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ABSTRACT

DYNAMIC ANALYSIS OF THE AXIALLY-LOADED
TIMOSHENKO BEAM USING QUADRATIC MATRIX EQUATIONS
Thiem Jenngamkul
Master of Science in Engineering

Youngstown State University, Year 1980

The purpose of this thesis is to obtain a power
series expansion of the general stiffness matrix for a beam-
column element. Solutions are obtained using the general
Timoshenko beam theory including the combined effects of
bending and shear stress, together with axial force and
transverse and rotary inertia.

The general stiffness matrix of this continuous,
elastic, vibrating, structural element possesses components
which contain complex hyperbolic and trigonometric functions.
The idealization of this continuous system into a discrete
element system is performed utilizing a power series expan-
sion technique which produces a family of matrices contain-
ing algebraic components. The latter matrix form is extremely
efficient for matrix computer operations.

The matrix series expansion produces a two term
expansion of elastic stiffness matrix, a two term expansion
of the consistent mass matrix, and a two term expansion of

the geometric stiffness matrix. In addition, all coupling

matrices of the latter three parameters are obtained.
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CHAPTER I

INTRODUCTION

1.1 Historical Review

The mathematical idealizing of vibrating continuous
elastic systems into discrete element systems, as used in
matrix computer analysis, leads to the equations of motion
which define a general stiffness matrix with components that
are in the form of an infinite matrix series. The classical
solutions of the equations of motion of a beam-column form a
structural stiffness matrix with coefficients defined in
terms of hyperbolic and trigonometric functions. This form
of the stiffness matrix is inefficient in the usual computer
operations which most efficiently and effectively utilize
matrix forms which are algebraic in form.

As a result, a number of authors have develope tech-
nigques to circumvent this problem. The stiffness matrix has
been separated into a number of parts: the bending stiffness
matrix of a beam defining the effects of bending and shear
Stresses, the geometric stiffness matrix expressing the
effect of axial force; and a consistent mass matrix defining
the effect of inertial forces. All three of the above ma-

trices contain algebraic (numerical) components which allows

for efficient computer operations.




(5)1%

Przemieniecki derived first and second order
matrix forms for the mass and stiffness matrices of a beam,
utilizing a single infinite power series expansion in ascend-
ing powers of frequency.

(

Paz 2 has expanded the terms of the exact general
stiffness matrix for beam-column element derived from the
Bernoulli-Euler equations into a power series expansion.

By a process of longhand algebraic division, he obtained the
bending stiffness matrix, the first and second order terms
of the geometric stiffness matrix and the first and second

order terms of the mass matrices including transverse

inertia only.

(3)

Laohasiripunya utilizing a similar power series
expansion and long-hand division extended the latter work to
include the terms of geometric stiffness and the mass matri-
ces beyond the second order. Terms of the power series are
retained up to and including the order of fourth power in

natural frequency, the fourth power in axial force, and

similar intermediate order coupling terms between the two.

1.2 Thesis Purpose

The purpose of this thesis is to derive the required
bending stiffness, mass, and geometric stiffness matrices of
the Timoshenko bteam using a "double infinite" power series

€Xpansion in simultaneous ascending powers of frequency and

* Number in parenthesis refers to literature cited

in the Bibliography.




axial force. The following systematic steps are taken to
assure and establish proper results:

1.) The problem of a vibrating beam-element derived
from the Bernoulli-Euler theory is considered using the
Przemieniecki method. The bending stiffness matrix, the
first and second order terms of the mass matrices are obtain-
ed. A consistent sign convention is introduced which imposes
unique properties to the resulting matrices.

2.) The problem of a vibrating beam-column element
derived from the Bernoulli-Euler theory is investigated
using a novel double infinite power series expansion. The
stiffness, mass, and geometric matrices are obtained through
the order of fourth power in natural frequency, the fourth
power in axial force, and intermediate orders of coupling
between the two.

3.) The problem of the vibrating beam-element
derived from the Timoshenko beam theory is investigated
using the Przemieniecki method. The first and second order
terms of the stiffness and the mass matrices are obtained
with the added consideration of the effect of shear stress
which is not accounted for 1.) above.

4.) The problem of the vibrating beam-column element
'derived from the Timoshenko theory is solved using the formu-
lated double-infinite power series expansion. The required

Stiffness, mass, and geometric matrices for the first and

Sécond order terms are derived.




1.3 General Theory

The essential feature of the matrix methods of
structural-analysis is that a continuous elastic system may
be represented by an equivalent discrete element system hav-
ing a finite number of degrees of freedom. In the discrete
system the displacements are specified at points selected
arbitrarily on the actual atructure. These displacements
are then used to determine the equivalent elastic properties
of the discrete element model representing the continuous
system (Seé Figure 1). For static problems the determina-
tion of the equivalent elastic properties presents no special
difficulty. The displacements u; = ui(x,y,z) §8x. v,z at
any point P in the continuous system may be related to a

finite number of displacements selected on the structure,

in the matrix form:

{u}=[a}{v] Pt

where {u} {ux Uy, uz} (1-2)

represents displactments in the directions of x, y, and z

axes at point P

{U} ={U1 Uy .. Un} (1-3)

Tepresents a column matrix of the N displacements and [a]
Specified at a specified number of points is a rectangular
Mmatrix whose coefficients are functions of x, ¥y, z. Equation

(1-1) can be used to obtain the total strain-displacement

rElationship




(] - Do)

where the coefficients in [b] are determined by proper

differentiation of the matrix [a]
Using the Principle of Virtual Work and d'Alembert's princi-

ple and following the procedures of Przemieniecki, one obtains

o+ e} = (e} oo+ (ks

+L{Va}{ Jav (1-5)
where [M] = p[aﬂ:a]dv (1-6)

represents the mass matrix of the equivalent discrete system

v
» (<] = [[o]=]le]er (1-7)
v
is the stiffness matrix for the displacements {U} . Equation

(1-5) represents matrix equation of motion of the equivalent
discrete system. The first term on the right hand side of
Equation(1-5) is the column matrix of external forces in the
directions of {U} ; the second terms represents equivalent
concentrated forces due to some specified temperature dis-
tribution; the third and fourth terms represent equivalent
concentrated force due to surface forces and body forces
respectively. Thus, Equation(1-5) serves not only to deter-

mine the discrete system inertia and stiffness properties but

also to convert distributed loading into a set of discrete
loads,
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CONTINUOUS SYSTEM EQUIVALENT MATHEMATICAL MODEL

Figure 1. Mathematical Model Used in Matrix Methods of Structural Analysis



CHAPTER II

EQUIVALENT MASS AND STIFFNESS MATRICES FOR BEAM ELEMENTS

2.1 Discrete Systems

In matrix methods of structural analysis one deals
with discrete quantities, concentrated forces and moments,
deflections and rotations at a point. Consequently, all
equations of elasticity for continuous media must be reformu-
lated as matrix equations using these discrete quantities.

As previously described in Chapter I, the mathematical form

of the harmonic motion of beam is in the form of hyperbolic
and trigonometric functions. Thus, the solution for mass

and stiffness matrices may not be evaluated numerically since
the frequency is unknown initially. To avoid this difficulty
the nodal displacements are assumed to be related to the
continuous displacements in the form of a series in ascend-
ing powers of the circular frequency w. The solution of mass
and stiffness matrices become the functions of nodal displace-

ments.

2.2 Equations of Motion

The equation of motion of a vibrating beam element
(See Figure 2a) as obtained by the Bernoulli-Euler theory
is given as

4 2

ET PU + U ¥
== —_% =, g = Qi 00 LERLL

NN
-pAax Gtz

t> 0 (2~1)
WILLIAM F. MAAG LIBRARY

i

YOUNGSTOWN STATE UNIVERSITY
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with X &Y - +the co-ordinates axes of the beam
ETI - +the flexural stiffness
)OA - the mass per unit length
t - +the time wvariable
(Y)
Auy
s jwtg or it
Uy=ape™ " | Uy flsse
™ /"‘\\\
> (X)
T B f
- jwt i i jwt
Uy"qy @ & L _| o UnTue

Figure 2a. Sign-Convention for the Beam Element

(Y)
A

SO >(X)

Figure 2b. Deformed Beam Element

Let u - the displacement along the X-axes

and

u - the displacement along the Y-axes




From the Engineering bending theory the relation between Uy

and uy (See Figure 2b) becomes

U 2Uu
u = - N = - y (2-2)
" ox Y L@x ?
where = &L y and y is the distance from the neutral
L

axis to an arbitrary point on the cross-section. The con-
tinuous displacements {u} are related by an ascending powers

series of to the nodal displacements in the form

T mril R {20x) e (21x) +u§{azx} + ... Hu
S U A 1% 1 1 1 | SR X

where the vector-{aix}.and {aiy} are row vectors.
Assuming harmonic variations in the time parameters for free

vibration conditions it follows that

{U} = {.Ul 0, U, Uu} - {q]_ 1z 45 qL%}- Bt (2.3)
thus {u} = [{ao} +w[a1} +u§{a2} + J[U}
= [a]{q}-ei“’t (2-4)

Utilizing summation notation, one obtains

a:;( =(:§c;wr{arx}){q}eiwt ; {ax]{q}.ei""t A
Y (S - e e

SUbStituting Equation(2-5) into Equation of motion(2-1)
8ives
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BEIL ™ - A3 fe) e - o o

Equating to zero coefficients of the same powers of w in

Equation (2-6), the following equations are obtained :

%) - )

{o} (2-7b)

)
= R
<
—

1l

B(E - o)
ﬁi{ggy} = {aly}"' etc (2-74)

2.3 Solution of the Differential Equation

Equations (2-7a) through Equation (2-7d) are solved
by direct integration. For Equation (2-7a), the following

boundary conditions are applied :

at x = 0 u, = U AR du,
y dx
du
a't = L = U U = = :3
1 uy 3 B dx

For the remaining equations containing terms {aly}, {azy},
{a3y}.... the boundary conditions on displacement and slope

must all vanish at x = 0 and L. . Thus it follows that,

2 3 2 3 2 3 2 3
[(1-33+2g) (§-26+€)L  (§- @)L <3g-zg>] (2-8a)

{o} (2-8b)

pALY
222087

[t ——
s S o
< < <

— N— R

1] 1} 1}

2 3 4 6 7 2 3 5 3 7
Ea( 22¢-524+35¢-76+2¢) (124-22¢+21¢-14¢+3¢)L

2 3 e T 2 3 6 7
(96-13¢+76-3L  3(13¢-184+7¢-26) } (2-8¢)
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{aBy} = {o } (2-8d)
(pA)2L8 2 3 6 7 8 1o
{auy} - 139708800@172[3(1784@-2832@+3388§-3432@+1155g_—77@ﬂ
2 3 6 T g 1o 1" +14§)
(11364-1784¢ +18486-1452¢ +385¢-154¢ +21¢)L
2 3 6 4 10 "
(10976 -16816+1386¢-858¢+77¢-21¢)L
2 3 6 b 4 10 1"
3(1681§-2558§+2002§-1188§+77§—14?)] (2-8e)
{a5y} = {O } . etc (2-8f)

The matrix {aOy} represents static transverse deflec-

tion distribution due to unit values of displacement Ul' U2,

U3, Uu applied independently. The remaining matrices in'[a}

are determined from Equation (2-2) in the form

L2ox}
(o1.]
{22:)

*2[6(@-@’) (-1+4§-3§)L  (-2¢+30)L 6.(-g+<;)} fiaa)

{o } . (2-9b)

AL“ 2 3 5 e 2 4 g 8
éQOEf [2(‘22?+78§'70§+21%-7%) (-8¢+22¢-35¢+28¢-7¢)L

(-6§+13¢-144+76)L 2(-13g+27€-21€+7€>] (2-9¢)

{a3x} » {0 } (2-94)
2.8 S 6 7
{a4x} = T aboR T [6(1784g-4248§+10164g-1zolzg+4szoe

2 5 6 -3 ] —382§+77é3
(2272¢-5352¢+11088¢-10164¢+3465¢-15406+231¢)L

(21946 -5043¢+8316¢ -6006§ +7706-231¢ )L

2 5 10
6(1681@-3837g+6006g-4158€+385€177§)}
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{aBX } = {O }... etc (2-97)

2.4 Total Strains-Displacement Relationship

The strains in the beam element are derived from

2 2

u )

{e} =’OX = _’Ou = _Lu
X ox* Y ox*

& [{bo}+u{b1}-wﬁ{b2}+-...]{U}
[b]{U} (2-10)

Hence, using Equations (2-8a) through (2-8f) and Equation

(2-10), it follows that

o o)
- 2(6-129) (4-69)1 (-2+69)1 (-6+12¢) | (2-11a)
M) c ) e
(%2} - -mrfas)
pPALS

NsoeT [(-22+15ég-21oé#1o54242€) (-4+22@-7oél7o€-21§)L

(-3+134-35¢+21¢)L (-13+54g-1o5<,‘+4zg§)] (2-11c)

-L?{a%y} = -{p } (2-114)
s,

7 (pa)217
69854400 (ET)

—— ——
(o Mo o
= w
S R S
1} 1}

3(1784 -84964+50820¢-720724+32340¢

=)

; g . -65¢+770¢)
(1136 -5352¢+277204-30492¢+13860¢-69304+1155¢)L




13
4 -] 8 9
(1097-5043g+2o79o§-18018g+3465g-1155@)L
, 4 5 8 9
3(1681-7674g+3oo3og-24948g+3465g-77og):’ (2-1Ye)
{b5} = -er{agy} = {o } Sl ke (2-11¢)

2.5 Mass Matrix

From Equation (1-1), the matrix [a] is expanded into

an infinite series in ascending powers of w, thus
; o
[a] = Ew{a } (2-12)
r=o r

Substituting the Equation (2-8a) through Equation (2-9f) into
Equation (2-12), the final form of the matrix [a] is

[a] =

{ao }:wz{az} +<3{ai} £ "5t 4 (2-13)
[{rol{zo]] fxo){ze}{eelfeo]

. J}[{'ao}{a4}+{a2}{a2}+{au}{ao}] oo (2-14)

Substituting the Equation (2-14) into Equation (1-6), the

0)
o
%
Y
| I |
| — |
W
[
I

equivalent mass matrices are in the form

] - [MO} o[, +¢3[M4] 0, (2-15)

The first two component matrices appearing in the

€Xpansion of Equation (2-15) are calculated as

= -~ r T
156 221 13L 54 OO A T
[M ] B | 22n 412 31° a3n | op f, 3L w2 12 i
0 L2720 20T
130 32 412 221 | T % - 12 w2 g
54 131 22L 156 <36 3L 9L 98
L = = _

(2-16)
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208 46 1681 1279
385 11520 L820" 770
b6 284 2 _1097.2 1681
[M ] _ (oany?3 | 7155 3465 13860 4820
2 2520E1 1681, 1097, 2 284 2 bbb
1820~ 13860 3465 11525
1279 1681 446 08
770 4620~ 11550 385
£ 1:
4 3 -4
T 4 & 3
b2 7 2048
o, ‘32 L1 L
(ea) (p1)13 57 10 2 15
3550E1 Sl ¢ P Y
2L TRl Lo el

2.6 Stiffness Matrix

From Equation (1-4), the total strain-displacement
relationship is in the form of matrix [b] . Similarly, it

may be expanded into an infinite series in ascending powers

OF

[b] =r§§u§{br} (2-18)

Expanding Equation (2-18), one obtains

BREL - (o) ) o ) o
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Substituting the Equations (2-11a) through Equation (2-11f)
-

into Equation (2-19) and forming the multiplication of [b][b],
it follows that

DO R NS S

+ $Hbo}{b4}+{b2}{b2}+{b4}{bOH g o i (2220)

Substituting the Equation (2-20) into Equation (1-7), the

equivalent stiffness matrices take the form

I:K] = [Ko:' +u?5[K2:] +£[K4] L (2-21)

The components of the stiffness matrix in Equation

(2-21) are calculated for the first three terms as

{2 en et ~12
2 2
6L 4L -21° _6L
E
K = Ei (2-22)
[ O] L7 e -212 12 ¢
L3 wbR- 1% 8L 4 .12
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The matrices [MO] and KO represent the mass inertia

and stiffness of the beam element based on static displace-

ment functions. The matrices M, | and [KuJ and higher order
terms represent dynamic corrections. Recall the final dy-
namic equilibrium equation (1-5). We shall consider a com-
pletely unconstrained (free) structure undergoing free oscil-

lations. Equation (1-5) becomes

[uf{#} + [x]{v}

Substituting Equation (2-3) into Equation (2-25), one obtains

(<] + [c]{a} - {o} ez

Substituting the frequency-dependent mass and stiffness

Il
o

(2-25)

matrices from Equations (2-15) and (2-21) into Equation
(2-26) yields the equation of motion in the form of a matrix

series in ascending powers of as

[[KO] -LS[MO:I -J[[MZ]-[K4] + Hq} SRR (2-27)

For reasons of comparison of results in future chapters, the

following definition of general stiffness matrix is intro-

duced :

e fa} = [¥-D]<f = (e}

Where [SBE]B is defined as the general stiffness matrix, and

18 given by Equation (2-27).
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CHAPTER III

FORMULATION OF MASS AND STIFFNESS MATRICES FOR BEAM-COLUMN

3.1 Mathematic Analysis Procedures

Recalling the results of Chapter II, the differen-
tial equation of motion of a beam element is solved by using
a single infinite power series expansion in ascending powers
of frequency. The solution for the mass and stiffness ma- .
trices are in the form of power series expansion of algebraic
terms instead of complex trigonometric and hyperbolic func-
tions which are inefficient in the usual computer operations
currently in use. In this chapter, we analyse in the case
of beam-column element. The differential equation of motion
is augmented due to the presence of the axial load. The new
technique is utilized to solve the equation of motion the
basis of which is formulated using a double infinite power
Series expansion in ascending powers of frequency and axial
load. Similarly, the mass, stiffness, and geometric matrices
are expanded in the form of power series of frequency and

axial load. The details are described in the next paragraph.

3.2 Equations of Motion of Beam-Column

The dynamic stiffness matrix of a general beam-column
is formulateq by using the Bernoulli-Euler theory excluding

Lthe effects of rotatory inertia and shear deformation. The
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differential equation of motion for a uniform beam-column(é)

is given as

4 2
EI’Y%y + P"’zuy *pAP iy ey g (3-1)
Dx4 ?Dx% 2t% .
with X&Y - the co-ordinates axes of the beam-column
as shown in Figure 3
P - the axial force (compression)
EI - the flexural stiffness

the mass per unit length

0
=
I

% - the time variable
(Y)
Jruy

. u !

iat X iat
U,=q, e \ 7 UL*q., e

P P

= ¥ S (%)

iat x £ Bl iat

U2_q2 e b Uu_qu e

Figure 3a. Sign-Convention for Beam-Column Element

(Y)
\ __\.._ux
P du
/—/ o ) dx
P P
b ik R
dx
2
P A S

Figure 73p, Deformed Geometry for Beam-Column Element
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Letting u - displacement along the X-axes
and u - displacement along the Y-axes

Y

the usual Engineering bending theory requires that

u =Rty = opody (3-2)
= 2% Y DX ®
where ‘Q = %

As described in Paragraph 3.1, it is assumed that the dis-

placements {u} are expanded in ascending powers of. and P

so that
[l ] ] e

{u} - = ' + O + P +0P + ...
_uy_ _{agoh _{aB{oL _{aglh _{ablrl}J

* ({200} 0faio} + oo} sorfas} + ) fu}

- {a}{q}ei‘fﬁ (3-3)
where, {U} = {IJ U, U 3 Uy, } = {ql dp 43 Q4}einf3_4)
hence, u, = <§Z §O_({PS{ }){q}elnt (3-5a)

RC LT S

S ; , .
: ubtltUtlng Equation (3-5) into Equation of Motion (3-1),




one obtains

AL g

R0 S=0 =0 s=0

©0 (r+2) .
-p4>Sa Ps{ais}){q}em ' o (3-6)

=0 S=0

Equating to zero coefficients of the same powers of.n and P

in Equation (3-6), the following equations are obtained :

o
EI{ago} = { OJ' (3-7a)
2 L
EI{agl} = -{ag’o} (3-7b)
g
El{ag’o} = {o} (3-7¢)
s p!
EI{a%l} = —{ago} (3-74d)
o
El{ago} = pA{ ago} (3-7e)
piA T
EI{agz} = —[agl} (3-7f)
g %
EI{agl} + {ago} = )OA{agl} (3-78)
g %
EI{ai’z} = -{a{l} (3-7h)
g %
El{aga} = —{agz} (3-71)
g
EI{ago} = pA{a{o} (3-73)
g %
{agl} = ‘DA{agz} (3-7k)
P
{agz} = PA{a%’3} (3-71)




23

v

EI{aZO} = pA{ago} (3-7m)
= !

EI{a%’LP} -{ag’B} e ete (3-7n)

3.3 Solution of the Differential Equation

Solutions of Equations (3-7a) through Equation (3-7n)
are obtained by direct integration. For Equation (3-7a) the

following boundary conditions are applied :

— - - _1

at X 0 uy U1 U2 &%
du

- - p—f _—1

at b L uy U3 U4 e

For the remaining Equations, the boundary condition that

{agl}, {a{o}. {a{l} .». must all vanish at x = 0 and L

is applied; this yields

{ago} - [(1-34}2@’) (§-24+O1 (¢-9L (3{_2;”)] (3-8a)

2 2
[} - e[ sdudistad aduduogope
(§+¢-5¢39)L —3({-4%54‘,‘-2?)] (3-8b)

e .
1Y)
L]

o
Regree?
1}

s} - {o}

b 4
) - 2 ] setsadasnfed aderderdondondn

(952-13g3+7g6-3§')L 3(13gz-18gs+7§€12€) J (3-8e)



| 6
. 1§1§§b(§f72[ (60418€133°é?468éi189§136é145€i10§) (24€-zoéléoéﬂ66€128€i63€%3oé15éﬁL

2 3 4 9 G & 9 2 3 4 S [ 7 8 =)
(216-156¢-454+396+76+36-156¢+56)L (45€+8€~1953+162§—21§+36€—45§+10%):, (3-8g)

- {o} (3-8h)

8 2 3 4 \
= 69§%ﬁ£000(EIj3I:3(12856g-12#72@-77oo§+616{117171{-1722641u620é1154051385é3210g3

2 4 4 5 6 7 8 2 A0 3\
(3576g-2076g-9240§+46203+10934§-?359§-4620§+6160g-2310g+315g)L

2 3 4 5 6 7 8 9 10 1
(33546-17749—8085§+3465€+?931q-4191§—1155€—385€+1155g-315§)L

3<1774§+152§—5775g‘-616@9779{-5874911155@515uo€+1155§fz1og‘)' ] (3-81)
6 2
- 1512030(E1)3[ (64-44-15¢+184+210¢>360¢+225¢- 508) (zaéizéi1loéi9gizsoéi33oé;
+1504-25¢) 1L

(zzez+2§3—65§4—9€+7oé,°+30€7—75<525éL -(65—4?3-453+18€i210€6-360€+225€-50?g)] L3

() - () - (5} - )

(A4




ay‘} =
2 L5L,86L320000(EI) °
5 5 > _35035é—16380g111400§15)

2 ] 6 o
(8664063911414~ 2324140 §+80964 §+ 268268 866 58 ¢~ 175890438079 5¢+60060¢-58695¢1182004 "

13
-21004)L
2 3 4 S 6 7 8 2 1o " 12
(839855-35931@-218010g+69186g+232232§-63492g-124410§+uu3303+15o15g+4o95g—9100§
~ i3
+2100¢)L
2 3 4 5 6 7 8 a3 o 1 12
3(35931g+1552g—115310§_5928g+148148g+12012g-13299og+62920g-15015g+1638og—9100g
41400%3 ] (3-8p)
¥ (pALY)? y 4 $ 7 g 1 g
2 3 © 7 g 10 "
(1136¢-17846+1848¢-1452¢+385¢-154¢+21¢)L,
2 3 6 7 10 "
(1097@-1681g+1386§-858g+77g-21g)L
2 3 6 7 1o 1
3(1681¢-2558¢+2002¢-1188¢+77¢-14¢) J (3-8q)

0 2 3 4 5 ] 7 8 g
parl 4[ 3(2175ou3+494086_8356uog+u86408§+2022023—12012&-2@2385§+187330€

€z




[ - e [ 3(1116-744-7704+3084+23104" 6604 5775¢+77004- 385043700 ¢")
(3054€¥111éi10780é:462é116940§i990fzz3iooéiz11?5éi?700@11050§3L
(27214+111¢- 84706 4626+1001064990¢- 5775¢ 1925 4338 50 §-10504 )L

-3(111¢-74¢2770 ¢+308€+2310¢2660¢" 5775¢+7700¢ - 38504 +700¢) ] .. ete

(3-8r)

where

NG
I
[l

ut4
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The matrix {ago} represents static transverse deflec-
tion distribution due to unit values of Ul’ U2, U3. ULL . The
remaining matrices in-[a}'are determined from Equation (3-2).

This gives

{%o} = *2[6(%-?) (-1+4@-3%2>L (-2§+3€2)L -6(@-?)](3-%)
2

gonr | -6(§-6¢+10¢-5¢) (-84+33¢-40¢+15¢)L

Py,
o
O M
=

—

]

2 3 4 2 3 4
(-2¢-3¢+20¢-15¢)L 6(4-6¢*10¢-5¢) ] (3-9v)

(o = {)
[} - o]
L 2 3 5 6
{a’z‘o} - e [-6(22€-?8€+70€—219+76)
2 4 S 6
-3(8¢-224+35¢-284+7¢4)L
2 L 6
-3(64-13¢+14¢-7¢)L
2 5 6
-6(13§~27g+21g-7§)J (3-%e)
L
{agz} L ZSQEgZEISZl:'6(3§'3éi7°€1210€'210§170§3
2 3 4 S ©
(-hb¢+9¢+560¢-11554+840¢-210¢)L
2 3 a 5 6
(-26@-9g+140g+1o5§-420§+210g)L
2 3 4 - 6
6(3§-3§-7o§+21og-21o§+709)] (3-91)

- ()




2 2 (204 -uq’-zzoq'+39oq‘- 1894’-42 gﬁréo é'- 15 ga)
2 3 4 2 & 7 4 8
(-164+204+804-110¢-564+1476-804+156)L
2 3 4 5 6 7 -
(—14§+15g+6og-65g—14g-7q+uo§-15g)L
2 3 4 5 6 7 &
-2(15€+ug—130q+135g-21g+u25-6og+15g)]

8 , ,
{agz} = 232353330(E1)3[ -2(12856@-187085-15uoo§11540§151513§160291é118480€+693o33

+1925¢+1155¢)

2 3 a (] 6 7 8 g9 10
-(2384g—2076g—123zog+77oog+21868g-17171@-12320§+18480g-77oo§+1155g)L
2 3 4 i &6 7 a8 3 10
-(2236@—1774@—10780§+57?5§+15862%—9?79§—3080Q—1155g+3850§—1155§)L
2 3 4 L © 7 8 3 10
—2(177ug+228g-1155o§-15uog+29337§_2o559g+46209-693og+5775g—1155g)]
1°}

X QLé 2 3 4 2 6 7 a8
'{aOB} B 1512000(E173[ ‘6(2?'2€-30€+15€+210§-420§+3003—75@)

2 3 4 % & 7 8
-(56g-ég-uuo§+45§+168o§-2310g+12005—225g)L

2 3 4 5 3 7 8
—(44g+6g—260g—45g+uzog+21og-6oog+225g)L

2 3 4 2 6 7 8
6(2§-2g-3og+15g+210§-420§+3oog-75g)J

(3-9h)

(3-91)

{3~-9j)

(3-9k)

g9¢




L3-9L)

(3-9m)

(3-9n)

10
1816g2£ﬁgooo(EI74[.‘2(21750u€+74112§ 167128og+1216020g+606606g _h20424

-969540g+842985§—1?5175@-9oo9og—9100g )

1}

-(57760g 3914ug 309920§+134940g+536536g 2022025 469ouog+zuz385§+2oozoo§
-215215g+728oo§ 91003 91
2 3 4
~(55990§—35931§-290680§+115310g+46uu6441148148g-3317604+132990g+5oo5o§
A +15o15§f36400§r91oo§n)L
2 3 4 G 6 7 8 2
—2(35931g+23283—230620§—1u820§+uh4444§+u2042§-5319604+283140g—75075§
+90090¢- 5460019100 ¢") ] (3-90)

(5} - {

A4




o — L2 2 5 6 7 3 10
| x et (DAL ) _ % 3 s
abo}' = 139708800(ET72[ 6(178464-42484+10164¢-120124+46204 385¢+77% )

z 5 6 8 3 10
-(2272¢-53524+110884-10164¢+3465¢-1540¢+231¢ )L
2 g ¢ 9 10
- (21944-50434+83164-60064+7704-231¢ )L

2 5 [ -] 10
-6(1681@—3837q+6006§—4158§+385§—77§ )] (3-9q)

8
{agu} = 698545%300(E174l:—6(111g-111€£1540€177oé1693o§iz310§1231ooé134650§919250§°

1o
+3850¢ )
2 3 4 5 ) 7 8 3 10
-(6108@-333@-43120g+231og+101640g-6930g—184800g+1905?5q-77000§+1155og )L

2 2 4 % & 7 8 9 10
—(5442§+333g-33880§-23log+60060§+6930g-46200g—17325§+385oo§—1155o§ )L
2 3 4 5 6 7 8 2 Jo
6(111§-111§—1540§+?7og+693og-23log—231oog+3u65og—1925o§+385og )]

. etc (3-9r)

8¢
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3.4 Total Strains-Displacement Relationship

The induced strains in the beam-column element are
derived by noting
2 2

{e } = Nux = .foux = _L’Duy_-
oX oxz Y mx2

( {boo} +n{b10} - P{b01} +nP{b11} - ){U}
{v}{v} (3-10)

Hence, using Equation (3-8a) through (3-8r) and Equation

(3-10), it follows that,

{boo}= %[6(1-23) (4-64)L (-2 +64)L -6(1-23)} (3-11a)
{bo1} 3 ;33%1[‘3(1‘12?3092'20?3) (-4+33¢-60€+304)L
(-1-34+306-30¢)L 3(1-12§+3o§_20§)] R b
{b10}= {bu} - {0} (3-11c,d)
3
{bzo} - e l: (-22+1564-2104+105¢-42¢)
| R T
(-h+224-704+704-21¢)L
4 s
(-3+13¢-354+21¢)L

(-13+54§—1o5g4+42;) } (3-11e)

- {1
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nL _ 2 3 4 5 2 3 4 5
5 IEZEBTETTZ[-‘9(1‘2€'704+280€‘3503+140?) (-22+94+8404-23104+21004-630%)L

2 3 4 2 2 3 4 hd
(-13-96+2104+2104-10504+630¢)L 9(1-2@-7og+28og-35og+140g)] (3-11g)
2 2 3 7
{b21} = Eﬁ%%%%ﬁsz[ (-2o+8g+660§-1560g+9u5€125zéi42041120g)
2 3 4 % 6 7
(-8+204+1204-2204-140¢+4414-280¢+60¢)L
(-7+15¢+90¢-1304235¢2214714042604)L

(—15-8§+39o{i540{1105éf252§1420§i120é3i] (3-11h)

n_pAL7 2 3 4 S ()] 7

{bzz} = 116424000(E1)3['-(12856-37416g-u62006+6160g+257565g-3617463+129360§+55440%

. +17325§ﬁ1155039)
—(1192—20?6{—18#804115400é1546704t51513%1431209i73920é234650415?75@ﬁ)L

2 3 4 % 8 2
—(1118—177ug-1617o§+115503+39655g-29337g-10780{1462041173255—5775g )L

4 ] T
- (1774+456¢-346 50461606 +146685 ¢-1233 51 §+3234040 55440 §+51975¢211550¢ ) ] (3-111)

RO

o€




[’} -

s

ISR 2 3 4 4 6 7
578000(ET)3| ~3(1-2§-%54*304+525¢-12604+10504-3004)
2 3 4 i 6 g
-(14-34-3304+456+2100¢-3465¢+21004-4504)L
2 3 4 5 6 4
- (11%34-195¢-1454+525¢+315¢-10504+450¢)L

2 3 4 S 6 7
3(1-24-454+304+525¢-1260§+10504-300¢) ] (3-11k)

ALY

2
4 ,: - (217504+148224§—50138Lp0 §+4864080 613033030{*
—252252{-6786?80 g‘+6743880§7- 1576575 3590090053109200 g")

90810720000(ET)

A 4
-(28880-391449-464880g+2698805113413uog-606606g316416403396954051900900ga
[ o
—1076075@%00400@‘-5@600 g")L

-4 27995-359313-436020;&30620 33+1 161160@4-444444{11161160@353196041225225 38
+7507 5422002004+ 54600 §")L

- (35931+4656¢-691860¢- 59280 ¢+2222220 ;+252252;-3723720§12265120§7-675675418
+9oo9oo§3600600 §+109200 5"):1 (3-111)

Pob o bl - 0}

1€




. ; '2 s L? > 4 ] 6 8 -]

T, = ggggnﬁgg%ﬁfyz['-3(1784-84966+508204-72072§+32340Q—3465§+77o )

4 5 2 8 2
-(1136-53524+27720¢-304924+138604-69304+11554 )L

4
-(1097-50435+2o79o§—18018%13465§31155éa)L

—3(1681—767ug+3003o§£24948§i3u65gf77ogg)]

B YLL? . 2 3 4 (=) 6 7

{bon} = 3u92720000(EI)+[:—3(111—222?—4620{+3080§+3u65o§—13860@—161700%:2772006
3

-1732504+385004 )

(3-11q)

2 ' 3
-(3054-3335-64680§+4620§+254100412079053646800§$7623oo§z3465oo{i57750ég)L

6 7 8
—(2?21+333§—50820{14620é1150150{120790Qi161700f—69300f+173250f—5?750QQ)L

3(111-222g-46203130803334650511386043161700{1277zoo§117325ogﬁ3a5ooqg)]

..etc

(3-11r)

A
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3.5 Mass Matrix

Recalling Equation (3-3), the matrix [ay] is expanded

into an infinite series in ascending powers of Q. and P, thus

co oo
[aY] =S :E { rs} (3-12a)
Pr=0 5=
Substituting the Equations (3-8a) through Equation (3-8r)

into Equatlon (3-12a), the final form of the matrix [ay}

becomes

(3-12b)
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Substituting Equation (3-13) into Equation (1-6), a term by
term evaluation is made utiliaing direct integration. The
mass matrices are obtained in ascending powers of {land P

in the form

&
=
| I |
Il
L)
=
(@]
—_
+
d
i |
=
[
e )
+
g
N
|
N
N
e
+
Py
I 3
=
N
| I
+
d
W
G |
=
W H
]
+
-
W
|
(IS
=
1]

with
156 221 131 s |
2 2
[M ] _ ‘fAL 22l WER 51f g s i)
0 20 | 431 312 w12 221
54 13L° [ 22L 156
~ -
g i N - -1
3150 1260 1680 1330
T, 1.2 1,2 L
. ,| 1260 3150 3800 1880
[Kl} _ PAL (3-1kc)
1 Bl " Y 12 L
1680 3600 3150 1230
-1 T i 1
1350 1680 1260 3150




pAL7

5] - Ster
3 1000(E1

35

59 223L 1681L 1279
80850 145530 11642400 1940400
223L 7112 10971%  1681L

1455300 2182950 34927200 11642400
16811 109712 7112 223L
11642000 34927200 2182950 1455300
1279 1681L 22131, 59
1940400 116L2400 1455300 0850
-, a—
(3-11e)
My 97 223L 17111 -97
1891890 540540 L324320 1891890
2 2
233L 361L 509L 1711L
3Eb§E6 1135134F 1651104 14324320
2 2
1711L 09L 361L 233L
324320 165110k 113513L 500540
-97 1711L 233L 97
1891890 14324320 540540 1891890
(3-11F)

3.6 Stiffness Matrix

Powers of n and P, as

- Ment relationship is in the form of matrix [b] i

Recalling the Equation (3-10), the strain-displace-

Similarly,

it may ve expanded into an infinite series in ascending

(3-15a)

"%Stituting the Equations (3-11a) through Equation (3-11r)
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into Equation (3-15a), the final form of the matrix [b] is

{boo} K P{b01} 5 P‘{{bm} i Pz{boz} +ﬂz{bzo} H P?Qz{bzz}

(3-15b)

1 A= = A= 2 =0
o QY (& o ™M o — o
o @] @] o o @] o o
Q Q Q Q Q Q Q Q
{ rlJ‘I\ e— N—~— { gt et e
F —~— At - —— F Pk e—
QY AN AN o Y A o o
Q Q Q Q Q Q Q Q

| o m—y S S -0 e e A % B
o + + 1 + + + + +
bo o —

g o o

F—— Q 8 o o o
i gt gt [ L N gt ——
O | —— = —— F —~——— ~—  —— -~
Q a =

~— o )

T Q- Q

r—— | ) (R i . S e — —— g
w3 ¥ ¥ ¥
(@] —h— H —— —t—

Q — (@) o
Sensingrmendt o (@] 8V
\Irnlvl Q Q Q
e | e Nt ——
0 et (@] —

A’ o 8Y o

St & O Q
[a WY L A, e— —— [ S

+ + + +
+ a 5 ’ >
ey - S
(=

Ty Q Q Q
| S G R S R Sy
Q o (@] =)

(3-16)

ﬁbstituting Equation (3-16) into Equation (1-7), the equiva-

are

Ss matrices

SNt stiffne
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(3-17a)
with
12 6L 5T -12
6L  41% _21°2  _6L
[Ko] - & 3 o (3-17b)
6L -21° 4L 6L
a2l Sogr ThgrY g
b i
[Kb} R [0] (3-17¢)
! L -1 -1
700 1400 1506 700
L 1488 0 13880 1 L1
. | 1806 8300 12600 1%oo
] =ﬁ g 2 (3"17d)
-1, 13L 111 L
1400 12600 6300 1500
-1 -L L 1
700 TH0 %00 700 |
] 4 [0:' (3-17e)

(3-17f)
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o

f
I

4 388080

DAL

173L

887L -38
4851

29106 4851

2 2
555 B ek
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. (3-178)
1000(ET)2 | 887L 12 20812 174L
9166 2i0e ek A
-38 _887L 1791 8
41851 2910 51 E§51
b ]
F-é 3L, -3L -6
T, WLF 1117 33 ( :
- 3-17h
189000(EI) 3L 1112 1412 3L
-6 -3L 3L 6
-48632 211281 627191 23152
~2005 2143 5590 ‘%663
2 2
211281,  2888L 09L%  5133L
_ __par? 5| 21k5 1001 182 1430
3024000 (E1) ¥ 2 [ o) ;
2719L 09L%  2888L° 2796L
L4290 %%ET‘ 1001 715
23152 5133L  2796L 2328
‘%663 iE%g‘ it 35T
- ]
(3-171)
222 111L  -111L  -222
5 111L 1018I° 907I% -111L
3
000(EI)” | _4117  9071® 10181° 111L
-222 -111L 1L 222 |
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— s

59 223L 1681L 1279

80850 1455300 116L2L00 1940400

1455300 2182950 34927200 116L2L00O

[KS] = (DQEIL 2 2

1681L 1097L 1L 223L

116L2L00 34927200 2182950 1455300

1279 1681L 223L 39
1940400 116L2L00 1455300 0 5oJ

(3-17k)

3.7 Geometric Matrix

The geometric stiffness property of a beam element
identifies the increase in stiffness (tension) or decrease
in stiffness (compression) of a beam-column element due to
the presence of axially directed loads. This stiffness con-

(1)

cept is derived by application of virtual displacements

upon equating the internal and external virtual work compo-

nents. The coefficient of the geometric stiffness becomes

[KG] = l[c][c]dx . (3-18)
where [c ] = g—}Eé] {3=1%)

Evaluation of the matrix [c] , is obtained by taking first
8rivatives of the functions in Equation (3-8a) through

fquation (3-8r) and yields

= %[-6(3-%) (1-44+39)L  (24-3¢)L 6<€-<§>J gt L
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{eo1} = aomr[ 6-66+106-58) (8¢-33¢mof-15)n

4

2 3 4 2 3
(24+3¢-20§+15{)1 ~6(4-6¢+10§-58) |  (3-200)
{clo} - {°11} - .{o} (3-20c,d)
3 2
{Czo} - §§%%ﬁ'[2(22€'78€+70;‘Zlg+7;>
2 4 ] -}
(8¢-224+35¢-284+74)L

2 S &6 2 3 -3
(64-13¢+14¢-74)L 2(13@—27g+21g-?€)]
(3-20e)

1.3 2 3 4 5 6
{Coz} = 25200(E1)? [6(3%‘3%'7°€+21°€‘210§+70$)

2 3 4 4 ©
(bhg-96-5604+11556-8404+2104)L

(264+9¢-1404-105¢+4206-2104) L
-6(3g-3§-7o§1210{5210€17o€)] (3-20%)
5 yowe . 7
{c21} = 35%%%TET72[ 2(204-4§-220¢+3904-189¢-426+60¢-158)
2 3 4 5 ] 7 8
(164-204-804+1104+564-1474+804-154)L
(14¢-156-604+65¢+144+7¢240¢+156)L

2(15Q+4§1130€+135{521€142{1604¥15€)] (3-20g)



! -]
5 [ 2(12856¢-18708¢-154006+1540§+51513¢-60291§+184806+6930§

-] 10
+19256+1155¢ )
2 3 4 ] 6 7 e 3 1o
(23844-20764-123204+77004+218686-171716-123204+18480%-77004+1155% )L
2 3 4 ] & 7 8 g )
(22364-17746-107804+57754+158626-97794-30804-11554+38504-11554% )L

2 3 4 S 6 7 8 9 10
2(177044+2286-115504-15404+293374-205594+46204-69304+57754-1155 ) ]

s

L5 2 3 4 5 . 2 e
[COB} = 15312000(E1)° [6(2€-2€—30§+15§+21og-uzoq+3oog_75@)

(564-66-LL0GHI5¢+1680¢-23104+12004-225% )L
(Llg+64-2604-1547420452104-6006+2256 )L

~6(24-24-304+15¢+210§-1206+3004-75¢ ) ]

(3-201)

(3-20j )

(3-20k)

I




{osn} = {eis} - {32} —

(3-201,m,n)

pALY 2 3 4 5 6 7
{CZB} - e sy [2(21750%-*7#1124-1671280g+1216020q+606606g-420424-969540@

8 g 1o 12
+842985¢-1751754-900904-9100¢ )
2 3 4 S & 7 8 g
(577604-391446-3099206+1349404+5365364-2022024-4690404+2423854+2002004
{o 11 12
-21521564+728004-9100% )L
2 3 4 S 6 7 8 3
(559904-35931¢-2906806+1153104+464U464¢-1481486-3317604+1329904+500504
+i5015q'f36400g'191oo %m)L
2 3 4 % (-] 7 8 g
2(359314%23284-2306204-14820§+4ULL1L G+42042¢-5319604+2831404-750754

+9oo90€354600419100éz)] (3-200)

{°33} N {O} | (3-20p)

ch




o) ~1.7

2 2 6 7 9 10
1%0[ = 135708600(ET)? 6(17846-42484+101644-120124+46204-3854+774% )

2 5 g 1o
(2272@-5352g+110889-1016&413465511540€+231g )L
2 4 é a 10

(21944-50434+83164-6006§+770¢-2314 )L

6(1681@-3837€46006gi4158g1385g377Qw)] (3-20q)

L7 2 3 4 5 6 7z 8 g
{004} = 6985440000(EI)4 [6(111@-111@-15409+770§+693og-2310g-231003+3465og—19250Q
+3850 4 )
2 3 4 5 6 7 8 g 10
(6108?—3339-43120g+2310Q+101640€-693o€—184800€+190575g_770004+115509 )L
2 3 4 S 6 7 8 ) 10
(54@2g+3334-33880§-231o€+60060§+693og-462004-17325§+385ooq-1155oe )L
2 3 4 2 [ 7 8 - 10
-6(1114-1114-15406+7706+69304-23104-231004+34650¢-192506+3850 % )]

. etc (3-20r)

€4
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From Equation (3-19), since the matrix [c] is the
first differentiated value of the matrix [ay], we can expand
the matrix [c] in an infinite series in ascending powers of

N and P, Hence

[] - 2387wt o

Substituting the Equations (3-20a) through Equation (3-20r)
into Equation (3-21), the matrix [c] becomes

T T

® [{eoo}{e }+{:01}{coo}]

)]
(@)
| —
(@]
I |
1
(e}
| PO |
]
e
Q
o
(@
—t—
(¢
(@)
o
=)
+
(@]
Fay
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Substituting Equation (3-22b) into Equation (3-18), the

geometric matrices are obtained by direct integration, thus

(o] = [roa] = o] o] ifra] + #dfcs] + #dfcg]

3
+ P [KG?] RS 2t (3-23a)
with — 1.
6 1 -1 -6
5L 10 10 5L
ik TR L -imd
10 15 30 10 ( :
K = 3-23b
[Gl] +1 el BL o 50
10 30 15 10
L .
| % 10 T0 3|
e L L LR
700 1800 1400 900
2 2
L 111® 1312
1500 %300 12506 1400
I 2 > 1 1008 (3-23¢)
RIS R L "
1500 12600 6300 1500
-1 ke § L 1
700 1400 1800 700
- _
[ 6 31 spiiiE
B E 9 3L 141.% 1118 -31
73] - 126000(E1) 2




L6

- E
1 1, L =
3150 1260 1680 13%0
% 1,2 L2 L
1280 3150 3600 1880
[KGL,’] = PAL3 . . (3-23e)
EI g L L Sl
1680 3600 3150 1260
-1 L 2 1
1350 1680 1280 3153J
[ 38 1731, “BEE .38
Eg51 4851 29153 Be1
2 2
173L  298L L?  887L
Pty 'EE%T 10553 20106 39108
K = 2
[ G5] 1000(ET) 8871, 12 20812 1711
§§I%E §9£§8 14553 1851
-38 8871,  173L 8
G5 §§Tg6 E%%T E85{J
(3-231)
[ 48632 211281 62719L 23152 |
3005 2142 §290 50085
2 2
211281,  2888L 09L% 5133L
[K ] P 5142 1001 f82' 1430
= 3
G6 3025000 (ET) 62719L 509L°  2888L2 2796L
290 185 1001, ~7ic
23152 133L  2796L 2328
200 fﬁ%g‘ 715 5005 |
(3-23g)
[ 222 1135 PN 1400 | -220
L5 111L  1018L% 90712 -1111
F 3
§/1000000(ETT? | 4197, . cooomBtaonan 1111
~222 | -udLCamdn o2z |

(3-23h)
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3.8 General Stiffness Matrix

For the dynamic analysis of a beam-column, the gener-
al stiffness matrix possesses a form of a linear combination
of bending stiffness, mass, and geometric stiffness matrices

as

v =[] -] - o]

These matrices are used in the finite element method of dy-
namic and stability problems for frame structures. Substi-

tuting the Equation (3-14a), (3-17a), and (3-23a) into

Equation (3-24), arranging the final terms of the similar
powers of ). and P, the general stiffness matrix [S] becomes

(BC)

o] - [l o [be]) - [ed -af4]
g RO R GRS

- [igho] - 2 8]-fe od +#[4]e]
1 5[[Kg][mzﬂ e (3-25)

Substituting the Equations (3-14b) through Equation (3-14f),

Equations (3-17b) through Equation (3-17k) and Equations
3-23b) through Equation (3-23h) into Equation (3-25), the

final fory or the general stiffness matrix becomes
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] (5] - ol - [t [ e - e
. _AZJP%Q? 8 [GZ]PB L [A3]P3.ff- FGB-PLL : (3-26a)
with

2 2 |
{KO} - H, 6L 4L° -2L° -6L (3-26b)

(8 g ® ]
5L 4G qoul I
L 2L L -1
[éo} _ 10 25 3ov0 10 RN
2h el s 2k oL
10 30 5 1% . 16
I T 5 AR
5L - I600T0 I

, 156 22, 13L. 54

, 22, 412 3?2 141

My = PAL 5 5 (3-264)
520 | 131 312 412 Lop

54 13L 22L 156

—
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[ L L -1
3150 1260 1680 13%
£, 1,2 L2 L
1260 3150 3600 1380
2 2 (3-266)
A L i ¥
1680 3600 3120 1260
-1 L X 1
1350 1680 1280 3150 |
— -
1 L L 3
700 1Goo 1400 00
Lk« 1388 341 SN
1400 6300 12600 1%00
TR T - 111, L
1400 12%00 6300 1%00
1k, . 13, L 1
700 1600  IB00 700
3 223L 1681L 1279
8b§%6 1455300 11642400 19Eogoo
221L 7112 109712 16811
16355300 2182950 34927200 118L2Loo
16811, 109712 7112 221L,
11642500 35927200 2182950  1B55300
1279 1681L 223L 9
1940400 11642500 155300 86%36

—

(3-26g)
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19 173L  887L =X
851 9702 58212 L8551

173L  149L? §§9L2 8871,

5 7702 14553 " SRglRT  EB317
[Az] . 15%%%EI52 " Bl S, (3-26h)
L L% 1491 171L
s B ey L
-19 887L 173L 19
k851 58212 9702 L8571
. d p—
LT A -1
63 - 126 128 63
p L6 v 11@2 -%.
5 I 12 27 378 12 .
[GZJ = 1000(ET) 2 e (3-261)
L 1112 ¢ .
126 378 27 128
BT A 1
r— —

97 223, 1711L -97
1891890 340540 5324320 1891896
2211, 6112 09L%  1711L
»_[A o 550586 1135138 1651100 5324320

: 3] = 1000(ED)° 2 2
: 1711L 09L 611, 221L
: k324320 185110F 113513F  3hosLo
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L5
1000(E1) 2
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111 1111 -1111L, -37
582120 116h2Lo 116h200  19%L0LG
1111, 50912 90712  -111L
1160200 382120 116L2L0 1164200

2 2
~111L 907L £09L 1111
1164240 1164250 382120 116L2L0
-37 ~111L 1111 111
194040 1164240 11642L0 582120
—

(3-26k)




52

CHAPTER IV

TIMOSHENKO BEAM THEORY

4,1 General Theory

The general Bernoulli-Euler theory of beams does not

include the effect of shear deformation. The Timoshenko

theory of beams includes the added effects of both transverse

shear and rotatory inertia. ILet us accordingly consider

shear deformation alone. We assume that line elements such

as ab 1in Figure 4.1 normal to the centerline of the beam

in the undeformed state move only in the vertical direction

and also remain vertical during deformation.

a
*b S
b
) B(X)
N
~ b \B\L
a

Figure 4.1 Line Element in Shear Beam

Line elements tangent to the centerline meanwhile undergo a

Shear rotation B(x) as has been shown in an exaggerated man-

dw

ffr in the diagram. The total slope ax ©f the centerline

esulting respectively from shear deformation and bending
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deformation is given as the sum of two parts. Hence,

&= Y(x) +Bx) (k1)
where Y (x) = rotation of line elements due to bending only
= rotation of line elements due to shear only

and B(x)
. For no axial force we assume the following displace-

ment field for such beams

u (x,y,2,1) = . =y¥(x,t) (4-2a)
u, (x,¥,2,t) = 0 (4-2b)
uy(x,y.z,t) = V(x,t) (4-2c)

Applying the Hamilton's principle(z) the solution for the

Euler-Lagrange equations yields

kGA(V, . -Y.) -pAvtt = 0 (4-3)
EIY o+ KGA(V, - ) - PIY, = 0 (4-4)
%:2 Solution of the Differential Equation
b - Recall the Przemieniecki method from Chapter II, we

Pand the continuous displacements in ascending power series

1 frequency, so that
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oo ”
v Sl s
LA go“’r{ary}{q}eiwt IR

Since the axial force P is not present a single infinite
series 1s assumed for each variable. Substituting Equations
(4-5) and (4-6) into Equations (4-3) and (4-4) respectively,

yields

r=o

-kGA[éwr{a;y}{q} Jiwt guf{a'rx}{q} eiwt]

iPAEEJ?ﬂTary}{q} o BN (4-7)

r=o

EI zw”{agx Hq} vt kGA[éu;{a'ry}{q} e lwt_ %‘;{arxHq} eiwt:l
o (2+r) .
+PI Zw{arx}{q} elwt» 3 I (4-8)

Equating to zero coefficients of the similar powers of w in
Equation (4-7) and Equation (4-8), the following equations

are obtained :

{ab'y} - {abx} = Jog D ’ (4-9a)

B e kGAC{aéy}—{aoX}] = o (4-9b)
{2"1y)- {a'e} = o " (4-9¢)

El{a'ix} - kGAF{aiy}-{alxﬂ et 4 (4-94d)




and pI{an} + EI{a'Z'X} ¥ kGA[{aéy}'{azx}]
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|
o

(4-9e)

PA{aoy} + kKCGA Ha'z'y}-{aéxﬂ

(4-91)

|
(@]

Equations (4-9a) through Equation (4-9f) are solved

by direct integration. For Equation (4-9a) and Equation

| (4-91p),
at X
at X

{aly},

vanish

the following boundary conditions are applied

1}
]

I
<

0 v(0) 1 (o) 8,

1}
)
D

L V(L)

Il
<

2 P (x)

For the remaining coupled equations containing terms {alx}’

{aZX}, {aZy} ... displacement and slope must all
at. x=0 and 4.,»" Thus,

e [ 8460 66 tetigre9) (3fre-09)

:%é(é-l)] (4-10a)
1 3 2 . 3 ) 2 e
whp | efofaran) G-@itar Do
(-4+(1- D¢ 291 (-24+3¢+09) | (4-100)
- {o} (4-10c)

{o} (4-104)
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4.3 Mass Matrix

From Equation (4-2a), (4-2b), and (4-2c), arranging

the displacements in the matrix form and neglecting the dis-

placement in Z-direction, the nodsl displacements are in the

form
v | 3 v, ]
u -y 61‘
fuy =1 1 = | {{v} = [a i (4-11)
u v
wr 3 LV2J

From Equation (4-5) and (4-6), the matrix [A] is expanded

into infinite series in ascending powers of as

[Ajl - °§°J[Ar] (4-12)

r=o

- Substituting the Equations(4-10a) through Equation(L4-10f)
into Equation (4-12), the final form of the matrix [A]

I
becomes

'[A] - [AO] +u§[A2:l +‘3[A4] Aty (4-13)
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i s TN T
o [l] - [rellee]] <ol lea] el o]
1 L T e
+ s A0 FA4]+[A2] A2]+[A4 [AOL Yoo (L-1k)
with
A 58 . ! =
DV(4-9)  -¥(3¢-(4+8)§+(1+8)) y(3¢-2¢+6¢)
TR e - 5¢-9
[O] (179) | (24-34-#4+(1+$)) (4-(2+ )ds(1+ )1
¥ b2, ¢ g
(-4+(1- $)4+ $9L  (-24+3¢+4¢) 4
: - (4-15a)
WiF} vlE} v} vl
[AZJ = TT%EUZ «.. etec (4-15b)
RO

From the previous work it follows that

[u] - Jp[Ajr[A] av (4-16)

\Y

- Substituting the Equation (4-14) into Equation (4-16), the

equivalent mass matrices are in the form

b .
¢

.[M](T) = [MO](T) +u§[M2](T) +£[ML}](T) + .. (4-17)

The first two component matrices appearing in the expansion

ff Equation (4-17) are calculated as
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p1)2L
* (1+¢§3EI
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4.4 Stiffness Matrix

The strain components as defined by the strain-
displacement equation is in the form of matrix [B]‘which

y derived from

FV i
Fexx‘ ¥ &- ] -y%{- 61
et = 1 L g T {o} = [s]{ '}
Y5 . (V, -¥) :E
\ 4 2y i - J LZJ
(4-20)

Similarly, the matrix [B] is expanded into an infinite series

in ascending powers of

[B] . %‘S[Br] (421

r=0

Substituting the Equations (4-10a) through Equation (4-10f)

into Equation (4-21), the final form of the matrix [B] becomes

:Bl = [BO] +u3[32] +$[B4j v 8 (4-22)

- [3
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with
P (1-2%) & ((4+9)-6¢) ~% ((2-9)-64) i (1-2 )—
[éo] | o " i
T 2 2 T
etc (4-24)

From the previous work it follows that

I 10 O R

where E 0
(4-25b)

/
t‘rJO
—
1l
o
oy
(o)

Substituting the Equation (4-23) into Equation (4-25a), the

equivalent stiffness matrices take the form
R O R

The components of the stiffness matrix in Equation
(4-26) are calculated as
12 6L -6L -12
6L 4+@) 12 _(2-¢)1.2 @
.[K](T) ] EL, . (L+@) (2-9)L 6L
| 0 (1+9)°L -6L -(2—¢)L2 (4+9)12 6L
-6L

pr—

(4-27)

6L 12

i
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I:Kz](T) = [o] (4-28)

The matrix [Kn](T) and matrices of higher powers of (i.e.
' four), were not calculated. The process in calculating
[KQJ(T) requires to calculation of [Bu] as a first step which

is a complicated integration process taking functions of

- power ten to function of power thirteen for each shape func-

tion in the matrix [Bu].

4.5 General Stiffness Matrix

Realling the Chapter II, the general stiffness matrix

for the beam element is in the form

[ST]B = [K]-cﬁ[M] (4-28a)

Substituting Equation (4-17) and Equation (4-26) into Equa-

tion (4-28a), the general stiffness becomes

[ST]B [KO]T -&[MO]T -—cﬁ[[Mz]T-[KLEIT] SR [4-28Db)

Substituting Equation (4-18), (4-19) and Equation (4-27),

(4-28) into Equation (4-28b), the final form of the matrix

-ST] B 1.8

B - [ o[ -au] -

Wit [MO]T - [KO]T defined by Equation (4-18) and (4-27)
Bpectively. While the matrix [Ml]T e to [[MZJT_[KL*] T:I
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CHAPTER V

TIMOSHENKO BEAM-COLUMN THEORY

5.1 Beam-Column Equations

Recall the results of Chapter IV. The differential
equations of motion of the Timoshenko beam element are éolved
by using a single infinite power series expansion in ascend-
ing powers of frequency, with the effects of both transverse
shear and rotatory inertia included. 1In this chapter, we

analyse the case of a beam-column element. The differential

equations of motion are augmented due to the presence of the
axial load. The technique of Chapter III is utilized to
solve the equations of motion, the basis of which is formu-
lated using a double infinite power series expansion in as-
cending powers of frequency and axial load. Similarly, the
mass, stiffness, and geometric matrices are solved and ex-
panded in the form of power series of frequency and axial
load.

Application of Hamilton's principle(z) in the Timo-
Shenko beam theory which includes the effect of axial load
for beam-column, yields the following differential equations

Of motion of the Timoshenko beam-column as

e 42 (5-1)

KGA(V, -Y) - PV - PA V.,




BTy, + AP - PTY,,
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(5-2)

5.2 Solution of the Differential Equation

Utilizing the technique of Chapter III in solving

the latter two coupled differe

ntial equations, we assume the

continuous displacements in the double infinite series form

=

(2

o :EEIZP

r=o0 $=0

= EnP

ra0 =0

(5-3)

{eFe e}
S0 S

(5=4)

Substituting Equations (5-3) and (5-4) into Equations (5-1)

and (5-2) respectively, yields

oSS oo - SSaelercfa)oi=]
A S o)rt ] - oe[SREF el -

Equating to zero coefficients

Obtaineg

s}{q}ei“t] + P [;zn ?°{a

cOo oo p

F} >ap

V‘SO S=0

*{al

oo oo (1.+r)

=0 S=0

q} l“t:l = 0

(5-6)

of the same powers ofQ and P

in Equation (5-5) and (5-6), the following equations are
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{aog;} - {ago} iy (5-72)

and m1{aj, ) + kGABagc')}- {agoﬂ = ® ; (5-7b)
sy - {aX} = o (5-7¢)

and erfalp] ¢ kGA{[{abl’g}-{L‘o}:}l = 0 j (5-7d)
calf)-f5)] ) - o] e

ana Ez{ag;{} : LJ [{agl} Lglﬁ - o ; (5-72)
al{f-p)] -} - o] e

and sr{aly} + kGA,:{agé}-{agzﬂ “¥ g j (5-70)
kGAHagO}-{agc')H &) -2 8 (5-71)

and,E1{a0 | + kGA[{agé}-{azo}:l-rpI Sl = o } (5-73)

Equations (5-7a) through Equation (5-7j) are solved
by direct integration. For Equation (5-7a) and Equation

(5-7b), the following boundary conditions are applied

Iat X =0 V(o) vy Y(o) = 6

R ;- V(L) v, Y = -6

For the remaining pairs of coupled equations containing terms

X
:alo}» {a{O}’ {agl}, {a%l}, ..., displacement and slope must

1 vanish at x = 0 and L thus,




y o 1 3 2 3 ¢, 2 @ 3 b .2 @ 3 2
{apo} = 1+9) (26-36-94+(1+¢)) (3—(2+~§)g+(1+ 5)4)L  (-§+(1- 5)4+ 9L (_zg+3Q+¢3) (5-8b)

et - {eto} - (o] ' ' (5-8e,0)

{agl} = Z0(1+9) 1&,,, Zﬁ[ 6{9—(6+5¢)€2+1o(1+¢);—5(1+¢)74} {(8+1o<;b+54!:)§—3(11+'154>+5<;!=Z)Qz+1o(4+5<1>+q!f)4;3
150101 {(24108456)¢03(1-59-56)6-10 (24 -Hfu5( 1004
-6{4-(6+5¢)<{+1o<1+¢>q’-5(1+¢>€}] (5-8¢)

.{agl} - mﬁ%zﬁ [{z¢<6+54>)@+6<1-5¢-5«#)€-4(6-55)3’+3o<1+¢){-1z(1+¢>5’}
{#(11+156+56)g +(8-108-206"5)6 -2(11+108)f +5(u450+6)4 -6 (1+6)¢ |1
-{#(1-58-5¢)¢ - (292084108 56)6-2(1-108-108)§ 45 (244 )¢ 6 (1+0)4] 1
{29(6+56)4+6(1-56-56)6-1(6-56)4+30( 1 +$)4 -12(1+6)§ }] | (5-8£)

oo [ = (o) [ S8(4-1)  (34-(4+8)g+(149))  (-34+(2-8)q) ‘%@(3-1)] (5-8a)
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[( 44+415¢+735$+560¢’+175$‘)6-3( 3+430¢+945¢2+7oo¢’+175‘3)61—70( 8-2‘1’-30""2-25“?—5‘*%a
+105( 11+21¢+1o¢z)g4-21o(4+9¢+6¢2+$)g°+21o( 1+2¢+$)%6]L

[( 26+145+5256+5604+1756) §+3( 3+806-1054- 3506217584 =70 (24229430 $+5¢-56 )¢
~105(1-9¢-208=108% +210( 2+3¢-$)cf-21o( 1+24>+¢z)§‘]L

—6E3+45¢+35¢z)g ~(3+2556+4206+1756) §-70(1-bb-106-56) €435 (6 +66- 56 586 -210( 1 +2p+ )¢
+70( 1+2¢+$){1]

(5-8g)
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{agz} = 50400(1+¢)3(EI)2 [[2(3¢+255¢1+420¢3+1?54>4)6+6(3+8o¢-1o5¢2-35o4>‘-175¢‘)§2-4(3+465¢+630¢2-175$‘)(,’
-105(2—18¢—u0¢z-204?)€‘+84( 6+¢-15¢‘-1o¢>’);-420( 1+2¢+¢‘){'+120( 1+20+6)g’

[( 3P+4308+94 5647006417 50) 4 +(4U+6950+6656-490$~700¢L175¢) 62—2( 3+8 15¢+168o¢11050¢3+1 75 4?) ‘23
-35(8-226-75¢% 5502 106)§ +42( 11+168-56)6770 (4 +99 +6¢% ) §%60( 1+2¢+¢‘)§"] L

_[( 36+480¢-1056>3504% 17 56)4 - (26+215$+129 56416 106%3506% 17584 -2( 3+1150 4204 10506% 52549
+35(2+320+456%5¢2 10694 +42( 1- 146304~ 158)¢ 70 (2+3¢-#)4 +60( 1+2¢+¢3g7] L

-[2( 364255 +4206+1756)4 +6(3+806-1056- 350> 1756) ¢ ( 3+465+630621756) "
-105(2—18¢-4o¢z-20¢3<{+84(6+¢-15¢‘-10¢’)§-4zo(1+2¢+4")<{+120(1+2¢+¢)Q7]J ... ete (5-8))

where % =

X

T4




5.3 Mass Matrix

As the previous work (4.3) in Chapter IV, the nodal

displacements are in the form

¥ vy
U 'yﬂ B,
e > o 4 R B (5-9)
u '
y LS )

From Equations (5-3) and (5-4), the matrix [A] is expanded

into an infinite series in ascending powers of ). and P. Thus

r=0 $=0

[A] - §31{P8[Ars] | (5-10)

Substituting the Equations (5-8a) through Equation (5-8j)
into Equation (5-10), the final form of the matrix [A]

becomes
(5-11)

(5-12}




i

—fy(é'%) y(j{t(4+¢)ﬁ+(1+¢)) Y(B‘iz-zi*ﬁ)T

5 4-9
[éoo] e i s o
(26-3§-94+(1+¢))  (4-(2+ D¢ +(1+ $4)L
(-§+(1- 2§+ 291 (-24+3¢+99)

(5-13a)

[Azo] : (3%572 -y{F } 'Y{H} —y[N} -y{o} .

(o} {x} {s} {=}

with defined by Equation (4-10e) and (4-10f)

-

Substituting the Equation (5-12) into Equation (4-16), the

equivalent mass matrices are in the form

[M](T) - [MO](T) + P[Ki](T) +1{[M2](T) RUCROL | (5-14)

The components of the mass matrix in Equation (5-14) are

calculated as [MO](T) and [Mz](T) which defined by Equations
(4-18) and (4-19) respectively.

5.4 Stiffness Matrix

As the previous work (4.4) in Chapter IV, the matrix
[B] is derived from

(5=13)
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Similarly, the matrix [B] may be expanded into an infinite
series in ascending powers of &L and P
SO o0 r g
[B] =, "> SOP [Brs] (5-16)
r=0 $=0 J
Substituting the Equations (5-8a) through Equation (5-8j)
into Equation (5-16), the final form of the matrix [B]
becomes
5| = [8..] +2[e.,] +2d[,.| +23[6.. ] +a[B,.] +
00 01 21 02 20
(5-17)
T T 8
B [B][B] 3 [[Boo][BooIl T P[[Boo] [301‘ +[]301] [Boo:”
i il T I
5 i RN
- [Boo [Boz] +I:BO:L_LI:BM_ +LBoz] [Boo]:l
T i -
v |[B B, |+[B,.|[B € (5-18)
Q Loo] 20] [20]L oo] 2
with
62 y(1-24) Ly((s+$)-69) “Ly((2-#)-64)
2 y(1-29)

Hle Nle

(5-19a)




rlfé 12(6+58)§ +180(1+9)§-120(1+4) | —y[(8+100+5) - ~6(11+156+5¢)4

#30(4+50+9)4-60(1+8)5 | -y [(2+108+56) 46 (1-50-58)¢-30(2+6- ¢ +60(1+¢)]

%[6~12(6+5¢)<; +180(1+4)¢ -120( 1+¢)q]

[301] ~ ZOTTSey2ET
[e6+58)-300(1+8)64308(1+6)§]  [B(11+150+56)-50(4 15648 +156( 1+6)¢ | 1

- [B(1-56-56)-50(2+0-¢)4 +15¢(1+¢)‘z] L - [p(6+58) -304(1+#)4+300(1+9)]

... ete (5-19b)

Substituting the Equation (5-18) into Equation (4-25a), the equivalent stiffness matrices
take the form

[K](T) - [KO](T) ¥ P[K?](T) + PZ[KE](T) + [K?J(T) + ... (5-20)

with [KO](T) defined by Equation (4-27), and

G0

Sd




(36+5766+1208%4204)

(18 +1836-1506-3156)1, (4h+1796+308-706%356)1,2
’-Kb](T) = L 4 3 4
L2 SRR} B 11 18 +1836-15043156)1, (26+8010+3906-3506+356)1,2
~(36+576$+1208-4204) -(18+183¢-1506-3154)1,
Symmetry
(5-21b)
(4h+1790+306-708+354) 1,2

(18+183¢-1506-3154)L, (36+576+1208-4204)

[Kg](T) = [o] (5-21c)




5.5 Geometric Matrix

The geometric stiffness concept 1s derived by appli-
cation of virtual displacements upon equating the internal
and external virtual work components. The coefficient of

the geometric stiffness becomes

L T :
[KG:I = j [C][Cde (5-22)-

where 4 [ Y ]
[c] = e (5-23)

Similarly, the matrix [C is expanded into an infinite series

in ascending powers of . and P

o oo

F] - 53]

r=0 s

Substituting the Equations (5-8a) through Equation (5-8j)

into Equation (5-24), the final form of the matrix [C] becomes

(] = o] o] ]+ o] ] <

(5-25)
T

el Tl - -

(5-26)




e L — e e W

B6-9  ((1r)-(49)e30)  ((2-9)4-34)  S4-9)

[%o] = 79

Nle
Nl
Hle

_ ¢
. ’

12{4-(6+5)4 +10(1+)4-5(1+0)4}  2{(8+100+58)4-3(11+150+5)¢10 (b+50 48]
Zi5t 1+¢)‘;}L 2{(2+100+56)4 +3(1-56-58)¢"-10( 2+6-8)&+30( 1+¢)<;}L
-12{¢-(6+59)4+10(1+¢)4-5(1+¢)4}

B L
[Co1] = 120(1+9)%ET ; , , :
2¢{ (6+5¢)-30(1+%)§+30(1+9)% } {¢( 11+150+50) -106(4+5¢+¢)6 +300(1+¢)% }L

-{ 1—5¢-5¢z) -109( 2+¢—d>7)§ +309( 1+¢)<;}L -2¢{(6+5 $)-30(1+9)§ +30(1 +¢)<sz}

!

.1 ebe (5-27b)

Substituting the Equation (5-26) into Equation (5-22), the geometric stiffness matrices

take the form

[KG](T) = [KG ](T) - P[ ](T) R (5-28)

with
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[kaz](T) 5

( -(%+ %)
2 Etsh (ot Eh b
W 2y 2 2 ,
) Gt Br GoEE bl
2 2 L3
&) v G &
e
35(3+45¢ 35¢) 5 Symmetry
L |5E(6+s50-10568)  Trz(kh+1356-10564356)
120(1+8) BT "

“Lig+ 1 ¢z
33( 55¢-105¢)

L RS L
SL(3+59-356)  3L(6+55¢-1056)

=

I
53(3+45¢-35$)

2
1 5(26+775¢ 385¢+35¢) 105

2
33(6+55¢-1o5¢)

(5-29a)

L (44+1356-1056+350)

(5-29D)

64
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5.6 General Stiffness Matrix

For the dynamic analysis of the Timoshenko beam-column,
the general stiffness matrix possesses a form of a linear com-
bination of bending stiffness, mass, and geometric stiffness

matrices as

[s] = [K] -ﬁ[M] : P[KG] (5-30)

Substituting the Equations (5-14), (5-20), and (5-28) into
Equation (5-30), arranging the final terms of the similar

powers of i and P, the general stiffness matrix [S] becomes

(5] % =[] 2 5] ] ~EST] - 7 [[5] ]

+ ... etc (5-31)

Substituting the Equations (4-18) through Equation (4-19),
Equations (5-21a) through Equation (5-21c) and Equations
(5-29a) through Equation (5-29b) into Equation (5-31), the

final form of the general stiffness matrix becomes

]« ] - o o[

with [MO](T) and [KQ](T) defined by Equations (4-18) and (4-27)

Tespectively
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CHAPTER VI
DISCUSSION AND CONCLUSIONS

6.1 Discussion

In Chapter I, the concept of the replacement of a
continuum by an equivalent discrete element system is re-
viewed. Utilizing discrete displacements and discrete loads,
equivalent mass, stiffness, and geometric matrices are devel-
oped for each finite element of the discretized system.

In Chapter II, the equivalent discrete element sys-
tem is formulated for a beam element. The nodal displacements
are assumed to be related to the continuous displacements in
the form of a single infinite power series expansion in as-
cending powers of frequency. Similarly, the mass, and bend-
ing stiffness matrices are solved in the form of a single
infinite series in ascending powers of frequency.

In the Chapter III, the equivalent discrete element
system is applied to a beam-column element. For both Chap-
ter II and Chapter III, the equation of motion exclude the
effects of rotatory inertia and shear deformation. Due to
the presence of the axial load} the novel technique of a
double infinite power series expansion in ascending powers
of frequency and axial load is utilized to solve the equa-

tions of motion. Similarly, the mass, bending stiffness,

and geometric matrices are solved in the form of power series
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of frequency and axial load. By combination of these ma-
trices, the general stiffness matrix is formulated in a form
of bending stiffness, mass, and geometric stiffness matrices
which are expanded into an infinite series in ascending pow-
ers of frequency and axial load.

For the Chapter IV, the Timoshenko theory of beams
is utilized including the effects of both transverse shear
and rotatory inertia. The same technique as in Chapter II
is utilized to solve the mass, and bending stiffness matrices
which are in the form of a single infinite series in ascend-
ing powers of frequency.

For the Chapter V, the presence of the axial load is
combined with the Timoshenko beam theory for the beam-column
element. A double infinite power series expansion in ascend-
ing powers of frequency and axial load is utilized to solve
the equation of motion. ®Similar to Chapter III, the mass,
bending stiffness and geometric matrices are solved and the
general stiffness matrix is formulated by the combination of

these matrices.

6.2 Conclusions

From the latter paragraph, it is clear that we can
utilize a single infinite power series expansion in ascend-
ing powers of frequency in a general theory of the beam ele-
ment. For a general theory of beam-column element, due to
the presence of the axial load, we must utilize the double

infinite power series expansion in ascending powers of fre-
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quency and axial load.
For the Bernoulli-Euler beam element, the general
stiffness matrix determined in terms of the mass, and bend-

ing stiffness matrices take the form

el =[] 9] - ] - -

For the Bernoulli-Euler beam-column element, the
bending stiffness, mass, and geometric stiffness matrices

are obtained in the form

e = (e} o= fecia [~ - ]

P R R (W T T I
_[a.]p2? - GZ]P L AB]P.O.-[GB]P S0

— — — -

The [KO], [MO], and [Ml: = [[MZ]-[KD,]] matrices in the latter

equation for the beam-column element are identical to those

associated with the beam-element. The [Gi] matrices (i=0, 1,

2, 3) as well as the [A-] matrices (j= 1, 2, 3) are due ex-

J
clusively to the presence of axial force.

For the Timoshenko beam element, the general stiff-
ness matrix determined in terms of the mass, and bending

stiffness matrices takes the form

] - ™ ] 4] ]
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For the Timoshenko beam-column element, the bending
stiffness, mass, and geometric stiffness matrices are obtain-

ed in the form

[5] % = [10]® - [oo] @ - [ie] "t - [af Vet~ [o,](Pe?
- L
pi?
¢

=

- [e (T)ph

Similarly, the ] [MO](T), and [Ml](T)=|:M2](T)-[K4](T):l
matrices in the latter equation for the beam-column element
are ildentical to those associated with the beam element.
The [Gi](T) matrices (i = 0, 1, 2, 3) as well as the [Aj](T)
matrices (j = 1, 2, 3) are due exclusively to the presence
of axial force.

It is recommended that this numerical technigue be
utilized in a future topic of a Master's Thesis to extend

the analysis to additional geometric configurations. For

instance, this method may be applied to the dynamic analysis

of arches, rings, plates, and shells.
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