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CHAPTER I 

INTRODUCTION 

Object: 

Elastic stability of engineering structures has 

been a subject of extensive analysis in recent years. The 

conditions.governing the stability of structural elements 

such es beams, columns, plates, end shells have been form

ulated. The mathematical concepts involved _ in the ·theory 

are somewhat complex and difficult to comprehend, especially 

by someone new to the field. It is the purpose of this 

thesis to d~velop the underlying concepts of elastic stab

ility and present them in a unified and simple manner, from - . 

a mathematical point of view, and from a pedagogical point 

view. 

TNo extremely simple mathematical models are chosen 

to illustrate the principles. The models are made up of 

rigid rods and linear and torsional springs. The stability 

loads are assumed to be of conservative type. The two 
/\ 

models considered, are an idealized forrn of a ,,ntilever-

type bea~ column. Thus, the resul\ing stability criteria 

has a direct relation to this actual physical problem. 

The ~athematical model is sinplified, so that a new reader 

mny ea~ily comprehenr. the basic underlying principles. 

1 



Approa ch t o the pr ob l em : 

lem. 

1. 

2. 

Two different app roa che s a r e t Ek e n to e a ch prob-

.. 
Static stability ana lys is. 

Dynamic stability analysis. 
0 

A_coMperison of the two different ana lysis is investi ga ted. 

1. Static stability analysis 

-The criteria for static stability is based on the 

potentiel energy function of the system designated as V. 

If the function must be _at l~ast twice differentiable in 

(a,b) then a necessary cond~tion for existence of an 

equilibrium state at eo for which e1 < 80< 82 . is that 

dV/de (e1) = o. This condition is not sufficient to 

guarantee that ea is a state of stable equilbriuri. A 

. sufficient condition for -a stable equilibr'ium state or 

an unstable equilibriu~ state is aetermiried by invest

i-gating the sign of the function a2v/ae 2 (eo). 
2 -

If a2v/ae (eo) L...O, this corresponds to a maximum point 

and thus an unstable state of 

equilibrium exists. 

If a2v/ae2(eo))o,this signifies a ::rlinimu1n point exists 

and hence, a stable point of equililbrium. 

"Finally, if a 2v/ae 2 (80) =O, the point is neither a stable 

point nor an unstable ~oint. This condition determines 

the critical positions of syste~ separating stable and 

2 



unstable zone s of equilibri Ufll. . It -is designa t ed a 

neutral equilibrium . 
. 

2. Dynamic stability ana lys is. 

Dyna~ic stability ana lysis involves a function of 

more than one variable. The extremums of a multivariable 

function must be investigated. For a function at more than 

one variable a necessary condition for an extremum is 

fx = fy = fz ::. . . . . . -= fn = o at P, that is the total deri v

ati ve of the function must- vanish. The sufficiency condi

tions are more complicated. In . the case of two variables, 

the function f(x,y) yields a·maximum at point A if, in add

ition to fx = fy =· o at A, fxx <. o and (fxxfyy-fxy2 ) > o. · 

It results a Minimum when fxx > o and (fxxfyy-fxy2 ) )o. 

For the proper function f point A corresponds to a state of 

unstable and stable point respectively. If(fxxfyy fxy2J · 
< o, at point A the function is neither maximwn nor minimum 

at the point, a saddle point occurs which is an unstable 

equi libri urn. 

Fundamental to dynamic stability cnalysis is the 

formulation of the differentiel equation of motion, v1hich 

is usually of the nonlinear type even for the most simp

lified stability proble~s. The eqvation of motion is 

reduced in order into a set of first order differential 

equation which have inherent in them a form of the poten

tial energy of the syste1:1. Secondly, an •intermediate 

energy inte gr a l equation is formed which exists for con

servative force systen. The equation states the condition 

3 



that the su~ of the kinetic und potential energies remain 

constant for all values of time t. For a one degree of 

freedoTTJ. syste111, a function of the variables results which . 
is plotted as a surface in three space, the variables 

being displcceMent, velocity, and potential energy. 

Projections of this surface onto the displacement-velocity 

plane define the phese plane. A specified level of poten

tial yields a single continous trace or curve on the 

phase plane. A geometric interpretation of the phase plane 

plots yields the criteria for stable and unstable equil

ibrium configurations. 

4 
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CHAPTER II 
.• 

THE :MAT:GUATICAL ANALYSIS OF OXE DEGREE OF FREEDOM SYSTEH. 

The following assumptions are r18.de for the ideal

ized mathematical ~odel ( See Figure 1): 

1. The bar is assumed as a rigid body. 
-

2. Th~ sprine is assumed to have a linear ~oment -

rotation relationship of the form m == k re. 
3. The force P acts in the vertical direction f _or al_l 

values of the angular rotation e, and is thus a conserv

ative force. 

4. The weight of the bar is neglected. 

5. The total mass of the bar mis assumed es a point 

-mass located at the point~ of application load P. 

'P 

Figure 1 

The Lagronginn of the system defined as the diff

erence between the kinetic and potential energy is given as, 



L(o,e,.,"P)= ~ LG%.-{ ~Tr/-PL(l-cos G)}. 
The differential Equation of motion must satisfy the 

following Lsgranc;e equation. 

- aL c} ( c>L -) 
. , c> e - at. ~ = 0 · 

Combining equation (1) and (2), the following nonlinear 

second order differential equation of motion is obtained, 

For convenience equation (3) is reduced to a 

pair of first order diff~rential equation using the 

.following substitutions, 

e = e, , 
e = ~ = e I Z. , 

Thus, the two first order equations take the form 

" and, · 

8 == HL\ ( K e - 'PL sin G ') 
2. h'\ T1 1 

Denoting the right hanc side of equation (6) as -f(e1), 

then., 

6 

(1) 

(2) 

(3) 

(5} 

(6) 



J0

•";~(e,") cle, ~ .:J_~e.,-PJ = \Jt). U.\,-P), 
9,=o _ mL (7) 

where V (6,P) is defined as the total potential energy 

as defihed by the second term on the R.H.S. of equation (1). 

Performing the integration of equation (7) yields tr.e result 

(8) 

For a conservative force field, the following inter

mediate integral holds 

f11iL2.e: ~ J9
=f~l~:)c!e,= £

0
(9,'IP)=·constant 

~ "'0 

That is, the sum of the kinetic energy plus the potential 

energy remains constant. The parameter Eo (e1,P) represents 

this energy sum evaluated at the ini tia·1 starting time · t = o. 

Solving equation (9) for the function 62, yields 

I 

[ 
<. - z - ~~a e : ::i:- ,{z.. £0 0,, t') - _I / l<T 82, - p ( I - Cose) • 

z mL2. thLi.~ L (10} 

Equation (10} gives relationship between angular velocity, 

the engulnr displacement, the stability load, and the init

ial e~ergy of the elastic system at any ti~e t. 

\J 
L 

261709 
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The analysis of this problem is di viced into two parts:. 

1. Static stability analysis. 

2. Dyna~i ~ stability analysis. 

1. Static Stability 

The static stability analysis is base d upon the 

behavior of the potentt el energy function V defined by 

equations (7) and (8). The ~athe~atical conditions for 

stability and instability are defined as follows: 

dV 1. dO = o is a neces r·ary conai tion for equilibriuT'l. 

7. 

2. If 
dV 

> the e ,1uilihri urn condition is stable. 
dez 0., 

3. If d2 V the equilibriurn condition is unstable. --< 0 "I 
d 82 I 

4. If 
c:F·v 
dez:: 0 , the equilibriu'1. condition is neutral. 

and the critical values ~f deformation and loading are 

determined. 

For the problern in question, then 

z ~ I< ml V = V ~ _!. 
L 

The necessary condition for equilibriurn takes the form, 

dV = :::. KT ~ - p s·,r'\ e 
df) O L ' ' , or 

I 

• 

(11) 

(12) 

(13) 

0 



Neutrel equilibrium yields the condition, 

Co~bining equations {13) and (14) and eli~inating the 

para~eter P yields the conditions for ecr, the critical 

value of O for instability, as 

where 

The corresponding value Per satisfying the . condition 

ecr = o is given by equation {13) as 

g 

{14) 

(15) 

(16) 



C. 

LOAD vs, · ANGL~LAR DISPlAGEMENT 

D .. 

a.. 
I 

CA - STABLE 

At> - 1.Ar,J~iASLE . 

AB - STASl.E 

Ac - $TABLE. 

ANGULAR 01'5PLA-CEM~NT - 8 

Figure 2 

10 
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1 

11 

POTENTIAL ENERGY YS. ANGULAR DISPLACEMENT 
. 02. 
V=o<.__!..-P(l-c.ose J 

2 I 

3 4 5 

G (ANGULAR DISPLAc..ENENi) 

Figure 3 
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s 

1 

dV/ d 9 VS. ANGIJ_LAR DISPLACEMENT 

d\J / d!, = DER\YATI\lt OF '?OTC:N11.t\L ENE:RGY 

dV/ d. 0 = o< 9 - Psin G 

o< ,:: KT / L :: I 

2 3 4 

0 (ANGULAR DiSF'LAGEMENT) 

Figv.re 4 
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3 
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• z 
. d 2.\j Id~ \JS, ANG\ALAR DISPLACEM E.NT 

d,." / d ez. = sEcoNDARY DE:KlYATl\/E 01: PQlTNTtAL EN€RGY 

d -z. V / d r;/ ~ <=>< - peas. e 

2. 3 

DISPLACEMt{'lT -

Figure 5 
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2. Dynamic Stabili tr Analysi3?,_ 

The ~ynanic stability ana lysis is base<l upon the 
. 

beh avior of etjuation (10) which gives the relationship 

~etween angular velocity, the an~ular displa ce~ent , the 

stability lo ac , and the initial energy of the ela s tic 

syste·;n . 'T'he mathematical conditions for stability and 

irtstability are defined as follows: 

1 c>Eo c)Eo ::. O 
· ae, .= c) ~\ 

2. If c?Eo ') 0 
2J e-z.. 

2. 2 z. 

are necessary 

conditions for 

equilibrium. (i.e 

minimu11 po int) 

and ~Eo d E0 

c){)'l. . ~et -
2. 

c) Eo '> 0 
c) e,c)ez 

The equilibrium 

condition is stable. 

(i.e. minimum point) 

3. 

.4. 

2 

If cJ Eo < 
d ez. 

%. 

and 

If.,on the 
'2)2. Eo . 
cl ~ '2. 

I 

\ z. 

0 

2. '2. 'Z. 
cJ fo . ~o _ ~ o > C 
2J e~ .;;,~: ~e,.;)8~ 

The equilibriu"':l condi-: 

tion ~s unstable 

other hand, 
2. 
~ .;)Eo < 0 
2J 01 c> ~ e)e ... 

2 I -. 

(i.e. maxi~lL~ point} 

The equilibrium condi

} tion. is unstable (i ,e 

a saddle point) 

Equation (10)-when plotter! for different values of 

initial energy "Eo vs the para:neter's 61 and 82 yields a 

separate three di~ensiona l surface for each value of the 

para":leter P. 
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Eq_uatiori ( 10) is r ewrl tten in the following forn, 

z. 

£ ( I;) i>) C: ml rl + KT 92 -1'L ( t - cos e ) . 
o'-~,, z'I 2 t. 2 ' t (l?) 

The necessery qonditions of dynamic equilibriu:1 are ,·written, 

.=0 
. c) e, 

Equations (18) and (19) are reduced to the form, 

and 

the sufficiency conditions ere investiga ted by noting 

following restrictions, 

• 

(18) 

(19) 

(20) 

(21) 

. ( 22} . 
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Using equoti.on (17) ::end e::,::~anding cosO, os o. Uocleurin's 

series we obtain 

The necessary conaitions of dyna"1iC equilibrium. are 

and (24) 

The solutions of equations are e2 ; o, and either 

(26) 

By constructing the discri~inant 

(27) 

Atistituting equation (23) into equation (27) yields 

(28) 

Evnluating equation (28) et 81: o and noting that by 

equation (20) Per= kt/1, it follows that for P ~ Per the 



l? 

evaluetion is negative. Hence , t'--'.e orir:;in is e seddle rioint 

enn is an unstoble stete of equilibri~m. 

For P <Per= kt/1 and 81 = o evaluation of equation (28) 

is positive, also c>t.£0 /c:>0~>0 a:1r1 thus origin ls a r.1.in-

in.mni point 2nd a state of stnble equilibriu"ll. "For the 

condition 91= -:!c.,Vb(t-KT/1.i) the discri~inant reduces to the · 

value 2tn?L
3 

(1-t<TIPLJ ·wt..i~11 is positive for P > kt/1 and 

thus a niinimuni point. Renee, it is a point of stable equil

ibrium. 

S U!"'lffi 8 r y : 

Discri'".'linent ~z. E
0

/ c)e~ Equilibrium 
- -- - - - - - - . ---· 

P<. KT/L positive positive stable 

G1 = o 
62 = 0 p > KT/ L . negative - unstable 

e =J (,(1- l(T) 
I f'L p >KT/ j_ positive :positiye stable 
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CHAPTER III 

GEOi.ITGTRIC HTTERPRSTA'I'IOJ'J FOR OlE DEGR3E OF FREEDOH SYSTE?,t 

The geometric interpretation of the conditions 

formulated in equation (11) through (15) is shown by the 

curves in Figures (2) through (5), (also, see Appendix 

figures A 1 - A 10). For convenience, in computer usage, 

it is assu111ed that Kt/L = 1 and thus Per= 1 and ecr -= 0. 

Figure (2) shows both the stable, and unstable positions 

- of the ' sys ten_. . Figures ( 3), ( 4), and { 5} show the plots 

· of the functions v, dV/ae, and d2v/ae2 Vs e respective

ly. 

If the stability load is less than Per, (i.e if 

Pis o.5), it satisfies t~e necessary condition for equil

ibrium dV/de =oat the angle of deformation e equal to 

zero. (see Figure 4). At this angle d2v/ae2 is 0.5. 

(see Figure 5). Hence, a 2v/ae 2 is positive and represents 

the stable equilibrium position. Thus, it can be seen from 

Figures (3), (4) and (5) that line seg~ent oA represents 

the stable equilibriun condition of the elastic system 

in question. 

If the stability load is equal to Per, (i.e if 

Pis exactly equal to 1), it satisfies the necessary 

condition for equilibriu~ av/ae oat the angle of 

20 



deformation e equal to zero. At this angle d 2V/de 2 

~or P = 1 is also zero. Hence, point A represents the 

neutral equilibriwn condition of elastic system in 

consioeration. As this point separates the stable and 

uhstable conditions of equilibrium, it is known as the 

'•bifurcation point". 

If the stability loed is greater than Per, (i.e if 

Pis 1.5), it satisfies the necessary condition for equil

ibriu111 dV/dO =oat two values of angle of defornation: 

(1) e = o and (2) e= 1.6 radians. At 0 = o, and P = 1.6, 

d 2v/ae 2 = -0.6, thus a. 2v/ae2 is ;iegative and represents 

- --the- uris taole- e qu.Tlibri um posi-tion. At e = 1. 6 --radi-ans, - - ---
. - . . - . 

d 2v/ae 2·= l.05~ thus a2v/ae 2 is positive and represents 

the stable equilibriu~ position. Referring to Figure (2) 

it follo'NS that the locus of points on the lines oA, AB, 

and AC are stable positions of equilibriu111. The locus of 

points on the line AD are upstable positions of equilibrium. 

Finally, point A represents the "bifurcation point". 

These results imply that the elastic system con

sidered is loaded with a force which is less than Per, and 

given a slight rotation, from the origin the system is 
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stable and vibrates with small oscillations about the origin 

(i.e. e = o). If the stability load is gradually increased 

and the condition P = Per holds, a slight rotatio~ of the sys

te~ fro~ the origin will produce no oscillations about 

the origin. ~he syste~ reQeins in this deformed position 



in o. motionless state called neutral equilibrium such that 

P = Per. A small rotation from the point e = o will c ause 

large unstable oscillations. However, a slight rotation 

about th e point e = 82 (i.e 6 satisfying equation (26) 

the sys tem wilb vibrate with s ma ll oscillations about this 

point which indicates a stable equilibrium condition. 

Figures (6) and (7) show the behavior of the 

model from the dynamic stability point of view. These 

two figures show a three dimensional surface. · The Figures 

(A 1) through ( A 10) (see · Appendix) show the plots of the 

· phase plane diagram for angular displaceme nt vs angular 

velocitY. Figures (A 1 through (A 4) are drawn .for the stab-• 
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ility load P = Per. Figure (A 5) is drawn for the stability 

load P = Per. Figures ( A 6) through {A 10) are dravvn for 

stability load P = Per. 

If applied force P ~ Per the system is character

ized by the energy surface shown in Figure (6) which is form

ed from equation (10). The projection of this surface on to 

the 81 and 62 plane produce the phase plane diagram. 

The three dimens iona l surface possesses the geometric prop

erties of an elliptic parabolid. It is characterized by 

a mini~um point at the origin indicating the origin, a stable 

point of equilibri UT1 for P =-Per. The phase plane diagram 

is made up of system of concentric ellipsi. This set of 

curves show th a t for all values of time and for small values 

of initi a l condit ions 61 and 62 the origin is stable. 
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Figur~ (?) illustrates the three diMensional energy 

surface for the systen when applied force P: Per. A saddle 

noint occurs at the origin. Hence;, origin is unstable. TNo 

minimum points occur at the left and at the rlght of the ori

gin, indicating two stable points fore~ 8 = o. The phase 

plane diagram shows a set of concentric ellipsi for these 

two ~nini""'1um points. T}?.e saddle point at e = o is indicated 

on the phase plane plot on a closed curve which takes the 

approximate shape of le~niscate with principal points at 

the origin. This geometric configuration indicates an un

stable point ate= o. 



HATHE~TATICAL ANALYSIS OF T/lO DEGREE OF FREEDO:M SYSTEtf 

The mathematical model given in problem 1 is 

changed by adding a linear spring as shown in Figures (8 a) 

ana ( 8 b) • 

.P 

V tl 
Figure 8 a Figure 8 b 

The strain energy of deformation for this system 

is given by the equation 
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{29) 

The potential energy of the external forces is given by 

the equation 

W = P [ L
0 

( \ - coSG) + "6 cos ~J 
. -· .;:- • ' , {30) . 



,I 

The total potential energy in the system is written in 

the form 

where 

Si.nee V (r,8) is function of two variables, the 

necessary conditions for an extrernum satisfy the 

equations 

c)~t~,e) =o~ K e-P lL -o)is\n ~. 
cH~ T o 

Equation (33) is solved for the para~eter 

yielding 

'6 = P eos O / I< 

and 

Equation (34) is solved for the value of P in the form: 

\ 
25 \ 

(32) 

(33) 

(34) 

(35) 

(36) 



Substituting the value of r given in equation (35) into 

equation (36) give, 

where and 

- - --The-~-previous equations may be rearranged and solved 

for the pare~eter r in the form 

The displacement r, corres,onds to the force P1, 

and the displacement r2 to the load P2. 

Substituting the value of r given i~ equation (35) into 

equation (~l) gives 

: r 
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(37) 

(38) 

(39) 

(40) 

(41) 



The potential energy function is reduced to a function 

in one variable. The condition dV(6)/d8 = o yields 

equation (37) given above. ~he sufficiency conditions 

of equilibriwi are determined by the equation 

4 
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(42) 

For the stable equilibrium equation (42) must be positive, 

for unstable equilibrium, negative, and for neutral equil

ibrium, zero. 
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CHAI''l"'ER V 

G!iAPHICAL IlJTS~f-'RS'T'ATIOH OF TNO DEGREE OF FREED0~-1 S Y,S'11EM 

Figure (9) is related to the second matheCTatical 

model which consists of a rigid rod coribined with both a 

torsional spring and a linear sprine. Figure (9) shov1s 

a plot of stability load P vs angle of displacenent 6. 

The diagre~ shows two possible stability zones. These 

two zones result fron the fact that the system has two 

possible degrees of freedo~. It is necessary to determine 
------- -- - - - - - -~-

whether or not the zones are stable or unstable. This is 

accomp lished by analyzing equation (42). All the points 
~ 

on the vertical axis (i.e. e = o) for O< f> ::=:. 2. are tr-bifur-

cation points~•. Figures (A 11 through A 16) show that 
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for the lower stability region including the· boundary curves 

{3::0ancl/3=1 , the function a2v(e)/as 2 >o for ell values of 

e. Thus all points lying in and on the boundary of the 

lower stability zones are stable. Figures (A 11 through 

A 16) also show that for the upper region includinr, the 

boundary curves f3=o ant! r3 -=1, the function a2v(e )/ae2<ofor all 

values of 9. Thus all points lying in and on the boundary 

of the lower stability zones are unstable. 
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CHAPTER VI 

COFCLUSIQ!,T 

The mathematical ana lysis for the static and dynam

ic stability criteria of the one degree of freedom system 

yields the sinilar results for the critical stability load

ing conditions. The dyn~mic stability criteria for the 

system yields a more atertable interpretation of the stab

ility characteristic of the syste~. 

The static stability analysis of the two degree of 

freedo11 syste'TI yields a set of algebric equations which are 

readily solvable. The dynanic stability criteria is some

what more cumbersome to apply and interpret geometrically 

since the simplest two degree of freedo~ problem yields a 

function in five variables, which cannot be plotted in 

usual 3 space. 

A variety of additional problems may be investi

gated by using this thesis as a basis. 

1. The conservative vertical force Pin the one degree 

of freefom problen may be replaced by a foice which rotates 

as the rod rotates, (i.e. "tte follower forcen). The rota

tion of the rod and the rotation of the force should be 

taken as independent variables. 

2. The anelysis of a two degree of freedo~ syste~ sub

jected to "the follower . force" can be considered. 
: ; .' 
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TABLE A 1 

TABULATED RESULTS FOR POTENTIAL ENERGY 
AN"D AEGl1LATI DISPLACE:.'IEl~r . FIGURE ~-S 

p 

e 0.0174 0. 7 504 1.5009 2. 5132 3.0019 3.1415 
0.1 

V 0.0001 0.2547 1.0334 2.9773 4.3068 4.7347 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
0~3 

V 
- 0.0001 0.2010 0.8474 2.6155 3.9088 4.3347 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
0.5 

V 0.0000 0.1472 0.6613 2.2537 3 .510 7 3.9347 

e 0.0174 0.7504 1.50 09 2.5132 3. 0019 3 .1415 
0.7 

V 0.0000 0.0935 0.4753 1.8919 3.1127 3.5347 

e 0.0174 0. 7 504 1.5009 2.5132 3.0019 3.1415 
1.0 

V 0.0000 0.0142 0.1962 1.3492 2.5156 2.9347 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
1.2 

V 0.0000 -0.0407 ·o. 0101 0.9874 2.1175 2.5347 

e 0.0174 0.7504 1.500 9 2.5132 3.0019 3 .1415 
1.4 

V 0.0000 -0.0944 -0.1758 0.6256 1.7195 2.1347 

e 0.0174 0.7504 1.500 9 2.5132 3.0019 3 .1415 
1.6 

V 0.0000 -0.1482 -0.3619 0.2638 1.3214 1.7347 

e 0.0174 0.7504 1.5009 2.5132 3. 00 19 3.1415 
1.8 

V -0.0001 -0.2019 -0.5479 -0.0979 0.9234 1.3347 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
2.0 

V -0.0001 -0.2556 -0.7340 -0.4597 0.5253 0. 9347 
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TABLE A 2 

TABULATED RESULTS FOR dV/de 
AND A?GDLA .. R DISPLACETTEllT. FIGURE 4 

p 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3 .1415 
0.1 

av/de 0.0157 0.6822 1.4012 2.454.4 2.9880 3.1415 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
0.3 

dV/de 0.0122 0.5458 1.2017 2,3369 2,9602 3.1415 

e 0.01?4 0. 7 504 1.5009 2.5132 3. 0019 3.1415 
-

0.5 
dV/de 0.0087 0.4094 1.0021 2.2193 2.9323 3 .1415 

e 0.01?4 0.7504 1.5009 2.5132 3.0019 3.1415 
0.7 

dV/de 0.0052 0.2730 0.8026 2.1018 2.9045 3.1415 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
1.0 

dV/d9 0.0000 0.0684 0.5034 1.9254 2.8627 3.1415 

e 0.0174 0. 7504 1.5009 2.5132 3.0019 3 .1415 
1.2 

dV/de -0.0034 -0.0679 0.3039 1.8079 2.8349 3.1415 

e 0.0174 0. 7 50 4 1.5009 2.5132 3.0019 3.1415 
1.4 

dV/de -0.0069 -0.1725 0.1043 1.6903 2.80?1 3 .1415 

e 0.0174 0.7504 1.5009 2.5132 3.0019 3.1415 
1.6 

dV/d8 -0.0209 -0.3407 -0.0951 1.5728 2.7792 3.1415 

e 0.0174 0.7504 1.5009 2. 5132 3.0019 3.1415 
1.8 

dV/de -0.0139 -0.4771 -0.2946 1.4552 2.7516 3.1415 

e 0.0174 0.7504 1.5009 2.5132 3.00lS 3.1415 
2.0 

dV/dO · -0.01?4 -0.6135 -0.4941 1.3376 2.7236 3 .1415 
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TABLE A 3 

TABULJ .. TED RSSULTS FOR d 2v / d8 2 Ar-Jl) 
ANGULAR D ISPLAC~:'.IBNT. FIGURE 5 

p 
e 0.0174 0.7504 1.5009 2. 5132 3.1415 

0.1 
a 2v/de 2 0.9000 0.9268 0.9930 1.0809 1.0999 

6 0.0174 0.7504 1.5009 2. 5132 3.1415 
0.3 

d 2V/de 2 0.7000 0.7805 0.9790 1.2427 1.2999 

8 0.0174 0. 7 504 1.5009 2.5132 3 .1415 
0.5 

d 2v/ae 2 0.5000 0.6343 0.9651 1.4046 1.5000 

e 0.0174 0.7504 1.5009 2. 5132 3 .1415 
0.7 

d 2V/de 2 0.3000 0.4880 0.9511 1.5663 1. 6999 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
1.0 

d 2V/de 2 0.0001 0.2686 0. 9302 1.8090 2.0000 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
1.2 

d 2v/ae 2 -0.19£•8 0.1223 0.9162 1.9708 2.1999 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
1.4 

a
2v/a.e2 

-0.3997 -0.0238 0.9023 2.1326 2.3999 

e 0.0174 0. 7 504 1.5009 2. 5'132 3 .1415 
1.6 

a 2v/ae 2 -0.5997 -0.1701 0.8883 2.2944 2.5999 

e 0.0174 0.7504 1. 50 0 9 2.5132 3 .1415 
1.8 

a 2v/ae 2 
-0.7997 .:.o.3164 0.8744 2 .-4562 2.7999 

e 0.0174 0. 7 50 4 1.5009 2.5132 3.1415 
2.0 

d
2
V/ao

2 
-0.9997 -0.4627 0.8604 2.6180 3.0000 
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TABLE A 4 

TABULA'l'ED RESULTS FO~ JiJTGULAR DTSPI.ACE; IE~,:T AND 
AJ1G1JLAR VELOCITY FOR p -:: 0. 2. I)HAS:S PLA:--IB PLOT FIGURE A 1 

'EO 

e 0.0174 0.7504 1.5009 3. 5081 4.5029 5.4800 
18 . 

e 5.9991 5.9613 5.84 14 4.9461 4 .0250 0 -.4230 
I .. 
e 0.0174 0.7504 1.5009 3.5081 4.5029 5.4800 

15.2 . 
e 5.4773 5.4350 5.3072 4.2973 3.1944 0.2960 

e 0.0174 0. 7504 1.5009 3.2812 
5 . 

e 3.1620 3 .0896 2.8492 0.1722 

e 0.0174 0.7504 1.5009 2.5830 
··3 . 

~ 2 .44 94 2.3546 2.0295 0.2586 

e 0.01'74 0.'7504 1. 5009 
·1.0 . 

~ 1.4141 1. 2420 0.0968 

e 0.0174 0.7504 1.0995 
0.5 . 

e 0.9882 0. 7371 0.0968 

e 0.0174 0.2443 0.4104 
0.09 . 

e 0.4235 0.3638 0.2250 

e 0.0174 0.0872 0.1396 
0.009 . 

e 0.1333 0.0961 0.0485 
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TABLE A 5 

TA3TJLATED RESULTS F O:q LJ<:GUL1'.R DI SPLAC-S; ·'.ENT AND 
A'mUL AR VBLOCITY F OR :r :: 0.4. PHASE PLANE PLOT FIGURE A 2 

Eo 

e 0.0174 0.7504 1.5009 3.5081 4. 5029 5.1310 
13 . 

e 5.0982 5.0644 4.9483 3.9033 2.5862 0,38 00 

e 0.0174 0.7504 1.500 <.? 3.5081 4.1364 
· s .. 

e 3.9991 3.9564 3.8060 2.2891 0.3548 

e 0.0174 0. 7504 · 1.5009 3.5081 4.0142 
7.5 . 

e 3.8726 3.8274 3.6671 2.0594 0.2200 

e 0 .-0-174 0.7504 1.5009 3. 508-1 3.6651 
6 . e- 3.4641 3.4135 3.2396 1 •. 1131 0.2438 -: 

e 0.0174 0.7504 1.5009 3.0019 3.0892 -: 
-4 . e 2.8283 2.7661 2.5477 0.7618 0.2357 

e 0.0174 0.7504 1.5009 
2 . 

e 1.9990 1.9106 1.5783 

e 0.0174 0.7504 1.0122 
0.6 . 

e 1.0952 0.9226 " 0.7423 

e 0.0174 0.2443 0.4537 -:-
-o.os . 

e 0.3997 0.3522 0.1875 

e 0.0174 0.0523 0.1221 
0.008 . 

e 0.1252 0.1194 0.0838 
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TABLE A 6 

TABULA'T'ED RES1JLTS FOR AJ'lGlJLA~ DISPLAC:i:~;ENT /Jm 
J\;-TGULAR VELOCI'l'Y FOR P = 0.6. PHASE PLA!i!E PLOT lt'IGl)RE A 3 

Eo 

e 0.01?4 0.?504 1.5009 3.508 1 4.5029 5.0610 
15 

0 

• e 5.4410 5.4182 5. 3352 4 .428 6 3. 7824 0.3722 . 

e 0.0174 0.?504 1.5009 3.508 1 4. 5029 4.?996 
11 • - e 4.6901 4. 6642 4.5678 3.4661 1.7819 0.242 

g 0.0174 0.7504 1.5009 3.5081 4.0840 
7.5 . 

e 3.8473 3.8151 3.6960 2.1936 0 .1603 

e 0.01?4 0.7504 1.5009 3.5081 3.9968 
? . 

e 3.7416 3. 7044 3.5861 2.0032 0.1130 

e 0.0174 0.?504 1.5009 3.5081 3.8746 
6.5 . 

e 3.6050 3.5713 3.4441 2.5751 0.2814 

e 0.0174 0 .7 504 1.5009 2.8797 
3.0 • e 2.4494 2.3998 2.2052 0.2567 

e 0.0174 0.7504 1.5009 
0.7 . 

e 1.1813 1.0766 0.5130 

e 0 .0174 0.5061 0. 57 59 
0.007 • e 0.3748 0.2042 0. 0431 

e 0.0174 0.1047 0.1745 
0.006 . 

e 0.1173 0.0981 0.0425 

,, T' • 
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TABLE A 7 

TABlJLATED RESULTS FOH AFGUl.,AR D ISPLACI '. ' :ENT AIID 
ANGULAR VELOCI'I'Y FOR P= 0. 8 . PHASE PLANE ?LOT FIGURE A 4 

Eo 

e 0.0174 0.7504 1.5009 3.508 1 4.5029 5.131 
13.8 . 

e 5.2382 5.2256 5.1638 4.3451 3.2383 0.4441 

e 0.0174 0.7504 1.5009 3.5081 3.9793 
?.? . -e 3.9315 3.9253 3. 8270 2.2852 0.1362 

e 0.01?4 0.7504 1.5009 3.5081 4.0142 4.0666 
?.4 .. 

e 3.8413 3.8236 3. ?381 2.1873 0. 7171 0.1592 

e 0.0174 0.7504 1.5009 3.5081 3.8397 
6.8 • 

9 3.5643 3.5443 3.4511 1.6690 0.2863 

e 0.0174 0.7504 1.5009 3.3335 
4 .. 

e 2.8213 2.8043 2.6893 0.2400 

e 0.01?4 0.?504 1.5009 
0.8 • e 1.2642 1.2113 0.9142 

. e 0.0174 0.5061 0.7155 
0.06 . 

e 0.3461 0.2615 0.0201 

e 0.0174 0.1221 0.2792 
0.006 . 

e 0.1091 0.0940 0.0391 
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TABLE A 8 

TA9UL/..':'.::SD RES1TLTS FOI'. AN(}ULAS. DISPLACET-·:El{T AND 
A~:GULAR TILOCITY FOR p = Per. PHASE PLAPJ~ ·PLOT FIGURE A 5 

Eo 

e 0.0174 0. 7504 1.5009 3.5081 4. 5029 4.9567 
12.1 . 

9 4.9161 4.9160 4.87 54 3. 9811 2.4200 0.4833 

e 0.0174 0.7504 1.5009 3.508 1 4.5029 4.7647 
10. 5 -. 

e 4.6821 4.6792 4.6292 3.6448 1.8115 0.434 0 

Q 0.0174 Oe7504 1.5009 3.5081 4.5029 
9 . 

e 4.3421 4.3392 4.2946 3.1912 0.3738 

8 0.0174 0.7504 1.50 09 3.5081 4.2236 
7.5 . 

6 3.9721 3.9695 3.9213 2.6611 0.3150 

e 0.0174 0.7505 1.5009 3.5081 0.3900 
7.0 . 

e 3.8400 3.8383 3.6882 2.3588 0.3900 

e 0.0174 0. 750·4 1.5009 3.5081 3.8746 
5.8 . 

e 3. 5053 3_.5021 3.4476 1.8771 0.2710 

e 0.0174 1.0122 2.0071 3.7000 
5 • 

8 3.2622 3.2488 3.0692 0.0734 

e 0 .0174 1.0122 2.0071 
2.5 . 

e 2.3360 2.3170 2.0536 

e 0.0174 1.0122 2.0071 
0.9 • e 1.4411 1.4315 1.1865 

e 0.0174 0.7504 1.0122 
0.05 • e 0.4162 0.3225 0.2040 

e 0.1501 0.2617 0.5061 
0.005 . 

e 0.1501 0.0984 0.0673 

•. ·; . >: .. ~.-
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TABLE A 9 

TADULA'J.'ED RES~JLTS FOH A:'TGULAR DISPLACE:-'lEI\'T AJ'JD 
ANGULAH VELOCI'I')' F0:1 P =. 1.2. PHASE PL>.HE PLOT FIGURE A 6 

Eo 

e 0.0174 0. 7 504 1.5009 3.5081 4.5029 
10 . 

e 4.4720 4.4813 4.4691 3.5113 1.1696 0. 4398 

e 0.0174 0.7504 1. 5009 3.5081 3.96 
6 • 

- e 3.4649 3. 4753 3.4611 2.0815 0.0113 

e 0.0174 0.7504 1.50 09 3.5081 3.769 
5 • e 3.1622 3.1754 3.1590 1.5270 0.3591 

e 0.0174 0.7504 1.5009 2.9496 
2 • e 2.0000 2.0202 1.9949 0.2360 

e 0.0174 0.7504 1.5009 2.5132 
1 • e 1.4142 1.4427 1.4069 0.1584 

e 0.0174 0.5061 0. 7504 1.5707 
0.04 . 

e 0.2821 0.3536 0.4010 0.1126 

e 0.0174 0.5061 0. 7 504 1.4660" 
0.004 . 

e 0.0896 0.2298 0.2999 0.0801 

e 0.0174 0 .5061 0.7504 1.4486 
0.0002 . 

e 0.0161 0.2115 0.2858 0.0953 

e 0.8377 0.9250 1.0122 1.2042 
-0.044 • e 0.0036 0,1562 0.2021 0.0020 

e 0.9250 1.0122 1.1170 
-0.048 • e 0.0014 0.1308 0.0883 
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TABLE A 10 

TARUL:~'I'ED RESUL1.'S FOR ANGtJLAR DISI'LACEME!-'T AND 
A}TGULAR VELOCITY FOR P ;:: 1. 4 . PSASE PI.J.Ji:.r-:: 'PLOT FIGlJRE A 7 

Eo 

e 0.017 4 o.7 504 1.5000 3.5os 1 4.014 2 4. 24 11 
7 . 

e 3.7413 3.7668 3 .7884 2 .66 92 1. 5 760 0.2898 

e 0.0174 o.7 504 1.5009 3.508 1 3.8571 
5 . 

e 3.1488 3.1726 3.2548 1.7521 o.168 4 

e 0.0174 o.75 04 1.5009 3.0019 3.3859 
3 • e 2.4493 2.48 76 2.5203 1.6001 0.278 3 

e 0.0174 o.75 04 1.5009 2.5132 2.70 52 
l . 

: 6 . 1.4142 1.4795 1.5335 0.8652 0.138 6 

e 0.0174 o.7504 1.5335 2.0071 
0.03 . e o.·24 52 0.49 81 o.6413 0.1216 

e 0.0174 o.5061 o.7506 o.9722 
0.003 • e o.0781 o.3176 0.4414 0.1010 

e 0.0174 o.5061 o.7506 o.972~ 
0.0002 • e 0.0223 o.318 6 0.4350 0.0695 

e o.5759 o.7506 0.0122 1.8151 

• 9 0.0025 0.2208 0.4046 0.0036 

e o.so2s 1.0122 1.2566 o.7106 
-0.056 • e 0.0061 0.2536 0.3510 0.0019 
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TABLE A 11 

TA3TJLATED R-SSTTL'J'S FOR AHGULJ.S DISPLACE'T.ElTT AI\TD 
AJ'WULA..~ VELOC rrv FOR P ::: 1.6. PH.ASE PLANT: PLOT FIGURE A 8 

Eo 

e 0.0174 0.7504 1.5009 3.5081 4.0142 4.4680 
8 • e 4.0000 4.0363 4.0891 3.1438 2.2676 0.1030 

e 0.0174 0. 7504 1.5009 3.5081 4.0142 4.2586 
6.6 • 

9 3.6873 3.7276 3.7849 2.7350 1.6563 0.2598 

e 0.0174 0.7504 1.50 09 3. 5081 3.9269 
5 • e 3.1620 3.2088 3.2747 1. 9699 0.2036 

e 0. 0174 0. 7 504 1.5009 3.5081 3.5779 
3.3 . 

e 2.6070 2.6G31 2.7428 0.8249 0.3146 

e 0.01'74 0.7504 1.5009 3.0019 3.4906 
3 • e 2.4495 2.5092 2.5930 1.8322 0.1494 

e 0.01'74 0.7504 1.5009 2.5132 2.5830 
1 . 

e 1.4144 1. 51.53 1.6509 1.2139 0.2826 

e 0.01'74 0.7504 1.5009 2.3212 
0.006 . e 0.2042 0.5803 0.8736 0.1846 

e 0.0174 0.?504 1.5009 2.3038 
0.002 • 

0 0.0648 0.5831 0.8531 0.1933 

e 0.0174 0.7504 1.5009 2.2514 
-0.08 e 0.0031 0.0453 0.8593 0.1517 

e 0.62 0.?5 1.5 2.15 
-0.056 • e 0.0013 0.2568 0.8290 0.1536 

e O.? 1.0 1.5 -
-0.0584 . 

9 0.0010 0.3761 0.5696 
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TABLE A J.2 

TA1.'1l'LAT3D RES1.TLTS FOTI .,'J-YGUJ,/,R DISPLAC:E!IBI':T AJID 
AHGULAR VELOCITY FOTI p ;::. 1.8 . 1-iHASE PL A~T PLOT FIGURE A 9 

Eo 

e 0.017 4 0. 7504 1.5009 3. 508 1 4 .0142 4 .0 317 
5.2 . 

G 3.2241 3. 2868 3 .390 3 2.2426 0. 4460 0.1044 

e 0.0174 0. 7 504 1. 5009 3. 5081 3.7524 
3.8 . 

e 2. 7 568 2. 8291 2.9488 1.5013 0.2608 

e 0.017 4 0.7504 1.500 9 3.0019 3.4732 
2.6 • e 2.2801 2.3674 2. 5098 1.8316 0.3751 

g 0.017 4 0.7504 1. 5 C:·09 2.5132 2.58 30 
0.01 . 

e 0.1420 0.6511 1.0564 0.4643 0.0253 

0 0.0174 0.7504 1.50 09 2.5132 2.5656 
0.0004 . 

e 0.0321 0.6364 1.0472 0.4433 0.1936 

e 0.5061 0.7504 1.5009 2.2689 
-0.056 • e 0.0034 0.4128 0.9341 0.0068 

e 0.7504 1.500 9 2.0071 
-0.058 . 

e 0 .0021 0.6532 0. 5018 
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TABLE A 13 

TABULATED RESULTS FOR Al'-~GULAR DISPLACE~fENT Al\1) . 
ANGULAR VELOCITY FOTI P = 2 .o. PHASE PLAJ';E PL0'11 FIGURE ,A 10 

Eo 

e 0.0174 0.7504 1.5009 3.5008 4.5029 4.8345 
10 . 

e 4.4726 4.5281 4.6338 3.9275 2.1376 0.3732 

e 0.0174 0. 7 504 1.5009 3.5008 3.7873 
3.6 . 

e 2.6831 2.7764 2.9440 1.6203 0.224 6 
. 
e 0.0174 0.7504 1.5009 2.5008 2.8009 

0.08 . 
e 0.4001 0.81 £1 3 1.2758 1.03~0 0.2147 
~ 

e 0.0174 0.7504 1.5009 2.5008 2.7750 
0.008 . 

e 0.1275 0.7261 1.2118 0.9674 0.2729 

e 0.0174 0.7504 1. 5009 2.5008 2.7576 
0.001 . 

e 0.0223 0. 7158 1.2116 0.9590 0.1864 

e 0.4014 1.0129 1.5009 2.5132 2.7227 
-0.56 . 

e 0.0024 0.8013 1.1006 0. 7481 0.0015 

e 0.6632 0.0129 -1. 5009 2.5132 2.6179 
-0.588 . 

0 0.0015 0.5538 0.9163 0.3315 0.0020 
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o.o 

TABLE A 14 

TA9ULATED RESUL'!.'S FOR , P, av, a2v· A~l) 
A1JGULAR DISPLACEJ'IEHT. FIGURE 9 

p 

.00001 

.0001 

2.01 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

dV 

2.6179 

Cormnent 

stable 

3.1066 0.0019 stable 

U.1047 -0.0259 unstable 

0.3141 -0.4266 unstable 

0.4363 -0.8766 unstable 

0.5235 -1.3387 unstable 

0.5934 -1.8216 unstable 

0.6283 -2.1137 unstable 

0.6806 . -2.6356 unstable 

0.7330 -3.2509 unstable 

0.7853 -3.9597 unstable 

0.8377 -4.9555 unstable 

0.8726 -5.6403 unstable 

0.8901 -6.1566 unstable 

0.9750 -6.1566 unstable 

0.9474 -7.5691 unstable 

0.9599 -8.2047 unstable 

0.9948 -9.1926 unstable 

1.0122 -9.9226 unstable 

1.0297 -10.6934 unstable 

1.0471 -0.0011 unstable 

1.0646 -0.0012 unstable 

> -. · 
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6 2 

TA.I3LE A 14 co ntinue d 

(3 p dV d 2v Comme nt 

0.2 l.? not d e fined 
3.0543 6 .433 1 stable 

1.8 not defined 
3 .0545 6.9 99 6 st able 

1.9 not defined 
- 3.0717 7.5656 stable 

2.0 not defined 
3 .• 089 8.1726 stable 

2.1 not defined 
3.071 8.?568 stable 

2.2 0.5235 -1.1905 unstable 
3.0892 9.4074 stable 

2.3 0.5759 -1.5062 unstable 
3.0892 10.0547 stable 

2.4 0.6456 -2. 0457 unstable 
3.0892 10.7218 stable 

2.5 0.6981 -2.544 9 unstable 
3 .08 92 11.408 9 stable 

2.6 0.7:330 -2.9577 unstable 
3.08 92 12.1158 stable 

2.? 0.7679 -3.4300 unstable 
3.0892 12.8926 stable 

t 0.4 0.8 not defined 
2.6354 2.3184 stable 

1.7 ·not defined 
2.9670 6.4640 stable 

1.8 0.1745 -0.1007 unst a ble 
2.9670 6.9899 stable 

1.9 0.3490 -0.405 unstable 
2.98 45 7. 5865 stab le 

2.0 0.4537 -0.7325 uns·teble 
3.0019 8.2061 stable 
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TABLE A 14 continued 

(3 p dV a2v Comment 

0.4 2.1 0.5410 -1.1293 unstable 
3.0019 8.7982 stable 

2.5 0. 7 504 -2.8207 unstable 
3.0368 11.4860 st able 

3.1 0.9250 -5.9801 unstable 
-3.0717 16.1013 stable 

3.2 0.9424 -6.7731 unstable 
3.0717 16. 97 51 stable 

3.3 0.9599 -7.1101 unstable 
3.0717 17.7679 stable 

3.4 0.9738 -7.7329 unsteble 
3.0892 18.6873 stab le 

- . - - -- -
3.5 0.9948 -8.6794 unstable 

3.0892 19.5732 stable 

3.6 1.0122 -9.0966 unsteble 
3.0892 20.4163 steble 

3.7 1.0297 -9.8383 unstable 
3.0892 21.4048 stable 

3.8 1.0646 -10.9365 unstable 
3.0892 22.3504 stable 

3.9 1.0821 -11.7671 unstable 
3.0892 23.3151 stable 

4.0 1.0995 -12.6364 unstable 
3.0892 24.3013 stable 

0.6 1.7 0.2617 -0.1813 ·unstable 
2.8623 6.3191 stable 

1.8 0.4014 -0.4621 unstable 
2.8972 6.9538 stable 

1.9 0.4886 -0.7365 unstable 
2.9146 7.547 stable 

2.0 0.558 5 -1. 0~~85 unstable 
2.9321 8 .1369 stable 

.· . 
; ~ 
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TABLE A 14 co ntinued 

(3 p dV d 2V Conrnent 

0.6 2.1 0.6283 -1. 3lc8 unstable 
2.9496 8. 7245 stable 

2.2 0.6806 -1.8131 unstable 
2.9670 9.4812 stable 

2.3 0.7155 -2.1354 unstable 
2.9845 10.1744 stable 

2.4 0.7679 -2.1354 unstable 
2.9845 10.1744 stable 

2.5 0.8203 -3.2459 unstable 
2.9845 11.4825 stable 

2.6 0.8203 -3.4179 unstable 
3.0019 12.2475 stable 

- - 2. 7 0.8552 -3.9372 unstable 
3.0019 12.9550 stable 

3.1 0.9599 -6.2429 unstable 
3.0368 16.1660 stable 

3.2 1.0122 -?.2803 unstable 
3.0368 16.9811 stable 

3.3 0.9948 -7.4239 unstable 
3.0543 17.8994 stable 

3.4 1.0122 -8.0710 unstable 
3.0543 18.7584 stable 

3.5 1.0297 -8.7562 unste.ble 
3.0543 19.6372 stable 

3.6 1.0471 -9.4799 unstable 
3.0543 20.5356 stable 

0.8 1.1 not defined 
2.4783 2.8263 stable 

1.2 not defined 
2.5481 3.3291 stable 

1.3 not defined 
2.6179 3.8966 stable 

e . ... : . : ~ 
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TABLE A 14 continue a 

(? p dV a2v Cor.irnent 

0.8 1.4 not d0fined 
2.6703 4.446 stable 

1.5 0.2094 -0.0789 unstable 
2.6832 4.8813 stable 

1.6 0.3665 -0.2850 unstable 
- 2.7401 5.5239 · stable 

1.7 0.4712 -0.5307 unstable 
2.7923 6.2088 stable 

1.8 0.5410 -0.7647 unstable 
2.80~9 6.9032 stable 

2.01 0.6632 -1.3906 unstable 
2.8448 8.0904 stable 

2.1 0. 7155 -1.7560 unstable 
2.8797 8.7690 stable 

2.2 0.7504 -2.0803 unstable 
2.8972 0.3427 stable 

3.1 0.9948 -5.4854 unstable 
3.0019 16.7710 stable 

3.2 1.0122 -7.0803 unstable 
3.0019 16. 9810 stable 

3.3 1.0297 -7.7117 unstable 
3.0194 l?.9173 steble 

3.4 1.0296 -7.8710 unstable 
3.0194 18. 7651 stable 

3.5 1.0479 .-8 .824 unstable 
3.0193 19.3266 stable 

3.6 1.0645 -9.S031 unstable 
3.0192 20.5898 stable 

0.9 1.1 · not defined 
2.3736 2.5247 stable 

1.2 not defined 
2.4609 2.9885 stable 

; ~ 
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TABLE A 1 4 co ntinue d 

(3 p dV d 2V .Conme nt 

0.9 1.3 not defined 
2. 548 1 3.6885 stable 

1.4 not define d 
2.6179 4.3048 stable 

1.5 not define d 
2.6522 4.8070 st able 

1.6 not defined 
2.6878 5.352 2 stable 

-1.? 0. 5410 -0.6575 unstable 
2.7401 6.0372 stable 

1.8 0.6108 -0.94-7 unstable 
2.7576 6.5685 stable 

--- ----- --

1.9 0.6632 -1.2213 unstable 
2.8099 7.3376 stable 

2.0 0.7155 -1.5621 unstable 
2.8774 7.9402 stable 

0.98 1.1 not defined 
2.3212 2. 39 59 stable 

1.2 0.1765 -0.0303 unstable 
2.3910 2.8356 stable 

1.3 0.3141 -0.1255 unstable 
2.4783 3.4376 stable 

],. .4 0.4014 -0.2358 unstable 
2.5481 4.0355 stable 

1.5 0.4886 -0.4106 unstable 
3.6005 4.6078 stable 

1~6 0. 5f·85 -0.6152 unstable 
2.6529 5.2369 stable 

1.7 0.6108 -0.8166· unstable 
2.6703 5.7081 stable 

1.8 0.6632 -1.0730 unstable 
2.7227 5·.4357 st able 



67 

TABLE A 14 continued 

(3 p dV a2v co~.ment 

0.98 1.9 0.6 981 -1.3060 unst ab l e 
2. 7 57 6 7.1000 stable 

2.0 0. 7504 -1.5589 unstable 
2.9670 7.8264 stable 

0.99 1.1 0.1570 -0.0231 unstable 
_2. 2863 2.2739 stable 

1.2 0.2617 -0.0721 unst ab le 
2.3~10 2.8546 stable 

1.3 0.3490 -0 _. 0864 unstable 
2:4783 3.4566 stable 

1.4 0.4363 -0.278 7 unstable 
2.5370 3.9629 stable 

1.5 0.5061 -0.4375 unstable 
2.5830 4.5294 stable 

1.6 0.5585 -0. 5925' unstable 
2.6529 5.2559 stable 

1.7 0.6783 -0.8585 unstable 
2.6878 5.8341 stable 

.1.8 0.6806 -1.1250 unstable 
2.7227 6. 4557 stable 

1.9 0. 7145 -1.4519 unstable 
2.7750 7.485 stable 

1.0 1.0 not defined 
2 .14 67 1.6285 stable 

1.1 0.1398 -0.0154 unstable 
2.2863 2.2749 stable 

1.2 0.2617 -0.0711 unstable 
2.3910 2 .8556 stable 

1.3 0.3665 -0.1713 unstable 
2. 4783 3.4576 stable 

1.4 0.4363 -0.2777 unstable 
2.5307 3.9633 stable · 
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TABLE A 14 continued 

f.; p dV a2v Conun.en t 

1.0 1.5 0.5061 -0.4315 unst able 
2.6000 4.6278 stable 

1.6 0.5759 -0 .6424 unste.ble 
2.6529 5.2569 st able 

1.7 0.6457 -0.9187 unstable 
-2. 6878 5.8351 • stable 

1.8 0. 7185 -0.6326 unsteble 
2.7221 6.4567 steble 

1.9 0.7330 -1.4466 unstable 
2.2401 7.0056 stable 

2.0 0.7504 -1.6463 unstable 
2.7750 7.0060 stable 

2.1 0.7853 -1.9698 unstable 
2.8099 8.4462 stable 

2.2 0.8203 -2,. 3384 unstable 
2.8274 9.1002 stable 

2.3 0.8552 -2.7560 unstable 
2.8448 9.7845 stable 

2.5 0.9075 -3.5903 unstable 
2.8992 11.3698 stable 

3.0 1.0122 -6.1248 unstable 
2.9696 15.2344 stable 

3.5 1.0821 -9.1364 unstable 
3.0019 19.7073 stable 

4.0 1 .• 0646 -,12.9532 unstable 
3.0019 24. 2,023 stable 
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TABLE A 15 

TABULATED RESULTS FOR LO ,.\.D Al:D · 
ANGL1LA ... "8 DISPLACEJ'.TENT . FIGURE 9 

p 

G 0.0174 0.7504 1.5009 3.0019 3.1415 

P1 0.0000 5 0.0000 5 0.00007 0.00107 0.00890 
0.0001 

9 0.01?4 Q.5061 0. ?504 1.2042 1.553 3 

P2 2.0002 2.2866 2.?345 5.580? 114.589 

e 0.0174 0.?504 1.5009 .3.0019 3.1415 

P1 0.0513 0. 05 61 0.0?54 0.??84 3.3475 
.1 

e - 0.0174 0. 50 61 0.?504 1.2042 1.5533 
•. ' 

P2 1.9489 2.2332 2.6?84 5.5155 114.511 

e 0.01?4 0.7504 1.5009 3.0019 3 .1415 
p - I -

P1 0.2254 0.24139 0.3041 2.1098 7.5209 
.6 

e 0.01'"?4 0.5061 0.7504 1.2042 1.5533 · 

P2 1.7748 2.0542 2.4932 5.3096 114.278 

e 0.0174 0.7504 1.5009 3.0019 3.1415 

0.8 P1 0.5527 0.5513 0.6150 3.2849 11.0088 

e 0.0174 0. 5061 0.7504 1.2042 1.5533 

P2 1.4475 1.7369 2.1833 5.0055 113.964 

e 0.0174 0.7504 1.5009 3.0019 3.1415 

1.0 P1 0.9669 0.7619 0.7723 3.7629 12.4103 

e 0.0174 0.5061 0.7504 1.2042 1.5533 

P2 1.0033 1.4821 1.9726 4.8374 113.808 
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TABLE A 1 6 
. * 

TA:3ULATED RESUL'l'S FOR dV/ d0 AND 
ANGUL.iR DISPLACElrEN'r . FIGURE A 11 

p 

9 o.ql74 0. 7504 1.500 9 2.5132 3 .1415 
2.0 ' 

* dV/de 0. 0000 -0.7328 -3.711 9 -4.2532 -0.0000 

e 0.017 4 0. 7504 1.50 09 . 2. 5132 3.14 15 
2.5 * dV/de 0.0217 -0.29 26 -4.5538 -5.910 9 -0.0000 

e 0.0174 0.7 504 1.5009 2. 51::52 3.1415 
3.1 * av/a.e 0.0594 0 .-5649 -5.51 61 -8.2141 -0.0000 

e 0.01'74 0.7504 1.5009 2. 5132 3.1415 
3.5 * dv/ae 0.0915 1.3336 -6 .1304 -9.9397 -0.0000 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
4.0 * av/ae 0.1395 2.524 5 -6.8671 12.3107 -0.0000 



p 

2.0 

2,5 

3.1 

3.5 

4.0 

* d 2v/ae 2 

e 
* a2v/ae 2 

e 

e 

TABLE A 1.7 

TABULATED RESULTS FOR d2V/ae 2 AIID 
AP GULAR DISPLACZTGNT. FIGUR E A 12 

0.0174 0.7504 

-0.0018 -2.6463 

0.0174 0.7504 

1. 2469 

0.0174 

3.4050 

-3.2207 

0.7504 

-3.8640 

0.0174 0.7504 

1.5009 2.5132 3 .1415 

8.0000 -4.2401 

1.5009 

-5.5379 

1.5009 

-9. 9489 

4.4721 

2.5132 3.1415 

5.9764 11.2500 

2.5132 3.1415 

7.9855 15.8099 

1.5009 2.5132 

5.2436 

0.0174 

7.9914 

-4.2649 -12.6190 9.4485 

3.1415 

19.2500 

0.7504 

-4.7347 

1.5009 2.5132 . 3.1415 

-16.4023 11.4163 24.0000 
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TABLE A 18 

* TABULATED RESULTS FOR dV/de VS 
ANGTJLA:1 D ISPLACEl IENT. FIGURE A 13 

p 

e 0.0174 0. 7504 1.5009 2.5132 3.1415 
0.6 * av/ce -0.0076 -0.3386 -0.5716 0.1287 1.2565 

e 0.0174 -0.7504 1.5009 · 2.5132 3.1415 
1.0 * dV/de -0.0104 -0.5650 -1.3251 -0.6457 1.2566 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
2.0 * av/ae 0.0069 -0.4326 -3.1115 -3.2479 1.2566 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
2.5 

av/ae 0.0287 -0.0430 -3.9525 -4.9056 1.2566 

9 o._0174 0.7504 1.5009 2.5132 3.1415 
3.1 

av/ae 0.0664 0 .8650 -4. 9157 -7.2087 1.2565 

e 0.0174 0 .7504 1.5009 2.5132 3.1415 
3.5 * av/a.e 0.0985 1.6362 -5.53GO -8.9344 1.2565 

e 0.0174 0.7504 1.5009 : 2. 5132 3.1415 
4.0 ,,. 

av/ae 0.1465 2.82.47 -6.2667 -11.3054 1.2565 
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TABLE A 19 

TABULATED RESULTS FOR a 2v /ae 2 vs 
ArGULAR DI SPLACB} trc£1\f'!' . 3'IGDnE A 14 

p 

0 0.0174 0. 7 504 1.5009 2.5132 3.1415 
0.6 * ' a2v/ae 2 -0.0044 -0.4525 -4.0206 1.4820 1.9599 

e 0.0174 0.7504 1.5009 • 2.5132 3.1415 
1.0 

"" a2v /ae 2 -0.6003 -0.9929 -0.7297 2.3270 3.4000 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
2.0 * 

a 2v/ae2 0.3981 -2.2463 -3.887ti 4.8721 8.4000 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
2.5 a2v/ag2 1.6469 -2.8207 -6.1908 6.3764 11.6500 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
3.1 * a2v/ae 2 3 .8050 -3.4640 -9.5489 8. 3855 16.2099 

e 0.01'74 0.7504 1.5009 . 2. 5132 3.1415 
3.5 

a 2V/a.e 2 
5.6436 -3.8649 -12. 2190 9.8485 19.6499 

e 0.0174 0. 7 504 1.5009 · 2. 5132 3 .1415 
4.0 * a 2v/ae 2 8.3658 -4.334'7 -16.0023 11.8163 24.3999 
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TABLE A 20 

* TABULATED RESULTS FOR d'!/d& Alm 
Ai'TGULAR DI~5PLl~CEi·.1S:t--1T. FIGURE A 15 

p 

e O.Ql'74 0.'7504 1. 500 9 2.5132 3.1415 
1.1 * dV/d8 0.0001 -0.1463 -0.6094 0.6447 3 .1415 

e 0.0174 0. '7504 1.5009 2. 5132 3.1415 
1.5 * -av/ae 0.0043 -0.1732 -1.3351 -3.2002 3.1415 

e 0.01'74 0.7504 1.5009 2. 5132 3 .1415 
2.0 

* dV/de 0.0174 0 .-01 '76 -2 .2109 -1.7399 3.1415 

e 0.0174 0. 7 504 1.5009 2.5132 3 .1415 
3.1 * av/as 0.0769 1.3153 -4.0151 -5.7008 3 .1415 

e 0.0174 0.'7504 1.5009 2.5132 3 .1415 
3.5 * av/ae 0.1090 2.0865 -4.6295 ;_'7.4264 3.1415 

e 0.01'74 0.7504 1.5009 2. '5132 3.1415 
4.0 * dV/d8 0.1570 3,2750 -5.3661 -9.7974 3.1415 
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TABLE A. 21 

* TA3ULATED RESULTS FOR d2v/ae2 A:ND 
A~•:GULAR DIS?LACEI IBNT . FIGtJRE A 16 

p 

e 0.0174 0.07504 1.5009 2.5132 3.1415 
1.1 * ' d2V/de 2 0.0095 -0.5245 -0. 3516 3.1537 4.4099 

e 0.0174 0.7504 1.5009 2.5132 3.1415 
1.5 * d 2V/de 2 0.2490 -0.1037 -0.1437 4.1223 6.2500 

e 0.0174 0.7504 1.5009 2.4132 3 .1415 
2.0 * d2v/ae2 0.09981 -1.6463 -3.2401 5.4721 9.0000 

e - 0.0174 0.7504 1.5009 2.5132 3 .1415 
3.1 * d 2v/ae 2 4.4050 -2.6029 -8.9489 8.9855 16.8099 

e - - - ·- -·--
0.0174 0.7504 1.5009 2.5132 3.1415 

3.5 
a 2~/ae 2 

6.2436 -3.2649 -11.6190 10.4483 20.2500 

e 0.0174 0. 7 504 1.5009 . 2. 5132 3.1415 
4.0 * 

d 2v/ae 2 8,9914 -3.7347 -15.4023 12.4163 25.0000 
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