +{ abz }{ abo ~ 

+A~ abo}{ aro H aroH abo~ 

+pJ ~ abo}{ ab3 }+b1}{ abz}+{abz }{ ab1}+{ab3 }{ abo~ 

+ (J-13) 



J4 

Substituting Equation (3-13) into Equation (1-6), a term by 

term evaluation is made utiliaing direct integration. The 

mass matrices are obtained in ascending powers of £land P 

in the form 

_[M_] = h] + P[Ki] + P2[K½] +llh] + P3HJ + ••• (3-14a) , 

wi th 

156 22L lJL 54 

[ Mo] PAL 22L 4L2 3L2 lJL 
(3-14b) = 420 13L 3L2 4L2 22L 

54 lJL 22L 156 

1 . L - L -1 
3150 1260 Rao 1350 

L L2 L2 L 

[Ki] .PAL3 1260 3150 · 3600 Rao 
= (J-14c) 

EI L L2 L2 L 
~ 3600 3150 1260 

-1 L L 1 
1350 1680 1260 3150 

19 173L 887L -19 
4B3I 9702 58212 mm 

[ K~] 
173L 149L2 559L2 887L 

.JJ AL5 9702 14553 58212 58212 
= 

1000(Eif (J-14d) 
887L 559L2 14912 173L 

58212 58212 14533 9702 

-19 887L 174L 19 
1IB3I 58212 9702 mm 
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59 22JL 1681L 1279 
80850 145530 11642400 1940400 

22JL 21L2 
1022L

2 1681L 

[M2] 
(PA) 2L5 1455300 2182950 34927200 11642400 

= EI 1681L 1022L
2 Z1L2 22JL 

11642400 34927200 2182950 1455300 

1229 1681L 22JL 59 
1940400 11642400 1455300 80850 

(3-lle) 

97 22}L 1711L -97 
1691890 540540 4324320 1891890 

2JJL J61L2 ;i02L2 1211L 

HJ .PAL? 540540 1135134 1651104 4324320 
= 1000(EI)3 1211L ;i02L2 J61L2 2JJL 

4324320 1651104 1135134 540540 

-22 12111 
1891890 4324320 

2JJL 
540540 

97 
1891890 

(3-llf) 

J.6 Stiffness Matrix 

Recalling the Equation (3-10), the strain-displace­

ment re l at ionship is in the form of matrix [b] . Similarly, 

it may be expanded into an infinite series in ascending 

powers of n and P, as 

(3-15a) 

Subst ituting the Equations (3-lla) through Equation (3-llr) 



J6 

into Equation (J-15a), the final form of the matrix [b] is 

+... (J-15b) 

+ (J-16) 

Substituting Equation (J-16) into Equation (1-7), the equiva-· 
lent t · s iffne ss matrices are 



with 

= 

- L 
- EI 

[K~] = [ 0] 

[K~] ~3 
= EI 

12 6L -6L -12 

6L 

-6L 

-12 

1 
700 

L 
1400 

-L 
1400 

-1 
70-0 

_1_ 
3150 

L 
1260 

L 
1680 

~ 
1350 

-6L· 

L 
1400 

11L2 
6300 

~ 
l2bOO 

-L 
1400 

L 
1260 

L2 
3150 

L2 
3600 

L 
1680 

6L 

-L 
1400 

~ 
l2bOO 

11L2 
6300 

-6L 

6L 

12 

-1 
700 

-L 
1400 

L 
1400 

L 1 
1400 . 700 

L -=L 
1680 1350 

L2 L 
J600 1680 

L2 L 
3150 1260 

L 1 
1260 3150 

J7 

(J-17a) 

(J-17b) 

(3-17c) 

(3-17d) 

(3-17e) 

(3-17f) 



J8 

4~~1 ¾ffi ~ .::]§_ 
51 910 4851 

~ ~2 ~ ~ [K~] JJAL5 51 1 553 91 2910 
= (J-17g) 1000(EI) 2 

~ ~2 ~ -ffif 91 291 1 553 51 

i*1 51 ~ 91 ~ 51 ~ 

6 JL -3L -6 

[K~] LJ 3L 14L2 11L2 -3L 
= 189000(EI) 2 (3-17h) 

-JL 11L2 14L2 JL 

-6 -3L JL 6 

-48632 21128L 62719L 2]152 
5005 2145 4290 5005 

21128L 2888L2 
~2 ~ [K~] .PAL? 2145 1001 1 2 1 JO = 3024ooo(Er) 3 

509L2 2888L2 2796L 62719L 
4290 182 1001 715 

2]152 ~ 2796L 2328 
5005 1 3 715 5005 

(3-17i) 

222 111L -111L -222 

[Kb] _ L5 111L 1018L2 
907L

2 
-111L 

8 - 38sosoo oo(EI)3 
-111L 907L

2 1018L2 
111L 

-222 -111L 111L 222 

' (J-17j) 
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59 22JL 1681L 1279 
'80850 1455.300 11642400 1940400 

22JL '.Z1L
2 

102'.ZL
2 1681L 

[K~] (..OA L 2L5 1455.300 2182950 34927200 11642400 
= 2EI 1681L 109'.ZL2 71L2 22JL 

11642400 34927200 2182950 1455.300 

12:zi 1681L 22JL 
80~~0 1940 00 11642400 1455300 

(J-17k) 

.3.7 Geometric Matrix 

The geometric stiffness property of a beam element 

identifies the increase in stiffness (tension) or decrease 

in s tiffness (compression) of a beam-column element due to 

the presence of axially directed loads. This stiffness con­

cept(l) is derived by application of virtual displacements 

upon equating the internal and external virtual work compo~ 

nents. The coefficient of the geometric stiffness becomes 

= (3-18) 

where [CJ = (3-19) 

Evaluati;n of the matrix [c] , is obtained by taking first 

derivatives of the functions in Equation (3-8a) through 

Equation (3-8r) and yields 



40 

(J-20b) 

(J-20c,d) 

..0 ALJ [ 2 3 i; 6 
840EI 2(22~-78~+70~-21,+7~) 

Z 4 ~ 6 
(8i-22i+J5~-28i+7~)L 

(6~-1J~+14~-7~)L 2(1J~-27i+21~-7i) 
Z c; 6 2. 9 6] 

(J-20e) 

{ } 
LJ [ 2 a 4 • & 

CO2 = 25200(EI)2 6(J~-J~-70~+210,-210~+701) 

2 ~ 4 9 6 
(44f-9i-560~+1155~-840,+210,)L 

(J-20g) 

. (J-20h) 



~AL' [ a • 4 lj & -, e 2J287JOOO(EI)J 2(12856f-18708~-15400~+1540i+51513~-60291~+18480~+6930~ 
ca to 

+1925~+1155~ ) 

2. ~ 4 '5 6 7 8 '3 \0 

(2J84,-2076i-12J20,+7700~+21868,-17171~-12320,+18480~-7700,+1155~ )L 

z a 4 CJ 6 7 e '3 to 
(2236,-1774,-10780~+5775,+15862,-9779~-3080i-1155i+3850t-1155~ )L 

Z !> 4- 'S 6 7 & 9 to ] 
2(1774,+228f-11550,-1540i+29337~-20559i+4620i-6930i+5775t-1155~) 

{ c30} = { 0} 

{ } 
_ L5 [ 2 a 4 ., 6 7 s 

c03 - 1512000(EI)J 6(2,-2~-30,+151+210,-420,+300~-75~) 

2. ~ 4 " 6 7 8 
(56~-6~-44o~+45~+16so,-231oi+12ool-225~ )L 

2 a • • 6 -, s 
(44~+6~-260i-45~+420~+210i-60o,+225~ )L 

2 B 4 IJ b 7 8] 
-6(21-2~-30~+15,+21oi-420~+300~-75 ~ ) 

( 3-20i) 

( J-20j ) 

( 3-20k) 

{::­
~ 



(c31 } = { c13J = { c32 } = { O} (3-201,m,n) 

{ } 
_ .JJAL9 [ 2 3 4 ~ 6 7 

c2J - 181621440000(EI)4 2(217504~+74112~-1671280~+1216020~+606606,-42042~-969540~ 

8 9 10 12. 
+842985~-175175~-90090~-9100~) 

2 ~ 4 c, 6 7 B '3 
(57760~-39144~-309929~+134940,+536536~-202202~-469040~+242385~+200200~ 

to 1, \2. 

-215215~+72800~-9100 ~ )L 

2 ~ 4 ~ 6 7 8 '3 
(55990~-35931~-290680~+115310~+464464~-148148~-331760~+132990~+50050~ 

to 1t \2. 

+15015~-36400~+9100, )L 

2. 3 '4 'J 6 7 8 9 
2(35931~+2328,-230620~-14820~+444444~+42042,-531960~+28314ol-75075~ 

to t1 u. ] 
+90090~-54600~+9100 ~ ) ( 3-20 o) 

{ C 33} = { O } ( 3-20 p) 

-{:::­
l\) 



f } - (pA)2L7 [ z 'j 6 . 7 ~ to 
0 40 - 1J9708800(EI)2 6(1784~-4248~+10164~-12012~+4620,-385~+77~) 

2 'i 6 8 9 10 
(22724-5352~+11088i-10164~+3465~-1540i+231~ )L 

2 IJ 6 ~ to 
(2194i-5043,+8316,-6006~+770~-231~ )L 

2 ~ 6 9 to ] 
6(1681~-3837,+6006~-4158i+385~-77~) (3-20q) 

{ } 
_ L7 [ 2 :5 4 1J 6 7 s 9 

c04 - 6985440000(EI) 4 6 (1111-1111-1540i+770i+6930~-2310,-23100,+34650i-192501 

to 
+3850 ~ ) 

2. "5 4 '7 6 7 a 9 to 
(6108i-333i-43120~+2310~+101640~-6930~-184800~+190575i-77000i+11550~ )L 

2 a 4 IS 6 7 8 9 to 
(5442,+333~-33880~-2310~+60060i+6930~-46200,-17325~+38500~-11550, )L 

-6(111~-111~-1540,+77oi+693oq-2310~-23100~+34650~-19250~+3850~) 
2 3 4 1J 6 7 a '3 \o] 

. . . etc ( 3-20r) 

+:" 
\.;) 
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From Equation (J-19), since the matrix [ c] is the 

first differentiated value of the matrix [aY], we can expand 

the matrix [ c] in an infinite series in ascending powers of 

nand P, Hence 

(J-21) 

Substituting the Equations (J-20a) through Equation (J-20r) 

into Equation (J-21), the matrix [ c] becomes 

+ ••• (J-22a) 

+ ••. (J-22b) 
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Substituting Equation (J-22b) into Equation (J-18), the 

geometric matrices are obtained by direct integration, thus 

[KG] = rG1J + P[KG2J +P2[KGJJ +A[KG4J + PArd + p~[KG6] 

+ p3[KG7] + ••• (3-2Ja) 

with 

_Q ...1 .::1 -6 
5L 10 10 5L 

...1 2L L -1 

[ KGlJ 
10 15 JO 10 

= (J-2Jb) 
.::1 L 2L ...1 
10 JO 15 10 

-6 .::1 ...1 _Q 
5L 10 10 5L 

1 L -L -1 
700 1400 1400 700 

L 11L2 

~ -L 

[KG2] 2L 1400 6300 1 1400 
= (J-2Jc) EI -L ~ 11L2 L 

1400 12 00 6300 1400 

-1 -L L 1 
700 1400 1400 700 

6 JL -JL -6 

[KG3] LJ JL 14L 2 11L 2 -JL 
= 

126000(EI) 2 ( 3-2Jd) 
-JL 11L2 14L 2 JL 

-6 -JL JL 6 



[KG4] = 

= 

PA13 
EI 

J)A1 5 
1000(EI) 2 

[KG7] = 15 3 
291060000(EI) 

_1_ 
3150 

1 
1260 

1 
1680 

-1 
1350 

8871 
29106 

-48632 
5005 

211281 
2145 

627191 
4290 

23152 
5005 

1 1 -1 
1260 1680 1350 

12 12 1 
3150 3600 fb8C5 

(3-23e) 12 12 1 
3600 3150 1260 

1 1 1 
1680 1260 3150 

-11.Tu 9887~ l+83T 

~2 

~ 2 
I7+ill 

1731 
4851 

8871 
29106 4§~1 

( 3-23f) 

211281 627191 23152 
2145 4290 5005 

28881 2 

1001 

5091 2 

IB2 

5991 2 _51331 
182 14JO 

28881 2 27961 
1001 715 

27961 2328 
715 5005 

222 

1111 

-1111 

1111 -1111 

101812 9071 2 

9071 2 10181 2 

(3-23g) 

-222 

-1111 

1111 

-222 -1111 1111 222 

(3-23h) 
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4.7 

3.8 General Stiffness Matrix 

For the dynamic analysis of a beam-column, the gener­

al stiffness matrix possesses a form of a linear combination 

of bending stiffness, mass, and geometric stiffness matrices 

as 

( 3.-24) 

These matrices are used in the finite element method of dy­

namic and stability problems for frame structures. Substi­

tuting the Equation (3-14a), (3-17a), and (3-23a) into 

Equation (3-24), arranging the final terms of the similar 

powers of 11.. and P, the general stiffness matrix [ S] becomes 

(BC) 

[saJ = [Ko] + P ~~J+GJ + P2 [K~]-[KG2] +d[K~}-h] 
+ PA[K~1-H1+G41J + p~rrK~1-[K~1+G5] 
+ pJ [K~J+GJ]] + P1t[K~]+5J-h6] + P4[[K~J+G7] 
+ J[K~J-h] + , • , etc ( 3-25) 

Substituting the Equations (3-14b) through Equation (3-14f), 

Equations (3-17b) through Equation (3-17k) and Equations 

()-2)b) through Equation (J-2Jh) into Equation (J-25), the 

final form of the general stiffness matrix becomes 
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with 

12 61 -61 -12 

[Ko] EIJ 61 41 2 -21 2 -61 
(J-26b) = 

L 
-21 2 41 2 -61 61 

-12 -61 61 12 

6 L -1 -6 
51 10 10 51 

[Go] 
-1. 21 L -1 

= 10 15 JO 10 
(J-26c) 

=1. L 21 -1. 
10 JO 15 10 

-6 =1. ·-1. 6 
51 10 10 51 

156 22L lJL 54 

hJ 22L 4L2 
31 2 

131 
= PAL (J-26d) 

420 lJL 312 4L 2 22L 

54 lJL 22L 156 
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1 L L -1 
3150 1260 1680 1350 

L L2 L2 L 

[A1] .R_AL3 
1260 3150 3600 lb8o 

= ( 3-26e) 
EI L L2 L2 L 

1680 3600 3150 1260 

-1 L L 1 
1350 1bBo 1260 3150 

1 L -L -1 
700 1400 1400 700-

L 11L2 
~ -L 

[ G1] 
1400 6300 12 1400 

= (3-26f) 
-L ~ 11L2 L 

1400 0 6300 1400 

-1 . -L L 1 
700 1400 1400 700 

80~~0 
22JL 1681L 1222 

1455300 11642400 1940400 

22JL 71L2 1027L2 1681L 

[ M1] {PA} 2L5 1455300 2182950 34927200 11642400 
= 

EI 1681L 1027L2 71L 2 22JL 
11642400 34927200 2182950 1455300 

12i2 . 
1940 00 

1681L 
11642400 

22JL 
1455300 80~~0 

(3-26g) 
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4~~1 
1121 882L ~ 9702 58212 . 5 

1.'.ZJ!:! t49L
2 
~ 887L 

[A2] 
fJAL 5 9702 1 553 5 212 58212 = 1000(EI) 2 (3-26h) 

~87L ~2 149L2 1 ?JL 5 212 5 212 14553 9702 

&i 887L 173L 19 
51 58212 9702 7+83I 

1 L -L -1 
bJ 126 m bJ 

L3 
L i!; 11L2 -L 

[G2] 
12b 27 378 12b 

(3-26i) = 1000(EI) 2 
-L 11L2 L2 L 
12b 378 27 12b 

-1 -L L 1 
bJ m m bJ 

97 22.JL 1211L -22 1891890 540540 4324320 1891890 

22JL J61L 2 502L2 1211L 

[A3] 
PAL? 540540 1135134 1651104 4324320 = 1000(EI) 3 

1211L 202L2 J61L 2 22.JL 
4324320 1651104 1135134 540540 

189£~90 
1211L 22.JL 

189i~90 4324320 540540 

(3-26j) 
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111 111L -111L -a2 582120 1164240 1164240 19 o4o 
111L .202L2 

11gflTh~ 
-111L 

[GJ] 
L5 1164240 582120 1164240 

= 1000(EI)J 
-111L 20Th2 202L2 111L 

1164240 116420 582120 1164240 

-J2 -111L 111L 111 
194040 1164240 1164240 582120 

( 3-26k) 
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CHAPTER IV 

TIMOSHENKO BEAM THEORY 

4.1 General Theory 

The general Bernoulli-Euler theory of beams does not 

i nclude the effect of shear deformation. The Timoshenko 

theory of beams includes the added effects of both transverse 

s.hear and rotatory inertia. Let us accordingly consider 

shear deformation alone. We assume that line elements such 

as ab in Figure 4.1 normal to the centerline of the beam 

in the undeformed state move only in the vertical direction 

and also remain vertical during deformation. 

a 

--ltl lt--
b 

Figure 4.1 Line Element in Shear Beam 

Line elements tangent to the centerline meanwhile undergo a 

Shear rot ation #(x) as has been shown in an exaggerated man­

ner in t he diagram. The total slope ~; of the centerline 

resulting r espectively from shear deformation and bending 
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deformation is given as the sum of two parts. Hence, 

dV 
dx = l\l(x) +J3(x) (4-1) 

where ~(x) = rotation of line elements due to bending only 

and f3 (x) = rotation of line elements due to shear only 

For no axial force we assume the following displace­

ment field for such beams 

ux(x,y,z,t) = -y!Jl(x, t) (4-2a) 

= 0 (4-2b) 

= V(x,t) (4-2c) 

Applying the Hamilton's principle( 2,) the solution for the 

Eule r-Lagrange equations yields 

= 0 (4-J) 

= 0 (4-4) 

4,2 Solution of the Differential Equation 

Recall the Przemieniecki method from Chapter II, we 
8

XI>and t he continuous displacements in ascending power series 

Of freque ncy, so that 
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(4-5) 

V = ~ ul'f a }{q} eiwt 
r=o ry (4-6) 

Since the axial force Pis not present a single infinite 

series is assumed for each variable. Substituting Equations 

(4-5) and (4-6) into Equations (4-3) and (4-4) respectively, 

yields 

o- (4-7) 

= 0 (4-8) 

Equating to zero coefficients of the similar powers of win 

Equat i on (4-7) and Equation (4-8), the following equations 

are obtained : 

{ aoy} - { aox} = 

:) 
(4-9a) 

and Ei laox} + kGA[{ aoy}-\ a0x }] = (4-9b) 

{ a" 1y}- {a' 1x} = : } 
(4-9c) 

and 
EI{a1x} + kGA[{ aiy}-{ alx }] = (4-9d) 



PA{aoy} + kGA ~a2y}-{a2x fl = 

and pI{aox} + EI{a2x} + kGAlia2y}-{a2xfl = 

0 

0 
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( 4-9e ) 

(4-9f) 

Equations (4-9a) through Equation (4-9f) are solved 

by direct integration. For Equation (4-9a) and Equation 

(4-9b), the following boundary conditions are applied 

a t X = 0 

a t X = L 

V(O) ~ ( 0) = 

V(L) = v
2 ~ (L) = 

e, 

-e z. 

For t he remaining coupled equations containing terms {aix}' 

_{ a1y }, { a2x}, { a2y} , , . displacement and slope must all 

vani sh at x=O and L. Thus, 

= ( l ~ tp) [ ~ ~ ( '1 -1 ) ( 3 ~
2
- ( 4 + ¢) ~ + ( 1 + ¢) ) 

-i ~(i-l) J (4-lOa) 

(4-lOb) 

(4-lOc) 

(4-lOd) 
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(4-l0e) 

with 

f O} = IJ{ PA 13( lJ... +lf + rJ>z) _ PI L (1 _ <t>)} t,, 
LJEI 4 105 10 b EI 2 5 , 

-{PA TI?(L+ :!!..+ ct,L) - PI lb} 1} - p IL( 1 +4') "-~ 
EI 2 70 10 18 EI 5 ~ EI 1 

+ (1+<1>){PA «i>1
3+PI L}r/+ PA 1

3 (1+"")u.s _ PA 1
3 (1+<J>)u~ 

EI 24 EI 2 1 EI 20 ~' EI bO 'J 

(4-l0f) 
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= If PA L
5 (ti! + .W,z + <P

3
) + PI L3 {!!_ _ !

2
z.)l ~ . 

LlEI 72 35 20 4 EI 12 10 l 1 

+ { p A L5 (_g_ + !!!._ + <l>z.) + p I L3 ( L + <I> + 2 <tl)1 V. z. 
EI bO 7 2 4 EI 4 15 3 3 '2 

_ { PA L
5 

(22 · + 214> + 2¢2" + qi) + PI ¥( 11 + J..<I> +<ll)}t.t,_3 

EI 72 35 10 2 EI o 10 2 

+ ( l +tf>/ PA L5 (<P+ cbz.) + PI L3 ( l + cb)} fL.
4 + ( l +cp)f .PA L5 _ .PI L3} ~s 

lEI 72 4 EI 6 \ 4 1 EI 120 EI 20 1 

- ;f ~;o (1 +t)(l +Wl + ~f ~~o ( 1 +fl~ 

! s} - fl PA L
5 (ill + J:!

2 

+ <b
3

) Pl L
3 

(<P 2.)} r~ l - u EI 48 105 10 b - EI 24 5 - cp ' 

+ { PA L
5 (1. + 5!_ + ¢

1
) + PI L

3 (1 + cp _ ,fl-)} 1.,2. 
EI 40 7 3 b EI 12 5 , 

-{PA L
5 (u_ +.J! + 'P,. + ¢

3
)- l)I L3 (l -¢)1r~; 

EI 24 105 10 3 c EI 12 5 J 

_ (l+"'){PA t5 ("'- ,J>) + .PI LJ (l- </>)} ~4+ (l+A-)f PA L5 +PIL3} 11.' 
T EI 144 "' 2 EI 12 2 ' 't' EI 12 0 EI 2 0 ' 

+ PA L5 (1- !) ( 1 +t+.) CL6 - PA L5 ( 1 +<p) ~-,7 
EI JbO 2 T 1 EI "Ezm 'J 

== f{PA L
4(J1+ <I>~ </,~) _ PI ¢L

2
} r., 

l_lEI 4 70 10 fa EI 10 , 

+i EA L
4

( 11...+lP + "'
1

)- .PI L
2(.1- <1>)} CL z. 

lEI 8 105 10 b EI 4 5 1 
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L' 

4 .J Mass Matrix 
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and ¢ = 

From Equatiori (4-2a), (4-2b), and (4-2c), arranging 

the displacements in the matrix form and neglecting the dis­

pl acement in Z-direction, the nodal displacements are in the 

fo r m 

u -y 
Vl 

X 81 
fu} = = {u} = [AJ (4-11) 

62. 
Uy V 

v2 

From Equation (4-5) and (4-6), the matrix [A] is expanded 

into infinite series in ascending powers of as 

(4-12) 

Substi t uting the Equations(4-10a) through Equation(4-10f) 

into Equation (4-12), the final form of the matrix [A] 
become s 

= (4-13) 
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T 

so = [Ao]hJ] +uf[[Ao]bJ+h]hJ] 
T T T 

+ut[h][A4]+h]h]+[A4]h] + ... (4-14) 
with 

6 2 2. z 
-Ly(1-t) -y( Ji- ( 4+4>)i +( 1 +¢)) y( J~- 21+</>f) 

6 2. 

[Ao] = 1 y;-Y(f - f) 
(1+4>) ~ 2. 

(;-(2+ ~)/+(1+ ~)~)L (2~-Ji-ct,i+(1+4>)) 
3 <I> Z rJ> 3 2 

(-1 +(1- 2)~+ 2~)L (-2i+J~+c/>1) 

(4-15a) 

- y{F} -y{H f -y{N J -y {o} 
[A2] 1 

... etc (4-15b) = ( 1 +4')2 

{ Q} f R} f s} lT} 

From the previous work it follows that 

(4-16) 

Subs tituting the Equation (4-14) into Equation (4-16), the 

equivalent mass matrices are in the form 

(4-17) 

The first two component matrices appearing in the expansion 

of Equation (4-17) are calculated as 



z (11 114' ct>
1

) (~+~+~) · 210+120+24 L J 10 J 

( 11 + 11 <t> + <1>
2

) L ( 1 4> </>2. ) 2 
M (T) _ ..OAL 

2
1 210 120 2li 105:t" DO+ 120 L 

[ o] - (1+,p) (-/!:h rd/ ;,') ( 1 cf> c/>
2

) 2 20+ 0 +24L Di-0+ bO+ 120 L 

2. 
( 1·3 Jct> ct>z.) (2-+ J<I> + <t>) 

70 10 7, 420+ 1}()+24 L 

6 (io- !)L 5 

(L q,)L ( £.. +P +~t)L 2 
..or I 10- 2 15 6 J + 

( 1 +9') 2r; -(L <l>JL (1o+f- ~)L
2 

10 2 

-6 - (J=- - !)L 5 10 2 

( 13 +Yt> + ct>2-)L 
420 4<5 24 

( 1 Cf> 4>2.) 2 
fm5 + bO+ 120 L 

( 1 + <P + 4,2.)L2 
105 bO 120 

( 1!._ +114> + ¢2.)L 
210 120 24 

-(1 ct,) 
10- 2 L 

( 1 ct> 4>
1

) 2 
J0+6- 6 L 

( ~ + <l\!)L 2 
15 t> J 

( L - tJL 10 2 

(9 ]'P it>z.) 
70 + 10 +6 

( lJ +34> + ¢2)L 
420 40 24 

( !.!_ +114> + ct>z)L 
210 120 22T 

( Ll+Z! +~z) 
J5 10 J 

-6 
5 

- (1 <t>) 10- 2 L . 

I 
(L - ~)L 10 2 

6 
5 

( 4-18) 

°' 0 



fM J (T) = f PALj 
2
LJ l° 2 1 +4> JEI 

____(£_.il2L 
+ TI+¢l3EI 

. . ... 'Cs~ ~ 6a9• 121•+ • ) 5 0 •7700 •50400 •10080 270 
2 • ,4-

G 221 4994> 1134> 1374> 4> ) 
1455J0+415800+4J200+60480+1440 L 

z 3 . 

( 1681 2 5~ct, 7 3~ cP ~ ct,
4 

) 
11642400+237 00+302 00+8~+i41+6 L 

( 12~9 +~ 5714l 103¢
3 

7c1>4
) 

1940 00 D9J00+..50400+foo8o+2fbo 

1 3 4 

( 71 '1014> + 79d> + 8234> + 17¢) 2 
2182950 +415800 151200 181440 120960 L 

( 
1097 134> 31d>

1 
+ 569¢?> + 17<1,4 ) 2 

34927200-110880-120960 907200 120960 L 

( 
1681 257<1> + 7394>

1 
19¢a ef/") 

116424oo+2J?bOQ 3024oo+8640+f4Ii-O L 

Symmetry 
'l. ?> 4 

( 71 + 1014> 79'P 82a¢ J7¢") 2 
2182950 415800+151200+181 400+~ L 

( 22 3 499¢ 11J<P
2 

~
3 

</>
4 

) 
1455300+415800+43200+6o1+8o+f4Ii-O L 

( __.!_+17cf>) 
350 70 

( 
1 . J4> t/>2. 

7oo+m-1o)L 

L a 

( 
11 · ~ c/> 2tl>) 2 

3150+280-120+45 L 

-( 760 +dt-1c/>6)L ( 
13 <P d:>2. 7dl>) 2 

6JOO+lb8+/+o-ffio L 

( 1 17</>) 
- 350 +70 ( 

1 34' "'2.) 
- 700+140-10 L 

( 
59 + 47~+ 689¢: 121<P

3 
¢4

) 
80850 7700 50400 10080+270 

Symmetry 

( 
11 Jtl> q,'- 24'"') 2 

3150 + 280-120 +43 L 

( 
1 + Jc/> cf,z) 

700 140 - fo L ( 
1 +174; 

350 70 " -

°" ...... 



2. 

( 
1 . 614> ti> ) 

1575+6300+140 

( 
6 "' c/,2. 

3 
6~0+12loo+36o)L 

(PA)(PI~L IT 
+· (1+.P) EI ( 1 + 154>+ ¢2. + cl>?,)L 

Ezru 6300 180 jbO 

( 
1 614> 'Pl.) 

- 1575+6300+140 

Symmetry 

2. 

( 
1 + 614> ct, ) 

1575 6300+140 

2. !, 

( 1 · (/) <P <1>)2 
1575+525+720+1680 L 

2. 

( 
1 <I> 114> "'?,) 2 

1800 +600 + 5040 + 1680 L 

z .L?, 

( 1 -151!!> <P ~) 
840+6300+180+360 L 

( 
1 + ¢ + 4,L <I>-?.) 2 

1575 525 720+1680 L 

(
_l_ 67<P 4>

1
) 

630+12600+360 L 

(4-19) 

0\ 
I\) 
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4.4 Stiffness Matrix 

The strain components as defined by the strain­

displacement equation is in the form of matrix [ B] which 

derived from 

"t)U -Y'IJx 
Vl e xx X e, . f e } 

~ {u} [BJ 
= = = = 

6z 
?fxy -aux ?U (V - VJ) 

+ ---Xy X 
v2 ,ay "iX 

(4-20) 

Similarly, the matrix [BJ is expanded into an infinite series 

i n ascending powers of 

(4-21) 

Substituting the Equations (4-lOa) through Equation (4-lOf) 

into Equation ( 4-21), the final form .of the matrix [ B] becomes 

[ B] = [BO] +J [B2] + ~[B4] + · .. (4-22) 

T T T T 
so H[B] = [[ Bo] [ Bo]] + J[[Bo] [B2 ]+[B2] [ Bo] 

T T T 

+"1[[Bo][ B4] +[B2] [B2 ]+[B4][Bo] + •.. (4-2Jf 
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with 

[Bo] = ~1___,,..... 
f2 y(l-2~) i;Y((4+4>)-6i) -fY((2-<P)-6i) -12 y(1-2f) 

( 1 +q,) 
- cP 

L 

From the previous work 

[K ] = 

where 

[.cEJ = 

- ¢ 
2 

it follows that 

i [ B ] [CE] [ B ] dV 

[: :GJ 

¢ 
2 

<I> 
L 

etc ( 4-24) 

(4-25a) 

(4-25b) 

Substituting the Equation (4-2J) into Equation (4-25a), the 

equivalent stiffness matrices take the form 

(4-26) 

The components of the stiffness matrix in Equation 

(4-26) are calculated as 

12 6L -6L -12 

[Ko]( T) 
6L ( 4+¢)L 2 

-(2-</>)L2 
-6L EI 

(4-27) = ( 1 +</)) 2LJ- 2 
(4+</>)L2 -6L -(2-'P)L 6L 

-12 -6L 6L 12 



(4-28) 

The matrix [K4](T) and matrices of higher powers of (i.e. 

four), were not calculated. The process in calculating 

[K4J(T) requires to calculation of [B4] as~ first step which 

is a complicated integration process taking functions of 

power ten to function of power thirteen for each shape func­

tion in the matrix [B4J. 
4 ,5 General Stiffness Matrix 

Realling the Chapter II, the general stiffness matrix 

for the beam element is in the form 

= (4-28a) 

Substituting Equation (4-17) and Equation (4-26) into Equa­

tion (4-28a), the general stiffness becomes 

= (4-28b) 

Substituting Equation (4-18), (4-19) and Equation (4-27), 

(4-28) into Equati_on (4-28b), the final form of the matrix 

[sT] B is 

= (4-28c) 

With [M0]_T and [Ko]T defined by Equation (4-18) and (4-27) 

respectively, While the matrix [ M1J T equals to [[ M
2
J T -[ K

4
] J 
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CHAPTER V 

TIMOSHENKO BEAM-COLUMN THEORY 

5.1 Beam-Column Equations 

Recall the results of Chapter IV. The differential 

equations of motion of the Timoshenko beam element are solved 

by using a single infinite power series expansion in ascend­

i ng powers of frequency, with the effects of both transverse 

shear and rotatory inertia included. In this chapter, we 

analyse the case of a beam-column element. The differential 

equations of motion are augmented due to the presence of the 

axial load. The technique of Chapter III is utilized to 

sol ve the equations of motion, the basis of which is formu­

late d using a double infinite power series expansion in as­

cending powers of frequency and axial load. Similarly, the 

mass , stiffness, and geometric matrices are solved and ex­

pande d in the form of power series of frequency and axial 

load. 

Application of Hamilton's principle( 2 ) in the. Timo­

shenko beam theory which includes the effect of axial load 

for beam-column, yields the following differential equations 

of mo t ion of the Timoshenko beam-column as 

kGA(v _,,1 ) - P v - pA vtt 
XX T x XX 

= 0 (.5-1) 
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= 0 (5-2) 

5.2 Solution of the Differential Equation 

Utilizing the technique of Chapter III in solving · 

the latter two coupled differential equations, we assume the 

continuous displacements in the double infinite series form 

(5-J) 

(5-4) 

Substituting Equations (5-J) and (5-4) into Equations (5-1) 

and (5-2) respectively, yields 

kGA[~~npsfaY" }{q}ei.a.t _ ~~_r[ps{ax'}{ q}ein.t] 
,.=o s•o rs ,."' o s--o rs 

- p[~~_c{ps{aY~}{q}ei.n.tl + fA r~~~1

+;k{aY }{q}ei.a.t] = 
rao ~-o r J ~-o 5•0 rs 

EI [~~.ClPs{a::}{ q}ei.nt] + kGA r~~.QPs{a~~}{q}eiat 
Y'aO S•O , ~"'0 S•O 

- ~~12Ps{ax }{q}ei.n.t] 
rao S • o rs 

= 

0 

(5-5) 

0 

(5-6) 

Equating to zero coefficients of the same powers of12 and P 

in Equat ion (5-5) and (5-6), the following equations are 

Obtained 
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{ y"} { X 
1

} aoo - aoo = 0 (5-?a) 

and 1 X"} EI a 00 + kGA 8 ab;}- {a~0 TI = 0 (5-?b) 

{ y"} { X
I 

J alO - alO = 0 (5-?c) 

and Erfaf;} + kGA a a{;}-{aI0 n = 0 (5-?d) 

a y"} f X' }] p" } kGA aOl - aOl - aoo = 0 (5-?e) 

and Er{a~d + kGA[{aia+~1}] = 0 (5-?f) 

kGA• ai;}-{a~;}J +ia = 0 (5-?g) 

and Er{a~;} + kGA[H;}-{a~2 TI = 0 (5-?h) 

kGAaa~~}-{a~;B -{abo} = 0 (5-?i) 

{ x"} and ,EI a 20 + kGA a a~; }-{a~o TI+ pr {a~o} = 0 (5-?j) 

Equations (5-?a) through Equation (5-?j) are solved 

by direct integration. For Equation (5-?a) and Equation 

(5-?b) , the following boundary conditions are applied 

at X = 0 

at X = L 

V(O) = v
1 

V(L) = 

~( 0) 

\p(L) 

= 

= 

For the remaining pairs of coupled equations containing terms 

{aio}, {af0}, {a~1}, {ab1}, ... , displacement and slope must 

a11 vanish at x = O and L thus, 



1 x J _ 1 r6 
/

8 00 - (f+fi} L r,c1- 1 > 
2 

( Jf-( 4+'1>)1 +( 1 +'P)) 
2 

(-3~+(2-¢)~) -6 ] L1(~-1) · (5-Ba) 

{aiJ'0}- {11;9>) [<2{-3{-4>1j+(1+4>)) d-<24){+(1+ ~)'f)L (-f+(l- ;Ji+ !~JL (-2{+3,':..4>,)}5-8b) 

{ a~ o} = { aio } = { 0 } - (5-Bc,d) 

{ } 
L [ { 

2 ~ 4} { 2 · z z. i. 
a~l = 60(1+'1>)2EI 6 ~-(6+54>)~+10(1+4>),--5(1+~), (8+104>+54>)~-3(11+154>+54>)~+10(4+54>+4>)~3 

"'} { z. i.z. zJ 4} -15(1+4>)~ L (2+10</>+5'P)~+J(l-5c#>-5<P)~-10(2+4'-4i),+15(1+4>)~ L _ 

-4 ,-( 6 +5<1> ),'+10 ( 1 +4>)'i'-5 ( 1 +f )~
4

}] ( 5-Be) 

·{ a~l} = 
L2 

120 ( 1 +1>) 2EI [{ 

. 2 2. 2 ~ 4 '7 

24'(6+54')~+6( 1-5t/>-54>)~-4(6-5'P)~+JO( l+t#>)i-12( 1+4>)'} 

{ 
2 2. a 1 ~ ,. 4 •} 

'P( 11 +15'P+54>)i +( 8-10f-204>-5'P)1 -2 ( 11 +104' )~ +5 ( 4+54>+4>)1 -6 ( 1 +¢ )f L 

{ 
Z 1 J Z. Z. ~ L 4 IJ} 

- 1/i( 1-5</>-:-5;;), -( 2+20t/>+10'/>-54>)~-2( 1-10f-10<P)~+5( 2+f-4>)~-6( 1 +<1>)1 L 

{ 
z. 2. Z ~ 4 ,;}~ 

- 2q>( 6+5cp)~ +6( 1-54>-54')1-4( 6-5'P)1 +JO( 1 +<f,)~ -12( 1 +tf>)'1 ~ (5-Bf) 

°" \0 



f } LJ [ r l z 3 Z 2 3 3 2 :, 4 
a~2 = 25200 ( 1 +q,) JTETT2 6 L( J+45</>+J5'1>)~ -( J+2554'+420<p+l 7 5¢)~ -70 ( 1-44>-lO</i-54') ~+35 ( 6 +6<P-5'/>-54' )~ 

2. ., .l- 67 
, . -210(1+2c/>+4>)~+70(1+2¢+'f)~J 

r ~ 3 "' :z 3 42. 2. 3 .._~ 
044+415• +735++560¢+175')i-J(J+430•+945•+7oof+175~)f-70(B-2•-Jo•-25j-5~Ji 

+105 ( 11 +21<1>+1ol)i -4__210 ( 4+9++6<;2'+/)~i:;+210( 1 +24>+/)~/JL 

r . 2. 3 4 2. 3 +z. % ~ 4~ 
026+145.+525~+5604>+175~)i+J(J+Boj-105•-J5oj-175~)i-70(2+22++30~+5~-5'~ 

,. ~ .... " -,, ,. z "l . -105(1-9~-20,-10~~+210(2+J•-~),-210(1+2~+~)~JL 
• I 

[ 2 2 3 Z. z. 't S z 3 A ~ 'J 
-6tJ+45cp+35<p)~-(3+255~+420¢+175¢)~-70(1-4¢-10¢-5~)i+J5(6+6¢-5,-5'P)i-210(1+2~+~)~ 

· • +70( 1+24>+<ti;] 

(5-Bg) 

{ a~ 1} = { a{ 1} = · { 0 } (5-Bh,i) 

---.J 
0 



f y } · L 
4 

[[ 1 J ' z. a 4 2 2. A ~ la02 = 5o400(l+~)JTETT2 2(J~+255~+420¢+175~)~+6(J+80~-105~-J50~-175~)~-4(J+465~+6J0¢-175~)~ 
2. ~"- s'> 16 27 

where 

-105(2-18~-40~-20~)~+84(6+•-15~~10~)i-420(1+2~+~),+120(1+2~+~)i 

[ 
2 i 4 '5 2 ~ 4 ~ 2. . 2. 3 4 3 

(J~+4J0~+945f+700~+175~)~+(44+695~+665~-490~-700~-175~J~-2(J+815~+1680~+1050~+175~), 
A,.'l. ~ .A 4 . ~ l!J 2. ~ " ~ 71 

-J5(8-22~-75~-55~-10~J~+42(11+16f-5,J~-70(4+9~+6~+~J,+60(1+2~+~J~J L 

-[(J~+80~~105~~350~~175~~~-(26+215~+1295¢~1610~\350~~175~J;-2(J+115~-420c/>~1050¢~525~~.: 
1 3 ,f ~ C) t 6 7] 

+J5 ( 2+J2ct>+45~+54'-109>~~ +42 ( 1-14~- JOc/>~ 15tlS J~-70 ( 2+J¢-4> )~ +60 ( 1 +24> +4>~~ L 

[ 

2. J, 4 2. ~ ~ lL 2 4 !, 

- 2(J~+255f+420~+175¢)~+6(J+80~-105,-350~-175~J~-4(J+465~+6J0~-175~)~ 

-1 0 5 ( 2-18'/>-404>~ 204>) f +84 ( 6 +4>-15\1>'-1 0'P1)4i •-420 ( 1 +2 cl>+ 4>) { +120 ( 1+24'+ fJtij] . . . etc ( 5-8 j ) 

~ = X 

L 

-,,,J .... 
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5,J Mass Matrix 

As the previous work (4.J) in Chapter IV, the nodal 

displacements are in the form 

V 1 u -Y'I' X e, 
{u} = = {u} = [ A] (5-9) 

8z. 
Uy V 

V2 

From Equations (5-J) and (5-4), the matrix [ A] is expanded 

into an infinite series in ascending powers of.n.and P. Thus 

= ~ ~_nps[A ] 
rao Sso rs 

(5-10) 

Subs ti tu ting the Equations . ( 5-Sa) through Equation ( 5-8 j) 

i nt o Equation (5-10), the final form of the matrix [A] 

becomes 

[A] 
= [ Aoo] + P[Ao1] + PA[ A21] + p2[Ao2] +If [ A20] 

+ .•• (5-11) 

T T 

+ P[ho] [ Ao1] +bJ[ Aoo] so, HH = [ho][ Aoaj] 
T T 

+ll[bo]ho] +[Azo]ho] + · · · (5-12) 



1 
( 1 +cp) 
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6 ~ 2 % 

-Ly(~-~) y(Ji-(4+<1>)~+(1+4>)) y(J~-2i+~ 

3 2. 
( 2~ -J~-'Pi +( 1 +cp)) . 

3 (/) % ~ 
(-~+(1- 2)~+ 2'i)L 

-y{F} -y{H} 

{Q} iR} 

-y{N} -yfo} 

is}. {T} 

6 2. 

EY(~-1) 

... etc 

(5-lJa) 

(5-1Jb) 

with defined by Equation (4-lOe) and (4-lOf) 

Substituting the Equation (5-12) into Equation (4-16), the 

equivalent mass matrices are in the form 

(5-14) 

The components of the mass matrix in Equation (5-14) are 

calculated as [ Mo](T) and [ M2] (T) which defined by Equations 

(4- 18) and (4-19) respectively. 

5,4 Stiffness Matrix 

As the .previous work (4.4) in Chapter IV, the matrix 

[BJ is derived from 

e -ytpx 
Vl 

fe} 

xx e, 
= = {u} = [ B] (5-15) 

8z. 
<f xy ( V - '/J ) 

X 
v2 
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Similarly, the matrix [BJ may be expanded into an infinite 

series in ascending powers of.n. and P 

co oo r [ ] 
= 2 2.nPS Brs 

r .. o S=o · 
(5-16) 

Substituting the Equations (5-Ba) through Equation (5-Bj) 

into Equation (5-16), the final form of the matrix [B] 
becomes 

= 

wi t h 

[Boo]+ P[Bo1] + pJ[B21] + P2[Bo2] +.n[B20] + 

(5-17) 

T T T 

+ P2 [[Boo] [ B02] +[Bo1] [ B01] +[B02] [Boo] 
T T . 

+ .d [~oo] [B20] +[B20] [Boo]] + · · · ( 5-18 l 

-fY( ( 2-4>)-6~) 

1 
-£2 y(1-2,) 

L 

( 1 +<P) 

(5-19a) 



Z 3] [ 2 -t[ 6-12 ( 6 +5 (/))<f +180 ( 1 +ct>)~ -120 ( 1 +</>)1 -y ( 8 +104>+54> )-6 ( 11+15<1>+54>)~ 

Z. 2 "'] [ 2. z ~ Z 3] +JO ( 4+5ct,+4>)~ -60 ( 1 +'1>), -y ( 2 +10¢+54>) +6 ( 1-5¢-5<P)i - JO ( 2 +4>-'P J' +60 ( 1 +</> )i 

[Bo1] - L 2 
- 60( 1 +fl) EI 

t[ 6-12 ( 6 +54> )~ +180 ( 1.+4'){-120 ( 1 +<J>)?J 

[4>( 6 +54> )-JO¢( 1 +</>)~ +JO¢( 1 +</>)'z1 [;( 11 +15¢,+5/)- 5'1>( 4+5¢+1>), +154>( 1 +<I> )'f2 J L 

- ~(1-54>-5/)-5<P(2+4>-,,),+154>(1+'P),
2

] L -[1>(6+54>) , -J04>(1+1>)~+JOt/>(1+4')-0 

... etc (5-19b) 

Substituting the Equation (5-18) into Equation (4-25a), the equivalent stiffness matrices 

take the form 

[Kr) = [Kar)+ PNfT) + p2[K~r) + [K~J(T) + ... (5-20) 

with [Ko](T) defined by Equation (4-27), and 

[K~JT) = [o] (5-21a) 

--.J 
\..n 



2 3 
(36+576~+120~-420~) 

[K~](T) = 

z 3 · 2 3 '- 2 
(18 +18J~-150~-J15¢)L (44+179¢+J0~-70¢+35¢)L 

- --- ,L ·'
4
Er 1-(18 +18J4>-15oq,'...315¢")L z 3 .. 2 

(26+801,+390~-J50~+35¢)L 
2. 3 

-(36+576~+120~-420~) 2. • 
-(18+18J~-150~-J15~)L 

Symmetry 

2. 3 4 2 (44+179¢+J0¢-70~+J5¢)L 

2. .. 
(18+18J~-150¢-J15¢)L L 3 

(36+576¢+120¢-420¢) 

[K~rT) = [ o] 

(5-21b) 

(5-21c) 

---.,J 

°' 
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5.5 Geometric Matrix 

The geometric stiffness concept is derived by appli­

cation of virtual displacements upon equating the internal 

and external virtual work components. The coefficient of 

the geometric stiffness becomes 

[KG] = f [c ][c ]ctx 
0 

(5-22) 

where 

[(v :-o/)] [ C] = (5-23) 

Similarly, the matrix [ c] is expanded into an infinite series 

in ascending powers of .n and P 

[ C] = (5-24) 

Substituting the Equations (5-Sa) through Equation (5-Sj) 

i nto Equation (5-24), the final form of the matrix [c] becomes 

[CJ = 

so, 

With . 

~oo] + P[co1] + Pn[c21] + P2[co2] +d[c20] + .. ' 
(5-25) 

= 



[coo] = 
1 

(1+'1>) 

-6 & 

L(~ - ~) 

</) 

L 

& 

( ( 1 +4>)-( 4+4>), +J 1) 

"' - 2 

z. 
( (2-'P)if-J'f) 

q, 
2 

6( 1 E ~-~) 

P. 
L 

{ 
t 3 "} { z z Z. Z 9 

12 ,-(6+54>)1 +10( l+f)~-5( 1+4>)~ 2 (8+10'1>+5<1>)~-J( 11+154'+54>)~+10(4+5q:,+c/>)1 

A} { 2 ~ 4
} -15 ( 1 +4>); L 2 ( 2+10<P+5/)~ +J( 1-5"1-5<P),z.- 10 ( 2+4>-<f)~ +JO ( 1 +¢)1 L 

{ 
1 3 4 

-12 ~-(6+5c/>)'1+10( l+c/>)1-5( 1+4>)~} 

[c01] - L 2 
- 120(1+¢) EI, 1 

2 
, z. 

24>{ ( 6 +54> )- JO ( 1 +<p )'i +JO ( 1 +4> )~} { 4>( 11 +15'1>+5 cl>) -104>( 4+5cf>+</>)4i +J04>( 1 +4>)' }L 
2 ~ & 2 

-{ 4>( 1-5<P-5cP) -104'( 2 +t/>-t/>Jr,_ +JO'P( 1 +4>)~} L -2'/>{ ( 6 +5 </>)-JO ( 1 +4>)~ +JO ( 1 +</>)'i J 

... etc (5-27b) 

Substituting the Equation (5-26) into Equation (5-22), the geometric stiffness matrices 

take the form 

[ KG r T ) = [ KG 1] ( T ) + p [ KG 2] ( T ) + .•. (5-28) 

with 

---J 
OJ 



( 6 "'2) 5L + L (fo- ~+ f) - (l_ - <I>+ "'') 10 2 2 

Go- ~+ :L) (2 "' ~'} (1 <I> 2!') 
[ ](T) _ 1 

15+6+12 L 30 +g- 12 L 
KG1 - (1+~) 2 

-(io- ~f ~') (1 (p -2!') (2 4' l!J.) 30+6- 12 L 15+g+ 12 L 

-(§_+ tP') (1 "' ct>i.) 1 "' "'I. 
5L L - 10- 2+ 2 (10- 2 + 2) 

4 35 ( 3+45• -35;) 

[KG2] ( T) 

L 
- L -( 6+55"' z 
- 120<1•4>)'.Jii

1
1Js .,-1os<P1 

2 L l 3 
105(44+135~-105~+35¢) 

-L 35( 6+55'P-105</>) 

-4 35 ( 3+45cp-35 I) 

4 35(3+454>-351) 

L 2 2. ~ 
105(26+775¢-J85'P+J5¢) 

3~( 6+55<1>-105l) 

-(~L +· i) 
- (1... - 1-+ "'2.) 10 2 2 

. I (5-29a) 
1 </> rj,2 

(10- 2+ 2) 

( 6- + "'') 5L L 

Symmetry 

L2 l 3 

105(44+1J5~-105~+35¢) 

~5 ( 6+55f)-105l) 

(5-29b) 

""'1 
\() 
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5,6 General Stiffness Matrix 

For the dynamic analysis of the Timoshenko beam-column, 

the general stiffness matrix possesses a form of a linear com­

bination of bending stiffness, mass, and geometric s~iffness 

matrices as 

[s] = (5-30) 

Substituting the Equations (5-14), (5-20), and (5-28) into 

Equation (5-30), arranging the final terms of the similar 

powers ofn. and P, the general stiffness matrix [s] becomes 

+ ••• etc (5-31) 

Substituting the Equations (4-18) through Equation (4-19), 

Equations (5-21a) through Equation (5-21c) and Equations 

(5-29a) through Equation (5-29b) into Equation (5-31), the 

final form of the general stiffness matrix becomes 

[ ST] (BC) = [Ko] - [Ga]P - [ Mo ].cf - [ G 1] p2 + ••• (5-32) 

With [Mo](T) and [KaJ(T) defined by Equations (4-18) and (4-27) 

respectively 



(~+ ~2) 
5L L 

(1 <I> d,.,_ 
10-2+2) 

( 1 Cl> q,1.) 
- 10- 2+ 2 

( 1 "' 4>2) (2 + <P + 74>), P=---+ (/> _ 51tl 1 
(T) _ 1 I 10-2+2 . 'f3 7; 12 JO b 12 

[
0 o] - (1+9')

2 -(L- "'+ q,•) (1 " .2!) (2 <I> 1!1.J 
10 2 2 JO+b- 12 1 15+ b+ 12 1 

- ( Q_ + q,Z) 
51 1 

-(L - <P + ct>I.) 
10 2 2 

( -1. - ! + <t,2) 
10 2 2 

2 
12(J+454>-J54>) 

]
(T) 1 2- z.. 

[G1 = 25200(1+¢) EI I -J(6+55¢-1054>J1 

J( 6 +554'-1054>)1 
t. ~ 2 

(44+1J54>-105<P+J5~)1 
2. 'J 2 

(26+775~-J85<P+J5f)1 

-12( J+454>-J5<PJ 
z 

-J( 6+55</>-105 t/>)1 

Symmetry 

12( J+45</>-J5¢) 

-(~1 + i1.) 
-Uo- ! + "';) 

(1 ct> <1>J I (5-JJa) 
10- 2+ 2 

(2- + ~~) 
51 1 

z ~ 2 
(44+1J54>-105~+J5¢)1 

z 
J( 6+554'-105t/>)1 

(5-JJb) 

(X) 

~ 
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CHAPTER VI 

DISCUSSION AND CONCLUSIONS 

6.1 Discussion 

In Chapter I, the concept of the replacement of a 

continuum by an equivalent discrete element system is re­

viewed. Utilizing discrete displacements and discrete loads, 

equivalent mass, stiffness, and geometric· matrices are devel­

oped for each finite element of the discretized system. 

In Chapter II, the equivalent discrete element sys­

tem is formulated for a beam element. The nodal displacements 

are assumed to be related to the continuous displacements in 

the form of a single infinite power series expansion in as­

cending powers of frequency. Similarly, the mass, and bend­

ing stiffness matrices are solved in the form of a single 

infinite series in ascending powers of frequency. 

In the Chapter III, the equivalent discrete element 

system is applied to a beam-column element. For both Chap- . 

ter II and Chapter III, . the equation of motion exclude the 

effects of rotatory inertia and shear deformation. Due to 

the presence of the axial load, the novel technique of a 

double infinite power series expansion in ascending powers 

of frequency and axial load is utilized to solve the equa­

t ions of motion. Similarly, the mass, bending stiffness, 

and geometric matrices are solved in the form of power series 



SJ 

of frequency and axial load. By combination of these ma­

trices, the general stiffness matrix is formulated in a form 

of bending stiffness, mass, and geometric stiffness matrices 

which are expanded into an infinite series in ascending pow­

ers of frequency and axial load. 

For the Chapter IV, the Timoshenko theory of beams 

is utilized including the effects of both transverse shear 

and rotatory inertia. The same technique as in Chapter II 

is utilized to solve the mass, and bending stiffness matrices 

which are in the form of a single infinite series in ascend­

ing powers of frequency. 

For the Chapter V, the presence of the axial load is 

combined with the Timoshenko beam theory for the beam-column 

element. A double infinite power series expansion in ascend­

ing powers of frequency and axial load is utilized to solve 

the equation of motion. Similar to Chapter III, the mass, 

bending stiffness and geometric matrices are solved and the 

general stiffness matrix is formulated by the combination of 

these matrices. 

6.2 Conclusions 

From the latter paragraph, it is clear that we can 

utilize a single infinite power series expansion in ascend­

ing powers of frequency in a general theory of the beam ele­

ment. For a general theory of beam-column element, due to 

the presence of the axial load, we must utilize the double 

infinite power series expansion in ascending powers of fre-



quency and axial load. 

For the Bernoulli-Euler beam element, the general 

stiffness matrix determined in terms of the mass, and bend­

ing stiffness matrices take the form 

For the Bernoulli-Euler beam-column element, the 

bending stiffness, mass, and geometric stiffness matrices 

are obtained in the form 

84 

The [ K0 J. [ M0 J. and [ M1] = [[ M2]-[ K4] matrices in the latter 

equation for the beam-column element are identical to those 

associated with the beam-element. The [ Gi] matrices (i=O, 1, 

2, J) as well as the [Aj] matrices (j= 1, 2, J) are due ex­

clusively to the presence of axial force. 

For the Timoshenko beam element, the general stiff­

ness matrix determined in terms of the mass, and bending 

stiffness matrices takes the form 
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For the Timoshenko beam-column element, the bending 

stiffness, · mass, and geometric stiffness matrices are obtain­

ed in the form 

Similarly, the [Ko](T), [Mo](T), and [M1J(T)=[[M2J(T)_[K4rT~ . 

matrices in the latter equation for the beam-column element 

are identical to those associated with the beam element. 

The [Gi](T) matrices (i = 6, 1, 2, J) as well as the [Aj](T) 

matrices (j = 1, 2, J) are due exclusively to the presence 

of axial force. 

It is recommended that this numerical technique be 

utilized in a future topic of a Master's Thesis to extend 

the analysis to additional geometric configurations. For 

instance, this method may be applied to the dynamic analysis 

of arches, rings, plates, and shells. 
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