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e ABSTRACT

ELASTI C- PLASTI C STRESS ANALYSI S OF AN EDGE
CRACK SPECI MEN AND THE EVALUATI ON OF
FRACTURE MECHANI CS PARAMETERS

Mohammaa A. Mbgnani pour
master of Science in Engineering

voungstown State university, 1986

Finite element stress anatysis was used to cal cul ate
tne fracture mechanics paranmeters, tne so-calilea J-ana M
integrals, for a tensile edge notcn specimen (Figure 2.

A conparison of the finite elenent | oad-displacenent
was made wWitn tne experinmental results obtained from tne
Departnment of macromotecuiar Science at case western Reserve
University. Aai1so, for a ciass of probiems wnere tne plastic
zone remains localized near tne crack tip, estinmation
tecnni ques were enployed to determne tne J-integral vaiues
for the same tensile specimen. )

The Mintegral formulas suitapie for numerica
eval uati on were derived. one set of equations enployed tne
concept of isoparanetric elenent ¢a conputer program couid be
witten using tnese equations). Applying these equations, a
manual cal cul ation was perforned to evaluate tne Mmintegral

val ues. These vailues were conpared witn tne vailues obtained



froman estimation technique
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CHAPTER |

| NTRODUCTI ON

1.1 Historical Background

The application of concepts of fracture nmecnanics nas
become the primary approacn in control 1ing the brittle
fracture anad the fatigue failures in structures. FfFrom 1913
until the early 1960s, very 1ittie research work was done in
the area of fracture mechanics. n 1965 tne Anmerican society
for Testing Material ¢asTvy formed Committee E-24 on Fracture
Testing of Metals. since then, the literature on fracture
mechani cs has been growing at a very rapid pace r1,23.

The decade of the sixties can be cnracterized as a
searcn for vaiia test methoas ana an exploration of fracture
t neori es. in the seventies, considerable retninking and
regroupi ng occurea with tne introauction of new concepts sucn

as the R-Curve and J-integrail [1,2].

1.2 concepts angd Application of Fraciure Mechanics

The phenonenon of fracture nas been observed by ait on
a daily pbasis. operations that proauce certain surface
geometrics, such as cnopping of wooa ana tne cutting of gl ass

to desireda sizes itiustrate intentionally induced fractures.



The accidental cracking of windsnielids on automobiies and the
catastrophi c breaking of 1arge structures sucn as ships and
oil tankers, typify unaesirapie fracture. Fracture process
initiates not onty with tne presence of a crack or a fiaw
somewhere in the structure,but also the stress i1evei which
can induce tne crack propagation leading to a catastrophic
fai 1ure.

Brittle fracture is a type of catastrophic failure in
structural materials tnat occurs at an extremely high speeds
(as nign as 7, 000 ft/sec) (31, It iS characterized by.a flat
fracture surface (cieavage) With tittie or no shear 1ips, and
at average stress levels below tnose of general yieiding
Stresses. Historical review illustrates the fact tnat
brittle fractures can occur in engineering structures such as
t anks, pressure vessels, snips, bridges, airplanes, etc
Nunmer ous factors such as the service tenperatures, fracture
t oughness, wel ding, resiqual stresses, fatigue, constraint
conditions, can contribute to brittle fractures in |arge
welded Structures. However, tne primary factors tnat control
the susceptibility of a structure to brittle fracture are
FRACTURE TOUGHNESS (K_) of the materiai, CRACK SI1ZE (a) ana
STRESS LEVEL «¥)». The general relationship anong materi al
t ougnness (K., nom nal stress (¢, ana crack size (a) is
shown schematically in Figure 1 £31. |t snows tnat tnere are
many conbi nati ons of stresses and crack sizes which may cause
fracture in a fabricated structure having a particular vaijue

Of Ko at a particul ar service tenperature, i1caaging rate ana



pl ate thickness. Conversely, there are many combinations of
stresses (Ffo) and flaw sizes (9 that will not cause failure
of a particular structural materialt. To prevent fracture,
the actual stresses and flaw Sizes must be beiow the |evels
shown in Figure 1.

If the toughness of the material is sufficiently high,
brittle fracture will not occur, and the failure under
tensile joadging will precede a large piastic
deformati on. For 1arge structures where the elastic-plastic
behavior is observed witn tne formation of a 1arge pilastic
zone prior to the failure, the linear elastic analtysis used
to calculate the stress intensity factors is not applicapie.
Under this condition, analysis otner tnan |inear elastic
fracture mechanics (LEFM) must be used. J-|NTEGRAL, R-CURVE
analysis and CRACK OPENI NG DI SPLACEMENT ( COD) are tne

extensions of LEFM into elastic-ptastic fracture mechanics.

1.3 Ihe Qbjectives and Scope of Lhe Study

Recently, however, it has Deen shown C41 tnat a single
field characterization using the J-integral iS not sufficient
to nodel tne crack growtn In the elastic-plastic region.
some new paranmeters sucn as L, M, ana N integrals
C53 have been introduced. Their application in predicting
crack growtn in structures seenms to be prom sing. The
numerical evaluation of tnese fracture mechanics paraneters
is complicated aue to tne nature of the equations aescribing

these parameters. One of the objectives of this stuay is to



eval uate sone of these paraneters sucn as the J- ana m-
I ntegrals. -

This cal cul ation requires an accurate conputation of
the stress and strain fields near the crack tip. In the
present study the finite el enment method (FEM) is cnhosen to do
such an anal ysis on a cracked retangular plate (Figure 2.
Since non-linear finite elenment analysis <(FeAa) depends upon
the type of mesn tana |oading step selection ana tol erance),
another objective of this work is to see the effect of
gifferent grid sizes on the FEA results. To check results,

conmpari sons of tne results of FEA are made witn experinental

data.



Chapter ||

Basic Theories and Their use in EpFm

dniroduction

fo
-

This chapter dgescripbes various concepts usea in tne
present work, presenting the pbasic theories and tnier use in
El astic-Plastic Fracture mecnanics (epFmy. A brief
di scussi on of plane stress and plane strain finite el enent
formul ati on (FEA) in tnhe elastic range is presented. Tnhe
governing equations for the eignt noae isoparanetric el enment,
the von Mises yield criteria, ana the theoretical pbackground
of the J-integral are ailso described for the sake of
conmpl eteness. A detailed account of tne procedure for non-

| i near FEA can be found in [(61.

2.2 Einite Eiement Moined of SIress Analysis

Pl ane stress ana plane strain probiems can be solved
with the use of triangular or rectangul ar el enents. However,
more accurate results are obtainea witn a grid of rectangul ar

el ements t7,8,91.

2.2.1. Yirtual Work Expression

When tne principles of virtual worx ana virtual

conpl enentary work are applied to deformable solids, it is



necessary to account for the work of tne internal forces as
well as that of the external forces. Then equilibrium
t7.8,91 is identified by

Wi + We s 0
If a solid is subjected to a set of body forces f tnen by the

virtuatl work Principle we can wite

jv:XeJT6 av - Ltfu]-r r av - /chJT t dy = O <2.1)
wnere 6 is a vector of stresses, t is-g vector of pboundgary
tractions, Su is a vector of virtual displacements,

J¢ is a vector of associated virtuat strains and V is the
volume. aT is an element of arc iength along 7 . T, is tnat
part of the bounagary on wnicn boundary tractions are

prescribed and TL is tnat part of the boungary on wnicn

di spl acenents are prescribed (73].

2.2.2 QPisplacemont Eunglions

The first step in tne analysis is to select a set of
di spl acenent functions tnat give tne displacenents of every
point witnin the el ement. In a two dinensional analysis tne

chosen form of tne displacenent functions Is a polynom al as

fOol lows:
u (x,y)
twl = (2.2)
v (Xx,¥Y)
wner e U (X.y) = a_ + @ X + a.y + a_x= * 8,xy + 4 y2 .
' o} 1 2 3 5
2 2
V (x,y) = B, + DX + by + bgX" + DXy . by +

or



u (x,y) (F (Xx,y)] 0 tar
- (2.3
vV o(X,Y) 0 (F (x,y)1 (b}
in Wnich u ¢x,y> and v ¢(x,y) are tne two conmponents of
di spl acements in the x and y directions respectively ana
F (x,y) is a polynomiatl for dispitacement function. For a
rectangul ar el ement, tne nodal displacenent vector can be
expressed as an eignt-conmponent vector involving the u ana Vv
di spl acenments at nodes 1,2,3, and 4.
fdl = tu1 vV, U, Vp Ug \/3 U, v4:lT (2.4)
The aispiacement function twi can be expressed 7,931 in terms
of tne nodal displacenents
(wl = [Al[d]
The strains are obtained in terns of tne noacal
di spl acements and nave tne form
(&) = [B1fwl = [BI1LA1[Q) (2.5)

The elastic relationship between stress and strain

conmponents for plane stress is

P [ v £y

2
by = (E/(1=-Vv")) | v 1 0 v |
E%V o] o} C1-vys2 f;y

which can pe written in tne matrix form as

§ = [DICé&) = [DI[(BI[Q] (2.6)

2.3 isoparametric Bepresentation
in a finite eiement representation, tne aisplacements

andg strains t7,8,9,3 for a solid mecnanics applications may



be expressed by

8 -
u = N. o, (2.7
i=1
8
é:. Z B‘ q‘ (2.8)
ey
wnere for noae i, a  is the vector of nodal vari ables,

N, is the gltobal shape function ana B, is the giona) strain-

displacement matri X.
If (2.7) ana (2.8) are substitutea in the virtual work

expression <2.1> tnen the followi ng is obtainea

T

/EBJ ﬁ"dv-/tN.JTocv-/rN.JTtcrso (2.9)
v ("4 i -n' [}

The displacenent can be expressed in the usual way as

-
N e
u‘®’ . NS a'®’ (2.10)
=1
wnere, for local noae | of element e, N®’ s the giobpai

{

shape function and the vector of variapbpies S d{°). There

are r local noaes in eacn elenent e.
According to Figure 3, the snhape functions te1 for a
typical 8 node isoparametric eiement is as foliows:

¢ta) Corner nodes
NSO s azar 1+ TFO G0 M) CFF . UM - D

i = 1131517 (211)
(b) Midside nodes

e

| = (?ﬁ/a) 1 + j§'5> 1 -Tf> + (W}/a>

N



-
1o+ MM <t -'f)
i = 2,4,6,8 (2.12)
In an isoparanetric representation the follow ng
formula is usea for tne x,y cooruinates within an el ement:
0

-
t 1 .
= ; (2.13)
o) L

y i=1 O N: Y;

(e te) e

The Jacobi an matrix'té61 is evaluated as

dx by
g€ = °3 o7 (2.14)
D% DY
on on
or
r o)
ge) I Y FC)
‘ A
i=1
NI

)
2N o ) DI )
Z XU Sn Vi
i=1

~i=1

The strain adisplacement relationsnips are expressed as

-
é‘” - E al.“” a‘i°’ (2.15)

i=1
where Bj is tne strain matrix
Since a linear stress-strain relationsnipis obtainea

witnin each el enent



(@) (e () . S
T =0 £% =0 8% af®’ (2.16)
J J

j=1
Tnen the contribution c61 fromelenent e to the first term in

(2.9) is given as

r r
Kﬁe’ dje) = j@a(e)JT p‘® ¢ B{® a'®?) a0 (2.17)
J Q‘a) J J
i=1 i=1
(@) - , : : (e)
wner e KU is tne submatrix of tne stiffness matrix «

The contribution fromelement e to the second term in
(2.9) is given as

fle =-f[N(e)]T 0 4q
B Q
For tne thnirda term the contribution fromelenent e is
gl //[N(e)JT £¢® g
Ti ' le)
wnere T'®’ is tnat part wnicn coincides witn a boundary of

element e. of course, for many elenments tnere wiii be no
Contribution to Eée) (61.
1

This ieads to an assenbly procedure ang
(K1 (d) = (f}

Sol ution for ¢d? can be obtained by
tar = k3" o

(T = D1 Bl (a3}

2.4 Ine Mathematicad) Ingory Qf PIASTICItY

For any tnhree-aimensional stress state t103 there
exi sts a cubic equation wnose tnree roots are tne tnree
principal stresses. This equation is

- 1,62 - i, -1y =0



Regardl ess of tne coordi nate system cnosen, tnese
tnree roots of the equation wnicn art principal stresses
remain tne same for a given state of stress. In otner words,

the coefficients 1 1, and 4 Must not vary witn a cnange in

1 2
tne coordinate system These coefficients are referred to as

tne invariants of tne stress tensor and are denoted as

follows:

1, = b t by + )

| =-(R@+WE+EU§>

2
Iy = < W Vy iz
The magni tude of the nean normal stress, ¥m , is equal to one

thira the al gebriac sumof tne tnree normal stresses;
therefore,! = 3Un . Thus tne first invariant is a function
of tne nyarostatic or mean conponent ana snould not infiuence
yielding. The two nbpst common yiela criteria enployed in tne
description of the behavior of metais are tne Tresca

criterion and the Von M ses criterion.

2.4.1 Ihe Yielg qriteria

The Von mises criterion té6,101 predicts tnat yielding

occurs wnen.

2 2 2
¢ -y + «lz-03) + (V3 -7 ) = constant

Ui ,V; anaV3 are principal stresses. 1in a nore generai form
2 2 2
(GI-W>+(UT,-VB.>+<W;_-V;)
L 2 2
+ 6('fxy-+'fyz + Xzx) = constant

Let (effective stress) pbe a function of the appt!ied



stresses. \Whenever its magnituae reacnes the yield stress

Y
ror the nmaterial in uniaxial tension, then that appiied
stress state should cause yielding to occur. Thus:

bl z 2 R
von Mises: = 12t - Ty + (0 -3y « (W3 207, 1/2

According to the Von mises criterion when ¥ reaches a val ue
of 3 K where K is the maxi mum al | owabl e shear stress,

yielding is predicted.

2.4.2 Plastic Work
After initial yielding, the stress level at which

further pltastic deformation occurs may be dependent on tne
current degree of plastic straining. For an isotropic
nar deni ng model, tne original vyield surface expands uniformy
wi tnout translation. The total plastic work or strain
hardening is as foll ows:

K=Wp-j57j(d£‘,‘j)p i, = 1,2.3
K is the nardening paraneter ana <dé;5)P are the prastic

components of strain occuring during a strain increment.

2.4.3 EJlow Bules or Plastic Siress/Strain Relation

After initial yielding the material benavior wll be
partly elastic and partly plastic. The cnanges of strain are
assuned to pe dgivided into elastic and plastic conponents
during any increnment of stress, so that

aéis = caéyy, + tdéipdp (2.18)
The elastic strain increment is related to tne stress

increment by tne incremental formof " = D& . The



relationship between tne piastic strain conponent and the
stress increment can be expressed as rei:

acéisop = ah Qs oWy (2.19)
For associative fiow rute, assume f = @ where f IS tne yiela
function, then

acéBop = dXx (IF7 0T (2.20)
d is a proportionality constant termea the plastic
multiplier, and @ is the ptastic potential. 2f/ 285 is a
vector and it provides the direction cosines of tne normai to
the yiela surface at the stress point under consideration.
Equation (2. 19) becones tne flow rule since it governs the

plastic flow after yielding.

2.5 Ine J_integral goncept
2.5.1 pefinition of J=-lIntegral

Rce's J-integral definition t141 is applicable to a
homogeneous body of 1inear or nonlinear elastic material free
of body forces. It is subjected to a two-dinensional
deformation field SO that ai| stresses Vi3 depena only on two
cartesion coordinates X=C(x.3, ¢i = 1,2).

For a tree notcn having fiat surfaces paratiet to the
X-axis ana a roundea tip Ti(figure 4>, the J-integral is
defined as a path integral for an open path surrounaing the
notcn tip;

J = j;(WGxa - T, %%g as) (2.21)

Tne J-integral nas tne same val ue wnen computea by an

integration along either }T or T! provided that tne igentical



positive normal airection is usea for botn patns. The patn
i ndependence of~y integral for 1inear and non-linear materiai

nas been proved theoretically in r121.

2.5.2 J_integra| Evatuation Metnods

The eval uation of the u-integrait can be acni eved by
sel ecting an integral patn ana evailuating equation ¢2.21) by
nunerical integration. There are two choices to seiect tne
integral patns: a path passing through the nodal points or a
path passing through the integration points. The J-integral
eval uation, using a path passing through tne nodal points of
the FE grid requires an extrapolation of known quantities
such as Stresses and derivatives of the displacenents from
the integration points to the nodal points . The advantage
of this method is tnat there are no requirenents for tne mesn
to define a smootn patn. The di sadvantage is, of course, the
extra work required for extrapolation procedure. The accuracy
m ght be less than tnat of the second methoa in whicn the
contour is aiong a I1ine passing through the integration
points of tne el enments. However, the mesh for the secona
method nas to be aobie to define a snmooth integratidn pat h.
Alt tne common el ement types can pe used in EPFM, but tne
nost common types usea have been the higher order elenents.
These el ements are weit Known pbecause of their flexibility to
nodel conplex structures and the capabil ity to provide good
accuracy with a coarse mesn.

If a 3x3 integration scnenme is used to evaluate tne



el ement stiffness, ttlree patns can be defined tnrougn one
element. It nas been observed tnat the patns clozse to tne
boundary of tne etement furnisn alnpst identical J-integrais
while the one tnrougn the mddle gives approximately a 10%

hi gner val ue. it nas been denpnstrated by Bakker t1331 tnat
tne average value of ailt tnree paths of integration should pe
considered. This average is tnen tneoretically equal to tne

J-integral found by 'the virtual crack extention metnod r111.



CHAPTER 111

FI NI TE ELEMENT ¢FE>» ANALYSI S

3.1 introguction
in this investigation, an eagge crack Specimen is
anal yzed uslng tne Nonlinear Finite Elenment Program «(NFaP)
devel oped at the University of Akron t143. The eage notcn
geonmetry considerea in this study is snown in Figure 2. Tnhe
speci men contains a 60 "“v* notch Of 1mm length. Tne
dimensions of the specinmen are:
H =40 mm
2w = 20 mm
T = 1.33 mm
in which H is tne 1ength, 2w is the width and T is the
tnickness of the specimen tFigure21. For symmetry reasons
only one-nalf of the test pirate was anaiyzea USinNng

conventional 8-node isoparanetric el ements.

3.2 Medel and Proporties of the Spagimen

Figure s¢a) snows tne stress-strain relation for thne
material of the speci men ana Figure s¢<b> shows the appliea
stress with time along tne upper ana |ower eages of the
specimen. As yield criterion,tne Von M ses condition was
used. In the plasticstate,the associatea flow rute of the

Prandt| - Reuss equations was assumed to analyze tnis specimen



having Young's modutus Of elasticity E=81357 N/mmZ, Poisson's

ratio ofr v-o.agyand yieia stress or U, =834.26 N/mm? .

To study the effect of coarse-nesh on tne eiasto-
plastic anatysis, four different finite element nmeshes were
desi gned. Meshl, m1 (Figure > had as many distorted
el ements as mesna, ME (Figure 7> witn the exception that it
had a 1ayer of singutar el enents surrounding the crack tip
Mesn3, M3 (Figure 8; naag tne sanme rectangul ar 1ayout as
mesh4a, M4 (Figure 9) with the only difference being that it
had Singular elenents surrounding tne crack tip

The singular elenments (Figure 10> were created by the:
so-called "1,s4 point technique" t1s1 in wnicn tne noges of
the crack tip are collapsed to forma triangular shape
eiement. Tne midside nodes of the second oraer elenments are

piaced at 1/4 distance from the crack tip node, to obtain tne

17yr singularity.

3.3 Besulits ang comparison of the Meshes

It was observed tnat tnese results for crack opening
displacements obtained from the mesnes aidg not differ
significantly from eacn otner (Figure 11). The resuits of
stresses obtained from M and M3 were close to each other as
were the results for M2 and M4 (Figure 12>. 1t could be seen
tnat tne resuits for tne grids witn singular elenments predict
hi gner stress near the crack tip. +tt shows the singular
nature of stresses near the crack tip.

Figure 13 shows tne plastic-zone gromn for different
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mesnes emplioyed in tnis investigation for as/w = 0.5 ana 0 /0y =

~

0.2. Plastic deformation occurs wnen the elastic stress in
the ViCinity orf the crack tip iS nigher tnan tne yietda

stress of tne material. Tne effect of tne plastic zone is to
increase the di splacenents and iower the stiffness of tne
piate. The Iength of tne plastic-zone oy under ptane
stress conditions can be estimated C33 by the fotl ow ng
formula:

\

ry = (1721 (K/F;S)
on conparing tne plastic-zone sizes in tne neighbornooa of
tne crack in the test specinen, it was found tnat tne M3
produces result whicn is cioser to tne estimted value
accoraing to the Tabie 1.

Ei ght rectangul ar paths (Figure 1431 passing tnrougn
the Gauss integration points were used to calculate Rce's u-
integral (2.22). Tne a/w for all the finite element meshes
was 0.5. Figure 15 SnOwWs tne conparison of J-vailues petween
M3 and M4 obtainea from tabie 2. For Ilnear-elastic
penavior, tne J-integral whicn is tne energy release rate per
unit crack extension, is identical to 6. Therefore, for

l'inear-elastic plane-stress conditions the follow ng fornulas

are empioyed to calculate tne stress intensity factor and the

J-integral:
K, =0 J17a fcasp)
and G = J = (R)E(K?/E)

For a single eage notcn specimen C33 fcasb) = 2.86 Wnen asw

S equal to o.5. 1t was found tnat tne J-integrai val ue



obtained fromM was closer to the theoretical value ttapie
31. As a resuII, the coarse-nmesn procedure inproves tne
accuracy and al so reduces the neea for a |arge numper of
el ements near tne crack tip. It was also found that the
maxi mum rel ati ve deviation between tne J-val ues on tne patns
obtained from m4 was 4.5% over the wnole range of | oading.
Thus, it can be statea that, in tne case of nonotonic
| oading, the J-integral <¢2.21> maintains its patn
i ndependent property within nunerical accuracy (Figure 16)
even if a flow tneory of plasticity is used.

Because tne J-integral vatue obtained from M4 is

closer to the theoretical value (table 3), therefore, tne

finite elenent mesh4 was enployed in tne study.

3.4 comparison of the EE AndiysSis Load-Displagement
with Experimental Result

A conparison is made between the toaa di spl acenment
obtained fromfinite el ement analysis and tne experinental
data from tne Department of Macronol ecul ar Science at Case
Western Reserve University t161. Tne exper imental test was
conducted with a conpressi on moided sheet of Bisphenol A-
pol ycarbonate with a MFI=2-3 supplied by D O chemical
Conpany. Originally a specinen was nmilled at very |ow speed
to the dimensions 120 X 20 X 0.33 mm. A 60 "V" notch of 1mm
depth was introduced at tne m ddle of one eage of tne
speci nen. Fatigue tests are conducted in a |aboratory

at nosphere on an MI'S-800 macni ne using sinusoidgal waveform at



a frequency of o.5 HZ. The |oading was tension-tension with

2 and a m nimum to max|mm | oad

a maxi mum stress of 33 N/mm
ratio rR=0.4. Tne distance between the grips was 80 mm. The
crack ana the surroundi ng damage were followed visually using
a traveling optical mcroscope attachea to a video canera
assempbly, equi pped with a visual display unit from which tne
entire history of the crack propagation was recorded.

A two-dinmensional finite elenment program was empiloyed
to anal yze the same experinmental specinmen using tne grid wu
(Figure 9> in wnicn 383 nodes ana 113 isoparanetric el enents
were used. Figures 47¢ay and 417¢(o> show the stress-strain
rel ati on and tne displacenent controlled |oading along the
upper anda |ower edges of the specinmen trFigure 231 with a
length <H> of 40 mm, widatn (2w> of 20 mm ana thickness (T) Of
0.33 MMM The specimen had an elastic nmodulus (g» of 2000
N/mm>, a yield stress (%> of 70 N/mm® ana Poissons ratio
(V) of 0.33.

Figure 18 snows a conpari son between tne
experinental 1ty neasured | oad-displacenent ana tne |oad-

di spl acenent CObtained by finite elenent analysis |ead-

di spl acenent curve. The toad-displacenent resuits for botn
tne experinental test ana finite elenent anaiysis are close
to each Oher in the elastic range tapproximtely 15%). But
tne deviation increases abpove the eiastic range
(approximtely 20% . However, the results of an el astic-

plastic FE analysis can differ considerably, depending on tne

theoretical fornulation usea in the conputer program and on



the structure. variables such as step size of tne |oading,
tol erance, and nhumericat schemes utilized in the equilibrium
iterations aiso ptay an inportant role on tne accuracy of the
results obtained by FE anal ysis.

Figure 19 snows tne crack opening displacenment at
various stress levels for tne specinmen. Figures 20 ana 21
snow the plastic zone growtns wnen asw = 0.3 and as/w = 0.7.
The J values for different crack 1engths at various stress
| evel s are snown in Figure 22 obtained from Tables 4,5,6,7.8

and o.



CHAPTER v

ESTI MATI ON OF J-| NTEGRAL BY
DI FFERENT TECHNI QUES

4.1 lntrogygtion

The application of tne FE methoa to practical problens
IS usualiy tinme consum ng and requires expensive conputer
anal ysis wnicn can be pronibitive for tne engineer.
Therefore, the use of sinplified tecnniques for tne
cal cul ation of tne J-integral provides a usefut alternative.
These estimation techniques in combination witnh the
experinmental |oad-displacenent data are significantly easier
ana nore economcal to use tnan a conventional finite el enent
procedure whicn modeis tne details of a geonetry W th crack
length a. These techniques which will be introducea in tnis
cnapter for determning tne J-integral are fornulated for a
cilass of probiems wnere tne plastic zone remins localizea

near tne crack tip.

4.2 Estimation Technigues Lo Evaluate J-integral

The first approximate fornula empioyea nere is paseda
upon tnhe potential energy difference petween two identical 1y
loaded specimens having crack sizes that differ

infinitesimally. This formuia is exact for |inear |oading



and rigid-plastic materiat response, and is shown to predict

J accurately in the el astic-plastic range of loading ct173.
The pbasis of the second approximate J-integral formula is the
extension of the etastic strain energy release rate to
elastic-plastic loads. This is particularly suited for
contained plasticity. When the global |oad-deflection curve
exhibits non-1inear benavior, this J-approximtion fornula

devi ates from the actual J-integral 173

4.2.1 sJ-caigulated From IThe Load-DRispiacement Surve Meihod
iMeIheda) .

In the elastic range, the J-integral iS identical to

tne elastic energy release rate G. Tnis is expresed by

Jg = G = K, /E (4.1)
K 1is the moge | stress intensity and E is the voung’s
modulus. The J-integral formuia for containea plasticity can
bpe interpreted as the potentiatl energy difference petween two
identically loaded speci mens naving different crack sizes
(figure 231. That is,

U
J = ~(1/B) —— (4.2)
oa

u is the potential energy, a is tne crack tength, ana 8 is
tne speci men thickness.

Graphically, tne potential energy difference, au, for
two Speci nens witn crack tengths a and a+da iS equat! to tne
area petween the loaa versus di splacenent curves as

illustrated in Figure 23. Tnis area equals BJaa (see

equation ¢4.2). Tne follow ng expression for J is derived



t171 from equation ¢4.2).

(4.3)
P is any elastic load. n particular, P can be cnosen to pe
tne limt load. Tne J values are conputed enploying the
equation (4. 3) and tne | oad-displacenent curves for different
crack sizes tFigure 233. Interpolation by polynom als was
performed to fina tne polynom als of gegree four for the
| oad-di spl acement curves f ¢8 ), f (&) ana r_c4§ . The

foltlowing polynom als are empioyea to cal cul ate the areas

Det ween the | oad-displacement curves for different crack

lengths,
f,08) = - 1.46 5% 0.40 5= 3.605 + 1a8.845 (4.4)
f,¢ &) = 104.58 X“— 573 57+ 070.5 5 = 3735 (4.5)
fa¢d) = - 7.73 5. 355‘3— 56.72 5+ 185 705 (4.6)

Taple 10 snows tne J val ues obtained by enploying equation

(4.3)for different crack lengths.

4.2.2 Jogajguiated From Ihe Qepnoralized Stiffness gradient
Metnod (Mothod3) .

The stiffness gradient metnoa Is exact if tne gl obal
force-ai spiacenent curve is linear. iIn otner woras, if tne
force-adisplacement curves of a specinmen with crack lengths a
ana a+da are represented by f _¢§ ) ana faté”) respectively
Satisfy tne condition that the ratio f,/fs remai ns const ant
tFigure 241. Tnen tne stiffness gradi ent methoa becones

exact. The fact tnat tne ratio remai ns constant means tnat

the force f is separable. If H is a function of crack sSize a



and F is a funetion of displacenent § tnen force f can be
witten as t1713:

f = Hta) F( § ) (4.7)
1t was found that tne maxi num rel ative deviations between the
f./f, and fo/fy val ues tFigure 243 obtained from Tables 5.6,
and 7 are 8% and 5% respectively over tne wnole range of
| oading. Thus tne stiffness gradient metnoa can be enpl oyed
here to estimate tne J vaiues.

Consi der tne force-displacenent curves of a crackea

specimen Wth crack lengths a ana a+ga, aefinea by f f_ anda

1' 2
fa The function f,. fy ana f_ can be subdgiviaed into n

i near segnments as snown in Figure 24. The J-integral is

given by tne sum

n
g = ZE{: oW (4.8)
i=1
where
o o dm;
1= Bmi Ja

W, is tne area undger the | oad- di spl acenent curve in tne itn
segnent, B IS tne speci men thickness, m. defines the sl ope of
tne itn 1inear segnent of f, and nﬂ defines tne slope of tne
correspondi ng f, curve [17].

The areas under tne | oad-di splacenent curves were
cal cul ated using tne trapezoidal ruie, that is
W L{Fi_1 +-A—ZF—'—iAui

Table 10 snows tne J val ues obtained by enploying equation

(4.8) for different crack i1engtns



4.3 Besulitls and qompariseons Qf the Estimated Technigues
with EE Metnog (Methogt) .

Table 10 shows the conparison of the J-val ues conputed
from the siastic-piastic FE nethod «method1), witnh the
approxi mat e | oad-di spl acenent nethod tmetnoa2)., and the
approxi mate stiffness gradient method (metnoasy. As it can
pbe seen, there exis?s a slight ageviation for both methoas
when the crack lengtn is émm. But as the crack i1engtnh gets
smaller (4amm) and cl oser to the eage notch, then, deviation
increases ttapie 101. Both estimatedg tecnni ques \Wiich have
been introduced in this chapter show tne notch effect on tne
J vailues wnen the crack tip isS ciose to tne notcn (within 3
mm). However, it was founa that tne approxi mate tocaa-
ai spl acenent curve method proviaes better resuits in

conparison with the stiffness gradient nethod



CHAPTER V

NUMERI CAL CALCULATI ON OF M | NTEGRAL

A

5.1 lotrogugsion

Tne patnh independent Mintegral fornulas are derived
using tne isoparametric eiement. The M-vailues are
nunmerically cacul ated by using the results fromtne finite
el ement analysis. A conparison is nmade pbetween the
nunerical ty calculated M-values and the theoretical values

obtained by using an estimtion tecnnique.

5.2 Refinition Qof M-intedral

The Mintegral Cc41 represents tne potential energy
rel ease rates witn respect to isotropic expansion of the
active zone tfigure 233. The Mintegral 4831 is defined as

foliows:

M'j(kank-Ti XKUI.K)GS; K = 1,2 (5. 1)

where Tl is the traction vector defined according to the
outward normal n aitong T , T, = G]j n;. and ds is an element

of arc length along T . X, is a vari abl e al ong tne patn on

which tne integration takes place. Tne magnitude of X,

aepends on tne |ocation of tne integration points along tne

patn to tne origin where the crack tip is (Figure 251.



Knowles ana E. sternoerg t181 applied Noether‘s tneoremto
elastostatics and obtained the patn inaependency of tnc M
integral for a |inear, nhomogeneous and isotropic medi um
shortiy after tne J. Know es ana E. sternberg publication,
tne pnysical interpretation of M integral was di scussed by

B. Budiansky and J. Rice tz201.

5.3 Rerivasion 9f J ang M-lntegralis Formuias Sujtapie for
Numerical Evaluation.
The expression for J-integrai can pe witten as:
J - b =
K l; N, T,ou; ) oas K 1,2 (5.2)
T, is tne traction vector defined according to the outward
normal nalong 7 , T, = Eij n,, ana as is an el ement of arc
tength along T
Figure 26 snows rectangul ar contours surroundi ng tne
crack tip of a crack in a two dinensional body. bperivation
of formulas for tne J- and mM-integrails for tne patn 2-8 is as
folliows:
J, -‘L( fn, - V}j n,u, s (5.3)
Figure 26 snows that tne integral aiong tne patn of tne upper

hal f-plane is equal to tne sum of tne individual Iline

integrals. Tnerefore, due to symmetry

B
Jy = 2 { 1/2 fony, F}j Ny Y1) as +

f(fn—F.n.u. ) ds +

s 1 i} j i1

£c3

z( fny = N Y0 asf (5.4)

Herein, tne normats ana tne arc iengtns, for tne patns

of integration are



From A to B n, = 1. n, = O n., = 0

- 1 2 3
as = dx ax, = 0

Froms to C n, =0 n, = 1 ng =0
as = -dgx ax, = 0

fromc to D n, = -1 n, = 0 ng = 0

as = -gx ax = 0O
After expanding equation ¢5.4) and substituting the above

values for tne normal n, tne roilowi ng expression is

obt aineda: 5
Jy = 2 {.Zé U DR T Up,q ) 9% *
£21F12’é11 #FEB u2.1 ) dx1 *
{( e I e Y Uy 4 ) dxa} (5.5)

Using tne same procedure, tne followi ng equation is

derived for J wnen k=2 in equation ¢s.4>. Therefore,

Jg = -2 { g?:SIl Yy2 | Y21 €22 5 ax ¥

2
4;3' - Fyp uy,2 - 02 €2p 0 O,
{( Thr Y2 a4 an °xa} (5.6)

EquUation (5.1) Can be expressed,

M "]*1 CEng TN Uy a8 s

fxa Cf Ny = F N UL s } (5.7)

This equation for M can pe expressed and witten as:

M-M1+M2

wner e

M, = 2 {,{§1(AB> € f - 511 611 - 521 Us 4 ax, +

£X1<ec> ‘6§12 €44t géa Up,q ) 9%, +

X ¢t -, 6 - fo,u ) ax,}

>

1(CE) 2



and B

Mp = 2 {i’éama) COyq Uy 2 v bz €z 0 axg *
£X2<Bc> CF o U b €0 axy *
Xaccoy 044 Up,a * 0oy € 0 9% ’J (5.9
5.4 Rerivation of EFormyia for J and M-integratls vsing

isoparametric Elements

In this study, the following Rice formula is used to
derive the M formula by employing isoparametric eiements
_]':f(UA\/_t%JS) (5.10)
is the strain energy density, t is the traction vector on
a plane defined by tne outward drawn normal n, d is tne
displacement vector, and as is the eiement of arc along the
path T" . The path can be conveniently chosen to coincide
with the !ine §"?} a constant.

The elemental arc 1tength along the Iine §'=?e is given by

ds = \/clxz.\.c\\/l =\/(—'%3;—>Z+ (—a—z—)z c[fl (5.11)

21

and simitarily

Jy:"éi,clq (5.12)
o1
Tne strain energy density for plane problem can be written
[ | -
U: T(K;xéxx +zr7.<yéx>/+‘€:/y£77) (3.13)

Also the traction vector is

Sxx M+ Yxy T2
t = (5.14)

w:(y f[, + E.yy 'lz

so tnat



t%.;l;= (‘?""q'*‘ﬁ\/ql)%% +(QY7v+F/yﬂL)%¥ (5.15)
The fol | ow ng eipression c63 Is obtained by substituting
equations (S.41), (5.121, ¢5.43), and (5.15) in eguation
(5.10) +)

©) ]
J9% ({4 [sa2e

ou 2V v | oy
ax+6;\/(—+57>+6;7 ]BV

DY oy

2
_[<E;\qu + Sy, ) e+ (S 4 Sy ) %‘i]

(2 4+ ()" dn = jIAn

21 (5.16)
Equation ¢5.16) gives the contribution to the J-integral from
an indiviaual element. The integrand I in ¢s.16) is
evailuatea at tne Gaussian samp!ing points <'EH'QQ for tne

el ements as follow:
NGAUS

e) X
L (5.17)
T =1
Yq is tne weignting factor correspondi ng to Ng. The
Cartesian derivatives of tne displacenent conmponents required

in ¢<5.16) are given by

n e)
PIC YA AN (i~ (5.18)
D x jz:; DX ( v l)
(:
n (e’
durv) _ E ONE (Ui i)
2y . oY (5.19)

(=

u,  ana - are tne displacement conponents of tne n nodes of

tne elenment. And tne Cartesian derivatives of the el enent

shape functions are given by

(o) (e) (e (5.20)

ONi _ dNi 97 | oNi on
DX 37 D% el D x




-t

[ (e)
oS8 AN 2M oML DF
dY DN Y ¥ oY (s.21)

The terms 27/>x , 21/, /Dy ana 2&3/37 may be obtainea

fromtne inverse of tne Jacobian matrix. The Mintegral can

pe expressed as f0|low:+,

(e) . -
™M :f &IJH/ i = 1,2 (5.22)
-1
In an isoparanetric representation,we MRy USe the equation

(2.13) for xi. Tnerefore,
o o ] (%
(@ ¥ _ NGaus Ni
= L (e) {e)
M= > T(% W | 2] |y
t=t G- L s.23)

r is tne numper of nodes in eacn elenent e ana N; is tne
matri x of shape functions caicuiatea according to equations

(2.11) and ¢2.12).

5.5 Resylitis and DRAla AnNalysSIg

In tnis Investigation the J- and Mintegrals nave been
calculated by enploying the formulas derived in section 5.3
To minimze the amunt of calculation ana therefore to
maxi m ze tne accuracy, patn 2-A and patn 2-8 <(Figure 26)
nave been cnosen. Figure 26 snows tne paths passing tnrough
tne integration points.

Appendix A shows the stresses and strains at the
integration points for patns 2-A ana 2-8 (Figure 26) of tne
ptate. The stresses ana Sstrains are obtaineag from tne FE
analysis in Chapter 11/ wnen asw=0.4 and & =2.6 n/mm”

Location of tne integration points in tne global system are



computed (Figure 27) by enploying tne equations ¢2.11),
<2.12>, and (2.73). Equation (2.2> is usea to calculate u, ]

and u 5 for eacn integration point along tne paths
(Figure 26).

The cal culated results in appendix A are usea to
obtain tne J (K=1,2) ana M vaiues for botn patns. The
devi ati ons between tne J val ues obtainea from potn patns ang
tne numerical cailculation are witnin 10% error tTable 111,
However, patn 2-A gives a vaiue closer to tne nunerically
obtai ned FE value ¢2% error). And the M values caiculatea
from patns 2-A ana 2-B are witnin 7% aifference. These
val ues of M are compared with tne val ues obtained by
the formula given below ta211

Ma &g tc1s2) L+ wrs (5.24)

in wnicn ! ana w are tne iengtn ana wiatn of tne plastic zone
respectively and « is a coefficient wnicn is approxi matea as
equal to m/y. This ratio is always less tnan one. Tabie 12
snows tne conparison of M values petween theoretical ana

numerical calculation. As it can pbe seen, tne nagnitiude

of X IS less than one and tne vaiues of Mdiffer sitightiy.



conclusions

The J-integral values were determined by changing the
crack length in the finite element grid for the edge notch
specimen. A review of analysis of these various finite
element (FE) model ings suggests that accurate results are
obtained with coltapsed isoparametric elements containing
qguarter nodes near the crack tip. Furthermore, the collapsed
elements reduce the need for a large number of elements in
the region near the crack tip.

comparison of the J-integral values obtained, through
the integration of eight different patns, shows that the J-
integral is path independent (Figure 16) even if a flow
theory of plasticity is used (2.21).

Comparison was made between the experimentally
measured load-displacement anda the load-displacement obtained
from the FE analysis(Figure 18). The results were close to
each other in the elastic range but the deviation increased
above tne elastic range. In addition, a comparison was made
between the J values from tne elastic-ptlastic FE method and
thne approximate methods (Table 10). The numericaliy
determined J value was within 5% with those Obtained from
estimation techniques. The nigher deviation found may be
due to a smaller crack length a/lw = 0.2, which is close to
the edge notch. The estimation load-displacement curve
provides better result than the stiffness gradient method.

The numerically determined M-values for two different



paths were computed manuaily and they were compared with tnhe
estimated value (Tabie 123. It was found that the
coefficient ©« is smaller than one for both paths and the M-

values have an error of 8.2%.
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Tabte 1. compaFison of tne plastic zone values fromdifferent

meshes Witn tneoretical value, a/w= 0.5, E'/G;mo.a
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Table 2. The average J-val ues obtained from FE grias

M3 and M4 at different 10ad 1eveis, a/w=0.5

J-values for a/lw= 0.5

/Ty SR
m3 M4

L Momm fms® | N [met
0.01 . 195075D+00 .212929D+00
0.04 .312120D+01 .345148D+01
0.07 .955868D+01 .106885D+02
0.10 . 195440D+02 .220949D+02
0.13 .364363D+02 .430505D+02
0.17 .623268D+02 .740804D+02
0.20 .101768D+03 .127919D+03
0.21 . 122520D0+03 .159351D+03
0.23 . 148422D+03 .201719D+03
0.24 .181993D+03 .268265D+03
0.25% .227234D+03 -




Tabte 3. Conparison of the J-values obtained fromFE anatysis

and theoretical value

M3 M4




Table 4. Elastic-plastic FE results for grid M4, asw

o e e e W R e - = e = ME G mm am dm s e e e Am mm A am e -

0.25¢9

0.467

0.661

0.757

0.798

119.

215.

305.

349 .

368.

72

75

45

0.76

2.00

2.40

2.80

0.9940D-01

0.3023D0-01

0.1080D-02

0.2717D-02

0.4774D-02

0.7567D-02

46

18.

32.

53.

55.

b - ——

14

69

.28

0.



Tabte 5. Elastic-plastic FE results for grid M4, a/lw = 0.

pv - G - Y - - . " e e et e e e e - e e e o

0.045 20.79 0.14 0.1649D-00 3.15
0.241 111.47 0.76 0.5087D+01 16 .89
0.430 108.73 1.38 0.1793D+02 [ 30. 11
0.587 1271.06 2.00 0.4381D+02 | 41.07
0.656 | 302.87 2.40 0.6890D+02 | 45.89

0.686 1316.87 2.80 0.9716D+02 | 48.01




Table 6.

El astic-plastic FE results for grid M4, asw =

0.569

0.599

0.610

b o -

18.94 0.14 0.2344D+01 2.87
101.97 0.76 0.7035D+01 15.45
1+B.ZO 1.38 0.2451D+02 | 27.00
237.27 2.00 0.5522D+02 | 35.95
263.01 2.40 0.8093D+02 | 39.85
276 .73 2.80 0.1089D+03 | 41.93

281.56 3.20 0.1371D+03 | 42 .66

- ——— - — . P = . > = = . o e e = - = e —




0.

Table 7. Elastic-plastic FE results for grid M4, asw =
PN $ .mm | J.N.mm/mmS | ¢ N/mmE

V~/07
_____________________________________ e ]

0.027 12.24 0.14 0.2695D+00 1.86
0.187 86.20 0.76 0.8044D+01 13.06
0.322 148.76 1.38 0.2692D+02 | 22.54
0.418 193.02 2.00 0.5647D+02°| 29.25
0.463 [213.79 2.40 0.7939D+02 | 32.40

0.496 |228.91 2.80 0.1040D+03 | 34 .68




Tabile 8. Elastic-plastic FE results for grid M4, asw =

0.029 13.63 0.14 0.2833D+00 2.07
0.156 72.27 0.76 0.8326D+01 10.95
0.265 152.33 1.38 0.2713D+02 18.54
0.343 158.37 2.00 0.5479D+02 | 23.99
0.378 174.70 2.40 0.7600D+02 | 26 .47
0.399 184.40 2.80 0.9897D+03 | 27.94

0.406 187 .40 3.20 0.1221D+03 | 28.40

oo e e e e e E v - - — - —




Table 9.

El astic-plastic FE results for grid m4,

alw

141

60.

7.

125.

137.

142.

b o e - -y

06

o2

73

09

.50

26

—— . -

0.76
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2.80

0.9377D+03 (21

0.1182D+03 21

0.2713D+00 1.

0.7884D+01 9.

0.2539D+02 14.

0.5080D+02 19.

0.7091D+02 20.
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.66

—— an e " e - . == = =

0.

7



Tabte 10,

-

anal ysis and the estimte tecnni ques

conpari son between tne el astic-plastic FE

Method1
(2.21)
Met hoa2
(4.3)
Met nods
(4.8)

s - -

Di spl acenent

S mm

Failure 1oag

e o o e - - -

.54
.87
368.54
316.87
368.54

.87

J-value
N . mm/mm
.67
97.16
70.90
97 .42
94 .00

102. 39

e o - o ——

b = - - -
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Table 11. Conparison of tne J-value between tne etastic-
plastic FE analysis and numerical calculation
____________________________________________________________ -
FE Nurreri cal cal cul ati on
From path ¢(2-A) From patn (2-B)
anlysis J1 Ja 4] J1 Ja M
0.22011210..223978 {0.035303{0.078828| 0.243221|0.066592|0.07305

—-—— - -

b o o = — 4




5

Table 12. conpari son of M-vaiues between the theoretica

val ue and nunerical cal cul ati on

o o B o S S S N D G e e e R N ey G e e S e e ke WE o e Em MR e e e e b - - T v = e

Nuneri cal cal cul ati on

Theoreticai Error
val ue (5.24) M from patn ¢(2-A)| M from patn (2-8B) *
0.0770372 0.35 0. 078828 - 2.3

0. 0790422 0.30 - 0. 0730483 8.2

e e R R e e T e e et e [ ST

R e e e e e R I R e e e el X PP I S E El  §
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APPENDI X A

Results for Calculation of J- and M-integrals for

patns (2-A)> and (2-8)



APPENDIX A

Stresses from_FE analysis (Path 2- A), alw = 8/ 20, b= 2.9
LP | By | baz | Tyz “vy €2 | Eyz

A -0.3 0.0 -0.1 -0.160D-03 0.729D-04 -0.148D-03
A1 1.0 0.6 0.9 0.398D-03 0.132D-04 0.126D-03
B 0.8 0.8 0.8 0.272D-03 0.251D-03 0.111D-02
B1 1.2 2.7 2.4 0.145D-03 0.114D-03 0.314D-02
B3 0.7 5.6 1.4 -0.551D-03 0.266D-02 0.192D-02
B3 0.4 8.5 1.0 -0.880D-03 0.318Db-02 0.138D-02
84 0.9 6.8 -0.3 ~-0.656D~-03 0.323D-02 -0.405D-03

0.6 5.9 -0.7 -0.673D-03 0.286D-02 -0.872D0-03

C1 1.7 5.9 -1.3 -0.111D-03 0.269D~-02 -0.170D-02
C2 3.7 6.0 -0.5 0.8300703 0.242D-02 -0.715D-03
SRS S S U EUSS AP Ao

(A=)



stresses from-FE anal ysis (path 2-81,

asw = 8/20, T = 2.9
-_‘-——----‘—!_—--——-r ------------------------------- 1_ ——————————
LP | Oy | B | Uy €y bzz vz
I T il LI RS A | ]
D -0.5 | -0.2 -0.1 -0.228D-03 | -0.123D-04 -0.120D-03
D1 0.5 0.1 0.2 0.248D-03 ~-0.5790-04 0.259D-03
D2 0.5 1.5 0.5 0.158D-03 0.162D-03 0.669D-03
0.6 1.0 0.7 0.165D-03 0.373D-03 0.925D-03
E1 0.8 3.7 1.3 0.100D-03 0.725D-03 0.178D-02
Ea 0.4 4.1 1.7 -0.294D-03 0.148D-02 0.227D-02
E3 0.0 5.7 1.4 -0.770D-03 0.237D~-02 0.182D-02
E4 0.1 5.4 0.8 40.9550—03 0.273D~-02 0.101D-02
E5 0.1 5.9 -0.1 -0.101D~02 0.296D-02 -0.962D-04
E O.1 5.5 -0.5 -0.842D-03 0.272D~-02 | -0.717D-03
0.3 5.0 -0.8 ~0.668D-03 0.2440~-02 : -0.110D-02
F1 0.9 5.1 -1.0 -0.379D-03 0.240D-02 | -0.131D-02
Fa 1.7 4.9 -1.0 0.453D-04 0.218D-02 -0.128D-02
F3 2.5 4.7 -0.4 0.483D~-03 0.193D-02 |{ -0.477D-03
______ FPURUU SR PP PR IR et




82

g = 2.9
Path - Uz, Vo U2, PYRIPI
A-A1 0.039D-03 4.880D-03 0.000D-00 -0.490D-03
A1-A 1.3690-03\ 4.740D-03 2.844D-03 4. 270D-03
AB-B 1.1000-03 4.607D-03 3.690D-03 3.690D-03
B-B1 - 6.035D-03 1.630D-02 1.448D-02
B1-B2 - 6.034D-03 3.379D~02 8.450D-03
92—83 - 3.141D0~-03 2.042D-02 3.140D-03
83—34 - 3.141D-03 2.135D~02 -0.940D-03
84—C - 0.993D~-03 5.860D-03 -0.695D~-03
C-C1 1.005D-02 0.727D-03 4.290D-03 -0.950D-03
C1_C2 8.964D-03 0.360D-03 2.160D-03 -0.180D-03




-

J2 calculation (path 2-A), a/w = 8/20,

- — - v U T = —— T Gm . - . e M G M S G = e e e T R Gl e R MR e e TR S S B T T ———————

W = 2.9

.1670403
.942D0-03
1.154D-02
1.081D~-02

.843D-03

.374D-03

.3540D~03

.100D~-03

.100D~03

. 1000-03

1.2860-03

1.285D-03

.0750-03

.184D-03

.908D-03

.172D-03

.340D-03

.080D-03

.120D-03

.070D-03

.314D-03

1.157D-03

.045D-03

.313D-03

1.880D-03

.5740-03

.540D-03

.100D-03

.100D-03

.100D-03

1.286D-03

1.285D-03

.0750-03

.184D-03

.508D-03

83



J1 calculation (path 2-B8), as/w = 8/20,
Pat - U, 22 Ua
D--D1 0.082D-03 0.490D-02 -0.098D-02
D1—D 0.100D-03 0.470D-02 0.047D~-02
Da- 0.160D-03 0.461D-02 0.230D~02
E-E1 0.360D-03 0.439D-02 0.439D-02
l-E2 - 0.439D-02 0.746D-02
Ea-E3 - 0.483D-02 1.497b-02
53—54 - 0.483D-02 2.270b-02
E4—E5 - 0.312D-02 1.680D-02
ES--E6 - 0.300D-02 1.770D-02
EG—E7 - 0.140D-02 0.770D-02
E7-F - 0.140D-02 0.700D-02
F-F 6.330D-03 0.100D-02 0.510D-02
F1—F2 5.300D-03 0.068D-02 0.330D-02
F'a-F3 4.880D-03 0.019D-02 0.090D-02

b - - e e I e e - - — - ————- -

84

b =

.049D-02
.094D-02
.231D-02
.307D-02
.971D-02
.8210-02
.676D-02
.250D-02
.030D-02
.070D-02
.112D-02
.100D-02
.068D-02

.008D-02

(A-5)



J2 calculation (patnh 2-B), a/w = 8/ 20, - = 2.9
\‘o«‘“/\ { u’z)\ U;'L Ay Ki‘ Uo

D-D, - 0.573D-03 | -0.287D-03 -0.057D-03
D,-D, - 0.054D-03 0.027D-03 0.011D-03
D,-Dgy - 0.104D-03 0.052D-03 0.0520-03
D, -E - 0.210D-03 0.126D-03 0.147D-03
E-E, 2.970D-03 0.022D-03 0.018D-03 0.0290-03
E,-E, 6.090D-03 0.410D-03 1.162D-03 0.697D-03
E,-Eg 8.120D-03 0.430D-03 0.000D-00 0.602D-03
Ej-E, 8.230D-03 2.233D-03 | -0.223D-03 1.790D-03
E,~Eg 8.790D-03 3.1432D0-03 | ~0.313D-03 -0.313D-03
E_-E 7.470D-03 1.479D-03 0.148D-03 -0.740D-03
Eg-F 6.880D-03 1.480D0-03 | 0.444D-03 -1.180D-03
F-F, - 0.079D-03 0.071D-03 -0.079D-03
F,~F, - 0.182D-03 0.310D-03 -0.183D-03
Fo-Fg - 0.091D-03 0.230D-03 -0.036D-03
————————————————————— .-----————--L.-—————-.-_—-1.___——.-—--—-—

(A-6)



APPENDI X B

input and output data for conputer program (NFAP)

Sampl e input data for tensile specimen of constantly

applied stress along tne upper and |ower eages.

sample output aata for tensile specimen of constantly

applled stress along tne upper and |ower eages.

Sampl e input acata for tensile specimen of constantly

appliea displacement aiong the upper ana |ower eages
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EDGE NOTCH SPECIMEN MESH #5

CONTZ2O0L I NFORMATTION
NUMBER OF NODAL POINTS .+ + .+
MASTER X~-TRANSLATION CODE o o
HASTZR Y~-TRANSLATION CODE « « o
MASTZR Z~-TRANSLATION CODE . . o

MASTEa X~ROTATION CODE o o &
MASTER Y~ROTATION CODE o o
MASTER Z2~-R0TATION CODE « o

NUMBER OF LINEAR ELEMENT GROUPS

NUASER OF NONLINEZAR ELEMENT GROUPS

SOLUTION PAODE L) L] L] L] L] L) L] L] L]
EQ.J, DATA CHZECK
E.el, EXECUTION
Ele2, RESTART
TOTAL TIMZ STEP INCREMENT o« o o
PRINTING INTZEVAL o o o o o o o
RESTAKT SAVE INTEZAVAL «-4 o o o

SPZICIFIED BLOCK LENGTH « « + .+

TZMPERATURE READING INDICATOR
2.9, NO TENPEZBATURE READING |
£z.1, HEAD NODAL TEXPERATURES
Toe2, READ NODAL TEMPERATURES

TEMPEXATURE HISTOEY INDICATOR .
£2¢9, UNIFCRM TEMPERATURE
£Ce«1, STEADY STATE TENMPERATURE
EQ.X, TEZH

. (NUMNP)

« (IDOF(1))
« (IDGF(2))
« (IDOF (3))
« (IDOF(4))
« (IDOF (5))
« (IDOF(5))
. (NEGL)

. (NEGNL)

. (BODEX)

. (NSTE)

« (IPRI)

« (IRINT)
« + (ISTOTE)

(ITTAPE)

. (NTEHEP)

PERATURE BECOYES STEADY STATE AFTZR STEP X

(B-2)
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1}
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O o= e o OO =



NUMBER OF TIME STEPS BETWEEN REFORMING

EFPECTIVZ STIFFNESS MATRIX o o o o

e « « (ISEF)

NUMBER OF ALLOWASBLE STIFFNESS REFORMATIONS

Iu EACH TIHE STEP L] L] L] L] L) L) L] L) L]

NUMBER OF TINME STEPS BETWEEN
E,\UILIBRIUH ITEEATIOHS . L] . * . .

HAXIXUSM NUMBER OF ECUILIBRIUN
LTEZIATIONS P2ERMITTED & u w = »u = =

ACCELERATION CODE « &
EL-0, ¥O ACCELERATI
EQ«1, SECANT ACCELE

L
CONVERGENCE TOLEZRANCE o o o o o o o o

N PZRFORMED
ATION

0
R

ALYSIS TYPE

TIME DEPENCENCY CODE
£¢e0, STATIC ANALY
teel, DYNARIC ANAL

NONLINEARITY CODE o o
EQ.0, LINEAR ANALYSI
EQG.1, NOXNLINZAR ANAL

siS. () () L] L] L] L]
YSI3

S
1SIS
s?2/VEL/ACC PRINTOUT
NUMBER OF BLOCKS OF NODAL PRINTOUT

DIS PLACE%E&T PRINTOUT CODE .«
EQ«J, NO PRIHTIHG OF DI:PLACE!ENT:
EJ.Y, PRINT DISPLACEMENTS
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AUTONATIC LOADTIA NG
( FOR ELASTOPLASTIC ANALYSIS )

AUTONETIC SET THE INCREMENTAL LOAD STEP .. (IAUTO) = 0
LQ NOT ACTIVATED
.1 ACTIVATED
AUTOS’TIC LOAD ADJUSTMENT o u o = = n o = (IADJ) = 0
EQ«Q NOT ACTI VATED
LQ.I ACTIVATED
LOAD ADJUSTMENT SCGMENTATION ¢ o o o o o = {NSE3) = 0
MAXINUY NO QF ADJUSTMENT v o o n o = . NLIHIT; = 0
MAXIMUMX NO. OF TOTAL TIEE STt? ALLOY « « « (NAXSTE) = O
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L OAD CONTROL DATA
NUMBER OF NODAL LOADS
NU%SER OF LOAD CURVES
AL NO. OF POINTS I N LOa0 CURIES
GRAVITY LOADING CODE
cveQ NC GRAVITY LOADING
E.+1 LUKPZD GRAVI TY LOADING
£2¢2 CONSISTENT GRAVITY LOADING
KRAX PRESSURE LOADING SU3GROUP =
%0 Of paessyre LOAD Curve =
NO. Of PRESSURE TABLE =
PRISSURZ-GEOMETRY-DEPENDENT FLAG =
.0 O
Ez.1 YES

NOe. OF UNLCADINSG STEP = 0

21

1}
—

i

10

It
(o]

o C© O o

DIsP. BOUNDARY CONDITTIONS
NUMSER OF DI5P. JOUDARY CONDITIONS - 0
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ELEAQENT GROUP DATA

ELEMWENT G RO U P caeeacsovessvcccccncsncsone = 1 ( NONLINZAR )
TION
e o o s .(hPAH(1) e o = 2

112

e o o o ¢ of NPAR(2) ). &

TYFE OF NONLINEAR ANALYSIS « .« « ( HPAR(3) ).
Ld.1, 2ATERIAL NONLINEARITY ONLY
2402, LAGRANGIAN FORMULATION
Ege3, EULERIAN FORMULATION

"
[

e o o o SPAR(S) )o o = 2

[ SR 2]
s O Uit

c ELENEN
N ELEMEN
55 ELEAEN
£

SCRIBING
..-ooon.o(splﬁ(7))co: 3

N POIXTS FOR
S GENERATION. & o «( XPAR(10))e » =

NUKZER OF STRESS PUT TABLES o u( NPAR(13))., = = 0
£2.0, PRIXT | T INTEGRATION POINTS

J—IhTEGg&L AKALYSIS o o ¢ o o o o « o «( NPAR(1U))W o = 1
o] NO

”Q.l YES WITH NO CRACK EXTENSION

£J.2, YE53 WITH CRACK EXTENSION

%AX NUHBPE (0]

Mo Lnice
Edc e T 1o

NUMEER OF INTEGHR
ELZNENT STIFF

M 3y xceye

(@) ZH
-4 WO

V]

ERIAL DEFINITTIOHN

x
.
-

KATE l.ll.l.llo(upkﬂ(‘s)).n= 3

tuoriagy

LTy
" . e e

S3TIC
INEAR HARDENING

w
“
(%]

m

=

-
QuinrzAmHYy

-

>

[ale)

=
N—v. s

N & Wweo—p
=3

= Ox OO
MO Z> 22

o

o
.
OISO M
e T OOX >
XX — DI Z
O lmxnzunln
oo MmMerm

oty e fy
O

oD
o s 0 o

DI a

~ - %o~

NUXBER OF DIF SETS OF MATERIAL
CONSTANTS e o o s o s o o o of NPAR(16)) o & = 1

BURBER OF MATERIAL CONSTANTS PER SET. «( NPAR(17))e u = q

DINZNSION OF STORAGE ARRAY (WA)
PER INTEGRATION POINT » o e o ¢ « ¢( NPAR(18))« ua 11
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ELZMENTS [¥ PATH NO 4

72 73 74 75 70 77 78 79 a2 39 92 99 102 111 0 0 0 0 0 0 0 0 0 0
ELEXENTS IN PATH NO 3

ol b4 63 64 65 66 57 68 69 70 71 80 81 90 31 100 101 112 0 0 0 0 0 Q
ELIACNTS IN _PATH NO 6

51 52 53 54 55 56 57 58 59 60 61 70 n 80 31 90 31 100 101 112 0 0 0 0
ELE®EZNTS IN PAT3 NO 7

41 42 U3 uy us 46 47 48 49 50 51 60 61 70 71 80 31 90 31 100 101 112 0 ¢]
ELEMENTS IN_PATH NO 3

31 32 33 34 35 36 37 33 39 40 41 50 51 60 61 70 71 80 31 90 91 100 101 112
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VALUES OF J - I NTEGRAL

INTEGRATICN PATH NO J
1 0.653384D¢02

0.110323D+03
0.114524D+03
0.113701D+03
0.116316D+03
0.117556D+03
0.113244D+03
J.113374Dp+03

0 N o v~ W N

AVREAGZ J-INTEGRAL (IGNORING THE FIRST 1 PATYS) = 0.1155770+03

(®.2)
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SOLUTI OH TINXNE LOG
FOR PROBLEX
EDGE NOTCH SPECIMEN MESH 5

INPUT PdASE L] L] L] L] L - - L ] * - o L) L] - L ] L] - - o-o

A5SEX3LAGE OF LINEAR STIFFNLESS,
EFFECTIVEZ STIFFNESS, AND MA3S MATHICES a o o o 0.0

TRIANGULARIZATION OF EFFECTIVE STIFFNESS MATAIX 0.0
EP-3Y-STEP SOLUTION ( 2 TIAE STEPS)
CALCULATION Of EFFECTIVE LOAD VECTO3S .

UPDATING EFF_CTIVV STIFFNESS MATRICES
FOR NONLINEARITIES o

s L] L] L] L] L] L] L) L]

NS

twi0 o
1 m
wuow

E
cCe
=

[l S]

3TEP? TOTA

"i nMmos

SPLA
Z2AT
RESS
Ep-3Y-

TOTAL SOLUTI ON TINMNE o ¢ o o o 0.0

(B.2)
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