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ABSTRACT

The magneto-optical properties of one-dimensional photonic crystals which are
comprised of co-extruded alternating polymer layers of polymethyl-methacrylate
(PMMA) and polystyrene (PS) are studied in this thesis. These polymers were used to
experimentally test the hypothesis that Faraday rotation in a multilayer system is the sum
of the rotations produced by each layer separately, themselves weighted according to the
time spent in each constituent material multiplied by that material’s Verdet coefficient. In
the experiment, the transmissions and Faraday rotations for the monoliths of PS and
PMMA films as well as a 128-layer (PS/PMMA)* film were measured. A 64-layer
(PS/PMMA)'*(PMMA/PS)'® film was also measured by simply folding a single 32-layer
PS/PMMA film to create a half-wavelength defect in the center of the quarter wavelength
stack. The measured Faraday rotation spectrums show enhanced Faraday rotations that

are found to be consistent with the predicted Faraday rotations.
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CHAPTER 1: INTRODUCTION

One of the most interesting research fields today is the study of magneto-optical
properties of one-dimensional photonic crystals (1D-PC). This thesis studies the
magneto-optical properties of multilayer polymer stacks as one-dimensional photonic
crystals. Magneto-optical phenomenon is also known as Faraday rotation or Faraday

effect.

1.1 MAGNETO-OPTICAL PHENOMENON

The potential applications of polymeric magneto-optic (MO) materials include
attractive possibilities of more compact and integrable waveguide optical isolators and
high-performance magnetic field sensors that can be readily inserted onto photonic

integrated circuit platforms for both commercial and military applications [1].

The Faraday rotation is an effect caused by the interaction between
electromagnetic wave (EM) and a magnetic field in a medium. The Faraday effect was
discovered by Michael Faraday in 1845 and this effect was the first experimental
evidence that related light and electromagnetism. Faraday rotation is the rotation of the
plane of polarization of linearly polarized light due to magnetic field induced circular
birefringence of a material [2].This phenomenon is depicted in Figure 1.1. Circular
birefringence is a property of the material that causes left and right circularly polarized
waves to propagate at slightly different speeds. This circular birefringence property is
discussed in depth in section 1.3. In a non-absorbing or weakly absorbing medium, a

linearly polarized monochromatic light beam passing through a homogeneous material



along the direction of the applied magnetic field experiences circular birefringence
induced by the applied magnetic field, resulting in rotation of the plane of polarization.
The relation between the angle of rotation of the polarization and the magnetic field in a

material is given by

0r(2) = [, V(A,2).B(2).dz = V()BI (1.1)
where, 0r(4) = angle of rotation as a function of wavelength (in radians)

B= magnetic field in the direction of propagation (in tesla)

[ = length of the path where the light and magnetic field interact (in meters)

V(7) = Verdet constant as a function of wavelength (in radians/ tesla-meter)

Figure 1.1: Polarization rotation due to the Faraday effect [3]

The Verdet constant is a material property that quantitatively measures the

Faraday rotation of the material per unit length and unit applied magnetic field. The



Verdet constant is strongly wavelength dependent and it also depends on the magnetic
field used. The Verdet constant is usually measured by determining the amount of
polarization rotation that linearly polarized light experiences when incident on a sample
under an ac or dc magnetic field. Faraday active materials are used in high-end
applications such as optical isolators that protect lasers and optical communication
devices from unwanted back reflection, highly sensitive magnetic field sensors, and
satellite altitude monitors, among others [2]. Faraday rotation measurements have also
been used to estimate magnetic susceptibilities and carrier densities in semiconductors
where the effective mass of the carrier is known [2]. Generally, Faraday rotation is at its
strongest in inorganic substances containing paramagnetic ions or in super-paramagnetic
and magnetic materials. Unfortunately, these materials are often very expensive and
difficult to process and/or are not suitable for applications at ambient temperatures.
Organic or polymeric materials had not been investigated for efficient Faraday rotation
until recently. Nevertheless, a significant advantage of organic materials would be their
ease of processing, limited weight, and the fact that they can be custom designed and
synthesized to meet specific device requirements [2].

In a practical description of Faraday rotation in a non-birefringent bulk material,
the angle of rotation 6 is a function of wavelength A and depends upon the transport
length through the medium as seen in Eq. (1.1).

It is obvious that when there are multilayer reflections Eq. (1.1) does not apply
because the transport length depends upon the multiple reflections within the material.
The Faraday rotation is non-reciprocal (i.e., the direction of rotation of the polarization,

either clockwise or counter-clockwise, is the same whether the light is travelling



backward or forward with respect to the applied magnetic field). In the vicinity of the
reflection band (range of wavelengths where the light is not allowed to permit) of a
photonic crystal, a different approach is required to account for the increased interaction
due to forward and backward reflections within the entire multilayer stack. This can be
accomplished through a standard treatment for a one-dimensional photonic crystal using
4x4 transfer matrix formulation that combines the polarization rotation effects of each

layer in the multilayer stack.
1.2 CIRCULAR BIREFRINGENCE

The rotation of the polarized light wave passing through the electronic structure is
the result of field induced circular birefringence — the existence of different refractive
indices for left circularly and right circularly polarized light components. Each
component traverses the sample with different refractive indices and therefore with a
different speed. The end consequence consists of left circularly and right circularly
polarized light components that are out of phase and their superposition is linearly

polarized light rotated with respect to its original direction.

The Verdet constant is given in the simple model as [4]
an
V<A a (1.3)

where, A = wavelength

dn

- dispersion of index of refraction



Eq. (1.3) shows that Verdet constant is proportional to both the wavelength

and the dispersion of the index of refraction.
1.3 OBJECTIVE

Although this thesis is a study of one-dimensional photonic crystals as
experimental Faraday rotators (in this instance, alternating layers of polymethyl-
methacrylate (PMMA) and polystyrene (PS)), it is not intended for device fabrication
because the inherent Faraday rotation of these materials, as indicated by their Verdet
Constants, is very small. But there has been major technological progress in the use of
multilayer materials as optical rotators, including the theoretical studies in the past few
decades. These one-dimensional photonic crystals have been modeled and measured
using various multilayer configurations consisting of one or two distinct dielectric
materials (A, B) and one or two magnetic materials (M), typically iron garnet and other
magnetically enhanced materials layered with inorganic dielectric glasses. Layered
systems studied include magnetic materials sandwiched within a distributed Bragg
structure (AB)*M(BA)" [5, 6, 7, 8, 9] or magnetic materials alternated with dielectrics as
in (MA)* or (MA)*M°(MA)* [10, 11, 12, 13, 14, 15], (MA)(AM)°(MA)* [16, 17],
(M;M,)* or even purely magnetic bilayers as in (M;M,)"M,;°(MoM,)* [18, 19]. Here, for
simplicity, superscripts a and b represent any number of layers and, in some cases, half

layers, where the layers in parenthesis may be permuted in either order.

This thesis also describes a quantitative time-based theory for Faraday rotation
that relies on the 2x2 transfer matrix formulation (i.e., the transport of a single

polarization in the absence of the Faraday effect only). The solution of the transport for



this single polarization is then used to determine the transport time through each layer of
the multilayer stack. This concludes that the Faraday rotation from one-dimensional
photonic crystals can then be written as simply the sum of the products of the time spent
in each layer by the Verdet constant for that material (written in time units). This
conclusion is further supported by comparing its results with the results from the 4x4

transfer matrix theory.

The MATLAB program has been used to simulate and compare the theoretical
aspects of 4x4 transfer matrix and 2x2 transfer matrix. The data from the MATLAB
program are imported in Microsoft Excel program for further calculations and

verifications.

The main objective of this thesis is to measure the Faraday rotation of one
dimensional photonic crystals using transfer matrix approaches as these approaches give
simple and quantitative physical picture for the connection between transport and
Faraday rotation that may be useful for the scientists to optimize the structure-property

relationships of one-dimensional photonic crystals.

1.4 APPLICATION TO ENGINEERING

Faraday rotation has many applications in Engineering. An optical current
transformer (CT) can be developed based on the principle of the Faraday effect and the
information measured by the optical CT can be transmitted to the ground side substations
through optical fibers contained in an insulator [20]. With suitable analysis, one can
obtain information on spatial profiles of magnetic field fluctuations via Faraday rotation.

Coherent interaction between these fluctuations can be measured to generate an



electromagnetic torque [21]. The sensitivity of an optical current sensor can be improved
with the enhancement of Faraday rotation. This serves as a tool to design and analyze
practical optical current sensors [22]. Faraday rotation is obtained in highly birefringent
single-mode fibers by using alternating or periodically spaced regions of magnetic field.
This approach has potential applications in isolators, circulators, combination tuning and

unidirectional elements, and for studying fiber birefringence [23].



CHAPTER 2: ELECTRIC FIELD ENERGY DISTRIBUTION IN 1D-PC

Photonic crystals are made up of periodic dielectrics (i.e., an electrical insulator
that can be polarized by an applied electric field) that affect the propagation of
electromagnetic waves (EM). Basically, photonic crystals comprise frequently repeating
internal regions of high and low dielectric constant. The propagation of photons, acting as
waves, depends upon their wavelength. The wavelengths of light that are permitted to
travel are known as modes, and the ranges of wavelengths that are not permitted to travel

are called photonic band gaps.

2.1 ONE DIMENSIONAL PHOTONIC CRYSTALS (1D-PC)

The simplest possible photonic crystal consists of alternating layers of material
with different dielectric constants: a multilayer film. One dimensional photonic crystal,
also called a Bragg crystal, is the system that consists of alternating layers of materials
with different dielectric constants where the dielectric function varies along one direction

only [24].

There are different approaches to obtain the reflection and transmission
coefficients of the electromagnetic field in the multilayer system. One of the approaches
for multilayer system is to use matrix methods. “The multilayer system with isotropic and
homogenous media and parallel-plane interfaces can be described by 2x2 matrices due to
the fact that the equations governing the propagation of the electric field are linear and

that the tangential component of the electric field is continuous.” [25]



2.2 INTERPRETATION OF ELECTRIC FIELD ENERGY DISTRIBUTION

A plane wave incidents from left at a multilayer system having m layers between
a semi-infinite transparent ambient and a semi-infinite substrate as schematically

described in Figure 2.1

+ y + +
E0+ E1 A Ei+ En Emi1
Ambient Layer 1 Layer j Layerm | substrate
| L, L, L, L
V4
_____ L X |- —— )
Eo T ElT Ei— T EmT Em-»f
«— | — «— D «—
«— S g s —»
Figure 2.1: General multilayer structure having m layers
(reprinted from Ref. [25])
Each layer j (j = 1,2,...... ,m) has thickness d; and its optical properties are

described by its complex index of refraction fi; = n; + ik; which is a function of

wavelength (energy) of the incident wave [25]. (Here, i = V— i? is used to represent a

complex number)

The electric field at any point in the system can be resolved into two components
equivalent to the resultant total electric field; one component propagating in the positive
x-direction and the other in the negative x-direction. These components at a position x in

layer j are denoted by E;'(x) and E;(x) along positive and negative x-directions



respectively. An interface matrix (i.e, matrix of refraction) for each interface in the

structure can be described as [25]

il T
Ijk_tjk[rjk 1] @D

where, 7 and #; are the complex reflection coefficient and transmission coefficient at

interface jk respectively.

We assume that the direction of propagation of light is normally incident on the

multilayer structure. In this case, the complex reflection and transmission coefficients are

defined by
. nj_ng
L (2.2)
L 2.3)
7 nj+ Nk .

by

L= e_igjdj eigdf (2.4)
where

&= 27” n, (2.5)
and

10



&id; = layer phase thickness corresponding to the phase change the wave

experiences as it traverses layer j [25].

By utilizing the interface matrix and layer matrix of Eq. (2.1) and Eq. (2.4), the relation
between the total system transfer matrix S (or scattering matrix) and electric field at

ambient side and substrate side is given by [25]

EB’)= (E;I-n+1)
(52) - sz 2.6)
Also,
Sy, S
S:[sz SZ]=(HI?=1I<U_1)LU)1m(m+1) 2.7)

When the wave is incident from the ambient side in the positive x-direction there is no
wave propagating in the negative x-direction inside the substrate, which means that
E.+1=0. For the total layered structure the resulting complex reflection and transmission
coefficients can be expressed by using the matrix elements of the total system transfer

matrix of Eq. (2.7) as [25]

Eo Sz
p=—=—= 2.8
Ef  Sip (2.8)
Emir _ 1
f=——=— 2.9
E§  Su 29)

In order to calculate the internal electric field in layer j the layer system is divided into
two subsets, separated by layer j. Thus, the total system transfer matrix can be written as

[25]

11



S =S;L;S; (2.10)

The partial system transfer matrices for layer j are defined as [25]

Eo+): (Ef
(Eo_ S; (13;.-) @2.11)

S... S; .

Y11 Jj12| _ -1

§j = lS » szzl = (=1 To-)Lo)1g-1y (2.12)
J J

r+ __ . . .
where E;” and E;” refer to the left boundary (j — 1)j of layer j and

E;t -
I 1=g” Em+1)
()5 ()
o [Sin Sjz
Sj = lsj S]u = (Hglzj+1 I(v—l)Lv)- Im(m+1) (2.15)
21 Oj22

where, EJ+ and EJ" refer to the right boundary j(j + 1) of layer ;.

Also for the partial systems S} and S;, the complex reflection and transmission

coefficients for layer j can be defined in terms of the matrix elements as [25]

. S;
= (2.16)
Sj11
’ 1
ti == (2.17)
Sj11
.S
=2 (2.18)
Si11

12



t == (2.19)

The relation between an internal transfer coefficient and incident plane wave to the
internal electric field propagating in the positive x-direction in layer j at interface (j - 1)j

can be derived as [25]

E} t;
f=—t= = (2.20)
J Eg 1—(r][— r]f'elzfjdj)

where,

r_=-22 (2.21)

Similarly, the relation between an internal transfer coefficient and incident plane wave to
the internal electric field propagating in the negative x-direction in layer j at interface

(7 - 1)j can also be derived as [25]

— oo q -d :
E; t-.r~.elz€1 J v g
Eg 1-(rj_rj.e 7))

Using Eq. (2.20) and Eq. (2.22), the total electric field in an arbitrary plane in layer j at a
distance x to the right of boundary (j — 1)j in terms of the incident wave E¢ is given by

[25]

13



E;j(x) = E]*(x) +Ei (%)
= [t e"/* + t;y e ¥ E}
=t [ei%* + U”e-ifj(Zdj—x)]_Eg (2.23)

The expression in Eq. (2.23) is true for 0 < x < d; and can be expressed in terms of the

matrix elements of the partial system transfer matrices as [25]

Ei(x)= E¢ 2.24
'] (x) ' ” =&:d: ’ " f]d] 0 ( )
The time average of the energy distributed in layer ;j at position x at normal incidence is
given by

<u> o0 |E; ()] (2.25)

Eq. (2.25) illustrates that the energy density at position x in the layered structure is
proportional to the product of the modulus squared of the electric field |E; (x)|* and the

refractive index 7;.

14



CHAPTER 3: EXPERIMENTAL MEASUREMENT AND RESULTS

An experimental setup was build to determine the Faraday rotation of multilayer
films. The Faraday rotation spectra of a sample test glass (BK7), constituent polymer

monoliths and the multilayer films are discussed.

3.1 FARADAY ROTATION MEASUREMENT

The schematic setup of Faraday rotation experiment is shown in Figure 3.1.

M M

Figure 3.1: Schematic setup of Faraday rotation experiment

Where, LED = High lumen green LED

L1 = Collimation Lens

BS = Beam Splitter

15



P1 = Thin film polarizer

P2 = Thin film polarizer/analyzer mounted on rotary mount
M = Magnet

PS = Power Supply

M1 & M2 = Mirrors

Mono = Monochromator

OO = Ocean Optics CCD

In the experiment, Faraday rotation was measured by the light transmitted through
a sample placed between a polarizer and analyzer in the presence of a magnetic field as

shown in Figure 3.1.
The intensity of a light source after the analyzer P2 could be written as
I, = I, cos” (6) (3.1
where, /) = initial intensity

6 = angle between the initial input polarizer immediately prior to the

sample and analyzer immediately following the sample.

When a magnetic field was applied, the intensity change caused by the Faraday rotation

could be written for small rotation angle 06 as

ol, = - I sin(26p) 660 3.2)

16



[Eq. (3.2) is calculated by taking the derivatives of Eq. (3.1) with respect to 6]

It was obvious from Eq. (3.2) that 6/; was maximum when 6 = 45°. Even though
the rotation signal was maximized at 45°, the analyzer angle was found not to be optimal

for measuring Faraday rotation when one was measuring very small rotations.

Dividing Eq. (3.2) by Eq. (3.1), the rotation angle could be expressed as

1 ol
00== 2tan(d) I, (3.3)

From Eq. (3.3), it was obvious that the angle 6 played a significant role in
determining the sensitivity of a Faraday rotation measurement, i.e., how small of a
rotation angle could be measured. The light stability of the system ultimately limited the

sensitivity of the Faraday rotation measurement.

dal
When 6 = 45° then 60 = - 0.51—1 and 1% variation in the light intensity
1

corresponded to a maximum rotation angle resolution sensitivity of +£0.3°. However,

dal
when a larger angle was used (for example, 8 = 85°), then 00 = - 22.81—1 and the
1

resolving capability was increased by a factor of 11.4. To make the sample measurements
the analyzer was kept at either 85° or 88° with respect to the polarizer, depending upon
the amount of light transmitted through the sample. The stability of the experimental

setup allowed measured rotations as small as 0.002 with a resolution of 0.001".

Instead of measuring the change in light intensity arising from switching on and
off the magnet (greater than 1.0 Tesla), the signal between balanced forward and

backward longitudinal magnetic fields was measured. Using equal forward and backward

17



applied magnetic fields offered two advantages: (1) the amplitude of the resulting signal
was doubled, and (2) quadratic effects, including the mechanical noise caused by strong
magnetic field were eliminated, much as would be the case with an ac detection system
[26]. Within the limits of the system, the larger magnetic fields were achieved and better
resolution was obtained through the use of dc magnetic fields. The resulting modification

of Eq. (3.3) was shown in Eq. (3.4).

1 I forward— IB backward
Op = — L (3.4)
2tan (0) IB forward* IB backward

where, Ig forwara = light intensity when field is parallel to the light propagating direction

I packwara = light intensity when field is perpendicular to the light propagating

direction

Because of the small signals being measured, the stability of the intensity of the
light source needed to be better than 0.1%. A 20W high lumen broadband LED (shown in
Figure 3.2) was used as the light source operating at a constant current of 25A. The ice-
water cooled LED showed a broad emission spectrum of wavelengths from 450 nm to
600 nm. The thin film polarizers which were used on each side of 1.0 tesla magnet coils
(shown in Figure 3.3) were kept at a distance of 53 cm from the magnet. The sample
(shown in Figure 3.4) was mounted on a non-magnetic holder between two coils. A
monochromator with resolution of 2.5 nm was used to choose the wavelength range
incident on the detectors for each measurement. The relatively low resolution was
necessitated by the low light levels present at the detector, especially far from the LED’s

peak output and deep within the reflection band of our multilayers. Two intensity-to-

18



frequency converters (Type TSL237) were used as light detectors because of their
stability, linearity, dynamic range and ease of use. [The TSL237 converter is a
combination of a silicon photodiode and a current-to-frequency converter on a single
monolithic CMOS integrated circuit. The output from the TSL237 converter is a square

wave (50% duty cycle) with frequency directly proportional to light intensity. ]

Figure 3.2: LED used in the experiment

Figure 3.3: Magnet Coils used in the experiment

19



Figure 3.4: Sample (128-layer PS/PMMA) used in the experiment

3.2 RESULTS

In order to check the experimental setup, the Verdet coefficients of BK7 glass
were measured. A 4mm thick BK7 glass slab was measured at § = 45° because this
thickness produced large polarization rotation when compared to the polymer monoliths
and a multilayer sample. The Verdet constant was found to be V' = 8.0 = 0.1 Rad/ (T-m)
at 491nm, which agreed with the spectrally adjusted value [/'= 7.7 Rad/ (T-m) at 491nm]

in the literature for this wavelength [27].

The thicknesses of the PMMA and PS monolith films that were measured were
220 um and 208 pum respectively. These films were characterized at 8= 80° and were

scanned from 450 nm to 600 nm. The measured spectrum is shown in Figure 3.2.

20
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Figure 3.5: Verdet constant spectral measurements for monoliths of PS and PMMA

The inset on the top right of Figure 3.5 showed an example of the experimental
data that were collected for forward and backward applied magnetic fields. At each
wavelength, the light intensity was integrated for 150 seconds with the forward field and
then 150 seconds with the backward field and each measurement was then repeated three
times. The solid circles and open circles in Figure 3.5 are the experimentally determined
values of the PS Verdet constant and the PMMA Verdet constant, respectively. Both

these values were fitted with the modified Cauchy Becquerel dispersion model [28]
b
V=t — (3.5)

where, A = wavelength in meters
a, b = fitting parameters
a=7.40x10°m’T",b=1.10 x 10" m*T"' for PMMA

a=227x10m’T", b=2.21 x 10" m*T"! for PS
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The Verdet value for PMMA was found to be 3.6 Rad/(T-m) at 550 nm and that
for PS was found to be 14 Rad/(T-m) at 488 nm, which closely agreed with literature
values [For PMMA, V' = 3.5 Rad/(T-m) at 550 nm and for PS, V' = 15.5 Rad/(T-m) at

488 nm] [29, 30].

Then a 128 layer PMMA/PS multilayer film of thickness 11 pm was measured.
The transmission spectrum for our film was measured using Ocean Optics USB4000
spectrometer and the sample’s reflection band was centered at 505 nm. The Faraday
rotation spectrum was measured at & = 88° and the rotation values were calibrated at 491
nm with the analyzer setting at 8 = 85°. The Faraday rotation angles were also corrected
by subtracting the measured rotation angle without the presence of sample. The results

are shown as a function of incident wavelength in Figure 3.6.
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Figure 3.6: Spectral transmission and effective Faraday rotation of 128-layer PMMA/PS
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The Faraday rotation spectrum obtained in Figure 3.6 showed that outside of the
reflection band region (497 nm to 513nm), the experimental value for the multilayers was
close to the average value for combined PMMA and PS monoliths of the same total
thickness as our multilayers, which was logical because multi-reflection interference
effects in the off-band range were weak. On the other hand, the effective Verdet constant
droped inside the reflection band. Near the left edge of the band, a clear peak showed an
enhancement by a factor of about 1.5. On the right edge, the enhancement was also
present, but at a significantly lower level. It could be noted that the maximum
enhancement was appeared to be close to the value for a monolith of the PS but the
modeling and additional measurements verified that this was not a general result. With a
multilayer system of higher uniformity and with a detection scheme of narrower
wavelength spread, the Faraday rotation for the multilayer film would exceed the value

for an equally thick monolith of the higher Verdet material alone.

As a confirmation and further investigation of both reflection band-edge and band
defects, a folded multilayer film comprised of two 32-layer PS/PMMA structures
configured as (PS/PMMA)'®(PMMA/PS)'® was measured. The results are shown in

Figure 3.7.
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Faraday rotation enhancement
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Figure 3.7: Spectral transmission and Faraday rotation of 64-layer folded multilayer film

The Faraday rotation spectrum from Figure 3.7 illustrates that the central
transmission region splitting the reflection band (505 nm to 565 nm) corresponds to a
region of enhanced effective Verdet 1.5 times that of a monolithic structure based on an
average of the Verdet constants of the two constituent species. The edge enhancement on

the long wavelength side of the reflection band can also be seen.
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CHAPTER 4: TRANSFER MATRIX APPROACHES

In this chapter, a theoretical explanation of the experimental results and an
alternative way to quantitatively understand the Faraday rotation in the multilayer system
in terms of time spent in the various species making up the system, are described. Even
though this alternative approach requires significant computation, it defines the role of
the magneto-optical phenomenon of the member species. This approach may be helpful
for studying that multilayer system that has larger Verdet than we studied. However,

transfer matrix approaches have some limitations, which are discussed in Chapter 5.

4.1 2 x 2 TRANSFER MATRIX APPROACH

A 4 x 4 transfer matrix approach is a standard approach to quantitatively
determine the optical properties of the multilayer system representing boundary matching
and transport for each layer. The 4 x4 transfer matrix approach is discussed in detail in
section 4.2. Even though this approach is satisfactory, we propose that it does not clarify
the physical characteristics of magneto-optical rotation across the reflection stop band or
at band defects. An alternative approach is 2 x 2 transfer matrix which emphasizes the
transport for each layer in time rather than in space. This 2 % 2 transfer matrix approach is
simple because it highlights the transport of a single polarization. The 2 x 2 transfer

matrix approach is realized in Appendix A.

The bulk Verdet coefficients V per unit length L of a multilayer system can be

expressed in terms of reduced Verdet coefficients v per unit time . In practice,
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v= Vv, @.1)
where, v = reduced Verdet coefficients

V' =bulk Verdet coefficients

w . . . . .
Vg = % is the group velocity (velocity of wave with which the overall shape of

the wave’s amplitudes propagates through space).

To determine the Faraday rotation, we need to calculate the time spent in each
layer of the system and multiply that with the layer’s Verdet (in time units). However, in
multilayer system, the time spent in each layers is not a straightforward function of the
thickness of the layer because the net effect of boundary conditions at each interface
greatly influences the time. For simplicity, the rotation angle per tesla can be expressed as

Or
B_field

= Dall layers |4 Vgitp = (Vvdata+ (Vs tg=vats+vgip 4.2)
Where, subscripts A and B indicate the two constituent species of the system and ¢, and
tp are the time spent in each species.

The total time spent in the multilayer system can be computed as 7p = ¢4 + #3, and

in terms of group velocity,
The group velocity of the light wave in the multilayer system is given by

ow

== (4.3)

Vg
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where, w = angular frequency of light wave

k = wavenumber (i.e., property of light wave)

The phase of the transmitted electric field with respect to the incoming electric

field as a function of the wavelength A is given by
o=k (4.4)
where, / = distance travelled by the light wave

The total time spent by the light in the multilayer system is

_L_ ok _0¢ (4.5)

Also,

Z=c (4.6)

where, ¢ = speed of light

Solving Eq. (4.5) and Eq. (4.6),

_19¢

Ip= - ok (47)
_10¢ 94

D=7 %7 ok (4.8)

The wavenumber is given by

P (4.9)
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Differentiating Eq. (4.9),

6/1_ 2T

FT e (4.10)
... 04,
Substituting or 0 Eq. (4.8),
_2m 9%
=332 (4.11)
A% d A2
= A ¢ (4.12)

C2mc dA ch_l

The simple way to allocate 7 into #4 and ¢, is by reference to the probability of
finding the photon in one species or the other. Hence, the 2 % 2 transfer matrix approach
is used to calculate the local energy density contours for the multilayer system by
dividing each layer into sublayers (ten sublayers in our case) and summing the electric
field energy density usp = X (n*E?), 5 , for each species over its sublayers [31]. These
energy densities correspond to the probability of finding a photon at each point in the

stack and thus are used to determine the time spent in each species i.e.,

_uatp

ty= —uA+ i (4.13)
_ugtip

tB——uA_I_ s (4.14)

Then, z,4 and t3 are weighted by V" and v,

c A (dn
Here, vg:;(l + - (ﬁ)) (4.15)
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Thus, the Faraday rotation per applied magnetic field (B_ge1q) for the entire

multilayer system is given by

OF Vvgla Xa layers(nE)z + (Vvg)p XB layers(nE)2
=VylytTvpip= >
B_field YAl layers(NE)

(4.16)

To connect the results of our modeling to our experimental results, we begin with
the values for the bulk Verdet spectral dispersion formula obtained by fitting bulk Verdet

constants reported elsewhere in the literature for PMMA [30] and PS [29].

In our calculation, the Cauchy refractive index dispersion was used

C1
n2(A)=ni_, + = 4.17)

where, the two parameters n_, and ¢; correspond to 2.4 and 8.31 x 10* for

PMMA and 2.61 and 6.14 x 10* for PS respectively, with ¢; in nm* [32,33].

Using this approach, we calculated the transmission and Faraday rotation in our

—field

128-layer and folded 64-layer PMMA/PS polymer.

The results of our modeling are shown in Figure 4.1, Figure 4.2, Figure 4.3 and
Figure 4.4. Figure 4.1 and Figure 4.3 show the transmissions and Figure 4.2 and Figure
4.4 show the Faraday rotations per applied field using both the 4 x 4 approach (dotted

lines) and the 2 x 2 approach (thin solid lines).
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Figure 4.1: Predicted transmission spectra of 128-layer film
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Figure 4.2: Predicted Verdet of 128-layer film
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Figure 4.4: Predicted Verdet of folded 64-layer film
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Figure 4.1 and Figure 4.2 are calculated for the 128 layer (PS/PMMA)® structure
and Figure 4.3 and Figure 4.4 are calculated for the folded 64-layer

(PS/PMMA)'*(PMMA/PS)'® structure.

It is obvious that, in the case of the 128- layer system, there are enhanced band
edge effects and the rotation is suppressed inside the reflection band, both consistent with
our measured results shown in Figure 3.3. In the case of folded 64-layer system, there is
even greater enhancement at the reflection band central defect caused by the half-
wavelength defect in the quarter wavelength stack, which is also consistent with our
measured results shown in Figure 3.4. The measured results shown in Figure 3.3 and the
simulated results shown in Figure 4.2 differ qualitatively because of the effects of layer

thickness variations and spectral averaging.

Generally, the Faraday rotation angle is calculated assuming linearly polarized
light input and output (E,) which neglects ellipticity (85 = tan(y)). However, in one
dimensional photonic crystal system, the ellipticity phenomenon can be significant. This
phenomenon arises through multiple differential reflections due to the difference between
the right circularly polarized and left circularly polarized refractive indices in each layer.
In particular, near and in the reflection band, the ellipticity of the output light is indicated
by y being complex. The relationship between the azimuth angle € and the ellipticity
angle € for the real and imaginary parts of the output field ratios is then given as [34]

tan 8 (1—tan?e)
1+tan26 tanZe

Re(y) = (4.5)

tan e(1—tan?0)
1+tan20 tanZe

Im(y) = (4.6)
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Assuming the input azimuth angle € to be zero (i.e. linear polarization in x-
direction), the transmitted Faraday rotation angle and the ellipticity angle can be written

as

1 2Re(x)

Op =5 tan” (00 4.7)
_1. o 2im(n)
€—Zsm (1+|X|2) (4.8)

The results of Figure 4.2 and Figure 4.4 contain the effects of ellipticity in the
output polarization angle as supposed by Eq. (4.8), but do not indicate the amount of
ellipticity directly, which we did not measure. Figure 4.1 compares the predicted Faraday
rotation spectra with ellipticity included (red line) and without taking into account
ellipticity (black line) for our 64-layer folded structure, both based on 4 x 4 transfer
matrix approach. It also shows that the 2 x 2 approach is more closely aligned to the

results obtained when ellipticity is properly included.
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Figure 4.5: Predicted Faraday rotation in terms of ellipticity

[Comparison between predicted Faraday rotation for a folded 64-layer film considering
ellipticity (solid line) and without considering ellipticity (dashed line) by using both
transfer matrix approaches]

The ellipticity is very small outside the reflection band and both approaches yield
same results. However, inside the reflection band, the two approaches deviate due to the

accumulated effects of differential reflectivities increasing the ellipticity of the output.

In Figure 4.6, we plot the difference between the models used in Figure 4.4 (i.e.

Or 2x2 - . OF 4x4). It 1s obvious that this difference closely follows the predicted ellipticity.
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[Comparison between the predicted ellipticity angle for folded 64-layer film (solid line)
and the scaled difference between the 4 x 4 and 2 x 2 transfer matrix results shown in
Figure 4.4 (dotted line)]

4.2: 4 x 4 TRANSFER MATRIX APPROACH

The preliminary idea for developing our declaration in Eq. (4.2) is the standard
4 x 4 transfer matrix technique for calculating Faraday effects in multilayers. The
implementation of this technique is for both the transmission and Faraday characteristics
of purely dielectric multilayers starting from considerations of magnetically-induced
circular birefringence (i.e., the differential indices of refraction for left circularly
polarized light and right circularly polarized light in the presence of an applied magnetic
field) [35]. The energy-weighted group velocity delay was represented operationally by
determining the time spent in each component of the medium. The 4 x 4 transfer matrix

approach is realized in Appendix B.
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At zero magnetic field, the orthogonal linear polarization states (i.e., £ and E))
moving through the non-birefringent material have identical characteristic 2 x 2 transfer

matrices in (£, H) basis of the usual form for multilayer transmission calculations,

M:[ cosé (iSi:a)] (4.9)

insind cosé

where,
n = complex impedance of the medium at frequency w

0 = nkyx = optical path length measured in vacuum wavelengths of the material in

terms of the index of refraction (n) and the vacuum wace-vector (k)

To couple these two orthogonal polarization states, the characteristic matrices M
is combined for each layer with the 2 % 2 coupling matrices C into a 4 X 4 transfer matrix
_[M C . . . . .
m=|"c ml where the C matrix represents the vertical and horizontal optical rotation

assuming no absorption or incoherent scattering. For purely dielectric materials, in the

limit of small Faraday rotations, C can be written as

. 1 siné
—i sind ;(COSS - T)

C=VB (4.10)

n(cosé + %} —i sind

where,
V' = bulk Verdet coefficient for the constituent material

B = applied magnetic field (i.e., 1 Tesla for our experiments and simulations)
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Eq. (4.10) can be simplified as

C=C,+C; 4.11)
where,

_ising  Lcoss

C,,=VB[ LSmo- 508 ] (4.12)
ncosé —isind
iné _1

C, =L [0 nl (4.13)
§ [n o0

Thus, the characteristics 4 x 4 transfer matrix for each layer represents the phase
and amplitude changes in that layer as well as the coupling of the left circularly polarized
and right circularly polarized refractive indices as a function of applied magnetic field for
the constituent materials. Operation of the transfer matrices m of each kayer on the fields
Ex
Hy

Ey
_Hx

can be expressed as a 4-dimensional complex vector (where, in our case, the

incoming E, and H, are assumed to be zero). The ratio of horizontal (Ey) and vertical (E,)

polarization outputs (i.e., } = E—x) has a complex value.
y

The fact that the C, and C; scale differently with the thickness of the layers
indicates that in most situations, the Faraday rotation is dominated by the contributions

from the primary part C,,.

Solving Eq. (4.9) and Eq. (4.13), we get
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[N

M'c,= VB [0 Zl —iVB {asM}M" (4.14)

n 0

where, the material’s intrinsic refractive index dispersion is ignored

The optical transport in the complex medium is the product of the 4 x 4 transfer
matrices m for each component labeled by ‘i’ in sequence. In the limit of small Faraday

rotations, we need only need to keep terms linear in the V; and thus have

m=Hzmi=[_MC 13] (4.15)

Then, M =[]; M; (4.106)
C,=MS (4.17)
where, S = Y; Py 'M;*C,,;P; [for M = N;M;P; for each i] (4.18)

Ni=T1js1 M, (4.19)

Pi=[ljx1 M; (4.20)

1 1 .. )
The vectors w, = 2 (1, 1) and w, = 2 ( 1, 1) are the transmission and reflection

propagation eigenstates in the n = 1 medium to the left and right of the layered medium. .
Thus, taking the ratio of the horizontal transmitted component to the vertical transmitted

component, the observed Faraday rotation is
Or ~ arctan (y) ~ (W MSM~*w,| = |iBY; VWl N; 1 {0sMIM;* N Lw,|  (4.21)

where, w; = transpose vector of w;.
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This expression can then be related to sum of the energy-weighted time in each
layer multiplied by the rotation (per unit time) in that layer. It should be noted that the

transmission amplitude is

1
wiM— 1w,

(4.22)

T=

Eq. (4.22) indicates that the total group velocity delay across the entire multilayer
(i.e., 7’ times the derivative with respect to the wavevector of the phase of the

transmission amplitude) given by

1 ak T ak T 1:2 f— _
ak0¢:2_i[ o — L] ZZ—i[WZ(akOM 1)WtthM 1wt —C. c] (4.23)

T T
where, c.c = complex conjugate for {w7] (9, M~ )w,wI M w,}.

Here, the multilayer systems we are studying are very close to being parity

symmetric, that is,

M'=TMT (4.24)
-1 0
where, T= [ ) 1] (4.25)

Eq. (4.25) maps outgoing states to ingoing states in the original 2 X 2 systems.
Since there is no absorption it implies that the power quadratic form P satisfies

P=MPM (4.26)

where in this 2 % 2 basis, P = [0 1

- (4.27)
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This reflection symmetry of the film implies that
M'=M (4.28)

Eq. (4.28) is true only for the multilayers (AB)N(BA)", (AB)™A or (AB)" for

large N.

Under the even parity and no absorption assumptions, the term w,M Ly, is purely

imaginary. Then using
wtw,T + w,w,T = [é 2 (4.29)

The total group velocity takes a form
O, = iUW/ Ok, ¢ MOM 'w, (4.30)
and the expression
w, (0i, 6 MM 'w, =Y ;wl N;n;l;(05M;)M; *N; *w, (4.31)
where, n; = index of refraction of j layer
[; = thickness of ™ layer

The term N]-_lrwt is the local (E;, H,) at that layer’s output fact. The
n; (65M j)Mj"l as a quadratic form on that field vector gives one the normalized local

energy density in the standing wave and scaled by /; gives the normalized local

circulating energy in the /” component.
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For non-absorption assumption, let

N; = [fz ifl’] (4.32)

where a, b, ¢, d are real

Since the transport is power conserving,

det(N;) = 1 (4.33)
Then,
Ei=1(d ib) (4.34)
Hi=1a ic) (4.35)
wIN;n;l;(0sM;)M; N7 *'w, = nEj E; + % H H; (4.36)

At this point the connection between the group velocity delay dy ¢ and the
Faraday rotation ¢ is straightforward. The derivative 0, ¢ is related to the terms making

up the Faraday rotation by allocating the total delay into delays in each component

proportional to the total energy density in that component. The total delay is given by
1
=7 Ok, ® (4.37)

For simplicity of notation, assume that the system was just (4B)".
Then t4=<uys>t; (438)

tp=<up>ty (439)
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where, ¢, = time in material A4
tp = time in material B
“<>” means normalized in terms total circulating energy u, + up

Thus, as described in Eq. (4.2), for the primary part of the Faraday rotation,
O
5 tytvptp (4.40)

Thus, we derived a connection between the primary part of the Faraday rotation
(usually computed in the 4x4 formalism) and the total group delay in a complex linear
medium (from the 2 % 2 problem), assuming no intrinsic media dispersion, no absorption
and parity of the medium. We have shown that the local energy of a layer (again, using
the 2 x 2 formalism) represents for what fraction of the delay is spent in that layer. This
provides an analytical description of the Faraday rotation in complex media in terms of
the rotary power of the individual components and the dispersion created by the

multilayer structure itself.
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CHAPTER 5: LIMITATIONS OF TRANSFER MATRIX APPROACHES

The two MATLAB programs discussed in Appendix A and Appendix B were also
used to study the transmission spectrum and Faraday rotation of 16 layer PS/PMMA. The
transmission spectrum and Faraday rotation of 16 layer PS/PMMA that were obtained
from the 4 x 4 transfer matrix approach and the 2 x 2 transfer matrix approach were

compared.

Figure 5.1 shows the transmission of 16-layer PS/PMMA obtained from two

different approaches. As expected, both the curves were exactly alike.

Transmission of 16 layer PS/PMMA
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Figure 5.1: Transmission spectrum of 16 layer PS/PMMA

The two transfer matrix approaches showed different results while calculating
Faraday rotation. Figure 5.2 compared the rotation obtained from two different
approaches when 2nd layer of 16 layered PS/PMMA was considered as special layer. The
term special layer was defined in such way that the Verdet value of 2™ layer was
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increased by some factor (here, by a factor of 100) while all the Verdet values of other

layers were considered to be zero.

Faraday rotation of 16 layer PS/PMMA with 2nd layer as
special
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Figure 5.2: Faraday rotation when 2nd layer is considered as special layer

It was obvious from Figure 5.2 that the rotations obtained from two different
approaches were not the same. The 2 x 2 rotation curve represented by the dashed line in
the Figure 5.2 had different band. There wass also the difference at the band edges for
both the curves. This indicated that the two transfer matrix techniques had limitations and

that they could nott be applied in case of sample with few layers.

The same differences in 4 x 4 rotation curve and 2 X 2 rotation curve were seen in
16 layer PS/PMMA when 4™, 6™ 8™ 10", 12", 14™ and 16™ layers were made special
layers. The results are shown in Figure 5.3, Figure 5.4, Figure 5.5, Figure 5.6, Figure 5.7,

Figure 5.8 and Figure 5.9.
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Figure 5.3: Faraday rotation when 4t layer is considered as special layer
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Figure 5.4: Faraday rotation when 6™ layer is considered as special layer
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Figure 5.5: Faraday rotation when gt layer is considered as special layer
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Figure 5.6: Faraday rotation when 10" layer is considered as special layer
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Figure 5.7: Faraday rotation when 12t layer is considered as special layer
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Figure 5.8: Faraday rotation when 14" layer is considered as special layer
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Figure 5.9: Faraday rotation when 16" layer is considered as special layer

Furthermore, we tried to apply the 4 x 4 and 2 x 2 transfer matrix techniques in
non-symmetric [i.e., (AB)"] 8 layer, 16 layer and 32 layer PS/PMMA multilayer film.
The results are shown in Figure 5.10, Figure 5.11 and Figure 5.12. But, the rotations
obtained from two different approaches diverged and were not consistent with each other.
Thus, it can be concluded the two techniques failed to provide consistency in case of

Faraday rotation when the photonic crystals have few numbers of layers.
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Figure 5.10: Faraday rotation of 8 layer PS/PMMA

Faraday rotation (arbitary units)

0.03

0.02

0.02

0.01

0.01

0.00

Faraday rotation of 16 layer PS/PMMA

(A.B)"8
\ 4%4
\/\ - )*)
S -
400 450 500 550 600 650 700

wavelength (nm)

Figure 5.11: Faraday rotation of 16 layer PS/PMMA

49




Faraday rotation (arbitary units)

0.05
0.05
0.04
0.04
0.03
0.03
0.02
0.02
0.01
0.01
0.00

Faraday rotation of 32 layer PS/PMMA

(A.B)A16
4*4
VA\ N === 2*2
vﬁ#\
Ns?® N\~
W
400 450 500 550 600 650 700

wavelength (nm)

Figure 5.12: Faraday rotation of 32 layer PS/PMMA

50




CHAPTER 6: CONCLUSION

The Faraday rotation and transmission spectrum of the film both showed
oscillations outside of the reflection band, consistent with predictions for a finite
multilayer stack. Furthermore, light travelled once through the system at wavelengths
well outside the reflection band whereas, at wavelengths near the reflection band or at
band defects, light experienced multiple reflections thus increasing the time of transit
through the system and relatively increasing the rotation angle. The differences in the
group velocity and concentration of the light in different species in the multilayer film
caused differences in the band-edge enhancement at short and long wavelengths of the
reflection band and defect band. Generally, for a multilayer system having equal
alternating thickness layers, the long wavelength band-edge concentrated light in higher
refractive index component and the short wavelength band-edge was dominated by the
lower refractive index component. However, our experiments showed more band-defect
enhancements in the multilayer films having random thickness layers. This can be
controlled when systematic defects are included in the structure through the use of folded
multilayers discussed earlier. All these cases can be explained by changes in the group
velocity associated with band-edges and band defects and that the group velocity delay
scales appropriately with the Faraday rotation for these systems and not directly with
thickness. Based on this study, we showed that a more relevant equation than Eq (1.2) for

Faraday rotation in one-dimensional photonic crystals could be expressed as

0r=[[V(A) V4]Bdt= [ v(2) Bdt (5.1)
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where, v(1) is a reduced Verdet constant with the dimensions of angle per

magnetic field per second.

To conclude, the magneto-optic rotation caused in the multilayer films composed
of alternating layers of two different polymers (i.e. PMMA and PS), was modeled and
measured. In order to understand the relationship between Verdet values and the effects
of the dispersion of multilayer film, we build up and analyzed a model that illustrated the
Faraday rotation in terms of the time spent in each component of the multilayer film. The
standard 2 x 2 transfer matrix technique was used to calculate the total time spent in the
system and the relative amount of that time spent in each component of the system. The
model confined band-edge and band-defect enhancements of the Faraday rotation and the

significant drop in the Faraday rotation in the center of the reflection band.
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APPENDIX A: REALIZATION OF 2 x 2 TRANSFER MATRIX APPROACHES

In Chapter 4, the 2 x 2 transfer matrix approaches is discussed. The MATLAB

program (written in M-file) used to realize this approach is given in this appendix. The

program realizes 2 x 2 transfer matrix approaches in 128-layer (PS/PMMA)® film to

calculate the transmission spectrum and Verdet weighting of Energy/Time in the layers.

This verdet weighting data is multiplied with the time calculated from 4 x 4 approach

(i.e., function DelayData (RR)) to obtain Faraday rotation.

MATLAB Code:

clear;

numberdispersion

ltotal =128;
nl = 1.49;
n2 = 1.585;
nm = 1
ns =
nd =
dl =
dz2 =
dd = 0;
abscoeffl =
abscoeff2 =
abscoeffd =
wlboundl
wlbound2 =
wlinc = 10;
sublayers =
numberaverages

Ne Ne N

.1
.1

OO O =

oo O O O

4
6

0;
0;

10;

1;

Qo

o

Clear workspace in the program

% total layers of PS/PMMA
% Refractive index of PMMA

o

% Refractive index of PS

N s

[o)

% Assigining number of points for wavelength

wlength (1: ( (wlbound2-wlboundl) *wlinc)+1, 1) =
wlboundl:1/wlinc:wlbound2;

o)

% total wavelength points
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Qjprime = zeros (length(wlength),ltotal*sublayers);
Tprime = zeros (length(wlength),1);

Etotprime = zeros(length(wlength),1l);

EtotLprime = zeros (length(wlength),1);
EtotHprime = zeros (length(wlength),1)

’

s

% Define matrix which gives the weighting
Verdetmatrix = zeros (length(wlength),ltotal);

%Read and input refractive indices from a file 'indices.txt'
path (path, 'C:\Users\bshakya\Desktop') ;

FileName2 = 'indices.txt';
Refraction = dlmread(FileName?2) ;
Refraction(ltotal+l) = ns;

N,

o\

Tell the program which is first, L or H.

L=Low refractive index, and H=High refractive index
refractive index

if Refraction(l) > Refraction (2)

o

o

H=1;
L = 2;
elseif Refraction(2) > Refraction (1)
H = 2;
L =1;

end

Refractionwavelength = zeros(length(wlength), ltotal+l);
for wl = l:length(wlength);
for layer = l:ltotal+l
Refractionwavelength (wl, layer) = Refraction(layer,1);
end
end
vgroup = zeros (length(wlength), 2);
for layer = l:ltotal
for wl = 1l:length(wlength)
if Refractionwavelength (wl,layer) ==1.49;
Refractionwavelength (wl, layer) = sqrt(2.185+
1.268*10"4/wlength(wl,1)"2);
vgroup (wl,L) = 1/Refractionwavelength (wl, layer)*
(1-1.268*10%4/wlength (wl,1)"2/
(Refractionwavelength (wl, layer))"2);

elseif Refractionwavelength(wl,layer) ==1.585;
Refractionwavelength (wl, layer) = sqgrt(2.440+

3.121*10%4/wlength(wl,1)"2);
vgroup (wl,H) = 1/Refractionwavelength (wl, layer)*
(1-3.121*10"4/wlength(wl, 1) "2/
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(Refractionwavelength (wl, layer))"2);
end
end
end

s

stdev = 0;

seed = 65*numberaverages;

randn ('seed', seed) ;

tvar = stdev*randn ([ (ltotal+l) 1])+1;

% Start of first 'While' loop

while numberaverages<=numberdispersion

clc;

% Read and input thicknesses from a file 'newrandlayerl 6.txt'
path (path, 'C:\Users\bshakya\Desktop') ;
FileName = 'newrandlayerl 6.txt';
Thickness = dlmread(FileName) *10"-3;

Thicknessl = zeros(ltotal,l);
lnumb = 1;
% Start of second 'While' loop
while Inumb< (ltotal+1l)
Thicknessl (lnumb,1l)= Thickness (lnumb,1l)*
tvar (lnumb, 1) ;
1lnumb= (1lnumb+1) ;
end
% End of second 'While' loop

N,

Thickness = Thicknessl;

ltotal+l,1);
:2:(ltotal-1)

rowl) = abscoeffl;

absco = zeros(
for rowl =
(

oot

end

for row2 = 2:2:(ltotal)

absco (row2) = abscoeff?2;
end
absco (ltotal+l) = 0;
$ n+ik
complexrefraction = zeros(length(wlength), ltotal+l);

polarization = zeros(length(wlength), ltotal+l);
del = zeros(length(wlength), ltotal+l);
for layer = l:1ltotal+l
for wl = 1l:1length(wlength)
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complexrefraction(wl, layer) =
Refractionwavelength (wl, layer)
- i*((wlength(wl) * (107-7) *absco (layer))/ (4*pi));
polarization(wl, layer)=
complexrefraction (wl, layer) ;
del (wl, layer) =
(2*pi*complexrefraction(wl, layer))/
(wlength (wl)* (10" (=3)))
end
end

dell = zeros(length(wlength), ltotal);
for layer = 1l:1ltotal
for wl = 1l:length(wlength)
dell (wl,layer) = del(wl,layer)*Thickness (layer);
end
end

N N,

% Define rjk &tjk Fresnel complex reflection & transmission
coefficients
rjk = zeros(length(wlength), ltotal);
tjk = zeros(length(wlength), ltotal);
for 3 = 1l:1total
for wl = 1l:length(wlength)

rjk(wl,j)=(complexrefraction(wl,j) -
complexrefraction (wl,j+1))/
(complexrefraction(wl, ) tcomplexrefraction(wl,j+1));

tjk(wl,j)=(2*complexrefraction(wl,j))/
(complexrefraction(wl, j) +tcomplexrefraction(wl,j+1));
end

end

rmedk = zeros(length(wlength), 1);
tmedk = zeros (length(wlength), 1);
for wl = 1l:1length(wlength)

rmedk (wl) = (nm-complexrefraction(wl,1))/
(nm+complexrefraction(wl, 1)) ;
tmedk (wl) = (2*nm)/ (nm+complexrefraction(wl,1));
end

NN,

% Defining Interfjk and Lpropj as propagation matrices
Interfjk = cell(length(wlength),ltotal);
Lpropj = cell (length(wlength),ltotal);
for layer = 1l:1total
for wl = 1l:1length(wlength)

Interfjk(wl,layer)={[1/tjk(wl, layer)
rjk(wl,layer)/tjk(wl, layer);
rjk(wl, layer)/tjk(wl,layer) 1/tjk(wl,layer) 1};
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Lpropj (wl, layer)={[exp(-i*dell (wl, layer)) 0;
0 exp(i*dell(wl,layer)) 1};
end

end

Imed = cell (length(wlength), 1);
for wl = 1l:length(wlength)
Imed(wl) = {[1l/tmedk (wl) rmedk (wl) /tmedk (wl) ;
rmedk (wl) /tmedk (wl) 1/tmedk(wl) 1};
end

Matr = cell (length(wlength),ltotal);
M2 = cell(length(wlength),1);
Mstart = cell(length(wlength),1);

for wl = 1l:length(wlength)
for layer = 2:1total

Matr{wl, layer}=(Interfjk{wl, layer}*Lpropj{wl, layer});
end
Matr{wl,1l} = Imed{wl}*Lpropj{wl,1};
Mstart{wl,1l} = Interfjk{wl,ltotal};
for layer = ltotal:-1:1
M2{wl,1} = (Matr{wl,layer}*Mstart{wl,1});
Mstart{wl,1} = M2{wl,1};
end

PbM2 = cell (length(wlength),ltotal);

( ( )y
PfM2 = cell (length(wlength),ltotal-1);
Sjil = cell (length(wlength),ltotal);
Sji2 = cell (length(wlength),ltotal);

for wl = 1l:length(wlength)
for leftlayer = ltotal:-1:2
Mstart{wl,1l} = Interfjk{wl,leftlayer-1};
for layer = leftlayer-1:-1:1
PbM2{wl,leftlayer} =
Matr{wl,layer}*Mstart{wl,1};
Mstart{wl,1l} = PbM2{wl,leftlayer};
end
Sjil{wl,leftlayer} = PbM2{wl,leftlayer};
end
Sjil{wl,1} = Imed{wl};

for rightlayer = 1l:1total-1
Mstart{wl,1l} = Interfjk{wl,ltotal};
for layer = ltotal:-l:rightlayer+l
PfM2{wl, rightlayer} =
Matr{wl,layer}*Mstart{wl,1};
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Mstart{wl,1l} = PfM2{wl,rightlayer};

end
Sji2{wl,rightlayer} = PfM2{wl,rightlayer};

end
Sji2{wl,ltotal} = Interfjk{wl,ltotal};

end

for wl =
M2{wl, 1}
End

N NN,

l:length (wlength)
= S3il{wl,1l}*Lpropj{wl,1}*Sji2{wl,1};

% Divide each layer into sublayers
Enum = zeros (length(wlength), sublayers*ltotal);
Edenom = zeros (length (wlength),sublayers*ltotal);
E = zeros(length (wlength), sublayers* (ltotal-1)+1);
Q = zeros (length (wlength), sublayers* (ltotal-1)+1);
for wl = 1l:length(wlength)
for j = 1:1total
% Add one more
for incr = l:sublayers
Enum(wl, sublayers* (j-1)+incr)=S3ji2{wl,Jj} (1) *
exp (-i*del (wl, J) * (Thickness (j) *
(1-incr/sublayers)))+Sji2{wl,j} (2)*
exp (i*del (wl,j) * (Thickness (]j)*
(1-incr/sublayers)));

Edenom (wl,sublayers* (j-1)+incr) =
Sjil{wl,j} (1) *Sjiz{wl,J} (1)~*

exp (-i*del (wl, ) * (Thickness (3)))+
S3il{wl,J} (3)*Sjiz{wl,J} (2)*
exp(i*del (wl,3j)* (Thickness (j)));

E(wl, sublayers* (j-1)+incr) =
Enum (wl, sublayers* (j-1)+incr) ./
Edenom (wl, sublayers* (j-1)+incr) ;

Q(wl,sublayers* (j-1)+incr)
(Refractionwavelength (wl, j)"2) .*
(E(wl,sublayers* (j-1)+incr) .*
conj (E(wl,sublayers* (j-1)+incr)))* Thickness (])
end
end
end

NN,

startlayer = 1;
endlayer = ltotal;

% For partial view of layers
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Qj = zeros(length(wlength), (endlayer-
startlayer+1l) *sublayers) ;

for z7 = (startlayer-1)*sublayers+l:endlayer*sublayers
for wl = 1l:length(wlength)
Qj(wl,z7-((startlayer-1) *sublayers)) = Q(wl,z7);
end
end

Etot = zeros(l,length(wlength));
EtotlL = zeros(l,length(wlength));
EtotH = zeros(l,length(wlength))

14

N,

for wl = 1l:length(wlength)
$start
Etot(l,wl) = sum(Qj(wl,l:endlayer*sublayers));
numberHlayers = 1;

if H<L
while numberHlayers <=ltotal
EtotL(l,wl)=sum(Qj (wl,numberHlayers*sublayers +
l:numberHlayers*sublayers+sublayers)) + EtotL(l,wl);

EtotH(l,wl) = sum(Qj (wl, (numberHlayers-1) *sublayers
+ l:numberHlayers*sublayers)) + EtotH(1l,wl);

numberHlayers = numberHlayers+2;
end
end
if L<H
while numberHlayers <=ltotal
EtotH(1,wl)=sum(Q]j (wl, numberHlayers*sublayers +
l:numberHlayers*sublayers+sublayers)) + EtotH(l,wl);

EtotL(l,wl) = sum(Qj (wl, (numberHlayers-1) *sublayers
+1:numberHlayers*sublayers)) + EtotL(l,wl);

numberHlayers = numberHlayers+2;
end
end
end
% end

N,

transmission = zeros (length(wlength),1);

for wl = 1l:1length(wlength)
transmission(wl,1) = 1/M2{wl,1} (1);
PhaseD(wl, 1l)=angle (transmission(wl, 1))
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end

NN,

o)

% start of unwinding the phase
for ii=l:length(wlength)-1
if (PhaseD(ii+1l)-PhaseD(i1i))>3
for jj=ii+l:length (wlength)
PhaseD(jj)=PhaseD(j]j)-2*pi;
end

end
end
% end of unwinding the phase

s

T = zeros(length(wlength),1);
for wl = 1l:length(wlength)

T(wl,1l) = (ns/(nm))*((abs (transmission(wl,1)))”2)*100;
end

N,

for wl = 1l:1length(wlength) % start
Etotprime(wl,1l) = Etotprime(wl,1l) + Etot(l,wl);
Etotlprime(wl,1l) = EtotLprime(wl,1l) +
EtotL(1,wl);

EtotHprime (wl,1) = EtotHprime(wl,1l) +
EtotH(1,wl);

Tprime(wl,1) = Tprime(wl,1) + T(wl);
for layers = 1l:ltotal*sublayers
Qjprime (wl, layers) = Qjprime(wl,layers) +
Qj (wl, layers);

end
end % end

N,
numberaverages = numberaverages + 1;

end
% End of first 'While' loop

N,

[o)

% Define matrix that calculates the total energy
EtotMike = zeros(length(wlength),1l);
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% Start of 'for' loop for splayer
for splayer=1:4
clc;

% Start of for loop for length(wlength) i.e total wavelength
for wl = 1l:length(wlength)

clc;
Tprime (wl,1l) = Tprime (wl,1l)/numberdispersion;
Etotprime(wl, 1) = (EtotLprime(wl,1) +

EtotHprime (wl, 1)) /numberdispersion;

% Start of '"for' loop for ltotal i.e total layers
for layer=1l:1total
clc;

% Start of second 'if' loop

if mod(layer,2)== % odd splayer
Verdetmatrix (wl, ltotal)=
2.27*10"6/ (wlength (wl,1)"2)+
2.21*10711/ (wlength(wl, 1) "~4);

if layer==splayer
Verdetmatrix (wl, ltotal)=
50*%(2.27*1076/ (wlength (wl, 1) "2)+
2.21*10711/ (wlength(wl, 1) "4));
end

EtotLprime (wl,1)=(Verdetmatrix (wl,ltotal) *vgroup (wl,L)
* EtotLprime (wl, 1)) /numberdispersion;

o)

elseif mod(layer,2)==0 % even splayer

Verdetmatrix (wl,ltotal)=7.397*10"5/ (wlength (wl, 1}
~"2)+ 1.1*%10711/ (wlength (wl, 1) "4);

if layer==splayer
Verdetmatrix (wl, ltotal)=50*(7.397*10"5/ (wlength (wl,1)
A2)+ 1.1*10711/ (wlength(wl, 1) "4));
end
EtotHprime (wl,1) = (Verdetmatrix(wl,H)*vgroup (wl,H)*

EtotHprime (wl, 1)) /numberdispersion;
end
% End of second 'if' loop
EtotMike (wl,1) = (EtotLprime (wl,1)+EtotHprime (wl,1))/
(Etotprime(wl, 1))

end
% End of 'for' loop for ltotal i.e total layers
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for layers = l:ltotal*sublayers % start
Qjprime (wl, layers) =
Qjprime (wl, layers) /numberdispersion;

end % end

end
% End of 'for' loop for length(wlength) i.e total wavelength

s

% Transmission Plot
figure ('Name', 'Transmittance', 'Numbertitle', 'off')
hold on;
plot (wlength(l:length(T)), T(:), 'r'"),
) ')y
)

')Y,title('Transmission');

xlabel ('Wavelength (
ylabel ('"Wavelength (
grid on

nm
nm

saveas (gcf, 'Transmission with MCC Layers HL 128 with dispersion.]
pg','Jpg")

% Weighted Total Energy (Crescimanno) vs Wavelength Plot
figure('Name', 'Total Energy
vs.Wavelength', 'Numbertitle', 'off');
plot (wlboundl:1/wlinc:wlbound2, (EtotMike(:))),
xlabel ('Wavelength (nm) '),
ylabel (splayer) ;
title ('Photon Localization Weighted by Local Verdets')
grid on

saveas (gcf, 'Energy of L and H layers HLLH 32 32 funct lambda Verd
ets weighted n”2 cresc.jpg', 'Jjpg')

o

Data is as follows:
column 1, wavelength:
column 2, Transmission:
column 3, unweighted energy:
column 4, weighted energy in layers (by Verdet)
impdata = zeros(length (wlength),5);
for k = l:length(wlength)
impdata(k,1) = wlength(k,1);
impdata(k,2) = Tprime(k,1);
impdata (k, 3) (Etotprime(k,1))/ (ltotal*sublayers) ;

o° o° oo

o°

impdata(k,4) = (EtotLprime(k,1) +
EtotHprime (k, 1))/ (ltotal*sublayers) ;
impdata(k,5) = EtotMike(k,1);

end
dlmwrite('LH 128 Rand 1 6.txt', impdata, '\t')

end
% End of 'for' loop for splayer
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APPENDIX B: REALIZATION OF 4 x 4 TRANSFER MATRIX APPROACHES

In Chapter 4, the 4 x 4 transfer matrix approaches is discussed. The MATLAB
program (written in M-file) used to realize this approach is given in this appendix. The
program realizes the 4 x 4 transfer matrix approaches in 128-layer (PS/PMMA)** film to
calculate the transmission and Faraday rotation. The program performs matrix

multiplication using loop commands like for, while, if, else and ifelse.

MATLAB Code:

QO

clear; % Clear workspace in the program
nlLayer=128; %$layer number of sample

Q

% Assigning layer thickness of A (PMMA only)

dA=10"-06%*

[4.35E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02 ;8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02; 8.7E-02;
2.175E-02; 2.175E-02;1;

N N,

% start of seed for-loop
for seed =5:5 % seed variable assigned
stdev = 0;

randn ('seed', seed) ;
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tvar = stdev*randn ([ (nLayer+1l) 1])+1;

dAl = zeros (nlayer,1l);

lnumb = 1;

while lnumb< (nLayer+1l)
dAl (lnumb,1)= dA(lnumb,1)* tvar (lnumb,1);
1numb= (1lnumb+1) ;

end

dA = dAl;
dB=dA; % layer thickness of B (PS only)

NN,

StartLamda=400*10"-9; % start wavelength
EndLamda=500*10"-9; % end wavelength
WavelengthStep=0.025*10"-9; % calculation resolution

o\

starting overwrite NA and NB (using PS and PMMA)
index of A: PMMA

NA=1.49;

index of B: PS

NB=1.58;

NOB=2.440;

ClB=3.121*10"-14;

o o oo

o

NOA=2.185;
ClA=1.268*10"-14;

AlLayerA=7.397*10"5;
AlLayerB=1.1*10"11;
BLayerA=2.27*10"6;
BLayerB=2.21*10"11;

% off-diagonal dielectric constant of A at 525nm
e2A0=1;

% off-diagonal dielectric constant of B at 525nm
e2B0=1;

% ending overwrite NA and NB

N,

o)

TransferN=zeros (4,4); % record the transfer matrix

o)

% number of wavelength points
WaveRes=int16 ( (EndLamda-StartLamda) /WavelengthStep) ;

LamdaRecord=zeros (1, WaveRes) ; $record all wavelength
TransData=zeros (1,WaveRes) ; % tranission data array
RotationData=zeros (1, WaveRes) ; % rotation data array
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VerdetData=zeros (1l,WaveRes); % verdet constant data array

o

PhaseData=zeros (1, WaveRes) ; % Phase
EllipData=zeros (1l,WaveRes) ; % Ellipticity
DelayData=zeros (1, WaveRes) ;

RotationByDelay=zeros (1, WaveRes) ;
L7777 7777777777777777777777777777777777777/77777777777777777777777

Lamda=StartLamda,; % temporarory lamda (for calcuation use)
counter=1 % calcuation incresement index, for wavelength

while Lamda-EndLamda<0

% overwrite here
NA=sqrt (NOA+C1A/ (Lamda”™2)) ;
NB=sqrt (NOB+C1B/ (Lamda”"2)) ;

e2A=e2A0*Lamda* (ALayerA/ (Lamda*10"9) "2
+ALayerB/ (Lamda*1079) ~4) /2;

e2B=e2B0*Lamda* (BLayerA/ (Lamda*10"9) "2
+BLayerB/ (Lamda*1079) *4) /2;

% end of overwrite
TransferN=eye (4,4);

TransferNl=zeros (4,4) ;
[T 7007777777777 77777 777777777777
for Layer=1:nlLayer
if mod(Layer,2)== % odd layer
e1=NA*NA;e2=e2A;ep=el+e2;en=el-e2;

dn=2.0*pi*dA (Layer) *sqgrt (en) /Lamda;
dp=2.0*pi*dA (Layer) *sqrt (ep) /Lamda;

M=[0.5* (cos (dn) +cos (dp) ),
-0.5%i* (cos (dn)-cos (dp)),
0.5* (1*sin (dn) /sqrt (en) +sin (dp) /sqrt (ep)),
0.5*i* (sin(dn) /sqrt (en)+sin (dp) /sqrt (ep)) ;
(dp) ,

0.5%i* (cos(dn)cos (dp)),0.5* (cos (dn) tcos
-0.5*1* (sin(dn) /sgrt (en) +sin (dp) /sqgrt (ep)),
0.5*% (-1*sin (dn) /sqrt (en)+sin (dp) /sqgrt (ep)) ;
0.5* (sin(dn) *sgrt (en) -sin (dp) *sgrt (ep) ),
-0.5%1i* (sin (dn) *sqgrt (en) +sin (dp) *sqgrt (ep) ),
0.5* (cos (dn) +cos (dp) ),
-0.5%1i* (cos (dn)-cos (dp)) ;

0.5*i* (sin(dn) *sgrt (en) +sin (dp) *sgrt (ep) ),
0.5* (sin(dn) *sgrt (en) -sin (dp) *sgrt (ep) ),
0.5*i* (cos (dn)-cos (dp) ),

0.5* (cos (dn) +cos (dp) ) 1;
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elseif mod(Layer,2)==0 % even layer
el=NB*NB;e2=e2B; ep=el+e2;en=el-e2;
dn=2.0*pi*dB (Layer) *sqgrt (en) /Lamda;
dp=2.0*pi*dB (Layer) *sqgrt (ep) /Lamda;

M=[0.5* (cos (dn) +cos (dp) ),
-0.5*%1* (cos (dn)-cos (dp)),
0.5*( -
1*sin(dn) /sgrt (en)+sin (dp) /sqrt (ep)),
0.5*%i* (sin(dn) /sqgrt (en) +sin (dp) /sqrt (ep)) ;
0.5*i* (cos (dn)-cos (dp)),
0.5% (cos (dn) +cos (dp) ),
-0.5*1* (sin(dn) /sqgrt (en)+sin (dp) /sqgrt (ep)),
0.5* (-1*sin(dn) /sqgrt (en) +sin (dp) /sqrt (ep)) ;
0.5* (sin(dn) *sgrt (en) -sin (dp) *sqgrt (ep) ),
-0.5%1* (sin (dn) *sqrt (en) +sin (dp) *sqrt (ep) ),
0.5* (cos (dn) +cos (dp) ),
-0.5*%1* (cos (dn) -cos (dp)) ;
0.5*i* (sin (dn) *sgrt (en) +sin (dp) *sgrt (ep)),
0.5* (sin (dn) *sgrt (en) -sin (dp) *sqgrt (ep) ),
0.5*i* (cos (dn) -cos (dp) ),
0.5* (cos (dn) +cos (dp) ) 1;

end;

TransferN=M*TransferN;

o

end % end of for loop (Layer=l:nlayer)

L1177

Q

<

coupling egns experessed in terms of transfer matrix elements
Fl=TransferN(1l,1l)+TransferN(1l,4);
F7=TransferN(2,1)+TransferN(2,4);
F10=TransferN(3,1)+TransferN(3,4);
F4=TransferN(4,1)+TransferN(4,4);
F2=TransferN(l,1l)-TransferN (1, 4);
F8=TransferN(2,1)-TransferN(2,4);
Fll=TransferN(3,1)-TransferN(3,4);
F5=TransferN(4,1)-TransferN(4,4);
F3=TransferN(l,2)+TransferN (1, 3);
F9=TransferN(2,2)+TransferN (2, 3);
Fl2=TransferN (3, 2)+TransferN(3,3);
Fo6=TransferN(4,2)+TransferN (4, 3);

Gl=F2-F5;
G2=F3-F6;
G3=F4-F1;
G4=F8+F11;
G5=F9+F12;
Go=-1* (F7+F10) ;

del=G1*G5-G2*G4;
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% back refection X and Y, i.e. Cl, C2,
1=(G3*G5-G2*G6) /del;
2=(G1*G6-G3*G4) /del;

% transmission X and Y, i.e. C3, and C4
C3=(F2*C1+F3*C2)+F1;
C4=(F8*C1+F9*C2)+F7;

LamdaRecord (1, counter)=Lamda* (1079) ;

TransData (counter)=(abs (C3)) "2+ (abs (C4)) "2;

ki=C4/C3;

VerdetData (1, counter)=1/2*atan (2*real (ki) / (1-
abs (ki) ”*2))*1000;

PhaseData (1, counter)=angle (C3) ;

EllipData (1, counter)=imag(C4/C3)/ (1+abs (ki) "2);

e2AData (counter) =e2A;

e2BData (counter)=e2B;

counter=counter+1;

Lamda=Lamda+WavelengthStep;

o)

end % end of while loop

N,

% unwinding the phase
for ii=1l:length (LamdaRecord)-1
if (PhaseData (ii+1l)-PhaseData (ii))>3
for jj=ii+l:length (LamdaRecord)
PhaseData (jj)=PhaseData (jj)-2*pi;
end

end

end
% end of unwinding the phase

L1777 77 7777777777777 777777777777777777777777777777777777777777777
DelayData=diff (PhaseData) ./diff (LamdaRecord) ;

DelayData (length (DelayData)+1l)=DelayData (length (DelayD
ata));

for kk=1l:length (LamdaRecord)

DelayData (kk)=abs (DelayData (kk) *LamdaRecord (kk) *LamdaR
ecord (kk) *107=-9/ (2*pi));

RotationByDelay (kk)=RotationData (kk) /DelayData (kk) ;

end

NN,
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AllData=zeros (length (LamdaRecord),b) ;

for RR=1:length (LamdaRecord)
AllData (RR, 1)=LamdaRecord (RR) ;
AllData (RR, 2)=TransData (RR) ;
AllData (RR, 3)=VerdetData (RR) ;
AllData (RR,4)=DelayData (RR) ;
AllData (RR,5)=EllipData (RR) ;
end

s

save ('C:\Users\bshakya\Desktop\filename.txt', "AllData"', '-ASCII");
WaveRes;
length (LamdaRecord) ;
AvgData=zeros (length (LamdaRecord)) ;
FWHM = 4.5;
Delta = FWHM / 2.3548;
WavelengthStep = 0.1;
nopoints=WaveRes-30;

N,

figure ('Name', 'AvgVerdet VS. wavelength', 'Numbertitle',
'off');

plot (LamdaRecord (30:nopoints), VerdetData (30:nopoints)),
xlabel ('Wavelength (nm) '), ylabel('splayer');

grid on

figure ('Name', 'AvgTrans VS. wavelength', 'Numbertitle',
'off');

plot (LamdaRecord (30:nopoints), TransData (30:nopoints)),
xlabel ('"Wavelength (nm) '), ylabel('splayer');

grid on

end;
% end of seed for-loop
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