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ABSTRACT

A NONLINEAR THEORY FOR THIN ELASTIC SHELLS
INCLUDING THE EFFECTS OF TRANSVERSE SHEAR STRESS,
TRANSVERSE NORMAL STRESS AND TRANSVERSE AND ROTARY INERTIA
Torpong Torsuwan
Master of Science in Engineering

Youngstown State University, Year 1971

The purpose of this thesis is to derive a nonlinear theory of
thin elastic shells including the effects of transverse normal stress,
transverse shear stress, and transverse and rotary inertia,

Using a variation theorem due to Reissner, the equations of
motion, the stress-strain relationships, and the associated natural
boundary conditions are simultaneously determined. The resulting equations
may be applied to a certain group of shell problems where the applied
dynamic loads produce deformations which are of such an order that only

an appropriate nonlinear theory can account for them.
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CHAPTER I
INTRODUCTION

Nonlinear theories for thin elastic shells as derived by using
the theory of finite displacements differ greatly depending on the res-
trictive assumptions placed on the resulting deformations,

A linear theory for thin elastic shells including the effects
of transverse normal stress, transverse shear stress and rotary inertia
is considered by Naghd§?) A group of existing theories is summarized by
Sanderg§)where he derives a set of nonlinear theories which include as a
special case the Donnell-Mushtari.Vlosov theory. A nonlinear shear defor-
mation theory for thin elastic shells is presented by Archeif) This paper
derives a nonlinear theory of the Donnell type which includes shear defor-
mations, transverse and rotary inertia effects, but does not include the
effect of transverse ngrmal stress,

A direct application of the resulting equations play an impor-
tant role in wave propagation problems, where the effects of transverse
normal stress and transverse shear stress are of primary-importance.

The objective of this thesis is to derive a nonlingar theory of
thin elastic shells of the Donnell type based dn Reissner's variational
theorem of finite elastic diaplacemoﬂtsu)



CHAPTER II
METHOD OF ANALYSIS

In analysis of shell, not only basic assumptions of the analysis
in beam and plate were used, but also some more restrictly assumptions
to get the useful results were included as followst

1., The thickness of the shell assumes uniform and is small when
compared with the least radius of curvature., Terms of the -
order (h/r)“ are retained in comparision to unity.

2, Points on the lines which are normal to the middle surface
before deformation do not remain normal to the middle surface
after deformation ( i.e., shear deformations are accounted for),

3. Linear elastic stress-strain relationships are assumed to hold,
~and the component of stress normal to the middle surface is
considered to be of the same order as the other components of
stress,

2,1 The Coordinate System and Notation

The notation used throughout the paper is similar to that given

by Langhaarsz)

Where tﬁe middle surface of shell is defined as the equa-
tions of X = X(x,¥y), ¥ = Y(x,y) and Z = Z(x,y) where the parameters x,y
are called middle surface coordinates and X,Y,Z are rectangular cartesian
coordinates, The normal distance from the middle surface is denoted by
+ 2z, the normal coordinate, ' '

The unit normal vector at a point of the middle surface is de-
fined as Eﬁ and tangent vectors to the curves of constant x and y curves
by ;; and F& respectively,

For the special of orthogonal middle lines, the coordinate curves

align with the curves of principle curvature,



The distance ds between points is given by the equationt

ds? = oA2dx2 + Pzdyz + ¥2dz2 , ¢4
where of = A(1+ %1) ’ P”B(i"' %2) ’ ¥=1,
Az = ?X‘Fx ’ Bz - Fyofy 0 ( 2 )

and % s 1 are the principle curvatures of the middle sueface.
3R

2,2 Stress Resultants and Stress Couples :

Stress resultants and stress couples applied to a differential
shell element are shown in Figse. 2,1b & 2,1c, These stress resultants
and stress couples are defined as total forces and moments acting per
unit length of the middle surface,

()

/Vmiddle surface

(¥)

(x)

mg. 2.1a



ng. 2.1b

ng. 2.10



The stress resultants and stress couples are defined by the

following equations;
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2.3 Strain-Displacement Relations

The equations of the general three dimensional nonlinear strain-

displacement are given as:
-

2
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Equation ( 5 ) reduces to the followings

e 2
Cii =01< hu,.»,;_(qvu@w +21dw,] J

E_‘“ g(é. Lﬁxuq- V“""F‘l‘aw*zjé

Cee =Wz

é
Yye = Vg-t-gq-(ge-v ;

Uxp = uwo\_r{x-geu .

- The differential equation of Codazzi for orthogonal shell

coordinates are written as
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The following equalities are
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Substituting equation ( 8 ) into equation ( 6 ) the following

reduced form is obtainedt

=
Exx 0‘?[ u+g‘\v+"w+2‘dwx] -
o

€2 = We e
Xx 3\.‘(. Y—E*V—A- M+Ww :

'V TR el T

)’i— = V. +W.. - _eV ’

{ e (3‘\ (2 |

Ixe = u,»«gx_geu. 2 (9)

To obtain the appropriate stress-strain relation, the following

approximate equations are assumed:

U = T(x,y) + 2f(x,y) 1
V= V(x,y) + 2x,y) -
W = Wix,y) + zW‘(x.y) + %Zﬁzx.-y) . (10)

where U and V are the components of displacement at the middle surface,

¢(x,y) and (?(x,y) are the change of slope of the normal to the middle
L

surface along the x and y coordinates lines respectively, and W(x,y) and

N
W(x,y) are the contributions to the transverse normal strain,

-




Substituting equation ( 10 ) into equation ( 9 ), the following

are obtained:

Cun o‘[u +a¢,+ (Va-i.‘§’)+"(\~+-tﬂ-.-a W)+... (w,+aw,.+ w,‘) @ \

.

€y ?1’[\7., *RYy e Kn(mm)*B(maw»,% w),.. (P w.,) :

o 15 (R s20) 10 (Tur) - Bk (V2g) - Bu o (e

+(WeraWys g_’w; Xan\jﬁQ * %_‘W.:) ]

’&1‘ =é‘- L(G(y ¥ (Ww&tﬂ:‘ ¥ %z\"'l;) -(ég (q*iy)]

0+ (Far 2o ) -k (1420

(11)

If the terms 1 and 1 are replaced respectively by the terms
o :
1 and 1 in the first and second equations given in equation ( 11 ), the
A B
following equations for the components of strain are rewritten as:

onl o ¥ -.2

(“’ )6" . enx*%Ku"'a C,‘ W;W. A"(w") ’

2A’

4 _w2
(42 Yy = €ny +2Ky ﬂCw Wv\“’! *Za(Wy)s

eae = W"" zW
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(XD = (4 xi,,.+ad,,)+(4+§)(i,,+eé\,1)

o 4 ¥ _»
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A q+2 Exy '“'4AB( ")
2) e Nyp + 2 (Wigs 2 Wy
(145) %= Ve + 8 (W 3 ¥)

(«+§)%=‘*“*%(“’1*%“*> . (12 )

where

') 5 & - % 4 _12 'y = - ' -1
€™ A(ux»«gw V) +%’ *2.‘;?(\*4,.) Mas ' B # ;‘:.‘ (V-2uid) ,

® ‘ b 4 ot 8
€uy " g (Ty+ 30) + ‘%*}Ba(“%) Tas I

(13)
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2,4 The Components of Stress
Noting equations ( 3 ), the components of stress are assumed to

take the form,
(14-%)'(“ = ?\nn + g,'a My
2 Nuy 4 12
“‘”n)f“w Ny + E’e My %

(1+ )Ty = Nhﬁw‘f,amm :

[}
-

(14)

ol B
(+§)Tix = t“."wn’fg%qu \

the components of shearing stress of Uxgs Z:ﬂ, and T;% are determined by
direct solution of the first three equilibrium equation of stress which

ares

a% (Pm*) *a‘aq (*¥T) *;g (#e Tax) + ¥y Ty + % T
-Ue,‘m\' ‘€ng;¢ + (o(e‘o’F, 20

_an (eb’&‘) t%‘ (0(8 Cﬁ) +?% (0(@ qu) + Kéx'(m‘ "’" e}tﬂ%
- WAy Ton -4 W Toa + AEYFy =0

,,?x(eme) +2 (A1) 1.2 (ApT) + 6 Tax +A¥y Ty
"€°‘a'(xx -d@et\,.,'redé“:a mL

-

(15)
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For thin shell theory in orthogonal coordinates ¥ = 1; the
previous equations reduce to,

-

2o E0m) ey T bl el B « A = i 2 0

2(€Tu)+2 (ATuy) £2 (46 Tey) +,Cax +eBsTye - Tn =0

2 (pTx) 42 (AThe) £2 (AP Tez) - Tux = ATy =0 .
(16)
Substituting equations ( 3 ) into equations ( 16 ), and integra-

ting over the thickness of the shell ylelds respectively,

BQX(BN") ﬁ-aaq (AN“I) + Al' qu - B“Nq‘ +A?;B O*‘ﬁn ABP’ =0 ’

53)‘ (BN,‘.') +%1 (ANlﬁ) + B;qu - A;‘N,‘.g + A__EQ“Q' ABR =0, |

-

2 (BQye) ta% (AQyz) -"p-;.? Nux = ‘—:.f Nuy + ABR =0.

(17)
Multiplying the first two equations ( 16 ) by z and preforming
the same operations as in the previous set of equations ylelds respect-

ively,

B-a;( (BM,“ +,a%1 (AM\‘x) * A;‘qu y BKM““ ABQ;; +AB R\\ it &

%(BMM) ‘5‘3{1(/\qu) +BMuc = AyMux =ABQye = ABR, 20 .

=

(18)




13

where, h/2 h/2 7
ABP,_= o((grxz o & AB P = a(‘e'[yz L ’
h/2
A a(p?;; ~h/2 . i
h/2

( 19 )
Substituting equations ( 14 ) into the first equation ( 16 )

and noting equations ( 3 ), ylelds

2 (#pTa)+E4Tn - :—,[:a% (BNy) 2, (ANux) = Ay +B,.N.,.,]

HE2]-2(BM) 33 (AMg0 - AgMhey + B My | «

(20)
Rearranging the left hand side of equation ( 20 ) and substitut-
ing equations ( 17 ) & ( 18 ) into the right hand side gives,

5B « P -2)of g |
)
(21)

12a|d€a'f“

The integration of equation ( 21 ) is carried out over the funca
tion z, Applying the boundary condition of @ z = -0-12L s Tp = PI s and nege
lecting terms containing the quantity %ard all higher order terms, the

transverse shearing stress rxz becomes,

(H-% - Caxe[\ (% 5] %{Hﬁa’[vz(%a)-s (%—;]4-“:"1_[1&(5,)'3(%5]}.

(22)
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where PI and P; are the values of '(xz at the upper and lower surfaces of
the shell respectively,

ool 2 H = el nR) , ¥
H = (1-2%1>(1-2§2> ,
B = *2%2) ’ i
H = (1R)
E = (1+2‘}1) ;
= (1) : (23)

In a similar manner, using the second equation of equilibrium
of stress, equation ( 16 ), the expression of 'ryz is written,

(Y5 0T k56

(24)
Using the third equation of equilibrium, equation ( 16 ),
together with equations (22) and (24), and noting the boundary condition

of @ z = +£l 5 'z;z = q"‘ s the transverse normal stress, ‘gz, becomes

3

4+*)(1+‘)K;'°{[?% (fje ][ (wz)]*’%[“ (- .(%/sa)]
LR ARTA)

(25)

|!U
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where q+ and q* are the values of't;z at the top and bottom surfaces of
the shell.

The parameters S and T are to be determined in the variational
problem in the following section.,

The coefficient ¢ on the right hand side of equation ( 25 ) is
introduced in order to distinguish the terms introduced by the transverse
normal stress, In the final result, the value of ¢ is set as unity,

The completed set of the approximation equations of stress dis-
tribution is given by equations ( 14 ), (22 ), ( 24 ) and ( 25 ).

2.5 Reissner's Variational Theorem

Reissner's variational theorem of three dimensional elasticity

is written in the form
to

L= {g {[’Cxﬁu*'[w €y *Toa€oa* DTy + xt?fu*'a(*—m\%]

4 Y
- [Zx + 'CH + 7:;;- "'23 (T“ ruﬁ *Txx'[u“"[wﬂfu)
'0'2(“9)(&;‘ + ‘[)‘t + z.\ﬂ,)]

-G UL+ Ve + Wy ]i(w 2)(1+ £ )AB dxdlyda

: gg (BUS VRGN0 oh )14 ) +(FUSRVAGW Y12 (- ] AB oy
8, e
-(§ g('u,,.w,,,ﬂ;,u,., +‘C,,‘W)(1+%)d%]k~d5~}dt -0
R (26 )

where E = Modulus of elastieity,

9= Poisson's ratio,
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The first term in the integrand represents twice the strain energy,
the second term - the complementary energy, the third term - the kinetic
energy, the fourth term - the workdone by the external forces on the upper
and lower surfaces of the shell, the last term - the workdone by the edge
forces,

Substituting the relation of stress and strain from equations
(12 ),(13 ),( 14 ),( 22 ),( 24 ) and ( 25 ) into equation ( 26 ), we ob=

tain,

.1

The variational equation then becomes;

gg{[( Nuu+'2%Mxxxe,,+~ZK,‘+%Cx ;’:z +6-%;,,‘-N3 )
: 4 ' n 4 N

- 2 w2

{[% (e‘w‘]mw é(—f,—i]
44N [-2( g;: sz.g.f]}(w'nw)

+(4+$5{[ Y ,.czeM..‘][(ui )(r“i'iém) +(4+ 4 )(U:ﬁ +t&ﬁ)+‘ WW
+2 Dy +e‘E,q+a F,.‘+_ W;W.‘K

QP LI PLATAEE

[he+ § (i *3.“") )

A R CAGTEARIEA) R (TR AY

[ﬁe‘\'g(wq*%“'l)]
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- (LB @v20) s El(Teay) + i +2R+ ) J (2 Nok )
 [R(+20)+ (Vs 2g ) R s2a W] (1))} AB dedy

hiz
é{ g ['Cm(um+2¢m) +T (Ut +2 0t )+C‘,(w+awu W )](4+* Y0
_hh
}A&dseidt «0 4

(27)

Before carrying out the variation in equation ( 27 ), the follow=
ing approximation is introduced, In the expansion of the function (1+f;)n
only the terms up to ;zé are retained, thus

i SN R

hf2 R -
5(1+ %2)(14- & )"1dz & h[1+12§ (-:: - -1; )] .
-h/2 ? 5

zo r1 T,

h/2
)(un)(uz) s o ha[ 2. 1)) .| (28)
“h/2 g "

Using equation ( 14 ), the expression for Nyx and “yx is written

as h/z
{NYX} s[g,q..m m,v](ui) { }(1+5~)dz .
ko “h/2 (29)

The following integral relating the inplane forces and bending

moments, can be shown to hold,

(( by + 12,8 My )(Yyy + 20yy )1+ f;i)(u 7;2)‘1Amxd.vdu

- «( “yjyy*“yxéw JABdxdy .

(30)
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Carrying out the integration in equation ( 27 ) with respect to
2 in the limit of I B ylelds
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(31)

‘whero, Pa = (H%PE-}@PE).
"‘? %(HEPE*'H%‘P;;)Q (f=n,1,2 ), (32)

Integrating by parts and carrying out the variational procedure

yields

te .
({(({ -[%( BN”) '*B% (AN“K) + A‘\qu - BKN‘\\\ 4 AB ( %&t + R)
t s s hAB{ (ﬁgq) Qtt +1b§’(.h§ %,pu}] {1

|

8

. [%(au,.,) 42 (W) + BNge -Aqts 18 (o4 ) f
- phAB{( "12":,)‘48 1 %t}] ‘

[ 2 (BM) 4.2, (AMy) + Ay By - AD (@g-"M)
5 12 AB{(‘;s*‘;_)“ct*(‘*zpr.ta)(btt}] ¢



'[z% (BMx) 42 (M) Bt - A - AB Qe
_ﬁ%‘_’ AB{(% +:—,1) Vu;+ (1%2;) %t} ] Jty

-[g‘ (BQe) 42 (A Q) - AB N -ABN.y 448 (-1
{BN, (Wu u)+BNx,(Wx) +Nn‘[(4 )w.|-'° Wq+h(|+3h )N.,]

M-3R o3 )

%{ANMNM‘M) +AM“(W*t) +hy(140, )w,mwm‘(ush )N»ﬂ |

_M..,[!r:-(u%a)mﬁ_};; ]}

~ChAB]( mrr)wtt bi(j"" )w***h(‘ eorr)wtt}] oW

{[Mux +M\1‘1 + C[G +2(%H +%H)] %H +%H 12AB[33- (BP) 42 (AP)]]AB
-2 {BN«( x) 4,5““[\?;4_3}\ K‘] -N,qL Wy -h +§b7' )Wq...h W.,]

2l 12 1607,
+Mxt\[(4+23.bbrg)w\‘ —2‘-’0“; N‘] 4;% (szhz ) ]}
-%{Auﬂ(h‘mmn«[wﬁw] "*1[,“ Fah (u%;,w w,]

o 12 160,

WM {(H-Eha)“x-:’h Wnéh"(ﬁ'ghz)\"x]}

+@h§ AB{ (bb g+ %;;w'ﬂ +3_3‘(%.|1i )ﬁ';t}} Si




23

,,.{ (Nxx +N\1'1)+c[é’(‘,T+b-(‘fH %H)] h(%“ %H)GOAB[X

{BN,,‘[ W Wx, b W ],_ah‘e,mm(w,‘)mww(ﬂah -y - _h w.ﬂh (‘*'5?4)“"]

24A 320A 1600,

“quizg:wﬂ "Jh( }r'q)w +°h Vl"t}+4b-o BQXzf

"o 4

I AR AR T AT

-

-M, "[sh N, (,,,eh*)u' L v_w,] + b."AQ\‘,,}

287 M2 4
*ngB{("zizrgw *3g(r r)wﬁt ah("z\:rbr)w“}} ¥ }dxdqid’t

+ﬁ e"x*b%[w*ln("“w“" )],,h‘w: Eh{ 1:‘:(3‘11 ',’]N,,QN“
B +( 3 M ?c{(uh,)s hT+2gii(«-h»,hmb%u(ub,b.,)]}]

Ty 125 I1, 121

[l o] ﬁ= 0B N
+h
2

_(---)Muﬂ-QC[(‘ 20 ! ‘Or %H(‘Jr 2ﬂ-)+i%( Jt%'ﬂfq')]}]

[x"‘*[‘ A "')] " 1'12 é"‘l@.)é wéi?l{[ 12h ’ﬁ"ii)]N’“‘
DRI e EY)
P ITI )[l Fa 4 R 4 G Ty )] S (e )]

+h"1+5h NA’q]éN
ik )4Ab »y



24

rrz

R o L T2 B

120 'm,fl

"Q%H(H'mra_ r')]f] CSM“

[[K(d’.* Ay ¥) +! + ELN*] .‘.th'\'l,‘ﬂ,‘ «d -{( xu-amM-ﬁ

2

*[[.'. ((y“... Bx¢) N ﬂ‘.‘. W ﬁq] +~ib';ﬁ'.lﬁ:" -E%‘{ 1__2_1[4 +230|;:. ]Mlﬁ
=P EMen - (h-4) Ve - e[ (+420) T2 S+ A Ee)

* g_oon(nf_t: ) P;‘:)]} ] SMyy

*[ o +[ 1287k - )] gy 4 (5L )0y - 2‘”9) 1% ["'zor A e
+(GaiNaf -1 Aa" *(‘*z?;t)[m("‘"“*"""")]
-Zh ha[ KlB( W%!Vn + Wx"q + w.n.w'\)] +ah (4 (A)[MB(W" WMW,W.,)]

20v;
ah*w W | SM
119.r2 AAE“ ] *

1rz

[f ot ("i; {$r3n n“g)] Qua -3 [y, 1M
. O( 1-?:)3}]6@‘

¢ h2q' (149 o
+[r.,.§%3w..-‘* B d-L)] Qe - Bl b ] e

'fb(k'r. 3}] SQus




25

i 8  2ht R
"'[cw Eh{ [15 1205 rat m ‘2)]8 e h( *%"‘)T

+PGHT- B B (b ko L))

2
i h%H[H "i fi 20( r.rz rz)]
2
_u-‘ Cﬂ. s ha i L
+[c5% Eh{te 1os+aaqs(rn. m ) L)]T-¢} ¢’ ( +£)S

. h?
+BY-7 r. W {?eﬁrm )

- R.J_h%H[H' r‘ fg)+756 (rﬂ i {;)]
B [60 ( s +N.“ ) 5‘;,(‘*q'b'g:)M‘“fsTu(ﬂz%hﬁ:)M“]}]éT

} AD dxdq} dt
ty

-<§S{( Mo S o (N5 Nt )0+ (M M)
" 1 (Ha-Ma) 04+ (Gh Qu)-+ 2@ Gu)F

| }Azdsc}dtso

{3B)
Boundary conditions take the form,
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+[1%‘( ) “'12(' ah“)wt (‘*" ] t,
+[2b;(a+ah )We+h(c+4 g o B (1080 wt_]éw} ABdxdy = 0.

2oy JZO 28145
t(

(34)
Also the independent vanishing of each term of the line integral

in equation ( 33 ) furnishes the required boundary conditions along each
edge of the shell; these are either the stress or displacement prescribed
for the boundary conditions,

When the stress is prescribed, boundary conditions are

Unn = Upnl Xons Xpts 0) 3§
ﬁn% T Un%( *nn? *nt? 0) »

<
g
"

¢nn( Xnne Xnts O 4§
¢n%( Xmns Xnts 0 )

<
&
]

W= Wz Xt 0)
" "

When the displacement is prescribed, boundary conditions are

Nop = Npp 5

n%= Nn% ’

Mon = My 4

Mk = Mg .

an=°nz ’ . (36)

vhere each condition in equations (35) and (36) are respectively along

the Xy * constant and xh‘i = constant,
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2,6 Equations of Equilibrium and Stress-Strain Relations

Since U, V, W, P, and (y are independent functions, the coeffic-
ients of the functions (Sﬁ, 6\7, 5@, (5d> ,&6‘5’ are set equal to zero,

These conditions yleld the set of five equilibrium equations in the form,

3%( (BN, ) ,Ca_aq (ANW‘>"‘A‘1N*‘| “B,Nyy +AB(ana+ﬁ) = FH\B[uh )iy +-0 +&1 r )0{4

12,1/

2 BN )bQ(AM4)+BxN\1$-A*1Nm+#B Q.w%-»P) =B ‘*h R (% NN
(BM,Q() 2 (AM‘T‘) +A.1M,“1 B,M.ﬁ -AB(Q,Q-'WM =-(£AB[(‘ +4-L)u£t+(4+3h )¢*-*J ’

PN ) A8 ) 0 o]
£(690) 3 1) ANy 2 -4
.%iBNn(gx +§."!\ ) +BM,, wx) +N,o‘[(ll 12r’)w" -a:‘ﬁwq Ny (1x32 b")wq]

M B - (o3 P 2

BZ{ANw(W*t+*‘1"1)+AMﬂ(W") +N"‘1[ o) ""‘a%*w”h )R ]
Mo - (40 s 2L T
gthB[(“'hz)wu"'.' (1 i)wtt-Q-h,' ...m )Wkt] .
('R0

In addition, the coeffitients of the functions ¢ Newes JNW’

Jny, 6Mxx’ dMyy, 6Mxy, Jsz and dez are set equal to zero. These
conditions yield the following eight stress-strain relationships,

¢ " o 4 o
S A L

-2 [(”z%r:) 78 T +3 %H( oh mr')

AR
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g 9)
b +h (H { [‘mmfa E]Q* [4 T 5""'— (E-F’) i

b+ hgg* g 2%?){5[ 581 ] -3[ 2::(7' Tz]mrh (r, W }

(38)
L "
Finally, the coefficients of the fuhctions &W, OW, &S and OT

are set equal to zero, These equations, which yield the functions W, W,
S and T, are written

W - -éa_ [(Nxx-rN.ﬂ) +b_°'( lllxx-i- _atﬁ) %(‘_::1 M“)]
x %){ + MH)W i)

+ {518 10 G Ft)] wolk*
GRG0}

W "%[(MxﬁMw)‘*ihl ¢*+M‘1‘1)] N:* +‘*"1‘1)
' 2. 2
& Rl R )] 6<r+i>8+"<%w>ﬁ+:;: )

U (U DI
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cAB% {BN“(% w")*BM""[ & R] N*«L?.Z“* 49.(‘ )w“ 160, ]
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+Nx.1[24(4+3h‘ Nv\—h Wq-\— «+5h )uq]
Ml 3% csh2 sh‘ Jh‘w
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AB oY
2 4 2
+N,u1[24 4+3h )N 46";‘,2Nx +h («%‘;Z)Nq
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(39)
Retaining terms of the order 1%1 and %2 only ( see appendix A )

the airess-strain relationships are written as,

\ - -ga){(éw‘;ém)‘* [W(_ Aih ,w,‘ 2(1 )W.V'j;mff)
+22(N4W4+W.1)] ta [A (Ff )wax) +_?. W‘TJ
Y4 (O Ay ty)]} {(@)s h (1+9)T

+ 2-(1@)(%\-\ +%H -whn(qﬂ)(%ﬁ'\ —%H)§ ;

N‘ﬂ =(—"q_) {(é\ﬂ'\'aéx\)"' [W(‘D )+9(N’w +w,')+‘ ( w4+2(r-:§_)w"w:'
S PAR ORI R O
+‘9¢ {(«9}3 ha@)nh@v?)(%mqﬂ) iy w?)(“,H “-;“)f ’
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(40 )
where, G = Shear modulus of elasticity ( = 2(—159-)- 5 ¥

D = Flexural rigidity of the shell ( = 1_2'('1@1:7’57 ) o
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Where the quantities of Nyx and Myx can be computed by the iden-
tity given in equation ( 4 ).

If the effect of transverse normal stress is neglected, that is,
the coefficient ¢ = 0 and the terms W'and WJ,' are neglected, then the
stress-strain relationships are the same as those given by R. Archersl)

If the nonlinear terms are neglected, the resulting equations
are as derived by P.M, Natghdig:3 )

2.7 Example of Application in a Beam Problem

In this section, the results from the analysis are applied to a
one dimensional problem, a beam simply supported at both ends is subjected
to the following axial-load conditions,

1. ﬁee and Forced Vibration of a Beam

2, Free and Forced Vibration of a Beam-Column

3. Parametric Excitation of a Beam- Column

Thus, only terms N, ., M., and Q. are retained. Also, T, =0
which implies the parameters S, T, W'and W"equal gero. All functions of
y are eliminated together with the terms V and LSJ. The external shearing
forces ( P+, P~ ) on upper and lower surfaces are neglected together with
the external normal force at the lower surface ( q~ ). 'I"he radii of cur-
vature approach infinity for this problem which implies that '%;1' = %2 = 0.

In rectangular cartesian coordinates, A = B =1, If Poisson's
ratio ( 9 ) also is set equal to zero, the elastic constants (—E‘t,-z—)- and

1=
.._Lj._z_ correspond to following conditions,
12(1 - 5%) 1

extensional rigidity Ti_-_"gr)' ~+EA (A= bha),
flexural rigidity En —+E (I= % )e

12(1 - 97)
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Also, for convenience Ny, M and Qy, are written in shorthand
form as N, M and Q respectively and the sign of the term } is changed so

that the stability condition may be investigated,
Therefore, the five equations of equilibrium ( 37 ) reduces to

-oN =0 B 9
oK |
?M_Q B rla_?d) i .

%Q %(N )“b (pAatz " & (-‘*1)

Also, the eight stress-strain relationships reduce to the fol-

lowing two equations

MaEI.ad) 4
Q EGA[ *¢] (42 )

Thus, there are five equations for five functions N, M, Q, W
and ¢ « The first equation of equations ( 41 ) restricts the function N
to be a constant funct:lfon, and independent with function x. For conve-
nience, the function N is replaced by the function P to correspord to cur-
rent practice in the literature.

CASE I. Free and Forced Vibration of a Beam

For this case the conditions P = q = 0 hold, Equations ()

and ( 42 ) become, : ' ' -
M-q- (I%%ﬁ ,
59 ant,_ ’ 2 :
M = EI%—? 9
Q =FGA[R+q] . | (»)
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The variables W(x,t) and ¢(x,t) are assumed harmonic in time,

or W,(xyt) = W (x)e , and
Oulxst) = Ppx)@ D or the m th mode of vibration. ( 44 )

Substituting W, (x,t) and ¢m(x,t) into the first two equations
( 43 ) and noting the last two equations of equations ( 43 ), the follow=
ing equations are obtained,

gh_u".t) -Q k) +pluf 0 =0
X

a_Qm(xot) * (’AQA:,WM,{K) =0 o
L (45)
The orthogonality condition for the functions W(x) and ¢(x) is
obtained by operal“bion on equation ( 45 ), as
(w:-w:)g LA Q0BX + PANIWLx) | dx
0 xel
[ M, £)080 +Q W0 -[MHOM +QEHMW] et

X320
The right hand side of equation ( 46 ) contains both natural

bourdary conditions and forced boundary conditions which become zero for
simply supported, fixed and free boundary conditions,

Thus, we have,

prOVided q: # w: ’ for M(l,zga’ooo) # n(1,2,3’000) °

(47)

Combining the four equations ( 43 ), we obtain the fourth order
partial differential equation of the function W(x,t) as,

W _ p1(E 4 AQ ' L
EI'ax‘ (1{5a ! x’at‘Ha 3t‘+ (G‘rat“ o (48 )

where bending stress, transverse shear stress, transverse and rotary
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inertia terms are included,

A similar fourth order equation is obtained for the shear para-
meter where W(x,t) is replaced by ¢(x,t).

Using the method of separation of variables, and noting equation
( 44 ) and assuming the time function as harmonic, we obtain,

4 4 |
g_;vfn/“awm.»lmn-o, (49 )
where 2
Coute P2(EEH)
4 " 6 pu* |
n"agg(%_gf-‘ég)- (50 )

the four roots of the differential equation are obtained as follows,

Ria ""[(/u'*n) ]lzat?’-

Rsq = [(/“‘i- ‘) +/“‘] ._o}, Cst)

Then, it follows that

W) = A coshzx +Azsiﬂh5«x + AJCOS 3 +A4Si" | LB

A similar solution for function ¢(x) is obtained in the same
manner,
The boundary conditions for a simply supported beam with

length L are ( see equation ( 46 ) )
x=L —
W= 0

x=0
x=L -

n-nxﬁ-o . (53)

%=0
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Noting equations ( 43 ), we obtain,

e L R

Thus, the boundary condition for moment written as a function of W only,

x=l
” M=-EI[§P—G‘9QW+§;'{]-O -

X=O (55 )
Using the preceding two boundary conditions, the following set

of eigen functions are obtained,

Wo(x) = A‘m sin }x ’ | ( 56 )

where, 3 = nIPI ( ns 1,2,3,000 ) °
Substitutin into the roots R

g 3_ nto the roo 3,4
frequency of free vibration defined as,

2 3 t ¥
W}« 4 () {[ £ 48648 GA(L)] +{[E42e g (%]

4/
-4 ‘ECI(;E;) z (57)

A similar result is obtained for the function (p(x). The boun-

in equation ( 51 ) yields the natural

dary conditions are taken with the aid of equation ( 43 ) as follows,

Ve[ g8k ] -0

x=0 - (58)
The solution of the forced vibration is obtained from the fol-

M<EI4? = 0

lowing gquations, g—g -Q =°f1L g—-?; ’ )

o3

+

e

n

3>
R

Q -2aA[Z¥+0] . 1 (59)
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Combining equation ( 59 ) yields a fourth order partial differential equa-

tion in the form

oW . ept oW
5;@ h" FA?T‘ N fG ot*

s %(x,t) 4 6EI 3;0”(* t)_¢ \_5%\ 9_3«; )

5GAox®

Ela—w fl(__ +1

(60 )
A similar equation is obtained for the function (x)
Exacb eL 66,,1)3_4; +pA gfla‘d‘i = - 29xt).
é ot ?
(61)
Since the free vibration problem yields a complete set of orthogonal func-
tions for both the functions W(X) and @)(x), a normal-mode type solution

for the forced vibration problem is assumed to take the form,

P(xt) =2a(t)¢(x> i
W(xt) = za,nt)WAl) i) ¢ cel)

and also, by equations (43)

Mxt) = 2‘ ALIMD) 4
Qxt) =2 GHQM . (63)

Substituting these conditions into equation ( 59 ) integrating
over the length of the beam, and.making use of equation ( 45 ) gives the
following result,

g (éi’(‘.‘t) o, a.;t:)g [frcpm(‘x)q;(x) + PAWLO W00 ]dx

(5
= g%(x,t)wﬁwdx j
° (64)
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Applying the orthogonality conditions of equation ( 47 ) reduced the form
of equation ( 64 ) to the form,

on (% L)W, % dx
A + w08 . S'a“ " .

TPL0" ) + PAW.D) 0ix
f[rrdmepholax

Using the method of variation parameters the solution of equa-

tion ( 65 ) is assumed as,

am(t) = A (t) coswt +B(t) singt (.66)

where Am(t) and Bm(t) are arbitrary functions of time,

. This results in the solution for am(t) as follows,

Tt
Ot = ALICOSWE LBOI SNyt 4 £.000) sim @, (-1) dT,
Lo

=0 (67)
vhere, {—O&T) g}“x,f)wy)dx
SO ’
- S [P;¢zx)+FAw3x;]dx | e

and the last integral called Duhamel's Integral,
The parameters A (0) and B (0) are obtained by applying the ne-
cessary initial conditions on displacement and velocity,

Combining equations ( 67 ) with equations ( 62 ), we write,

T=t
W (xt) = %{ { [A&O)COS W +&'(‘0) s h),,ﬂ 1}3;&& ”&x LTSN, (t-7) df}wﬁ} .
=0

ret
Guxt) = Z{{[‘\&““‘Wm‘ +Bosimat] %ﬂnsi« wm(t-t)dr}%w},
| | (69 )

where (ﬂ(x,’!’) and %x,f) are the right hand side of equation ( 60 )&( 61 ).



Using Liebnitz's rule which is defined as

T=Cylt) T=Cqlk)
f&(’f £)dt = Sjﬂct)dr %[czmjjc 29 {1 4 act (70)
T=Cyt) Citt)

' and noting the initial conditions on displacement and velocity as,

@t =0 W(x,t) = W(x,0) ,
Wixet) = W(x,0) 4
Plx,t) = Px,0) ,
Plxst) = Plxs0) , | (71)

and together with the orthogonality conditions given in equations ( 47 ),

it follows that, L
g [PIOQw) + PAW(X 0)W, %) | dx
Ago) =

o

?

SV[ PLOM + PAW, ) ] dx
f:[f I(ﬁ("»o) Q0+ PA\Q( x,0)W, ’Q()] dx
w""SL[PI DR+ PAW, 0] dx

The general solution is written in final form as,

Wot) =2 f [FLOXAIQ + PANGx I W] dr
5.[914);(:0 +PA W, ) ) dx

ﬁPI&O‘P)QO‘) + FAV'!(x,o)w #")]d& |
A5 T ¥ 2 E;fﬂ(kgﬁt
“)"‘g [PIQL0 + PAW G0 | dlx
" g"* fee b
i Ceo S.[PIQE") “'f’AV‘:W] dx

B0 =

(72)

Cos w,t

Sim cqm(t-z’)dr}vw)} ’

(73)
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8nd,

- ¥l ﬁelq)(xp)ct,y)-g- pAW(x,o) Wm(x)] dx

Wixjt) = -—z Simwt
% [ [1400+ AWbo] dlx

S [eld>o< 0,09 +CAW k.0 W, 0] dx

cos w,t
} [€I¢ (.4 PAW, 00 cix
'Cejt
G TN, dx t-0)d e
+£ .[elQ:bO-t(AWu)] COSLQ‘( gl

(7))
L]
Similar solutions for ()(x,t) and (x,t) are obtained, if the
proper load functions are substituted,
CASE II., Free and Forced Vibration of a Beam-Column
Refering to the equilibrium equations ( 41 ), we write
" A e
at*
R a_w AW (e
= Qxk) .
ox? F %

aad (75 )
Proceeding in the same manner as in CASE I, ( see equation

( 47 ) ) the orthogonality condition for the beam-column are determined

as,

("fn‘w\:)gfel ¢m(x)¢ﬂ(¥) + FAwam“w] dx ( 76 )
= lﬁﬁ,(x,t) 0o +(QeH - %}«W}W#ﬂ-[wm.w N 31: )W #.)] L

For the special cases of simple supports, free and fixed bourdary condi-
tions, the orthogonality condition reduces to



SEPI%“’%"’ + (AVW)W,.W] dx - o ,

where wﬁ # ﬁ)ﬁ

The fourth order differential equation for the functions W(x,t)

(77)

and ¢(x,t) are respectively,

2 \ O 2
Er(- 55, ) 2% +RH - PL(1- 68, »fj;.g‘)a Lo+ PAOH 4 pI2H

= cg(x’t) _3;;{? 2K;t) +£2§0‘;") (78 )

" Tand

..GP- 2 6F. Y
EL (4 Z) 5x 4*P 4) e -PL(v- a); nat’—*'F %‘oﬁ—l

294xt)

2 % rd

o (79)
Assuming the function W(x,t) is harmonic function of time, the

free vibration form of equations ( 75 ) are

i 2
.3—9“" Q) = -‘oIS?— D(x)
d} W0 ok WD s
'R;‘ffé"’ +g‘8 PR LW ( 80 )

In a similar manner, the free vibration form of equation ( 78 )

takes the form,

g:ﬂ""&za_'! ‘N Bo (81)

£* gféé?—a[4+(§:+ 1“')] (82)

j" 2 XM { (83)
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For the special case of simply-supported boundaries, that is
M(0) = M(L) = 0 and W(0) = W(L) = 03 the equation for natural frequency
is determined as
sin JL = 0, J=1,2,35000
thus, JL = nW
and the natural frequency is obtained in the form,

2y £ ArLy_ A
e (87 (538 00 (S B GPET

SGE PE _6h6
-4 662 FA szg(‘ni{)]} % (84 )

The solution of the forced vibration problem is obtained in a

similar manner as in equation ( 73 )&( 74 ), in the form

Wixt Z f EFICW.O)(P,,W + PAW (x,0)W 4.,()]4,‘
| {{ f:[ PLE 0 + A 0] dx

cos @¢

. S"[e: 45@;)4)”00 +pA ﬂ(x,o) W, 0 Jdx
+ = ' Sin KX

<, S:[el §%0 1 PAWf0] dx

Tet '
v Sﬁ("{) Wpdx St @ -Ddvri{we
Ton)  (TorglospAndodx (o
=0 ®

B (85)
W(x £) = z _-Qh S .[F L‘P(M)(Pm“) + PAW(x0) W‘}*)]d X
y s:[eldﬁ'ﬁu A0 ] dx

sin @t



Lv[eld';tm)cw + (Achp) V\u*)] dx

.T'L 4 x DHW.0Od
x % X
...( S:aV ’yw"' = cos W, (t-0)dT §Wé0}o
{6 el

(86)
CASE III. Parametric Excitation of the Beam-Column
The axial load on the beam is assumed to be.a harmonic function
of time, as P(t) = Py + Py cos 6t ( see Figure 2,2 ),
P(t)

(t)

Figure 2,2 Time Variation of the Parametric Force

As a first approximation to the solution, we neglect the fourth
order derivative with respect to t in equation ( 78 ).

The equation becomes

4 : P . i h
E);(i-s‘.égﬁ))g% +[Rt)+pl(q-§%:)+§_g_ ).Q_‘]g_gz_ﬁu Wig (e

The natural frequency of free vibration from CASE I and CASE II respect-

ively reduce to the form
v 1ﬂf4 : .
(T)E (88)

[P (") (4 g.g )]

G i
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and
-2 -2 {
R e m.,[ - ](4-1’:) ’ (89 )
o B B
1 5GA (44 AE. e
Pen
where
P(_p, ™ E‘ (90)
" 6
(+5ax)
and
("{Y)QEI ’ (91)

Ecﬂ is defined the critical buckling load and
E; is the Euler buckling load.
Setting the external load q = 0, the equilibrium equations ( 75 )
are simplified to the form

g 2
M, o) = 4
E10G _ 5GA (MW, g) - plgg; ’
F&’aw EGA(ax ) - AR - : o

Taking one derivative with respect to x for the first equation
in equation ( 92 ) and combining the result with the second equation
yields | g

3 2 3 2
E129, Py 2N, L YT

Since the eigen functions for the both quantities of ¢(x) and
W(x)are sine functions for the special case of a simply supported beam at
both ends, the function (x,t) is assumed in the form,



Plot) = {'Et) sin dx (o4 )

where f(t) is a pure function of time.
n
Refering to equation ( 58 ) the relationship between the func-

tions Q)(x,t) and W(x,t) is given as,

e t)z_[El 20 12 -

A oxs (95)
Substituting equation ( 94 ) into equation ( 95 ) yields,
¥ 1 milx '
Wixt) = ( )[fAQZ(L) L]{t) cos il (96 )

Substituting equations (94) and (96) into equation ( 93 ) yields

00
~o (2 Df
ﬁ")*- {w"*[ﬁﬁ(t) KE](E-rQooset)gl&(t) =0 . (97)
Noting the value of (I): from equation ( 88 ), equation ( 97 )

reduces to

S',.&) ¥ w’(c [1— (i,-;:ﬁ-)coset]S—ét) =0 . (98)

Substituting equation ( 89 ) into above equation, and rearrang-
ing terms yields the form of Mathieu's equation as,

”‘,{—}t)i-ﬁ:[q-a/dcosetjf}b =0, (9)

where

TPRR ¥ ¢h
[‘ 5"_\1(“-__.)] (1100 )
e 2 B e s ( 101 )
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Exact solutions of these types of equations are not possible, How-
ever, the stability characteristics of the equations are known, The sta-
ble and unstable regions are shown by use of Floguet's theory of differen
tial equations to be separated by solutions of periodic functions of per-
iod T and 2T of the parameter 6t,

To determine regions bounded by periodic functions of period T

we assume Fourier's series solution in the form

o0
{@) = b+ (bosket +a, sinket)  (102)
k=4

Substituting into equation ( 99 ) by equation ( 102 ) and equa-

ting the coefficients of similar trigonometrie functions gives,
~ “r 1 ~ 7

[$-¢"] A& o o - -la| |o

s [-eef] a8+ o - .|a] |o

o | AR [22(s¢)°] -ﬂﬁ“ -« |lag| |o




and
[ 2 a5 ) B Pb; -ow
-2 5 '] -ane o ‘ b 0
0 | 2 [2% )] A - b, 0
o . 2 [R%(ee)] - b _|o
. : ' . - Lqﬁ ;QM
(104 )

To determine regions bounded by periodic functions of period 2T

the Fourier's

serdies také the form
_&({) - aksm két,., h‘cos l_(_Qt) P
kg 13,87,...

Substituting equation ( 105 ) into equation ( 99 ), gives

(@i &= o o a] o
A 3% A o+« |lag] o

( 105)

-

o A [N A |al=]o
T by PR A

( 106 )



P{[«-(&)“J—;«} Ao 0
A [Gglla s o
s . [

e, 5 ; sieves b i

(o)

b%‘
(107 )

As a first approximation, the coefficient of a‘ in equations

(103) and (106) yield the solutions as 2—%: = 0,5 and 2—%— = 1,0 respect-

ively., If additional terms are included,the curves of stable and unstable

are shown in Figure 2,3 as follows.
| 1.4

‘% 27
10 [t smé/%
[ ] / 7 Y
STA 2T
0.6 s
0.4 T
0.2 '

S
0 0.1 0.2 0.3 0.“‘ 005

Figure 2,3 location of Stability and Instability Zone

The shaded area shown represent the first two instability sones.,



50

CHAPTER III
CONCLUSIONS

The equations of motion, the stress-strain relationships and
the natural and forced boundary conditions are determined for the special
case of a nonlinear shell theory including the effects of transverse nor-
mal stress, transverse shear stress and transverse and rotary inertia.

The addition of the transverse normal stress into the stress
analysis problem produces a set of highly coupled differential equations
which do not easily extend themselves to the usual uncoupling procedures,.
The uncoupling of the equations is not preformed in this thesis, An ex-
tension of this thesis is the determination of the proper procedure for
this condition,

The Reissner's variational theorem has again proven itself as
an extremely powerful method of stress analysis especially when applied
to nonlinear problems. It's efficiency lies in the fact that the result-
ing equations of motion, stress-strain relationships and natural and
forced boundary conditions are completely determined without use of a
free body diagram approach, | ]

Application of the resulting equatioris neglecting the t'ransverse
normal stress, is made for the special case of the parametric stability of
a beam-column., It is found that the beam-column becomes unstable at a
much lower frequehcy when the effects of shear and rotary and transverse

inertia are included,
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APPENDIX A

The eight stress-strain relationships given in equation ( 38 )
are recasted in the following matrix form,

, NPTL ¢ N
AP D'eg 0 07 099Q Nyxe A

Bi~0 40 0~ Lg 017 @ 18 Ny B

gR 89 0 2500 Ry [+4

“0. 0010 % H 100 .0 M, b

BLoi 0 R 4. 0.0 0 ||n, o B

g0 0" "0 RS 000 My F

B SN A ME R ol A Qs G

Lo Q-0+ 0%9 9 %0 MJ LQsz :

(A1)

where,

12 h?
5 Eh[ 1zr,,(|'. r,_)] Wi 'a[”%F Gl

B = E@F\ e 2(4@)19. E_ah’- ‘F'L]
v R Ja.iﬁt il
A Eh[ f2r; \ '"] by A N M 6[ zg;( ]_»

E = 2&1’&?)[ 12Y‘

2(4@)(« ;_) )

8.5 Eh ik
y-3h(L

9 - Eha gor’_(r f'g)] ’

H = _91_2 ’

hﬂ

d(A2)



and where,

A. écx-ﬁ-!%g'[% A(wax+Wx)]+h+v;‘v.+9_§[(4+w' S - "'T
41-h 4
£

+
+PgH (4 12r,?-) +hgH (4}%‘*4;_—,.3.)] -
B - Cuy +f T 4 (P )] 4 L v (G ALy
+
Eq’ 5% .:zh;';) %%HU-&-” 122 )] ’
C- X"" +[1'1Ir ]K‘H + )6 q+ (1 4,_,.2 w W‘1 12r, [A‘ (N w‘1+w’w“
+

ww Wl ww Pl 4 W W w“
2ar,)[A6 G g i 5 160 rz[-F( i \‘)]* \y¥e? g"

D-[£<¢+Aw>+vz+"ﬁi:*1+:3 ks 20 [ g TS

+ 6 b . h*
C&H( 12& 7rﬂ.) 5%‘.‘ 4+£r§_+7r2.)l ’

- E.[é(tyq»«B@)»fﬂ';\?_Vgl;]q-ah"WgM-y [—h(uah‘)'r_g_s
P EPH(-Bh A1) - £GH (1480 1)

125 7 g

Fa 5,“4-[4 ~ 22?}"(1.1 %L )]5“4. (L 7 r_1.) ‘6“ _LN_z_.q +(¢+3h )[FB w;w‘*w;w.o]

20r§ [A‘ (qu * W;Wq + V!t_w't )] +3h* (1+Eh 25r9- [.B(W,‘M+W$M )]
_ 3h* iy
4480, AB

Ga“d.'xt-t-}g'gx-o-(%z)[ +hz )]'M4- (%-L)RJ ’

1 R
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L Y
He s ol T2 (LT e L)R]

where,

(A3)

The solutions are given as,

[ g ibn v foetdon 1B o dintho atssios by wiehend [ 1]
Ny o1 B8 iolop rRELeEEl 10 foow & 0 MLD
Ney 0 2§ %3 0t S EiEShl O i
Moy 1-142140 W <45 0o o o ||D
- fpl | 1588 0 -us ‘58 07 0. ¢ [I¥
- 00 «M. .0 0 L6600 HE
Qg S RO M TR TR e A

LQ”J Lo RBLA0 .0 0 " 0 eeuﬁj

; (AL)

D] = (k8 = 7 ) [( - )0 - &) = P(aczmmeni-c2)] 5]
11 = M.( KE - rz)E)(GJ Hz)'CZG] )

12 = ML( KE - Fz)B(GJ nz)-czu]

14 = -ML( KE - Fz)E:(DJ-cz)-mc]

15 = =ML( KE - Fz)C(DH-BG)] ;

22 = M(KE~-F )E\(Jo-nz)-cz.r]

24 = -ML( KE - Fz)[é(BJ AH)] :

25 = =ML KE - rz)[é(c -AG)+BHC] b
33 = m[(w = ©)(AD - F) = cz(AG-zBH-!-DJ-Cz)]

36 = uiF [ (a0 - )0 - &) - cz(Ac-zaan-cz)] ‘
m=m(m-f)l}(m-c2)-a%] ;
by = m(m-xz)[mn-n(sn+c2)_] ’
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66

77
88

(kg - ¥ )[ane - %a - p]
i (o - B)(ap = ) - cz(m-zmma-cz)].

M( KE - F )[(GJ - ¥)(AD - B) - cz(AG-ZBmm-cz)],
L( KE = F° )[(GJ - )(aD - ) - cz(AG;zBmw-cz)]. ¢

(A5)

Note that each term in the matrix is divided by the term

|D| which will resulting terms containing ratios of the form % A E! , and

8
up to the order of Eﬁ

yields’

: Ry

Division of each term of equation ( A 5 ) by the determinant

[y
[

[
TR

Sl ©

F

N
N

v O
e e

=]

2

i

(=}

5k

8

3 _B)(GJ-HZ%- gfal 4 .,
ID|
- Ba-)- afl |
|D|*
o fe(os - &) - muc] A
|D|*
- le(on-33) ,
N,
4 jA(GJ-Hz)-ch] A
|D|*
oo fe(Br-an)
pF
- Je(c -ac)+ mHC]
Ioj+
= K %
(kE- ) v
i gLl :
(KE- F)
a jt(DJ-Cz)- gl :
|D*
. Jos-p(m+c®)] !
|D|*
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- [ADG - 56 - ¢D] ;
D] |D|*
66 E
e = ’
|D| (KE-F )
L. = i,
D] L
88 _ g (A6)
|| M

[(@ - #)(a - ) - CZ(ACPZBH+DJ-02)] (A7)
Substituting the value of A,B,C,D,E,F,G,H,J,K,L, and M from eq-

where, |p|*®

vations ( A 2 ) into equations ( A 6 ) gives the following set of equa-
tions with the restrictions of the orders of the terms lz} .
I, Retaining terms up to hg

P Gr i A A “‘(i—‘—)"* 2 1+ B b) 5
a.u-ama-a’)ﬂ* G ',f[«—z%fr
o Eh"’{("a.xi’ i (k- [( AN AR

H

E;

.- (B a)(‘r”fm}
a' 1

Qz.Ehi("’ﬁ[‘ kRGBT éghtaba (h-b)Ch + -2 ]}

aw...‘)_h 18 (% 'i) [.Jﬂ 5l

2 2
ass Eb" {("9)( ) =R (%" rz)l[r *oF gah@‘ I ?n.)]}




asa = Eh 5 QOFJ. 0 rﬁ.)}

2(1+9) a’
.._l.)
(a6 = mw) a
2
Eha {(' %D'ﬂoﬁ '”1 rz)] aon n ﬂ.—. N2hh 114r., r r,)f :
Qys = ..@F.h‘3 f(‘ -¥)+ 144rri j} i) £ {
a'

Ogs= EF° e JeBE-h _J_@Tm(n ﬁ gt ?;J (b Lr"';"ﬁ]i,

ER . [k (-5)]
O = 53, ma: nll

o ol = | ‘ .
7" 89 TR BT

A - PRI | (A8)
% a6 Trgr (1)1

o O o3l ] 4 T B

,_mh’( 3h? )}
SORR ' S6%h
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Big= Gee -

b77 - a77 ’
b& = aaa ’ | ( A 10 )
& 2
ulLD (G CoB TN G- E AT B AT
—g_hzlf . ’
Soh CAn)

III. Retaining terms up to hll.t

Cavn Eh {“-91)[‘ WVTAL a)]“' )("‘ ”h) 1 (- 5,( * )§

-~

SO (e Ly (L %)[“”w Wik

Cop= 710 9’(F'ﬁ)*5 (G
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i | .

3§ b}l -1
Cug-a% fﬂ- ]*

Cos n %’{("y}(’ﬁ'h (58 K };1‘_‘
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Css » Bas
Cs6 = Aze i ;
. Eh° {("’)’7[‘* ('ﬁ’i)] +aor. uara’({‘.""r'a) f :

Cag = -8 {092 F’aff ;
'+

Css . E\;\"{(";’)E"ﬁ? % "‘).] 'T;Vi,(ﬁ :) 43’&“" H[ﬁ 5%.) g
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CGG'a66 ’
Cn‘aﬂv

Cag = Ogs ] (A12)

v Cofe R S WS

(A13)

2
IV, Retaining terms up to 11}2

(1) d‘
chy o 2Eh f(i-?)wh -3
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« WS QEha fza(in T Yen/) 45 :

“12(1-99 d

dy, = Eh 5(1—9)[‘ 12.1' n ra n rz)}
(+-9%

R

2(19) d"
4
do o Bt (heRl
36 24(?‘"?5 daL
dyy = EF 1+ 5% J
R -
45 1z a °
hﬂ.
d55 Eh i gor‘g r' Fz.}
Ogs « __h__i 12@ n f :
24(149) a'.
Ay s’ Ges 7,
Cog = Qpg

(A14)



where ’

d. {(1—9‘) + ‘%_2(-&-

d“ 5‘ ;:rz(r' rz) (r, r..)i .

Ve Retaining terms up to &

A

2

. Eh
1 (1_9,_)
G oo,
EW
e 12(1 )(?1 ra.) .
e15=o .
€0« Eb
22 (‘_9'_) »
€t =0 .
EW’
Fer = - (R ¢
o Eh
i 2(+3) °
Cau S0 (_-_
24(1+9) \
Eh®

L,
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(A15)



Ces = -9 z%fmj

Cos 12?-;‘) ¢

Cee = 22%%)- .

s 2(?-;7) -l

Coo= 2(529)\35: g 2 (A16)

Where the terms of A, D, C, d and € are particular terms
in the matrix as the order of the quantity ( ¥ ) rchanges,
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