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, L J  $ 4  I n  t h i s  study, a procedure f o r  the design and analysis o f  unsym 
, ,. 
metr ical  l y  1 oaded combination sections was accompl i shed; combination 

sections being defined here as wide-flange shapes tha t  have a channe 

section attached t o  the top flange. 

The tors ional  ,method o f  analysis took i n t o  account t ha t  the ent 

combination section res i s t s  the v e r t i c a l  and l a t e r a l  loads whi le cur 

design pract ice usual ly considers the e n t i r e  section t o  r e s i s t  the v 

t i c a l  force and the top f lange alone t o  r e s i s t  the l a t e r a l  force. 

I n  order t o  conduct the to rs ion  analysis o f  such combination 

sections, cer ta in  warping and tors ional  factors were eval uated. Once 

these e l a s t i c  section .propert ies were calculated, the torsional the0 

was f i r s t  v e r i f i e d  and then applied t o  a beam loaded by a two wheel 

crane. The tors ional  method was compared t o  the so-called conventional 

method o f  analysis w i th  the r e s u l t  t ha t  the conventional method o f  

analysis i s  perhaps not  as conservative i n  some cases as o r i g i n a l l y  

thought. 

Design aids f o r  the tors ional  theory were developed i n  the format 

o f  design tables tha t  l i s t  combination section propert ies f o r  over 1 

sections as wel l  as-tables which l i s t  the maximum allowable l e n  

a crane beam f o r  a given ve r t i ca l  load, l a t e r a l  load, crane wheel b 

and steel  strength. 
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Chapter 1 

In many tndustr ial  buf 1 dings , overhead cranes a re  incorprorated 

in to  the lnnufacturing and handling of goods and equiulpmt. For example. 

cranes are usad extmsively in  stml fabricat ion plants ,  i n  production 

or assably l ines ,  i n  mi11 oparatfanr, i n  mining and cwntless othkr - - 

opemtiuns. Them i~anes serve these qwratfons by I i f t i n g  and trans- 

portJng leads frm me locat i  on t o  amtber .  For this process to be 

i a r g l m W ,  a suitalrle. s y s t a  of cvanr beams and cglms, cal led a 

cram * m y ,  mst be designed t o  hmdh a l l  antlcipat@d leads the crane 

nay ecmunter,' The design of thsc crane beams is much mre compl IcaUd 

than c t a s l ~ f  ng an ordinary steel bar-, The design of these sophistf catad 

systems w i t  l b.e! d i  scussed in  t h i s  paper. 

In the design of crane h a s ,  the s t ructura l  engineer must take 
- - 

in to  account a l l  of the l a d i n g  condftions that could possibly be encoun- 

tered. Tha mJor Isad an a crme be- i s the d i  mcrt , ve~tlcal force 

o r  wheel load. This i s  the largest force on a crane baa and is u s u a l l y  

listed l'n catalogs p~ovided by crane manufacturers. In addition, thds 

wheel load must be glran a percentage increase to accQunt f a r  any inrpatt 

t h a t  w l d  k pmdubd when the crane load is raised and larrad'lnd 

due t o  any subsequent movement o f  the load. Thfs increase f o r  impact 

is listed i n  sect ion .1.3.3 of the design specif icat ions o f  the American 

In s t i t u t e  o f  Steel Construction Manual of Steel Canstructian (I)* (herein 

referred 20 a s  "AISC Steel Code"). The next s ignif icant  forces on a 
.- 

crane beam f s the l a te ra l  load t ha t  ac t s  perpendicular t o  the beam 
- 

* Number i n  parentheses indicates reference cited. 



span and is produced by the rocking mjvement of the crane trol ley wheels. 

As out1 ined in section 1.3.4 of the AISC Steel Code (1) this force, 

which is assumed to act at the top of the crane rail, is specified as 

twenty percent of the lifted load plus the weight of the crane trolley. 

This force is divided equally between the two crane rails. The third 

force on the beam is the longitudinal force produced by the crane travel- 

ing along the crane rail. This force, which is resisted by the top 

flange of the beam, is usually not of much consequence and is often 

neglected. Lastly, the beam and rail weights must be considered. 

Any type of beam must be designed to resist lateral torsional 

buckling. In addition, the lateral force on a crane beam is not 

contained in the plane of the minor or major axes and does not pass 

through the sectiods shear center and thus, these considerations are 

critical in the design. The AISC Steel Code specifies the maximum 

unbraced length that may be used, while still utilizing the full, 

permissible compressive bending stress. If this maximum length is 

exceeded, the a1 1 owabl e compress i ve stress must be reduced. Thi s - 

allowable compressive stress is directly controlled by the size or 

lateral stiffness of the compression flange. So, a beam with a larger 

top flange has more lateral stiffness and is permitted to have a longer 
- - 

unbraced 1 ength. 

For most rolled beam shapes, the flanges are relatively narrow. 

Oftentimes, the size of the compression flange is increased to give 

the section a greater lateral stiffness. The most common procedure 

for reinforcing the top flange is by welding a channel section to that 

flange. This is called a built-up or a combination section and is shown 

in Figure (1-1). 



T CHANNEL SECXION 

Fig. 1-1: Typical Combination Section 

Such a profile i s often used for a crane runway beam. 

In the past, built-up crane beams, which are unsymmetrically loaded 

have been designed using a simp1 ified procedure. This procedure con- 

sf dcred the vertical wheel load to be carried by the entire bui 1 t-up 

section and the lateral force to be applied at the top of the channel 

and resisted by only the added channel and top flange. This simplifi- 

cation is shown in Figure (1-2). This procedure has been considered - 

Fig. 1-2: Conventional Design Loading Procedure 

conservative by most design engineers and thus not very precise since 

the lateral load is actually resisted by the entire cross section. 

In order to obtain a more exact stress analysis of the unsymmet- - 
rical ly loaded section, a more rigorous procedure uti 1 izing the equations 

for unsymmetrical bending of an elastic beam should be used. These 



equations are presented i n  many advanced strength o f  mater ia ls  (3, 5) 

and s tee l  design books (7, 8),  bu t  the use o f  these equations alone 

i s  i n s u f f i c i e n t  since such an app l ica t ion  assumes t h a t  the beam i s  

loaded through i t s  shear center. The shear center i s  defined as the 

p o i n t  on a beam cross-section through which a force must ac t  so t h a t  

a l l  t w i s t i n g  e f f e c t s  are eliminated. For a t yp i ca l  r o l l e d  wide-flange 

shape, and any other  doubly-symnetric section, the shear center and 

the cent ro id  are coincident. For a bu i l t- up  sect ion t h i s  i s  not  the 

case. Obviously, the forces on a crane beam do not  ac t  through the 

shear center (See Figure 1-3). 

ENTER 

Fig. 1-3: Unsymmetrical and Torsional Loading - 

of a Combination Section 

Therefore, i n  add i t ion  t o  the unsymmetrical bending equations, a tors ional  

analysis should be incorporated. The to rs iona l  analysis o f  wide-flanges, 
- - 

standard channels, and other i nd i v idua l  shapg~; have been compiled by 

many other  sources (2, 3, 4, 5). The Bethlehem Steel Company publishes 

an exce l len t  handbook (2)  f o r  t o rs ion  o f  common r o l l e d  shapes. The 

to rs ion  analys is  i s  a lso presented by other sources. But, no reference 

could be found t h a t  l i s t s  such to rs iona l  proper t ies f o r  the previously - . .  

mentioned combination sections. The i n t e n t  o f  t h i s  paper i s  t o  compile 

the various to rs ion  and warping proper t ies o f  combination sections and 



and t o  apply them t o  the case of a torsionally, unsymmetrically loaded 

crane beam. 



Chapter 2 

BENDING AND TORSION THEORY 

OF COMBINATION SECTIONS: 

As previously stated, the unsymmetrical bending equation (31 will 

be used for the crane beam analysis. The modified equation for bending 

stress in an unsymmetrically loaded beam is given as 

where, 

M = Bending moment about X-axis 
X 

IX = Moment o f  i ne r t i a  about X-axis 

IY 
= Moment o f  i n e r t i a  about Y-axis 

Ixy= Product of  i ne r t i a  
- - 

= Coordinates of  a point under consi- X'Y 
deration, using positive axes a s  ghown. 

= Angle between the plane of load, P, 
and the Xaxis. 



Fig. 2-1: Combination Sectlon Subject to 
Unsymmetrical Bending. 

. . 

In the case of a section that is symmetrical about one 
' 

or both axes (see Fig. 2-1): 

so; 

and 

Substituting (2-3) into (2-4) yields: 

From Figure 2-1, it is seen that $ is related to the horizontal 

and vertical loads. More specifically, 

p,, 
cot f# = + 



The maximum l i v e  bending moment, Mx, may be eas i l y  ca lcu lated using 

a  tab le  o f  beam formulas. For a  two wheel crane beam, the exact po in t  

of maximum moment var ies w i t h  the span and crane wheelbase. There are 

two d i f f e r e n t  loading condit ions i n  which the maximum l i v e  moment might 

occur. 

Fig.. 2T2: . Beam Loading Diagram if S < 0.5863; 

First, if S s 0 . 5 8 6 L  (see Fig. 2-2), 

under load 1 at B = ~ / 2  - ~ / 4  . 

But, if S>O.586L,  then 

with one direct wheel load at the point ~ / 2  on the 

beam span. 

Once the maximum 1 i v e  moment i s  calculated, EQ. (2-5) can be used - 

t o  ca lcu la te  the maximum 1 i v e  unsymmetrical bending st ress due t o  beam - 

act ion. This would, however, be an incomplete analysis since addi t ional  

bending st ress i s  caused by to rs ion  on the sect ion since the load does 



not pass through the shear center. This additional stress i s  called 

the warping normal stress. 

The warping normal stress i s  produced by the rotation of a beam 

about i t s  shear center when a torque i s  applied. As this beam i s  twisted, 

cross-sections through the beam do not remain plane b u t  warp o u t  of 

plane. As the beam begins t o  warp, stresses normal to the cross-section 

develop (see Figure 2-3). 

L 

lot4 

ST- 

PtSf81W71oN 

Fig. 2-3: Warping Normal Stress Distribution 
an a Wide-Flange Shape 

where - E = Modulus of.elasticity - - 

Wn = Normalized warping constant at a 
point on the cross-section 

6" = Second derivative of the angle of 
rotation with respect to the distance 
along the length of the member. 

- 
I t  

The value of 8 i s  a function of the torque on a beam, the beam - 

length, and torsion and warping constants of  the cross-section. Many 



sources l i s t  equations used t o  evaluate d f o r  various loading condi- 

t ions  zinc! cross-sections (2,s) t o  evaluate 8". The values fo r  the 

torsion and warping constants a re  a1 so needed. For wide f 1 ange shapes, 

these values a re  1 i s ted  i n  Part 1 of the AISC Steel Manual, For combi- 

nation sections, these constants a re  not, unfortunately, 1 i sted. The 

e l a s t i c  properties f o r  a 1 imited number of combinations are  1 is ted.  

I t  will be ncce'ssary t o  develop expr@ssions fo r  these required constants. 

The  first parameter needed is the location of the shear center 

f ~ r  conbination section. To locate i t ,  the process outlined by 

Seely and Smi th  (3) will be used. Referring to  Figure 2-4, a typical 

canbinatlon section is loaded through a point assumed t o  be the shear 

center. T h i s  force, Y,, will cause a shear flow on the cross-section 

t o  'develop. T h i s  flow will produce forces F1, Fp, Fj ,  and F4; 

where, ql , the shear flow is 

substituting and solving; 
t b  

Likewise,  F,, a d  F, may be found to bet 

Now, taking the oummation of the moments about point A: ." 1 : 



Fig. 2-4; Shear Flow in a Combination Section for 
the Determination of the Shear Center 



- - . - 
Substituting for F1, F2, Fg, and solving yields3 

12 

Now, t h a t  the expression f o r  the shear center has been found, the 

remaining to rs iona l  and warping proper t ies must be determined. The 

general mathematical expressions f o r  these to rs iona l  and warping pro- 

per t i es  can be found i n  many references (2, 4, 8). C. P. Heins(4) has 

developed a numerical evaluat ion f o r  standard s teel  sections, such as 

wide- flange shapes and channels. By expanding t h i s  numerical procedure, 

the warping and to rs iona l  proper t ies f o r  a combination sect ion can be 

evaluated. The normalized warping funct ion, Wni, a t  po in t  i on the 

cross sect ion i s  given as: 

where, w oi = unit warping function = foi L ij 
- 

tij = thickness of an element between i and j 

Lij = length of an element between i and j 

A = total area = ti jLi 

f o  = distance from shear center to elemeiit 

The warping constant, C,, for the entire section is: 

with the terms the same as for eq.(2-11). 

The determination o f  both Wni and C,,, i s  best achieved u t i l i z i n g  

A , .  a tabular  format. F i r s t ,  the combination sect ion i s  considered t o  be 





a sequence o f  inter-connected rectangular p l a t e  elements w i t h  the ends 

and in te rsec t ions  o f  the p lates numbered a r b i t r a r i l y  (See Figure 2- 

5) 

A continuous f low i s  assumed across the sect ion points  1-2-3-4- 

5-6, w i t h  the f low on the elements 7-2 and 10-9-8-3 assumed t o  a c t  from 

the f r e e  edges t o  the in tersect ions.  

The f i r s t  term t o  be ca lcu lated i s  wo= fbL . The values of ye are 

given i n  Table 2-1 and the sign o f  i s  determined by the r u l e  t h a t  

moving from po in t  i t o  po in t  j, i f  the shear center i s  located t o  the 

l e f t  w i t h  respect t o  the flow, the value o f  y e i s  pos i t i ve .  Thus, the 

values f o r  wo a t  the edges and in te rsec t ions  can be determined since f. 

and Lij f o r  each element can be eas i l y  tabulated. It i s  f i r s t  assumed 

t h a t  po in t  1 has wo = 0 and, the summation o f  the resu l t s  of f&L around 

the loop 1-2-3-4-5-6 y i e l d s  the wo a t  the respect ive points. NOW, i n  

order t o  ca lcu la te  the wo a t  po in t  7 and the wo around the loop 10- 

9-8-3, the values o f  wo a t  po ints  2 and 3 are used. These values are 

known since they were ca lcu lated i n  the previous loop. Since the flow 
- 

i s  known t o  ac t  from 7-2 and from 10 t o  9 t o  8 t o  3, the wo a t  the 

points  7, 8, 9, and 10 can be found d i r e c t l y  as shown i n  Table 2-1. 

Now, the equation f o r  Wn can now be evaluated since the wo are 

known. I n  Table 2-1, the areas, tij Lij , and the sum of the ( w6<+wo j)- 

t i j  Li j  are l i s t e d .  The expression f o r  w n i  can now be evaluated as 

'ni = Ebb3 - w o i  (2-13) 

Therefore, by using equation (2-13), the values o f  Wn a t  the po in ts  

on the sect ion can be determined and are 1 i s t e d  i n  Table 2-1. 

Now, w i t h  the values o f  Wn a t  the points  on the cross-section 

known, the warping constant, Cw, can be determined. Using EQ (2-12), 

the expression f o r  Cw i s  found t o  be: 

1'4 



~ i g .  2-58 Initially Assumed Shear Flow in a Combination 
Section for the Determination of Cw and Wn 



Another torsional property required is the termr 

where r G = shear modulus of elasticity 

E = modulus of elasticity 

Cw = warping constant 

K = i<(b. t?) 3 1 1  

and ti is always the smallest dimension and b x t  
1 i ' 

Refering to figure(2-5), K may be expressed as follows: 

Now, with the values of K and C, found, they may be substituted into 

EQ (2-15) and a value for can be evaluated. The value for 9 usually 
is much less than zero and does not lend itself suitable for cornp;l ing 

- 

into a tabular form. Therefore, the reciprocal of is often tabulated 
a 

as is the case for wide-flange shapes 1 isted in the AISC Steel Manual. 

It is given as: 

NOW, with the expression for the torsion and warping properties 
I 4  

evaluated, the value of 8 may be determined as described before. , For 



the live load case of a two-ntrrsel crane which was considered previously 

in an unsymmetrical banding mode, the expression for &for the two 

load cases (S 5 0.5861. and S > 0.5861) will be evaluated. 

Case 1: S 5 0.586L 

For this case, two wheel loads are applied on the beam span. The 

two loads must be considered separately and the ~rinciple of superposi - 
tion is used by taking the sum of the two v g l u e ~  for @ " a t  a point. 

I 

Ses Figure 2-6. 

Fig. 2-6r.Superposition of Two Torques on a Crane Beam - 

~ r o *  Roark and Young (5) , the vilue ' of ~ " f  o& a concentrated 

intermediate torque on any beam is given asr 
* m - , ; . . 7 [  ;, 'L L,b 

7 .  
> ' A  

b ' ?  , 
' 1 
lid_ 

I ' r  

where, TA = reaction torque at end, A 

Q: 
= first derivative of eat left end 

@it= second derivative of 0-at left end 

To = applied torque on span. 
I 

- - - - -  - -  * - 



F& a- crane beam, the applied torque, To, is 

defined as8 

where, 
P~ 

' =  lateral force at top of crane rail 

-*t 
= distance from shear center to the 

top of the section 

RH = crane rail height. 

I t  must be mentioned t h a t  the boundary conditions t o  be used i n  
n 

evaluating 8 a r e  f o r  a beam w i t h  ends t h a t  a r e  r e s i s t e d  from ro t a t ing  
a, - irA 

r , ,. . I , > .  1 

about the shear cen te r  but not r e s i s t e d  from warping out  of  pl'ane. This 

i s  cons is ten t  w i t h  actual  design prac t ice  because the  crane beam ends 

a r e  bolted on the bottom f lange t o  form a s e a t  while the top f lange 

is  connected t o  a s t a t i ona ry  ob jec t  such a s  a building column t o  prevent 

r o t a t i  on. 

Now, r e f e r r ing  again t o  Figure (2  - 6 )  , two torques must be con- 
- I f  

sidered.  First, e must be evaluated a t  X = B f o r  the  torque applied 

a t  X = B. The boundary conditions f o r  this case a r e  given as: 

. - ., . 

By applying these boundary conditions t o  EQ ( 2  - 19) and evaluating 

a t  the point  X = B ,  y ie lds :  

(I Next, the value f o r  @"at  the point X = B w i t h  To applied a t  the 

point  X = B + S must be evaluated. The boundary conditions f o r  this 



loading are given as: 

Again, substituting these boundary conditions into 

. eq. (2-19) and evaluating at x =r B yields.: 

Now, using the principle of s u p e q o s i t i o n ,  it is 
I@ 

possible to evaluate 8 at the point x = B, which is the 

, point of maximum moment. Therefore, 

Case 2: ~ - 0 . 5 8 6 L  - - .. . . . - ..-- . .- 

For t h i s  case, the maximum moment due t o  the wheel loads occurs 

w i t h  one wheel located a t  midspan. For a concentrated torque a t  the 

midspan o f  a beam w i t h  the same end condi t ion as i n  Case 1, the formula 

f o r  B" has been eva l ia ted  by many sources. From Roark and ~oung'(5), 
I t  

the equation f o r  (9 i s  given as: 

_ _. - . r e  . . .'.. 

Now, w i t h  the expressions f o r  B" evaluated, and - the expressions - 

fo r  the,torsion and warping constants f o r  any combination section, a 

crane beam can now be analyzed o r  designed eas i l y  and accurately. 



Chapter 3 

APPLICATIONS OF THE TORSIONAL 

THEORY OF COMBINATION SECTIONS 

I n  order t o  analyze o r  design a t o r s i o n a l l y  loaded combination 

sect ion as a crane beam, e l a s t i c  sect ion proper t ies f o r  the sections 

are required. As noted before, although the AISC Steel Manual l i s t s  

some e l a s t i c  sect ion proper t ies f o r  some t h i r t y  d i f f e ren t  combination 

sections, no to rs ion  o r  warping proper t ies are given. U t i l i z i n g  the 

equations developed fo r  these proper t ies as i n  Chapter 2, a computer 

program was developed t o  conveniently compute the e l a s t i c  to rs iona l ,  

and warping proper t ies f o r  a 1 arge quant i ty  o f  possible combination 

sections (See Appendix "A"  f o r  a l i s t i n g ) .  The output from t h i s  pro- 

gram was neat ly  arranged i n t o  a tabular  form and i s  presented by Table 

3-1. 

I n  ca l cu la t i ng  the e l a s t i c  sect ion proper t ies o f  the combination 

sections i n  Table 3-1, a check can be made f o r  the values o f  Eb and 

. I n  a paper by Ki t ipornchai  and Trahair  ( 6 )  deal ing w i th  monosym- 

metr ic  I-Beams, an approximate so lu t i on  f o r  these two proper t ies was 

out l ined. I n  t h i s  approach, the r a t i o  o f  the moment o f  i n e r t i a  f o r  

the top f lange versus the moment o f  i n e r t i a  o f  the e n t i r e  s e c t i o t -  bo th -  

about the Y- Y  axis, i s  ca lcu lated (See Figure 3-1). 
-C 

. .  - -:Y -. .- 

Also, the shear center location of the too flange; e, is: 

2 2  ' 

tlbldc 
- 

e = 7 (3-2)  
X 

The expressions for 'i k d  b are defined as :: 
. . . . . . . . 

;a = (1 -1)h 
, ... 'b = Ah 
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Y 

. . 
TABIJ3 3-1 (cont.) -- .  , - . - ;.. - 

.P 
-!! 

Section properties of I - _ ,*- . .,T7 &.. LvT7Ei 
combination sections L 

I -- - 
t 

'I 
- .: 

ELASTIC PROPERTIES TORS I ON PROPEWIES 
'IOTAL - 

SECTION AREA I, I Y  Y1 r~ 5, K cw A W~~ w~~ , - 
IU InL ln4 In In In I& 1n6 In I n2 1n2 
u4 I 

-8 .48 6 1 - 2 0  
-1.12 e t . 5 4  

-15 .42  5 4 - 8 3  
-9 .14  6C.86 
- 1 . 9 9  6 6 - 6 l  

I - 16.49  5 4 - 4 6  
-1C.80 6 0 . 6 8  

I 

! W 18X 65-ClSh33 494.9 . 83.26 . -2 .75 6 c . l 7  
tr82.7 1 5 - 4 5  -17 .66  5 6 - 0 5  

- 1 2 . 0 1  6 C - 5 0  
3  6 6 - 9 1  

- 1 s - 2 C  8 6 - 5 1  
- 11.54 d5.74 
- I S . S ~  d 4 - 8 d  
- 2 1 - 5 6  8 4 - 4 5  
- 24.24  6 3 - 6 2  

- & a 2 4  L C - 3 1  

I 
- 3 - 0 3  6 4 - 3 4  

2 - 3 4  t l - I S .  
-10 .06  k c - 0 6  

U i l X  SO-C12120 - 4 . 5 0  6 4 - 5 5  
1.4s 6 d - U I  

-12.35 5 % - 1 6  
- 6 .42  64 .15  

C - 3 3  6 d - 2 8  
W2LX 62-C12EZO -13 .55  3 4 - 8 s  
bdi?lx (62 -C15h33 - 4 - 9 5  8 2 - 4 1  
W21X 6 8 - C 1 2 > 2 0  528.2 1 1 1 , l F  -15 .63  I 4 0 2 8  

- 6 - 2 2  8 2 * ) @  
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' Y  
Fig. 3-1 r Combination section for the 
Determination of Eb and C, by the 
Simplified Method 

But, b = Eb, $he distance from the shear center to the 

bottom flange. Therefore; 

The expression for the warping constant is given asl! 

. . 

By incorporating these solutions into the computer program for 
- 

elast ic  section properties, a comparison of the different values for 

Eb and Cw canbe made. Although the values for the approximate solution 

are n o t  included i n  the elast ic  section properties of Table 3-1, they 

were calculated and compared. The values for C, and Eb for the-two 
- 

methods agreed qui ti? well as i s  shown in TABLE 3-2. 

- 

TAaLE.3-21 Comparison Between the E&ct Method and the 
- -..- 

Approximate Method for C, and %. 

I 
, 
I SECTION 

1 ~ 1 4 ~ 3 0 - ~ i 0 ~ l j .  3 
I ~18X5O-C12X20.7 
I 
W24X84-C12X20.7 
W3OXl~b-C15X33,9 
W36X:5O=CiBxM. 7 

6 C, (in.) E+, (in.) 

$ diff. 

0.52 

0.49 -' 

2.64 

1 *90 
2.06 

Eq(2-14) 

1857 1 

6175. 
29809, 
62722. 
148221. 

Eq(3-4) 

5847. 

6205. 

30594. 
63912, 
151281. 

$ diff. 

0 983 

0 -62 

0.85 

L.00 
1.22 

Eq(2-11) 

12.81 

16.39 
19.22 
2.5.14 

30 4 8  

Eq(3-3) 

12 92 

16.49 

19.39 

25 39 
30 55 



I n  the determination o f  the normal warping stress, the value o f  

$ is needed. The value o f  B" for a given loading condition and be* 

span may be evaluated using formulas o r  design charts. Roark, and Young 

(5)  give fonnular f o r  obtaining el' f o r  a mu1 t i tude o f  loading conditions. 

The Bethlehem Steel Corporatf on pub1 ishes a torsional design handbook 
tt 

(2) that  contains design charts f o r  a rapid determination o f  0 f o r  
. 

a I f m i t d  quantity of load eases. 

For the loading condition consisting o f  two crane wheels on a 

simply supported beam span, the equations for @"ware given as EQ. 

(2-21) or  EQ. (2-22). EQ (2-21) tan be rewrftten as: 

EQ. (2-21) i s  va l id  only if. S 5 0.586L. The expression f o r  R i s  cumber- 

. some t o  handle and evaluate, but a very efficient design chart can be - 

developed ~ l a t i n g  k, el' . Calculating a large quantity o f  

values for e", a p l o t  can then be made as shown as Figure 3-2. I n  

order t o  use the chart, the value o f  f% f o r  a given condition .is - - located 

on the abscissa. Then, movfng ver t i ca l l y  u n t i l  the correct curve fo r  

the value o f  851 s found. It i s  necessary t o  only move horizontal 1y 

to  the l e f t  and read the value for R on the ordinate. I f  the given 

value for Pa fa1 1 s between two curves on the chart, 1 inear interpolat ion - 

may be used t o  y i e l d  a satisfactory valuemfor R. If the wheel base - 

S > 0.586L i s  encountered, .- . - the chart cannot be used. '1n t h i s .  instance, 





however, the value of e"as given by EQ. (2-22) can be easily-calculated. 

The following example showing the analysis of a crane beam will 

demonstrate the use o f  these tables and the torsion theory. 



Example 3.11 

Given the beam section and load combination shown above, 

find the maximum live bending stresses using both the more 

exact torsion theory and the usually accepted conservative 

method. 

Since ~e0,586L, eq(2-7) is used to evalute M.,. Thus, 

My = 137.8 kip-in. 

The allowable bending stresses may be evaluated - - 
using the AISC Steel Manual (1) Specifications, Section 

1.5.1.4.5.  or this combination section,, the allowable 
tensile bending stress is: 

FbF = 0.60Fy = 22.0 ksi 

The allowable compress~on.~tress can be evaluated using 

either Code eq(1.5-6a) or eq(1.5-6b), whichever applies. 



Since 

or 53.2 6 ~/r, 6 119.2 

Therefore, Code eq(1.5-6a) is used to calculate the 

alLowable compressive bending stress. Hence, 

F b ~  =20.4ksi 

With the allowable stresses calculated, the actual 

bending stresses can now be evaluated. The stresses at 

points A and B will first be evaluated using the conserv- 

ative method. For this method, the bending stress 9or.4be 
-.a 

twp (comprersion) flange is given by the equation1 n 

M c ;$;$$$&[;.n- lxcx 4 i,,, -4 2 b6 = 3- + \ d l  !id# 
X ycf 

Iycf = moment of inertia of the top flange 

-= distance to pdint under consideration 
Ox ' Cy 

from the X-axis and Y-axis, respectively 

where 

4 For the combination section in this example, Iycf=149 in. 

Now, evaluating the maximum compressive stress at point Aa 

b~ = 13.9 ksi FbC .~*20.4 ksi Q.K. 

The tensile stress at point B is calculated as8 



Next, the bending stresses will be calculated using 

the more exact torsion theory.. First, the unsymmetrical 

bending stresses will be calculated using eq(2-$1. Thys, 

Calculating the compressive bending stress, 

The tensile bending stress is now calculated as, 

. f b T D  17.21 ksi FbT = 22 .'0 ksi . 

Now, the warping no.rmal stresses have to be 

calculated and added to the unsymmetrical bending stresses -L,T,ptg 
P ,?,* - 8  84 : 

!bl; li 
.calculated above. The warping normal stress can be eval- ,$ 

uated using eq(2-9); - 

I1 

where @ is found using eq(3-5), 

with 
To = P (E + m) 

Y t  

To = 1.5(1.88 + 4.25) 

To = 9.20 kip-in. 

So, the value of 8. is calculated as; 



0" = ,-1(0.687) 

e"= 0.10468/~ . 
So, the normal warping stress (compressive) at point A is: 

b w ~  = E W~ g'' 

b w ~  = 7.30(0.10468) 

b w ~  = 0.8 ksi 

and, the normal warping stress (tension) at point B is: 

bwB = 8 WnB 6" 

bwB = 61.42(0.10468) 

b w ~  = 6.4 ksi . 
Now, adding the warping normal stresses to the 

unsymmetrical bending stresses at points A and B will give 

the total bending stresses for the torsion method. So, 

bA = 13.2 + 0.8 

and 

k: 
bA = 14.0 ksi 5 FbC = 20.4 O.K. ; h 

' ,  
- 

fbB = 23.6 ksiS FbT = 22.0 ksi No Good 

AS shown, -the allowable tension stress in the bo'ttom - 

flange is exceeded, so the torsion method of analysis 

indicates the beam is overstressed while the wconservativew 

method indicates it is not overstressed. Thus, it appears 

the wconservativew method may-not always be conservative. 

In comparing the stresses calculated by the two 

methods, a very interesting item is observed. The torsion 



method of analysis and the conventional.method yielded 

almost equal values for the compressive bending stress; 

13.9 ksi versus 14.0 ksi. But, the conventional method 

underestimated the tensile bending stress , grossly. 
The convention& method yielded a tensile bending stress of 

14.2 ksi while the torsion analysis yielded a tensile 

bending stress of 23.6 ksi. So, it seems the conventional 

method is conservative only with respect to the compressive 

stress and is unconservative with respect to the tensile 

stress. 

In the design of a crane beam, the process is not 

straight-forward due to the many unknown quantities encoun- 

tered. Most often,the designer will know the required beam 

span and the capacity of the crane (along with all corre- 

sponding manufacturers' dimensions and wheel loads) that are 

to be employed. Therefore, a suitable combination section 

must be chosen. This usually requires a trial and error 
- 

procedure, but the design can be considerably shortened if, 

for a given wheel loading condition and combination section, 

the maximum allowable span for the beam was known. By 

expanding the computer program used to calculate section - 

properties for combination sections (see Appendix A), a set 

of tables has been constructed in which the maximum allow- 

able lengths have been listed for a variety of wheel loads, 

lateral loads, and wheelbases. Also, tables are given for 
- 

either 36.ksi or 50 ksi grade steel. These appear as 

'sable 3-3. The combination sections listed in Table 3-3 
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TABLE 3-3 (oont.)r Maximum allowable beam lengths 
0 1 

P, = 36 k s i  

S ~ C T I ~ K  , 
Wl2ILb-ClOX15.3  
W17X 26-C12X20.7 
W14X JQ-C10X15.3 
W14X30-C12XZ0.7 
WlbY3h-C lZX20-7  
HIOX36-C15X33.9 
W18X 50-Cl2X20.7 
U l l X 5 0 - C 1 5 X 3 3 . 9  
H21X62-C l2X20 .7  
W21X62-C15X33.9 
W21X6R-CL2X20.7 
Y21X 68-Cl5X33.9 
W24X6O-C12X20.7 
W74X68-C15X33.9 
h24X R4-C12X20.7 
W24X 84-C15X33.9 
W27X 84-C12X20-7 
H27X Y4-C15X33.9 
U27X94-Cl2X30.7  
W27X94-C15X33-9 
W?OX 99-C15X33.9 
H30X '39-Cl9X42.7 
W30Xl16-ClSX31.9 
WlOXllb-ClRx/12.7 
W13XI18-C15X33.9 
W33X11fl-CI8X42.7 
h31X141-C15X33.9 
W13X141-Cl3X42.7 
H36X150-C15X33.9 
W36X150-ClRX42.7 

Noter A value of 0.00: indicates allowable web shear striss exceeded. 

.WEEL 'MAD pX ( k i p s )  I 
5 5 - 0  

0.00 
0.00 
0.00 
0.00 
0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  

10.25 
12.17 
11- 17 
12.75 
11 -75  
13-25 
13.33 
15 -08  
13.50 
15-42 
14.50 
16 -58  
16-50 
18.00 
19p42 
21.42 
1 9 - 9 2  
22.00 
23.00 
25.50 
24.25 
27- 00 

50.0 

0.00 
0.00 
0.00 
0 - 0 0  
0.00 
0.00 
0.00 
0.00 

11-33 
12.83 
12- 17 
13- 58  
12- 50  
14.08 
14.17 
16.08 
14.33 
16- 50 
15.42 
17-75 
17-58 
19.25 
20.92 
23.08 
21.42 
23-15 
21 -83  
2 7 - 6 1  
26.17 
29.33 

60.0 

0.00 
0.00 
0.00 
0.00 
0 - 0 0  
0 - 0 0  
0.00 
0.00 
9 - 3 3  

11.25 
10.17 
12-13 
10.75 
12.58 
12.67 
14.25 
12- 83  
14-58 
13-75 
15- 67 
15- 58 
16.92 
18- 25 
20000 
1 8 - 6 1  
20.67 
21.50 
23- 75  
22.58 
25.17 

..- 
30.0 

0.00 
0.00 
0.00 
0.00 
9.83 

11-42 
13.42 
14.83 
15.92 
18.08 
17.00 
19.33 
17.33 
20.00 
20.42 
23.75 
20.50 
24.17 
22.50 
26.50 
26-00 
28 -83  
32.17 
35.92 
32.75 
36.75 
36.83 
42.75 
37.83 
43.92 

5.0 

26.25 
20.75 
30.83 
33.67 
33.42 
47 -58  
41.00 
5 4 - 0 0  
43.25 
56.58 
43.50 
56.75 
44.92 
59.54 
45.92 
59.17 
47.58 
6 1 - 0 8  
6 8 - 4 2  
61.50 
61.50 
73.17 
63.75 
75.42 
65.75 
77.5R 
6 7 - 2 5  
1 8 - 5 0  
6 8 - 8 3  
80.08 

20.0 

8.50 
9 - 6 2  

10.42 
11.67 
13.67 
15.00 
1 7 6 7  
19 -13  
21.58 
24.92 
23.25 
26.92 
23-67 
27.32 
2R.58 
33.92 
2 8 - 6 1  
34.33 
30.42 
38.25 
37.33 
41.50 
40.58 
47.R3 
41.83 
49.25 
42.83 
50.00 
43.75 
51.00 

65.0 

0.00 
0100  
0.0C 
0-OC 
0.00 
0.00 
0 -00  
0.00 
0 - 0 0  
0-OC 
9.33 

11.33 
9.83 

12- 00  
12 -00  
1 3 - 5 1  
12.25 
13- 92 
13 -00  
14- 03  
14-75 
16.00 
17- 25  
18-03 
17- 67  
19.42 
20.11 
22.33 
21.25 
23- 58 

. 

35.0 

0.00 
0.00 
0 - 0 0  
0.00 
0.00 
0.00 

12.25 
13-62 
16 -33  
16 -11  
15.25 
17.25 
15.58 
17-92 
1@.C8 
20.92 
18.33 
21.33 
19.92 
23.33 
2 3 - 0 0  
25.33 
2 8 - 0 8  
31.17 
28.58 
32.00 
34.00 
38.08 
35.42 
40.58 

25.0 

0 .00  
0.00 
e.17 
9 - 1 1  

11.92 
12- 92  
15.08 
16.83 
18.17 
20.75 
19.42 
22.33 
1 5 - 8 3  
23.17 
23.67 
27.67 
23.75 
2e.08 
26.25 
31.08 
30.50 
33 -03  
37.08 
42.67 
38.33 
43.67 
39.67 
46.17 
40.58 
41.25 

10.0 

15-17 
16.25 
17.31 
18.75 
22.67 
25 -50  
31.58 
36.CO 
34.67 
45 -33  
14.92 
45.50 
36.00 
46.92 
36.83 
47.31 
18.08 
48 -83  
38-67 
49.17 
49.17 
58 -50  
59.92 
60.17 
52.50 
61.92 
53.5H 
6 2 - 5 8  
54 .81  
63 .81  

5 . 0  

11.67 
12 -42  
13.17 
l+.CO 
lC.5R 
18 -42  
22.17 
3 5 - 0 8  
27.59 
37.C9 
30.00 
34.63 
30.42 
36.17 
32.17 
41.42 
23-33 
42.75 
31.92 
43- 17  
W.CO 
51.25 
5 4 - 6 1  
5 2 - 8 3  
6 6 - 0 0  
54.25 
47.CO 
54 -92  
66 .08  
56.00  

70.0 

0.00 
0.00 
0.00 
0 - 0 0  
0.00 
0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
0.00 
0.00 
9 - 1 7  

11- 17  
11.25 
12- 92 
11.58 
13.25 
12- 50  
1 4 - 1 1  
14- 08 
15.25 
16 -33  
17.92 
16 -15  
18- 42 
19-08 
21- 08 
20-00 
22-25 

40.0 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

10.83 
12.33 
13-17 
14.75 
13- 92 
15.67 
14.33 
16.25 
16.42 
18.92 
16.67 
19.33 
18-08 
21.00 
20-75 
22.75 
25.00 
27.75 
25.50 
28.50 
30.08 
3 3 - 6 1  
31.83 
35.75 

75.Q 

0 - 0 0  
0.00 
0.00 
O-CO 
0-CO 
0-CO 
0.00 
0.00 
0 - 0 0  
0 - 0 0  
0.00 
0 - 0 0  
0.00 
0.00 

10-50 
1 2 - 4 2  
10.83 
12-15 
12 -00  
13- 58  
13- 50  
1 4- 5 8  
15 -50  
1 1 - 0 0  
16 -00  
11-58 
18- 17 
20.00 
19 -08  
ZLoC0 

45.0 

0.00 
0.00 
0 -00  
0.00 
0.00 
0.00 
9.50 

11.25 
12.33 
1 3 - 6 1  
12.92 
14.50 
13.25 
15.00 
15-17 
17.33 
15.33 
11.75 
16.58 
19.17 
19.00 
20.75 
22.75 
2 5 . 0 8  
23.25 
25.83 
27.17 
30-25 
28.67 
32.17 
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TABLE 3-3 (oont.)r Maximum allowable beam lengths kq. 2 S z ' 7 e - O  4 
Py = 0 .  lop, F = 50 ksi 

Y 

' Note: A value of 0.00 indicgites allowable web shear strese exceeded. 

s f ( :  7 I T ? ,  

Wl2X 2b-CIOX15-3 
W l Z X 2 6 - C I 2 X 2 0 - 7  
U 1 4 X ~ 0 - C 1 0 X 1 5 - 3  
Wl4X 30-Cl2X20.7 
W16X 36-C12X20-7 
W16X3h-C15X33-9 
H l 8 1 5 0 - C I Z X Z O - 7  
Wl8X50-C14X33-9  
WZlX 62-C12XZO-7 
W2lX 62-C15X33.9 
WZLX6fl-ClZX20-7 
W21X 68 -C I5X33 -9  
Y24X60-C l2X20 .7  
HZ4X09-C15X33-9  
U24X 04 -C l2X29 -7  
W2OXB4-C15X13-9 
H21XB4-C I2X2O-1  
W27X 84-C15X33-9 
U27X 94-C12X20-7 
U27X 94-C15X33.9 
W39X 99-ClSX33-9  
WlOX99-C lnX42-7  
k3OX116-Cl5X33-9 
U30X l16 -C l8X42 -1  
W33XlL8-C15X33-9 
W31N118-CldX42-7 
W33XI41-C15X33-9 6 4 - 3 2  5 1 - 7 5  4 5 - 3 3  41.33  3 8 - 5 0  3 6 - 2 9  3 4 - 4 2  3 2 i 7 5  3 1 - 2 5  29- 83  2 7 - 5 8  2 5 - 5 8  2 3 - 9 2  , 2 2 0 5 0  2 1 - 3 3  
W33XI4 l -Cl8X42-7  75- 92  6 0 - 5 0  5)-OR 4 8 - 4 2  4 5 - 0 0  4 2 - 5 0  40.25 38.25 36- 42  34.08 3 1 - 1 7  28- 92  26.92 2 5- 3 3  2 3 - 9 2  
Hl6Xls0-C15133.9  6 6 - 3 3  5 2 - 8 3  6 6 - 2 5  42- 17  3 9- 2 5  3 7 - 0 0  35 -17  33- 58  32- 00 30 -67  2 9 - 0 0  26.83 25- 08  2 3 - 5 8  2 2 - 3 3  
W36X150-Cltl1422-7 7 7 - 4 2  6 1 - 6 7  540C8 49.25 45.83 43.25 4 1 - 0 8  3 9 - 0 8  31- 25 35- 58  33.00 3 0 - 5 0  2 8 - 4 2  2 6 - 6 7  2 5 - 1 7  

WHEEL LOAD P, ( k i p s )  

' 
2 9- 5 8  
1 5 - 9 2  
30-58 
3 7 - 2 5  
38.58 
5 1 - 0 0  
40.08 
5 2 - 9 2  
4 2 - 0 0  
55.25 
42- 25  
5 5 - 3 3  
4 3 - 5 0  
57- 08  
44- 42  
5 7 - 5 0  
46- 00  
5 9 - 2 5  
46- 75  
5 9 - 6 1  
5 9 - 6 7  
71- 25  
61- 67  
13.11 
6 3 - 5 0  
75.17 5 9- 9 2  5 2 - 5 8  41- 92  44.58 41- 92  3 9 - 5 0  35.17 31.58 2 8 - 8 3  2 6 - 5 8  24 -15  2 3 - 1 7  2 1 - 9 2  2011S 

. 1 

11 -17  
12- 25  
12.75 
1 3 - 7 5  
1 6 - 1 1  
1 8 - 2 5  
2 1 - 5 0  
24.83 
26- 42  
31 -50  
27.00 
34- 25  
2 7 - 8 3  
3 5 - 1 7  
2 8 - 5 8  
3 6 - 9 2  
2 9 - 5 0  
3 8 - 0 0  
30.00 
38- 25  
38.17 
4 5 - 5 8  
39 -42  
46.75 
4 0 - 5 0  

1 1 .  1 

18- 33 
20 -00  
2 1 - 0 8  
1 3 - 2 5  
2 8 - 5 8  
32- 92 
32.25 
42- 50  
33.67 
44- 25 
33- 92  
44- 42  
3 4 - 9 2  
4 5 - 7 5  
3 5 - 5 9  
46.08 
36- 15  
47- 42 
37- 33 
47- 67  
47 -67  
56- 92  
49- 25  
58- 42  
50.67 

7 5 . 1  

8 - 7 5  
9 - 8 3  

1 0 - 5 8  
1 2 - 0 0  
1 3 - 9 2  
1 5 - 5 0  
1 8 - 0 0  
2 0 - 5 8  
2 1 - 8 3  
2 5 - 7 5  
2 3 - 5 8  
27.92 
23.15 
28- 67  
2 6 3 3  
34-OB 
2 7 - 2 5  
3 5 - 0 0  
2 7 - 8 3  
3 5 - 5 0  
35.42 
4 2 - 1 7  
36- 67 
43.50  
3 1 - 7 5  

1 5 . Q  

13 -75  
14.75 
1 5 - 4 2 ,  
1 6 - 8 3  
2 0 - 1 7  
23.00 
27-5R 
32- 08 
29.67 
3 9 - 0 0  
2 9 - 8 3  
39- 00  
3 0 - 7 5  
4 0 - 1 7  
3 1 - 3 3  
4 0 - 5 0  
3 2 - 3 3  
4 1 - 6 1  
3 2 - 8 3  
4 1 - 8 3  
41- 83  
4 9 - 9 2  
43- 17  
5 1 - 2 5  
4 4 - 4 2  

30.0 

0 - 0 0  
0 - 0 0  
8 - 6 7  
9 - 9 2  

1 2 - 4 2  
1 3 - 6 7  
1 5 - 7 5  
17 -8?  
18.83 
2 2 - 0 8  
20.25 
2 3 - 7 5  
20 -50  
2 4 - 4 2  
24.50 
2 9 - 5 0  
24- 33  
2 9 - 5 8  
25- 92  
32- 83  
3 2 - 0 @  
3 6 - 1 1  
3 4 - 5 0  
4 0 - 8 3  
35- 50  

35..) 

0 .00  
0 - 0 0  
7 - 4 2  
8- 42  

1 0 - 8 3  
12- 42  
14- 17  
16.00 
16.83 
19- 50  
17- 92  
20.92 
18.25 
2 1 - 5 8  
2 1 - 5 8  
2 5 - 6 7  
2 1 - 5 0  
2 5 - 9 2  
2 3 - 6 1  
2 8 - 5 0  
2 7 - 9 2  
31- 42  
3 2 - 5 0  
38- 42  
3 3 - 5 0  

411.r) 

0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
9 - 4 2  

1 1 - 0 8  
13- 00  
14- 58  
15.33 
1 7 - 6 1  
16- 25  
18 -83  
16- 58  
19- 42  
19- 33  
22- 92  
19- 42 
23- 17  
21- 25  
25- 42  
2 4 - 9 2  
27- 92  
30 -58  
34.58 
3 0 - 8 3  

45.r)  

0 - 0 0  
0 - 0 0  
0 - 0 0  
0.00 
8 - 3 3  
9 - 7 5  

12- 08  
13-50 
14- 17  
1 6 - 1 7  
1 5 - 0 0  
17- 25  
15- 25 
1 7 - 8 3  
17- 75 
20.83 
17.75 
2 1 - 0 8  
1 9 - 3 3  
2 3 - 0 0  
22- 67  
2 5 - 2 5  
27.50 
3 1 - 0 0  
2 7 - 8 3  

50.0  

0 - 0 0  
0 - 0 0  
0 .00  
0 - 0 0  
0 - 0 0  
0 .00  

11.00 
12- 58  
13-25 
15-08 
14 -00  
1 6 - 0 0  
14- 25 
16- 50 
16- 42  
19- 17  
16.50 
19- 50  
1 7 - 9 2  
21- 17  
20 -92  
23- 25  
2 5 - 0 8  
28- 25  
25.42 

55 .0  

0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
0 - 0 0  
9 - 9 2  

1 1 - 9 2  
1 2 - 9 6  
14-17 
1 3 - 1 7  
15- 00  
13- 42  
1 5 - 5 0  
15- 33  
17- 83  
1 5 - 5 0  
18- 17  
16- 75  
1 9 - 6 1  
19- 42  
21- 58  
2 3 - 1 7  
2 6 - 0 0  
2 3 - 5 0  

60.0 

0 - 0 0  
0 - 0 0  
0.00 
0 - 0 0  
0 - 0 0  
0 - 0 0  
9 - 0 0  

10.83 
11.83 
13- 42 
12- 50  
1 4 - 1 7  
12- 75  
14- 58  
1 4 - 5 0  
16- 75 
14- 58  
1 7 - 0 8  
15-75 
1 8 - 4 2  
18- 25  
.2O-17 
21- 58  
2 4 - 1 7  
2 2- 0 0  

70.0 

0 - 0 0  
0-CO 
0 - 0 0  
0 - 0 0  

. 0 - 0 0  
0 - 0 0  
0 - 0 0  
0-OC 

1 0 - 0 8  
1 2 - 1 7  
11-OC 
1 2- 8 3  
1 1 - 4 2  
13- 25  
1 3 - 0 8  
1 5 - 0 8  
1 3 - 2 5  
1 5 - 3 3  
14- 25 
1 6 - 5 0  
1 6 - 4 2  
1 8 - 0 0  
1 9 - 1 1  
2 1 - 3 3  
1 9- 5 0  

65.0  

0.00 
0 .00  
0 - 0 0  
0 - 0 0  
0.00 
0 - 0 0  
0 - 0 0  
0 - 0 0  

1 0 - 9 2  
12- 75 
11 -92  
1 3 - 4 2  
12- 17  
13- 83  
13- 75  
1 5 - 8 3  
1 3 - 9 2  
1 6 - 1 1  
11- 92  
1 7 - 4 2  
17- 25  
1 9 - 0 0  
2 0 - 3 3  
2 2 - 6 7  
2 0 - 6 1  

75.0 

0 1 0 0  
0 - 0 0  
0-CO 
0-CO 
0 - 0 0  
0 - 0 0  
0 - 0 0  
0-CO 
9 - 3 3  

1 1 - 5 8  
10 -17  
1 2 - 3 3  
10 -67  
12 -15  
12- 58  
1 4 - 4 2  
12- 75  
14.61 
13 -5@ 
15 -75  
1 5 - 6 1  
1 1 - 1 7  
18- 25  
2 0 - 2 5  
1 8- 5 8  
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listed in part one of the AISC 

Steel Manual, ,. 

To use the table as a design aid, it is first 

necessary to select the correct table. There are listings 

for wheelbases of 4 ' 4 ,  5'-0, 6'-0, 7 

Also, the listings are repeated for varying lateral loads, 

P~ 
, which are expressed as functions or Px, i.e. P is ' Y 

either O'.@ Px, 0. lop,, or 0 .  12Px. Thus, the designer must 

_ . use the table with the wheelbase. lateral load, and grade 

I. .'* . . -,-: .,,,. *: .A :,tl 
of steel that corresponds to the design situation. Once 

e ,  ..'i-si -* 
,,, , < , -4 >iJ' I 

. >  

the proper table is selected, the column for P,, the direct 
. i * .  

wheel load, must 'be selected so that 

the design situation, The values of P 

minimum of 5 kips to a maxim- of 75 kips, with inter- 

mediate values of Px in multip'les of 5 kips. with' the 

correct value tor Pi selected, the de 

le'ngth in this column that is closest to tha actual length 

used. Obviously, the length selected cannot be less than 

the design length needed. The combination sectionathat 

corresponds to this length should be used. 
' I ,  

In constructing these design tabaes, some simpl<i 

fying assumptions were made. The first assumption made was 

that a co~stant rail height. of five inches will 'be 

'employed. The rail height has a direct effect on the 

, I torsional stresses since the torque increases or decreases 

with a change in wheel height. Crane rails are available 
in different shes, with the heights 

to 6 in. The lengthe in the tables, however, use * only 5 in. 
# *  ' 
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. .C 

md differ by leas than %$ for other act& rail heights. 
9 

In moat cases the error &ia about 2$, which is not too 

significant. 'This is demon~trated in Table 3-4, 

T U B  j-48 Typical difference in maximum sllombls 
lengths! for varying rail heights. 

*x = 20 k%ps, Py = 2 .O kip8 ' Wheelbpse = 4' -0 

Thp use of 'w, 101, or. l2k of the vertical load 

SECTION 

Bll2X5O-ClOXL5 . 3 
W~BX~O-C~~XZO.. 7 " . .  

~ 2 ~ 8 4 - ~ 1 ~ 0  . 7 
W3OX99-C18X42-7 

for the lateral load apolisd at the top of the rail was - 

mother siarpliiicat%on ured. It is neither feasible nor 

96 DU'F. 
4''t0 5" 

'3.03$ 

. 4.22% .; 

2.891 

3.296 

design expedient to try to use anything more precise. The - 

lateral loads on a crane beam seldom fall below 81 or 
I .  

exceed 12%. Therefore, if "the lateral load lies between 

two percentageg given in the tables, linear interpol_a_tion - 

1. 

6 DIPIF', 
5"to 6n 

2.27s 

4.22% 

2.898 . ,  

3,05% 

RAIL HEIG"WI! 

can be used to derive the maximum allowable length. This 

4.00n 

11.33 

14.42 

23.75 

36-67 

interpolation yields ia length that is almost precisely 

the correct value with an error far below I$. This is 

5.00. 

li.00 

13.83 

23.08 

359% 

illuertrated in Table 3-5 in which aength8 .are compared 

from interpolation and by actual calculation for a lateral - 

6.00. 

10.75 

13.42 

22.42 

34.42 

load not included in the desip;n table. The design tables 
- - 

can also be extended linearly past the 8$, ors 1296 range 

and still yield very satiafsct'ory results. 
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1.  

2able 3-Sr Comparison oi allowable lengths obtainad by 
caLoula%ion and by in-tarpolation of Table 3-3. 

Uainef a airailar.simplif'ying rasunnption for $he 

c-e nhe?lbq.es, linear interpolation may again be uaed 

for an aatual wheelbase.that  lie^ between the one@ listed. 

WheeLbasre dfmensions vaxy from one manufacturer to another 

and it tsr net poerarible to even attempt to list all the 

different goesible spacfng~ that can be encountered. But, 

s pri@rntrd ahould be suflioient to aover moat 

design riturtions that will oaaur . Linear interpolation 
. .  batwren table8 can be used for a wheelbaee not listed 

with e very insimificant error. 
- - 

When uahg Table 3-38, if a length of 0.00 is 

listed, this signifies the shear stress in the beam web 

exueeds, the allowable stress (a8 defined by AISC Section 

1.5.1.2). In evaluating the actual Web shear stress in 
% 

the bearrr, a value of' twice.,the vertical live load was 

always used to oalculate the shear stress* While this i a  

not .correct .and is onlx approximate as shown by Fig. 3-4, 

the length of the beam in which shear controls is eo short 

that a beam of th* length is not praotical to use. 

. .  . ,715 I 

Cr- 

. P, f 25 kips Wheelbase i 61-0. Rail Height = 5.0" . 

SWTXOId . 

* 

W~IX~~.-CZWC~O 7 ' 

~27X84-61~33.9 

~ 3 6 ~ 1 ~ - ~ 1 8 3 & .  7 

Py 0 OgP, Py I O*llP, 

Calc. 

1j*5O 

24.17 

43 a83 

r 

fnterp, 

16.63 

26.08 

45.83 

Gala* Interp. 

16.58 

26.08 

45.83 

15.50 

24.21 

43.88 



*?La! 

R = p*p'+wwJ i 2Px 1 net =q - r7+ 

I !  

, * ,  Figure 3-48 Approximation of web shear. 
' "3  5" 

9 -- - --. 
* 8 .i 1 .  r . 

" . 3:y I., In Sable 3-3, the lengths listed are the maximum 
1 , :+!I\ 

lengths that can be used for that particular combination 

section. Therefore, the actual bending stress in the beam 

would be approximately the s'ame as the allowable bending 

stress as defined by AISC Section 1.5.1.4.5. The allowable 

tensile stress is given as 0.60F and the allowable com- Y 
preesion stress is given by either eq(1;5-6a) or eq(1.5-6b) 

depending on the value of ~ / r ~  for the combination section . 

being used. The lengths listed are thus the maximum lengths - 
that may be used for a simply-supported span. 

. .The following examples will demonstrate the use 



GIVEN: The following crane load conditions, 

S . o g  260 * 2s. 'C 

//[ k7;,o,# 
st- 0 

:&:., ""'8 

q , ,:dl','" 
21'I'I'fi ,"!>,$ 

TO FIND: using Table 3-3, find the lightest suitable $b,rnn!$ ,', . 4 ~ ~ , l , ,  ,.:\ 

combination section for both 36 ksi and 50 ksi 
J 5 . .  

grade steels. . < I ,  

. I#'' 

SOLUTION: 36 ksi steel: 

Using Table 3-3 on page% , and using the 

column for P, = 25 kips: 

Select either 
W24X84-C15X33.9 Allowable length= 26.08' 

or W27X84-C15X33.9 Allowable length= 25.83' 

While both sections are satisfactory and both ,,,:, . I  

have the same weight, it is advantageous to use . 

the W27X84-C15X33.9. Since this section has a 

larger allowable length, it will have a lower 

bending stress. In addition, it will also 

deflect less.. - - 
Now, the stresses can be checked in the 

section using the torsional theory. 

Tension stress: 

fbT = 21.4 ksi FbT = 22.0 ksi O.K. 

Compression stress: 

fbC = 12.8 ksY 
F b ~  = 20.3 ksi O.K. 

Thus, the section is adequate. 



50 ksi steelr 

Use Fable 3-3 on page63 ana the column for 

P, = 25 kips. 

Select r 

W21X62-€15X33.9 Allowable length = 25.75' 

A-check of the bending stress yields: 

Tension stress, 
f,, = 29.5 ksi FbT = 30.0 ksi O.K. 

Compression stress: 
fbC = 16.2 ksi PbC = 26.5 ksi O.K. 

Therefore, a ~21x62-C15~33.9 section of 50 ksi 

grade steel is adequate for the load condition. 



EXAMPLE 3-3: 

GIVEN: The following crane load conditions! 

TO FIND: Using Table 3-3, find the lightest suitable 

combination section for 36 ksi grade steel. 

SOLUTION: For this load condition 

Therefore, it will be necessary to interpolate 

between the tables for P = 0 . 0 8 ~ ~  and Py = 0.10PX. 
Y 

Select r 
W27X84-CljX33.9 Allowable length = 21.50' 

A check of the bending stresses yields: 

Tension stress: 
fbT = 20.4 ksi FbT = 22.0 ksi O.K. 

Compression stress: 
fbC = 12.0 ksi FW = 22.0 ksi O.K. 

Thus, a W27X84-C15X33.9 section is adequate. 



TO FIND: Using Table 3-3, find the lightest suitable 

GIVEN1 The following crane load conditionst 

\sor 15.0" \s,oy 

combination of 36 ksi steel. 

I 

SOLUTION I P " = 0.08 
Px 

For .this load condition, the wheelbase is 6'06" . 

1 
t v 

A 

2s'- 0 
4 )  1) 

, 6'00 
I 

Therefore, it will be necessary to interpolate 

, 

between the tables for S = 6'-0 and S = 7'-0. 

Select: 

~21x62-C12X20.7 Allowable length = 27.04' 

A check of the bending stresses for this selection 
- 

using the torsional theory yields: 

Tension stress: 
fbT = 20.1 ksi FbT = 22 .0 ksi O.K. 

, 

Compression stress: . - - 
fbC = 13.2 ksi Fbc = 18:i ksi O.K. 

Thus, this section is adequate for the load 

condition given, 



Chapter 4 

DISCUSSIONS AND CONCLUSIONS 

By making a comparison o f  the t o r s i ona l  theory o f  combination sec- 

I" t i o n s  and t he  so- cal led "conservative" method, a very i n t e r e s t i n g  p o i n t  
' I  I 

m,  8 , '  '@:'. : . ,  
$$n,.. ; :;,$F 
F G .  ;.:~-,:.sE was observed. . It appears the "conservative" method i s  no t  always con- 

, .?.; ,"$+ 
, , % v  ,.!,>, 

servat ive.  Th is  i s  dramat ica l ly  shown i n  Example 3.1. I n  the conserva- 

t i v e  method, the  top flange of the  combination sect ion i s  assumed t o  

car ry  the e n t i r e  l a t e r a l  fo rce  wh i le  i n  the  t o r s i ona l  theory, the  e n t i r e  

cross-section r e s i s t s  the  l a t e r a l  load. Since the  f i r s t  method over- 

estimates the compressive s t ress i n  the  top  flange, the method i s  con- 

sidered t o  be conservative. 

When a channel i s  mounted t o  the  top flange o f  a wide- flange shape, 

. c 
which, i n  turn,  i s  t o  be unsymmetrically loaded, three th ings are accom- . - 

k,.: '';':,'& pl ished. F i r s t ,  the stresses i n  the  top f lange due t o  the v e r t i c a l  
f!, .. ,L-- 2. 

,h8. 

2 - ,  l oad  are reduced since the neut ra l  ax i s  i s  s h i f t e d  c loser  t o  the top. 
- 

Second, the  bending s t ress i n  the  top f lange due t o  the l a t e r a l  load 

i s  a lso  reduced since there i s  a greater  sect ion modulus i n  t h a t  d i rec-  

t ion.  And t h i r d ,  the rad ius o f  gy ra t ion  o f  the bu i l t - up  top  f lange 

i s  increased and thus, the member i s  less  1 i k e l y  t o  f a i l  by l a temT 

to rs iona l  buck1 ing. A1 so, the AISC spec i f ica t ions address t h i s  by 

pe rm i t t i ng  a l a r g e r  al lowable compressive stress. The r e s u l t i n g  bu i  1 t- 

up wide- flange shape i s  a lso more e f f ec t i ve  because the shear center 

i s  s h i f t e d  toward the top flange, thereby making the torque on the sec- - 

1 .  
t i o n  smal ler  so the  warping stresses are, .in turn, lower. 

While the add i t i on  of the channel i s  bene f i c i a l  f o r  the top f lange, 

i t  i s  detr imental  t o  the tension f lange. Since the neu t ra l  ax i s  i s  



shi f ted toward the top, the 

reduced, often by a very s i g n i f i c a n t  amount. This w i l l ,  in turn, y i e l d  

a higher bending stress i n  the bottom flange. This f a c t  was h ighly  

evident when Table 3-2 was i n i t i a l l y  developed. Obviously, the per- &&! 
<k Y;; 

miss ib le  length of a beam i s  a t  an optimum when the bending stress i n  

e i t h e r  the compression o r  tension f lange has reached i t s  a1 lowable 

stress. I n  the vast ma jor i t y  o f  the cases f o r  sections l i s t e d  i n  Table 

3-2, the al lowable tension stress i n  the bottom flange was reached 

before the allowable compressive stress i n  the top flange. 

It should be noted t h a t  i t  i s  perhaps preferable t h a t  the tension 

flange reach i t s  maximum allowable stress f i r s t .  Since, i f  the compres- 

sion flange cont ro l led  the design, the beam could eventual ly f a i l  much 

more suddenly due t o  l a t e r a l  - torsional buckl ing. Local buckl i ng  problems ,:, 
are a lso .minimized. As w i th  any. type of buckling fa i l u re ,  the f a i l u r e  

i s  usuall'y sudden and catastrophic as compared t o  a tension f a i l u r e  

i n  which the steel  would f i r s t  begin t o  y ie ld ,  going from an e l a s t i c  

s ta te  t o  a p l a s t i c  s tate a t  a progressive rate. A l l  engineers have 

seen st ress- st ra in curve f o r  a t e n s i l  specimen o f  steel .  The steel  A 

: I  

must y i e l d  considerably before rupture w i l l  occur. 

Although Table 3-2 i s  very useful i n  the design of crane beams, 

i t  i s  subject, t o  a- few shortcomings. The f i r s t  being t h a t  the maxinnrm - 

lengths l i s t e d  i n  the tab le do no t  take i n t o  account the beam weight 

o r  the crane r a i l  weight. This dead weight can be considered by merely 

increasing the value o f  Px by a very small percentage, for  example, 

an equivalent concentrated 1 oad procedure could be eas i l y  developed. 

I n  any case, the bending stresses a r i s i n g  from the beam dead weight i n  

t h i s  instance w i l l  be very small considering the magnitudes of the l i v e  

, loads involved. 

. 'I 
\ r n , ,  
8: 

r ,: 
-, 



Another l i m i t a t i o n  o f  the tab les i s  t h a t  the sect ions l i s t e d  were 

no t  checked fo r  compl iance t o  Section 1.9 of the AISC Steel Code Speci- 

f icat ions.  This sect ion deals w i t h  the width- to- thickness r a t i o s  o f  

elements under compression. Usually, f o r  ho t - ro l l ed  shapes, t h i s  i s  

no t  a con t ro l  1 i n g  f a c t o r  f o r  the grades o f  s tee l  considered. 

F ina l l y ,  the members i n  Table 3.2 are n o t  loaded i n  such a way 

as t o  produce a fa t igue f a i l u r e .  Obviously, f o r  a beam t h a t  has a large 

number of loading cycles, Table 3-2 cannot be used and the design o f  

the beam must be handled by a long-handled so lu t ion.  

Even w i t h  these s h o r t f a l l s ,  the design tab les s t i l l  provide a very 

useful a i d  f o r  the design of crane beams. Table 3-1, the tab le  o f  

sect ion proper t ies ,  i s  extremely useful i n  t h a t  i t  provides proper t ies  

for  over 150 possible combination sections. Even though Table 3-2 has 

a maximum wheel load o f  75 kips, it i s  s t i l l  useful  f o r  the s t ruc tu ra l  

engineer who on ly  occasional ly designs beams fo r  medium-sized cranes. 
,!! 2 .  7 ' +- 

Obviously, fo r  a heavy duty crane, such as i n  a s tee l  m i l  1, a b u i l t -  3 ' ' ' .  

up p l a t e  g i r de r  w i l l  most l i k e l y  be used. For occasional use, however, 
- 

and espec ia l l y  fo r  purposes of qu ick ly  est imat ing a crane runway, t h i s  

design a i d  i s  extremely usefu l .  
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APPENDIX A 

I This program has two main functions. First, for a 

given wide-flange shape and channel section, the program 

will calculate the elastic., torsional, and warping 

properties for the resulting combination section. Second, 

for this combination section, the propgram will give the 

maximum allowable length of a crane beam for a given two- 

\ wheel crane loading condition and grade of steel. using the 
: , 8 ,  ! 

torsional theory developed in Chapter 2. 

INPUT 

To use this pro&am, the crane loading conditions and steel 

grade must first be entered..Using a format of (5F10.3), 

the first line containst 

P,, Py'S. m, Fy 

where Px = Vertical wheel load(kips) 

P~ 
= Lateral wheel load (kips) 

S = Crane wheelbase (in.) 

RH = Crane rail Height (in) 

Fy = Steel yield stress (ksi) 

Next, it is necessary to input the dimensions and 

properties of the individual wide-flange shape and channel 

section, in that order. First for the wide-flange shape, 

using a format of (215,7F10.3), the dimensions and proper- 

ties needed are entered in the following ordert 



HGTW,WTW,AWF,DW,BFW,TF,TW,IXWF,IYWF 

where HGTW = Nominal height of the wide-flange (in.) 

WTW = Weight of the wide-flange (lbs) 
2 

AWF = Area of the section (in ) 

DW = Depth of the wide-flange (in.) 

BFW = Flange width ( in, ) 

TF = Flange thickness (in.) 

TW = Web thickness (in.) 
4 IXWF = Moment of iner&ia about X-axis (in ) 

4 IYWF = Moment of inertia about Y-axis (in.) 

Next, for the channel, using a FORMAT of (15,F5.1, 

7F10.3)the dimensions and properties needed are entered in 

the following order: 

HGTCIWTCIAU'~BFCITFC,TWC,IXC,IYC,XBAR 

HGTC = Nominal height of channel (in.) 

WTC = Weight of the channel 

AC = Area of channel (in. ) 

BFC = Channel flange width (in.) - 
TWC = Channel flange thickness (in.) 

4 IXC = Moment of inertia about the X-axis (in ) 

4 IYC = Moment of inertia about the Y-axis (in ) - - 
XBAR = Distance from neutral axis to the 

back of the channel,(in.) 

This program is designed to handle any quantity 

of combination sections for the one set of given loading 

conditions that were entered on the first line. Therefore, 

it is only necessary to enter additional dimensions and 
9 

properties of individual wide-flanges and channels, as before. 



When the desired combination sections have been entered, 
I 

the program is halted by the insertion of a blank card 

as input. 

The first line 

ARE&, Y1, IX, XY, Rf!, EB 

where 2 
AffEY$ = Arm of the combination section (in ) 

Y1 = DfsOance from the neutpal eatis to the 
bottoa flange of combination sectiontin) - 

4 
I X  = H~f~ment of inertia about X-axis (in ) 

4 
I Y  = Mommt of inertia ab0u.t: Y-axis . ( in 

RT i6 W i u 8  of gyration of top flange (in) 

Ell = Distance from ahear center to the 
bottom flange (in) 

The second lfna of output givest 

*er 4 K = Tomioml ~ o n ~ t m t  (in ) 

6 CRJ = Warping c m t m t  (in ) 

FgMA = Normalized wawping function at point 
on the top flange ( in2) 

WFlB = Normalized warping functiog at point - onth~bottomik9nge (in) - - 
The third line of output mbrely gives the loading 

conditions that were entered The la%% line of output prints 

the maximum allowable length for the combination section 

auld indicates yhether the tension flange or compression 

flange has the larger stress. The following example will 

illustrate the use of - - -  the program. 

RE; 



GIVPrS: Px ~20.0, 
P~ 

= 2.0, S s  60.0 in,,R)I = 4.0 in., - 

FIND: Using tho program given, calculate the section pro' 

perties for a combination section consisting of-a 

Wi$X$O-C12X20.7 and calculate the maximum allowable 
JJr C - ---  

length -&b may be uaed for the given loading conditions. 

SOLUTTOM 8 

The individual section properties and loading 

conditions must be entered using the formats stated 

previously. So, the following is entered* 

and the results follow with a maximum allowable 

length of 15.33 f t . and the maximum bending sltresi 
occuring in the bottom flange. 



, . :)I.( . I 

. j18 ,,!'I' .' 1 J C H  
. , * . , .  IhTECEF m r n r  FGTht  F C l C  

2 R E O L  I X ~ F .  I Y ~ F .  I ~ C I  IYC, IX, 1 t . r ~ ~ ~  
3 PEP1 L r  LF IKAL.  I h C 3 r  LA, L e e  W X  

C THIS FRGC9PC CALCLLATES SECT I t &  PRCPERT I E S  PbO TCRSICNPC 
c PRCFEFT  IES  CF ccre  IREC MICE-FLPLCE A L C  C I - A ~ ~ E L  SECTICPJ:. 

'r 4 REdC ( 5  r2ZC)PXrPY r  S r P ~ r F v r ~ , ~ - , ~ 4 1 ~ ~ l ~ : ~ ~ , , ~ ~ . ~ ~ , ~ ~ , ~ ~ , ~ , ~ ~ - ~  
5 2 9 0  FCREAT (5FlO.2) 6r,5,,'(~., ': p-d,,h. !7~,n..4 .% ,, ,? ,, 
6 '-..--2UQ'-CCRT l h U E  . - - - . . . . 

7 R E b C ( f r t C 0 )  k E T k , k T k r  AYFr Ckr  BFk. TF* 

. --- d IF(kGTboPQ.0) GG TC I O C C  
9- ' ------ R E A C ( 5  r 2 1 3  )kGTC,kTCiCC t8FCrTFC t T h C *  IXC * I Y C r 8 e b P  
LO 233 F C P P A T ( I f r F S * l t 7 F l C * 2 )  
11 bVP6Ut.51AhF*Ch+dC*tCk+ThC-XePR) 
L2 AREAS b C F + O C  
13 V l  = 212Cd/OHEP 
: 4 Y 2  = C r + l h C - v l  
I:, 13s I r h F t a ~ F * ( v l - . f + c h  J * - z + ~ Y c + I \ c * (  t z - r e , * k t * * z  
1 b I t - I Y h F *  I x C  
L 7 8 l=AFC-TbC/ i .  
1 8  -- $ ? = e F k / i .  
1'1 CC=CCTC 
20 CC=CC-TFC 
2 1  - e2=.4+cc-e3 -. 
22 T l = T F C  
23 T 2 = l h C  
24 -. -- -.-.. - -- f Zr F -- --- - . . 

I 1 25 C l = C b * ( T Z - T 3 ) / 2 .  
' i s  26 E E * ( E l * T l * C C * * 2 * ~ ~ l / 4 ~ + O T / Z ~ ) t T 2 * C C * * 3 * O 1 / 1 2 ~ + 2 ~ / 3 ~ * T 3 * ~ 3 * * 3 * ( U  

w . i  - -  --- - - t f 2 / 2 - . - 1 3 / 2 . ) ) / 1 Y - - -  -- --- -- 
2  7 ET=CI-€I! 
2  a w = e 3 + e z  



'F? IF; I b b i r C  .$la 
5 J G t  T C  4CC2 
fQ  46C ; C h t I h C f !  
60 tF(hA-t142?r453e42? 

3 Qt ' 422 CLaCLE 
BZ C L * ~  LE 
63 GC TC 4 2  1 
6 4  423 C&*Ctd 
4 s -' er*cir -. 

6Q 9 2 2  ~ F S $ - ~ , S B Q * L ~ ~ ~ U ~ ~ ~ C I S ~ ( I  
b t  4 2 ~  P ~ - P x * (  [L-SI~. 1**2it(o-*i 
bY - . -  -- . 63+&/3*346 .  - - - ---- - - 

49 CL*SIkkleET1*@ ) /SIhti  EBt f  A*Cl 
JB E~*lihkf ~ffl*(t-e 1 J + ~ ~ K w ( ~ E T o * ( L - ~ - s ;  1 )  

I 7 t  c*c t * c a  
'I2 F b C T r P t S  (MX*CL*C*CL*W 
I ?  E i l P : . . E C  ..!)GC fC. i C C  
F* Stirk . 
75 CCtL Z T F t j S t E L * R T  1 P Y  *BALL) 
?S tllKUaEC.1lCC T C  F1l 
?? ihc rc .aoc 
t W  520 +W+CX*kE4.  
89 .FICJ*dOSJYX*CL * €+CLl2.*1 &kk( eElA*L/ad J ) 
@a tPtFh.JC.O)&C TC P C C  
9 1 EL+L . 
(52 C A l L  S T R E S S ~ E L I R T ~ F Y  ~ F b L t l  
J 3 IFfKKoBCoLlGC TC S l k -  

' 9 9  SCC If ( F L G T - f  bLLJ43C12CCC1440 
it9 ;S30 b=C+lECP 
I b  . -- CC T c , Q & C  .--- - - . . 
BT 444 L=C-CPeP 
~ l l y  IF( I ~ C P I  ~ , a ) ~ c a o ~  Z C C C * ~ ~ C  

- 1339 --IC$G-- f l r C C * t A E t / l Z .  '-----.- - - .  
Od Ct T t  A?E 
1 zouo I P ~ ~ ~ S - ~ S C C O ~ ~ S C I ~ F O I  
$2 .- -- eaa--- La*c -.  . 

QJ hF* 1 
c4 nw-I - -- -- A- CC. T C .  QdC .% .--. -*-.-. -- 

Ef E l 3  LIZ 
S &  K S r C  

IhC~*l2.t 99 
L CO ' GC T C  465 
LC1 9 0 1  La-1 - .- . .A-  

1 C2 GC TC SC! - 
1C3 . S C 2  L P I k h L a L I / I Z .  
rrt* J J = L  
125 CC -IC 4CCL 
LC& *C3 LFIAOL*lPIlZ. 

*-- . LC7 ----.- "- J J+2 . ..-- . 

LC9 4002 CChl IALE 
LG9 1CC FCPMATt215*tF10*3) 
1.10 - ----- - '- k@.[te(bc 102) ----+---A - -- - 

i l l  la2 )CP*AT(4>.' SECT I C h * . 8 X ~ ' & P E b * r 5 X ~ ' Y l ' ~ 7 X ~ 8 t X ' v 5 ) I ~ * l Y ' # ~ 3 t ' R l '  
lexletet) 

.112--~'.'300- K R ~ T C  t b *  1 ~ 3 i r l ~ ~ k ~ ~ l \ r r r C ~ C , h T C ~ ~ ~ E b r ~  I,IX v f ~  rPTrEt? -. - 
/ 1 3  1 ~ 3  ~ C ~ ~ D ~ ( ~ * , ~ ~ , * ~ * , T ~ ~ * - C ~ , I Z ~ * X * ~ F ~ ~ ~ ~ F ~ * Z ~ F ?  02.FlC*L*f7~lvF& 

iP7 .2  



L l h  h 3 l T E ( h r  1 0 5 )  
L 1 7  F C . : " J T ( 4 > , '  j i C T I C % ' , ~ O X , ' K ' , i X f i ' t S > , ' C i ' , 7 X , ' L 4 b 1 , 5 X ~ ' h h 5 ' )  
L LR hRITE(hr IOC!lHCTb,kThrkCTCrbTCtXU q A t C b , i h d , I r h E  
119 L C 6  F C 3 N b T ( '  ' d ' t l i r ' Y '  , I ? , ~ - C ' r I Z , ~ X ~ t F 4 . 1 ~ F ~ ~ 3 ~ F E . Z , F l C - l ~ Z F S ~ 2 )  
1 2 0  kRITE(h,l3C)PXtPY~S,ZPrFY 
1 2 1  1 3 4  FCR!'41( l k O / 2 X r '  P X * '  ,F5. 1 , 4 X t ' P Y = '  r F 5 * 2 9 4 X ,  * b C ; E E L S & S E * ' c F 5 . 1 ~ 4 X . ,  

L ' P J I L  HElGkT~'rFh.?,4X~'FY~'tF5*1/1PCI 
122 S C 4  I F  (J J-1) S 0 Q  r F C S  FC2 
L 2 3  S C S  ~ P I T E  ( 6 .  1 3 1 1 k ~ ~ k ~ h ? k ~ k c ' ~ ~ * n ~ ~ , ~ ~  1 h b ~  
124 1 2 1  F c P P P T ( '  ~ ' r [ Z , ' ~ ' r [ 3 r ' - C * r 1 2 t * X * , F 4 0 L ~ 5 X * * P 4 3 1 P L  S P P h s q r F 7 - 2 1  

1' F T . ' q $ X t ' T E N S I C h  $ T R E S S  C C h l R C L S ' / l P 1 I  
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