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ABSTRACT

A NONLINEAR THEORY FOR THIN ELASTIC PLATES

Jatin M. Anadkat
Masters of Science in Engineering

Youngstown State University, 1972

The purpose of tﬁis theéis is to derive a nonlinear theory of
thin elastic rectangular plates including the effects of transverse
normal stresé, transverse shear stress, and transverse and rotary
inertia. This nonlinear theory also includes the effects of the
square of the rotation terms in the strain-displacement equations
and the product of stress times rotation terms in the equilibrium
equations.

Using a variation theorem due to Reissner, the equations of
motion, the stress-strain relationships, and the associated natural
and forced boundary conhitions are simultaneously determined. The
resulting equations may be applied to a certain group of rectangular
plate problems where the applied dynamic Toads produce deformations
which are of such an order that only an appropriate nonlinear theory

can account for them.
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CHAPTER 1
INTRODUCTION

Nonlinear theories for thin elastic plates as derived by using
the theory of finite displacements differ greatly depending on the re-
strictive assumptions placed on the resulting deformations.

The classical nonlinear theory for thin elastic plates is pre-

(5)

sented by Von-Kdrman‘”’, where the nonlinear rotation terms are retained
in the strain-displacement relationships only.

The classical nonlinear theory has been expanded to include the
shell theory by Naghdi(3), where the effects of transverse normal stress
and transverse shear stress are accounted for.

A nonlinear shear deformation theory for thin elastic shells
and thin elastic plates is presented by Archer(z). This paper derives
a nonlinear theory of the Donnell type which includes shear deformations,
transverse and rotary inertia effects, but does not include the effect
of transverse normal stress.

A direct application of the resulting equations play an impor-
tant role in wave propagation problems, where the effects of transverse
normal stress and transverse shear stress are of primary importance.

The objective of this thesis is to derive a nonlinear theory
of thin elastic plates based on Von-Kérmén's(s) approach. Additional
nonlinear terms are retained, i.e., the product of stress times rota-

tion terms are retained in the equations stress equilibrium. These

terms are neglected in the classical nonlinear theory.




Reissner's(4) Variational Theorem is used to develop equations
of equilibrium and stress-strain relationships together with natural

and forced boundary conditions.




CHAPTER II
METHOD OF ANALYSIS

The basic assumptions used in the analysis of thin elastic

plate are as follows:

1.
2s

The thickness of the plate is assumed uniform and small.
Lines which are normal to the middie surface before deforma-
tion do not remain normal to the middle surface after defor-
mation (i.e., shear deformations are accounted for).

Linear elastic stress-strain relationships are assumed to
hold; and the component of stress normal to the middle sur-
face is considered to be of the same order as the other com-

ponents of stress.

The following steps are taken to achieve the end results:
Assume stresses Vxx, Vyy & Txy= Tyx

Solve for \Tkz,'T'yz & Vzz which satisfies nonlinear equilib-
rium equations and establish assumed stress field.

Formulate the reduced form of nonlinear strain-displacement
equations.

Combine the assumed stress field and the strain-displacement
equations in the Reissner's Variational Theorem.

Deduce equations of motion, stress-strain relationships to-

gether with natural and forced boundary conditions.



2.1 THE COORDINATE SYSTEM AND NOTATION

The notation used through the paper is similar to that given
by Langhaar(]). A middle surface of plate is defined as the x-y plane.
The normal distance from the middle surface is defined by z, the normal

coordinate.

2.2  STRESS RESULTANTS AND STRESS COUPLES

Stress resultants and stress couples applied to a differential
plate element are shown in Figs. 2.1b and 2.71c. These stress resultants
and stress couples are defined as total forces acting per unit Tength

of the middle surface.
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Fig. 2.1a
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Fig: 2.1c




The stress resultants and stress couples are defined by the

following equations;

ok

3 rZ
Nxx = / Vxx de ’ - M = 2. Vxx da ’ ]
_‘x)_ px %
+y ¥
Nvy = [ Wyde Myy:o % Ly, = Vyde
_%2 "
13 o
Nyx B i Tyx d= ’ My = % 2 Tyxde ,
Qe = / Trz de s and Qy2 = Tya de
‘5‘,’_ —L,,L ol
Equatioh (1) yields the relationship
Nxy = Nyx and May = Myx

2.3  STRAIN-DISPLACEMENT RELATIONS

The general three dimensional nonlinear strain-displacement

are given as follows:

éAxx —3 Ux + -—é (sz+ Vx1+ er.) .

éyy = Vy oy ";'_ (U; L Vy‘-"' w;‘) 7

€z = We + £(Up+Vi+We) 7

{yz ; - V.z + Wy -4 (uy uz_ + Vy v;- ) WYWZ') ]

and

{XZ' = Wx + ua +(U)(uE. ot V)(Vz. + WX WZ) . -

(2)

(3)
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2 2
rotation terms wx W N wxwy.

Exx
Eyy
Ezz

fiy

¥y2

and

L

Retaining all Tinear terms together with the second order

¥

Equation (3) reduces to the following:

3
Ux + £ Wy

=z

= Vy * —',;W,"
= Ws
= Uy 4+ Vy + Wny

= VE- +Wy

I

Uz + Wx

-

(4)

To obtain the appropriate stress-strain relation, the following

approximate equations are assumed for the displacement field,

where U, V & W are the components of displacement at the middle surface,

U

v

V(x,y) + zwy(x,y),

W= W(x,y) + zW'(x,y) + :_zZ_ZW"(x,y),

U(x,y) + 28 (x5y),

(5)

cJX(x,y) and w&(x,y) are the change of slope of the normal to the middle

surface along the x and y coordinates lines respectively, and W'(x,y) and

W"(x,y) are the contributions to the transverse normal strain.

Substituting equation (5) into equation (4), the fo1lowing
equations are obtained:

MINNC pres
.s‘i‘uﬁ_,\z.“n}-p‘ ODIAIL
~|\_~L N -

—. L4ORARL



— . B | £ B

éxx — UX + ?-“Jx.x Ly 3'_' (Wx + 2Wy + % Wx) ’
Yy 3 L (W, Wo + B Viu)*
- LINp

éza - w -+ Z-W ]

A\
~
|

(J, -+ Z-b)x,,) -+ (\_l; =+ E-Q),x)
— — L _ - win '
+(WNx +2 Wy +% w,:)(w, + 2Wy +§_"W‘)',) 3

— o ! T._v
{)’2 = (a)y'f(Wy-f‘ZWy +-§:\Ny)’

and

{)( 2

S — 1 ke
(J/( +(Wx T zwx-f-EWx) o

i

Equation (6) for the components of strain are rewritten in

the following form:

o 2 = (IS R 4 1 2

E)(x = E’xx + E'Kx + Z é\x + %‘wax + g. (WX) ’
L d » 3../, —

Eyy = Eyy + 2Ky ¢ z"Cy +Z WyWy + % (Wy) ’
-t o W

Eza = W+ 2WN_,

Yy = (x *28xx) + (% +28) + Wk

D 2 3 '24 - "
+ & xy -’i‘.Z'Exy +2ny +4—'(wa,) ’

it ) L
Y52 = Yyz + Z(W\/*%Wy/ ’ and

o
2
I

o n
¥ -
3&; e I (Wx T %Wx) .




where,

o — '
Exx = Uy + £(Wx) . ¥
o — n -~ <t
Eyy = % t 3(wy) 4
o s
N()()( = VX s
Wy = Uy ’
JXX = C‘JVIX 9
Syy = Wy 4
o ke’
),XE = Wx + “)X ¥
{yt = w’ 4"\), 9
okl Cal
KK = u)x,x + Wx Wx 7
00 Shty
Ky ore ")7'7 + Wy W, ’
- e/ | —
Cx = ';_ (Wx WX + W;:z) y
Gt W —l2
C& = %_(VV,\Vy + Wy ) ’
= ) oy e
Dxy = (V%xVVy *’VVxVVv) ’
i T & b ook W s a W
Exy = WxWy + 3z (Wx Wy + Wy WX) » and
F 4 el Sy et el |
Xy = B WaNy * Nx WY) . - (8)

2.4 THE COMPONENTS OF STRESS

Noting equations (1), the components of stress are assumed

to take the form
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Vix = Nxx IIZ_’zMxx ’ 7
= N 2
Vyy = Ny + EEMy
and Ty = N—%’- + ",\‘732”"7 s (9)

The components of shearing stress of Txz, Tyz and Vzz are
determined by direct solution of the first three equilibrium equations
of stress which are:

:};‘(v—’_"( = Txz Oy ~Tay Wz) + %(“f‘}x +Tya @y = Vyy we) T

+%(ﬁx + Vap Wy "'“Gyu)z) + PFx =0 |,

% (ery +V;x(-\); - 'rle.)x) + -:3—7—(7;7 -I'T:/)((A)Z —7;3¢4>X)
+2( Ty +Gxs — 2 dx) + SR =0
and

S (e + Ty ox Vi Dy) + F (52 * Vydx = x )

t55 (Vae + Tayox = T&xOy) + SR =0+ J(10)

It should be noted that each equilibrium equation contains
six additional terms as compared to the linear theory. These terms
contain the product of the stress times the rotation terms.

For thin plate theory in orthogonal coordinates t.)z = 0.
Neglecting the body forces, Fx = Fy = FZ = 0, and noting ﬂy = "fyx,
Txz = Tzx and fyz = Tzy the previous equation reduces to the following

form:



I

%(Vix ~Dy'Taa)  + 2(Tay +DyTa) + 3 (T2 + Qy Vzz)
2 (Tay - xThe) + 2 (Fyy ~xTra) + 2 (Tya -Oxen) :

5% ('fxz +‘-JxT;ty —‘-)yV)-m) i %('77,: + WxVyy - Wy Tky)

+2 (Ves +xTs -0yTh) = O .

’

11

J

(11)

Substituting equations (1) 1nto’equations (11), and integrating over

the thickness of the plate yields respectively,

%(Nxx +WyQxa) + & (Nxy +DyQyz) + Wyfa +R

= 00 Ny

& (Ney ~OxQxz) +2 (Nyy-dx Q) - OxB +B = O
%(&)x’vxy—dy”xx +Qu) +* %(dxh’w — dy Nxy ‘*Qy&)

+F +x3 -dyF = O .

-

(12)

Multiplying the equations (11) by z and performing the integration

over the thickness of the plate yields respectively,

%(Mxx) + %’ (Mxy) = Quxa - Qy Qaz +hoy B - hR

=20 ’
%(MXV) % %(Mﬁ/ ~Qyy +x Qzz - hdxfa +hfe = 0 g
o (Dx My - Dy Mxx) + 2 (Dx My, — Dy Mxy) +DyQxa
-‘-Jxaya-‘a_z.;_ +‘1F3 .fku),(’z_h‘.)’ﬁ = 0 4 g
where,
: Y _}
i = ‘T;‘z /_h 7
z
+5
2 = Tye :
-
L‘L
*Z——
PB = 2&[ y
b
P, +%
and Qz'? = Vz-; dz- v

(13)

(14)
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Substituting equation (9) into equation (11), one obtains,

S (DyTxe) + 2(yTe) + 5 (e + 4% ) + %, =0

%(dx’r;(t) 4 %(Qx"f;‘)— %(‘I’Y' -va;a) s ’X,z-_-o 9 and

B ()t 2 (Fe) + H (Ve +0x T~y 5)2%3 = 0 1 (s)
where,
7~| & ’xu i 21.: ’ i

‘)(,,_ = Kay t a'X_,,_ )

and Xa = Kz + 2Xay :
E (16)
From equations (11) through (16), one obtains,
Xy o= o[ R Qaa) +R (R + HB+R] 1
e MR _*[_;%(ox Qxz) +2 (I Qya) + =B -B] - |
 Xa = —f[R(xe) + 2 Q)+ R rAB -R]
Xz = E[HQz + Qu-hayf -hE]
X2 = -[OxQu < Qye -hf +hE] and
Ko = -&[9HQa - *Qus-Qun +h( A+ -OrR)] | e

Eliminating Vzz from equations (15), there results,

Wyu'Tre + 235 (1H0)(1407) + WyyTyy —wndy 3 (%) 4
+ (% —dyx3) = 0., .and
dxkliz  + 2 () XDy 4 My Tys - (140D ()

- (xz_‘*' Ox‘)‘;) = 0 » (]8)

i = Uncoupling equations (18) into two independent equations in “Txe and 74z
. and neglecting all terms of the square and higher order of « , the

following equations result:
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2,
S (Fe) ¥ JTa)(rx - Dry) + F(*atdu%y) + dyu¥a —~uxX, = O 3

and

31.

ﬁ“(‘rxg) + %‘(ﬁ&)(ﬂ)y’“dxl‘j) "'-}z. (x, "'C‘)ny)—‘JX.’%I "‘Dylyx)_ R o (]9)

The solution of the first equation (19) for ﬂz, as detailed in

Appendix (B), and the second equation (19) for Txz , yields respec-

tively ,

z -

Te = Qe (1-95) -4[R°(- % - 15%) + 470+ % -22")]
& (1= ) [ D[R (2+) + R7(2-b) - 22 Qua]
_Q,'x[f; (2+%) + rz(Z—.-J - 22 an]} s and
Ta = 3Qaq-a2) -4[00-4 - 5) + R U+g2-Y)
+F =) [ Dyy[R7(202) + B (z-) - 22 Q]
-y [R7(2+3) + AT(2-8) - 2 Que]f J (20

Substituting ‘fxz and ﬂz from equations (20) into the third equilib-

rium equation (15) and solving for Vzz as detailed in Appendix (c),

there results

-—

Vez = (1-42%{3r000T - 4(s)L] +[Lil} = & Dxy [t -5]x
+z Oxx[sy, s, g Swy[Riy @', “F Dyx[ R -K'Ty
- L7, =T, “g[7,-77y + BT + Q[T -T]
i’ x[T,& 7]+ 2 (5- e+4z)L +(2 - 2_33)
(H-%Ls i (21)
where, \

[&]

I

AT
BB B (-4) -2 Qv

[s1 = F(ae) + G-g) - e >




and

€D

' - * 3
Rn, - = I~ 2 _22% N 7 Ry s 4
(R, -] g(hk-% $+40+2) - R (Zh-B2+E+4E -2

ELs]z (Mxyh)x‘mxx(-)y),x + (Myy“))‘ - Mxy («)7)'7 y

[Le]= ;37\(")7 Qrz — IxQyz) .

REISSNER'S VARIATIONAL THEOREM

h
" Qe (4+%-%)
[o-sT= R -ghag’es) R gi g, sha
[Ty-T1= R (h-eezzsaz’), q(h-2-22", 42} |
[9-71= Blt-2+1848) +a(h-e 3% ed)
[11,,;-7]= ﬁ("S’-r‘l’HZ'-c-'Z_‘;iZ.L)_ ﬁ(|+42_;_gi::_:_") :
[.Tnya—.T]_: ﬁ"’(_s‘-o-“!}:.,.lzz)_ @('*‘%'%; 5
[L'] 3 "‘37‘07') + Wx Wy.x 9
[La]= @yxy + wxddax ?
[L3]=-F ‘Qx&fdyﬁ y
[L‘f]': (ny x = Nxxdy), x + (Nyy"))("ny dy),y ]

14

(22)

Reissner's variational theorem of three dimensional elasticity

.‘ is written in the form
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ta
L / {fvf[{[V;xE:rx + Vyy Gy + Vzz Eae+Toy by +Taa "L’/‘r!{‘/] y
%
—ZLE[V}’X"+V;.,7‘+V’522'-— z*?(V;?xV;V + Vax Ve + Yy V22)
+2(l+?)(ﬁy‘+ﬂal+ﬂaz)]
- % [u: + Ve 4 W:]} dx dydz

-sff):( Eu Btv's AW*) - (R U g’v#@'w‘)] dxdy

where, E

J

The first term in the integrand represents twice the strain

Modulus of elasticity,

Poisson's ratio.

energy, the second term - the complementary energy, the third term -
the kinetic energy, and the last term - the workdone by the external
forces on the upper and lower surfaces of the plate.

The assumed stress distributions given by equations (9), (20),
and (21), together with the reduced form of the strain-displacement re-
lationships given by equations (7) and (8) are substituted into equation
(23).

The resultant equation is integrated over the thickness of the

plate, and the variation is carried out, yielding

t
/ {/‘ Nex ST+ NxySV  + Cﬁxgﬁ +CAxdW' + Cvue dw”
t,

-CNXXXX\NX)( + CNVVX&'NX’ o CMxxx{Mxx +CM,¢.,X£I"‘I){1

X2

+€quan = CQyz)(ngz +CUxx cﬂox ‘*‘.C«)yx{d, I d_y

X




* / Nxy 50+ Nyy &V +CVV,£‘W *CW;JW' *C\;/;[W"
-Cley gNX’ + CNyyy &N,\, —CMXyV JMxy ¢ CMYVY [Myy

Je

_CQx;yé‘sz +CQ.,z;, &Q,, -chJx,[tdx +Cayy by / dx } dt

8

- f“/// atgﬁ + \706.9. + (W_L.-tib.:ﬁ:)gﬂ *-Ibitwt'{w'
3 ta
L AP 2 N c—n %
+ih (w;+% We) oW+ 'h:o.,t dox + h Wyt &J,/ dxdy

4 z
ty
ta
+/ [//{ ’?x[nlxxé'ﬁ + Nxy 80 + CRdw +Cvinba'+ Cx 67"
S
t
"[Nxxx ngx +Cnyngxy "Cl"lxxngu +CMxyx J""xy

'f'CQ)ﬂuJ‘sz T Cayzx&)yz +Cu)xx&-)x +Ck)yx£«)y]

_%[ Nxy 8T+ Nyy v + Cw, % +Cv’v.,'&ﬁ'+ CwiySw"

3 [nyy JNX)- & CNyyy J'Nyy e CMxyy J‘Mx’ + CMyy, :M,,

—CszvJQxa 'fCQyzyJQ\,, +C¢.>xy&dx +Cw”&3;]

+ Sh[00da + Ve 80+ (W + 12wk ) Ew
Ll - e 1_/" - n
+ B W §@+ B (We 3 Wet) W

* gdx,lt swx * I!Z]-f ay,fé {Q) y]
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-[PEW + 2P 6 4 it 6F" ]

+[Cﬁ':fv6' +Crda" + CN“ ;Nxx + CnyJer
+ CN\,, JNyy + CM“JM,; + CMxy JM‘y * CMngMyy

+CaQuadGur + Cq.,, 8Qys + Coagboy + Cd, J‘w,]}

dxdy }dt = 0 (24)

| =

Where the functional constants C are defined in Appendix E.

2.6 EQUATIONS OF EQUILIBRIUM AND STRESS-STRAIN RELATIONSHIPS TOGETHER

WITH NATURAL AND FORCED BOUNDARY CONDITIONS

Since U, V, W,a)x and W, are independent functions, the coef-
ficients of the functions 8T, &V, SW,Su)X, and&.)y are set equal

to zero. These conditions yield the following set of five equilibrium

equations:
‘ %Nxx + %ny = P/-:Uu N ]
%ny .+;%.N\,'\, = Ih \—I}b 9
%CW:{ +.};’-C’,, = fh(vTet +2b_:'v0;'e)+g A
%‘ C onx +2 Cony G ‘—:_ f—f‘;“’m“ o
and ’z%( C'-’yx +% Coyy —C«b7 = /’_'b;w,,u— . | ](25)




In addition, the coefficients of the functions ngx’ SNyy,

8ny, 8Mxx’ gMyy, SMxy’ ngz’ and tSQyz are set equal to zero.

These conditions yield the following eight stress-strain equations:

Bl Bt o Lbiase 554D N ]
% CN‘I‘N = bhyye = O ’
2 € Mans t+Cmx = 0 !
D CMvvy ~Cmyy = 0 5
.,.CN,,,,‘ — %[nyy "Cny =40 ?
% Cotuyy = &y - Cvyy =0 ;
% CQxax ot T CQxay o Csz = Q ’
and
%CQW -2 (ay +lay, = © . ] (25)

The functional constants C are substituted from Appendix E,

into equations (26). Solving for Nyys N M M

yy* Myt Mo My My O

and Qyz from the above equations, yields

18



D
Nocx " "["E'{‘a]{ 5—%‘(“)7“7 ""xkl’) = Wy, x Ka

Nyy

Nixy

=

3
"‘4_%. G_‘é [Cl)l,y K-"x - Wy,y ka"x - Wy, x K1,’ + Wy, x k&’]

i glhzs [((‘)X:)l "‘J’r’)k‘ i (“”‘k‘,x - Wy k‘,g) ]

+ (K + Ks) (On,y =Vy,x) | + EhK, - 129D (K4 7k,)

e
—

+12
Eh3

+4-‘)¢Jyl(4x[3€_(l+ﬂ:)’) _L] )’l)t.Jx(K4,.,-v-I(f,)l.—!’._-‘:r,‘6 ] ’

76“ —319 (KQ—"KJ')(”“)V-X “’x.v) % -‘R; '—?gﬁ)’.xkq.
—"‘E ‘?z @y (Ka,x + Ks,x) + )?DU) K, x é-’zf'a(’ + .g_:i)
E“& ;-D wWx (K4'" % l(,'"’) r ’)P K4." “‘)._52‘::%‘.3 —-"—‘-zi'p(’(z'?’yk\)

- %JD (y K., - Wx Kg) - ‘?-2_1-’- [(“)’f:x—")‘ld)K‘ + (wx K¢, x "“)yké.y)J
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2, XD Ky + %JD(K«‘.,X-fo,x)["'J[&é‘-‘s-—I)*’]

_‘_
78

Gl\k,; + g—‘—;(a)ykq_,’ — C3x Ka,x)

:7;,@ D147 (©y Kayy - Ox K x + Oy Ks,y - @x Kr.x)

ID(Ka # Ke) 4 K4EE = kI ) (my ~Fery ) [ +101 7]

[“”‘ b K‘bx "’“’.‘; kz, = Wi, x Ky, y + Wy kg,y] 9

4

-1 WKy [ €8 C1490) # D] = £ IDankiy - L ray



+96k3 (l-)x,, -‘Jy,y)[?é:( I+ r’.P) +—£g]

+ L 46 (x Ks,x “"‘7'(3.7)[-,“—3( 7)) + 22 [
=0y (Viky,x + ka2ix) [ ( £3+1) (1+70) - & ;"%31
+ Vo u (Vhiy +hg)[ 1 3 (7+4) = £(1#70]]

+ ¢‘A) Ko,x[% %‘%3(”-;.1)) add é—ip]

M)‘I = P(K4-+Kr) -J—QD(?K,+K1)(¢.),,, -QQVX)(D., )
+ #771)(5,;’_'34» 1) {65'53 (0%, x - Dy.y) +QE (DxK3x - Oy K3,y ) = Dy I, }
_‘DDdy(QK.,, +Kl.x)[9(%9+|) _%-%?]

+ VD x (YK, y +Kz,\’)[ ,(9+4)-D]+?no,l(.,,.[,€.‘x -4

Mxy ' = %k (Oy Kivy = Dnkipn) + 6y Ke

+2% D[ @x ( Ka,x +VKi,x) = Oy (Kay + Tk,y)[

Qxz = %G-Kv —5%Da,(xz+9k,)+{965Ad,k,
-—'§ D [@xy(Kapx + VKD = ")xx("zv‘“’""’)]

+ ]4_1_;.\3 le_ (dx,)a K:,y - l-)x,y K|,x) ; ?




and

Qye

where,

%GKS 4 5_2‘%_1’ (Klf"’(.)wx —%_?GE‘.“)K K|
*.{% 0 [dyx (Key + 7 Kiy) = @y,y (K +’7'<».x)]

3
Ik -
% 4? ?26. (Q’D’ k\nK ‘J’o)( Kl,,)

Shear modulus of elasticity

'2(‘ 1) = 'Flexural rigidity of the plate

2 — [ 2 4_!!1
b_(-J ‘JVW:X + éj‘s%ﬁ)’l-s,x +(éxx *%Cx +6—I‘3—°Wx )

+
+ ¥ L3

"é(% + z)

z —_ 4_-
h ox Wy L By + (Gt B Gy By

kA - ant BT
Z% (W9 Wiy =OxW,x) + . 3h (g L3y —xLax)

(o e 3 k) W+
+ ( ¥xx +(‘l‘l + Wx Wy + Exy +3 Wny)

.._-E“\’ L3,7 +(sxx + J\,y + :ny +%\1ny)

1h* " IR W | 3 +
ZTO (QX,)( W,, X:7WJ>() + 4.5.0 . E—é(wx,’ Fg.x dx,x PJ,’)
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~ L S ] g
Ih ’lLE (o.\y,, La,x = edx,x L;,y) + OyW  + kbé W L] +¥xa
b3 ) e 2 o i ' 3
+-‘l:.) Doy War +Z"<‘:”" -i\bo.,,,w, _-_ELga), +ie %[LzJLJ

- L

and

2 ! e | ,
= TR Lo 1 . T +
. z’itt (@yiy Wox = Dyix Wiy) + 2 b (g, ]y - @y B7x)

S “hl i) S o &
G L (Dy,x La,y — Dy,yLz,x) - AxW 2_; W [ta]

g = e 2 i =3 +
ey *
¥z - L Wyyy Wy +b_wy+éls;a,,,wy+-g6 Wx

- !
ze 2 Lalbd + gewals

In addition, the coefficients of the functions SW' and gW"

are set equal to zero, giving

and

2 — ¥ 2 e - : h3 e 36t = 2z
{;(CWX +~°-;CW7 W %(Wét *4—?-0 W“-)-si‘-P_‘g . 4

The natural and forced boundary conditions along lines parallel

to the Y-axis take the following form:

|}
o
-

Either Nxx = 0 or §q

il
(o]
-

NX" =0 or 5\7

(28)



CW,, =0
Cwx=0

[ Cwx =
Coxx = ©

and CU,x =

the X-axis are written as,

Either Naxy S
Nyy = ©
Cwy=o0
(Wy=0"
CiWNy=0
o

and ' Cw,.,: o

or

or

or

or

or

or

o]

or

or

or

or -

or

§a = o
§v =0
§w =0
§w'=0
§w'=o0
ST ¢

Say= 0

(30)

Similarly, the boundary conditions along lines parallel to

(31)
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2.7 EXAMPLE OF APPLICATION TO A SPECIAL CASE OF BEAM THEORY

In this section, the results from the analysis are applied to
a general case of the beam-column theory and reduced to a classical
equation of beam theory in the following steps:
1. General Beam-Column theory
2. Beam-Column theory neglecting the effect of transverse normal
strain.
3. Classical Beam theory
The terms containing N ., M, ., and Q _, U, W, W', W', @ and

XX X

P i . ’ ’ , ’ 1 .
3 are retained. Hence Nyy ny_ Myy, Mxy Qyz are set equal to zero

Also, the terms containing V and Q& are neglected. The flexural rigidity

) reduces to EI. For convenience Nxx’ M. and

of the plate D = e

Q

Iz(

xz are written in shorthand form as N, M and Q respectively.
Therefore, the eight stress-strain relationships reduce to the

following three equations:

N = [" ?.6‘39%]{9”‘“4 +Ks) W,y —waeébé.kg

3
h ?G(Qx,x K¢ + wx Ké,x) + 4l‘lﬁ' G%\_a?(‘ax.yk'l,x - WX, x Kv,y)}

2
s on (ka k) (5 1] * s o510

|
|
|

"i%_')ff(";#”"l)*shkl s

M = Jer (K4t Ks)+KeEI = _;—_ Yer ox,,(a?K,sz)[l +YET +éfs~l]

+ ’}‘96[!,3-,%("‘7&'1') - y’:t] (@x.x K3 + @xks,x)

¥ VET oy K‘,,['E?-p?(i+§,) -4 (7+€z)]




+’€T“’sz,7[))£%3(v’+—;i) —-',:“-*"751)] ’
and
Q= 5_6h K16 + z'%g“szaé ((eoxix K,y - W,y Ki,x)
-41‘%- {EL wx,x (Kuy +7K0y) + i—’g ler @x.y (Ka,x + TKiix) it

Also, the five equations of equilibrium (25) reduce to three

equations given as

% i =
sa N = Shle ’
— Sero Dok -1 — =l
%[C"‘x*th)NrwxM‘rQ] =fh(wee+gx;me)+ﬁ .
and
3
g; Coxx  + 2 Cony ~Lox = £howxet

Where, wax, Cny and C'Jx reduce to

3
xx = L 179k
€ 6o Z2E |gxzaxias Q,,[a»z,, QA x - wxx Q.yj

S =" 1 2 ! Ay
it Q:y[“’*.g,"’ +ie B+ m -é‘;,NvQ +§L€2‘_—“67°8 Q.

+u>xQ'{£ (w'"+ —z—'—fa“) - [k woxexxQ +2h Pa]}

S
"(L’él{).'%fdx.xQ 7
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wa = Q +Ox,xQ{'b'(W— %"F, ) i’-[i}l nex +3—'Ib°G]} ‘ J(34)

Also, equations (29) reduce to
Tt -5 1 _w &
B[V # (e 3 T3 M] = 2 [y Qux = Qo]
B f/oa et - h,o—
I Wt 3 s

and

Z
? 2 - 1 =i ; T h?. ik
oL (R ¥ RN + P AM + 28] - g HoraQ

- e R 2 ,
= Loy
%‘ (Wﬂ- "% WH:) é—oF;'. ) (35)

Futher, if the effects of transverse normal strain (i.e.,
W' = W" = 0) are neglected, the stress-strain relationships remain the

same in form, as those given by equations (32), however, the definition

of the functional constants K simplify to i
Kl: Ux +%(ﬁ.)1+g’€(6*+6-) ;
Ky = —z'—é3k QXG;\[ ""L(Wy) _'_ (%*&) :
Kz = U, +wa\, + 4 3.h o % i3t :
K4-= Wx,x + .?‘-‘-\ %_PS ;
i 'f';h JEQ T ( 3,y + 8,y ’
Ke= Wxy +g¢ ©n (3 +37x) y

i + 2
Ky = ;;_lé-'l&"::o (wxnj 6.,’): - Wy, x f_';,-,) +’2LE ,2!.‘ (C-’x x By = @y 6,*)
2 h
+{x2- - %‘E 3—-343;(0)(”‘ FS .




i

and

K' = W, + ELE Wi ('03++ FS—) .

The equilibrium equations (33) reduce to

27

o

2N = fhle ’
_g; (W}N‘f Q) = fh W-“. + (G*#-f:-) 9
2 wax ‘I"% way i C"‘)K = f_ﬁ’w.,tt 3 (37)
x Y i -
where,
_—-..L_m‘fh3 W gL ..nh TiN+4 y
e 2E txz4xi0% QLo a nx Q] @ "[ 4 E‘.]
Mg B RTQy +oxa[ M de (B orona s BR)]
» 7) ke
(‘.fE- .'%Sh)x.xQ )
I 2
'-i"rb- A" Qx *‘-‘yQ[,jghM ',—:-E(,!“-,rwx@x.ua+:’-_,b-oﬁ)]
- (1+7) » ;
(_E‘_'i%rwx’yq 9
and
Cox = @ +wx,xq[;f-e-hm - g (R wxunx @ +%ﬁ,)] 3 J(38)

The equations still remain highly coupled and mathematically

_ complex. To deduce classical beam theory, the affect of rotation, e

is assumed small and neglected dn:the~stress:equilibrium equations

x’




28
/

along with the axial force N. Also, the effects of Poisson's ratio, ¥y :
is neglected.

The three equations of equilibrium takes the form

utt": o ’
2 o
2n . =Q ,
and 2 Q = phwg + (Pt R)
X - (13 3 3 Jie ] (39)

The stress-strain relationships reduce to

O\"‘: 'fGA[Wx*‘Jx],

1

and X ' M (40)

; 8

EL &)x,x p
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CHAPTER III
SUMMARY

The linear theory for thin elastic plates Timits the maximum
deflection of the plate to approximately one half the thickness of the
plate.

A classical nonlinear theory is derived by Von-Kérmén(S). The
maximum allowable deflection of the plate as per this theory ranges from
twice the thickness to twenty times the thickness of the plate. This
classical theory takes into account shear deformations in the strain-
displacement equations, but does not include the effect of the nonlinear
rotation terms in the equilibrium equations.

In tﬁis thesis an attempt is made to derive a nonlinear theory
for plates which includes the effects of the square of the rotation terms
in the strain-displacement equations and the product of stress times ro-
tation terms in the equilibrium equations.

As observed in Appendix A the author attempted to derive a non-
linear theory for thin elastic shell. However, the application of the
assumed stress distribution of’Reissener's Theorem in orthogonal curvi-
linear coordinate form results in exfreme complexity in the necessary
mathematical manipulations. As a result, the problem is reduced from
the shell theory approach to the theory of rectangular plates.

At this stage it is very difficult to say about the maximum
 allowable deflection of the plate. The use of the nonlinear theory

- derived in this thesis, is expected to range well beyond the upper Timit
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of the classical Von-Karman theory. The upper limit of the theory derived
in this can be determined only by numerical method-type solutions to the
coupled partial differential equations. No attempt is made to determine
the characteristics of the Timit in this thesis. |

The resulting nonlinear equations reduce to a special case of
beam theory. If the effect of the transverse normal strain, i.e. €:zz’
is neglected, the equations still remain highly coupled and mathematically
complex. If in addition, the rotation terms are assumed small the theory

reduces to the classical beam theory.
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CHAPTER IV
CONCLUSTIONS

The equations of motién, the stress-strain relationships and
the natural and forced boundary conditions are determined for the special
case of a nonlinear plate theory including the effects of transverse nor-
mal stress, transverse shear stress and transverse and rotary inertia.

The addition of the transverse normal stress into the stress
analysis problem produces a set of highly coupled differential equations
which do not easily extend themselves to the usual uncoupling procedures.
The uncoupling of the equations is not preformed in this thesis. An ex-
tension of this thesis is the determination of the proper procedure for
this condition.

The Reissner's variational theroem has again proven itself as
an extremely powerful method of stress analysis especially when applied
to nonlinear problems. - It's efficiency lies in the fact that the result-
ing equations of motion, stress-strain relationships and natural and
forced boundary conditions are completely determined without use of a

free body diagram approach.
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APPENDIX A

Strain-Displacement relations and the components

of stress in the :curvilinear coordinate system

A.1  The coordinate system and notation

The middle surface of the shell is defined by the equations
of X=X(x,y), Y=Y(x,y) and Z=Z(x,y) where the parameters x,y are called
middle surface coordinates and X,Y,Z are rectangular cartesian coor-
dinates. The normal distance from the middle surface is denoted by
fz, the normal coordinate.

The unit normal vector at a point of the middle surface is
defined as ﬁs and tangent vectors to the curves of constant x and y
curves by F; and F& respectively.

For the special case of orthogonal middle Tlines, the coor-

dinate curves align with the curves of the principle curvature.

The distance ds between points is given by the equation:

ds? =c§2dx2 + pzdy2 - {zdzz y (A1)
where, )
O(= £ = Z— =
Al el o p=BITWE ), =1,
1 2
2 =i A
A= = Pyl s B~ = ry.ry o, (A2)
and ﬁl y kl are the principle curvatures of the middle surface.
1 2
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A.2 Stress resultants and stress couples

Stress resultants and stress couples applied to a differential
shell element are shown in Figs. A.1b and A.Tc. These stress resultants

and stress couples are defined as total forces and moments acting per

unit Tength of the middle surface.

(2)

+Z

middle surface

/ i

Fig. A.la
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(2)

>

Nxx

Fig. A.1b

»
>

(Y)

—
>
S

Fig. A.lc



The stress resultants

following equations:

"
Nxx = _r';/ BV da
X
+4
Ny = %] «Vydz
z2h
1
vy
ny = —’E P‘/;t\, c’Z'
2y
n
Nyx = 'H%‘ (=4 yX dé
iy
s
MXX = —'-B PEV}} dZ‘
-2
“
Myy © = Tq'_/L x zVyy dz
+4
“h
| 3
W MY)( = —‘ﬁ'/ O(Z‘T;'x AZ'
1

| 3

I
ol
PN
-
4
L.\
o
n

Qlye

\
|-
NN
R
-y
Q.
Y

and stress couples are defined by the

35

(A3)



36

Equations (A3) yields the relationship
N, *+ M = N_+M .
Xy y X X
f F)z( (A4)

A.3 Strain-Displacement relations

The equations of the general three dimensional nonlinear strain-

displacement are given as:

exx

1

;'[ux +°_;3 w + _-(u,f“vv+_:w)*.—(v, “’u}+' (wix - u)l],
Evy =l‘3_ny+%w+§‘u +%F(V,+%W+§U)+Z—F(w Vf+ [u ‘F‘)]
er = 5 [er S + e B G a4 ]

=Uy, Vx _BY _U , L g2l J(Uy-Bv
B imateBids 4 ’L*«P(U“P’*Yw)(-’?)

«B T «p
P(V e Bu s Paw)(Vx-%u) + L (wx-eU(wy- B V) ’
= V W @
{Ié ‘7*+ Fl-%—'ﬁ-}’ +-P1-((Vy*%w+ %u)(Vz—%W)

= W, )
Yxe f’*%‘“q—‘g T L {i(wé+°‘_§‘u+gzv)(v\/x—?u)

SACK T V)(u, zéfvv),c - (Ve - B Wa- % wy)

(A5)



Retaining all Tinear terms together with the second order of

e T

z 2
rotation terms wx y Wy
(

equation (A5) reduces to the following:
€ xx = é[u,+?v+WEW+ZJ:(WX‘] J 7
€77 =—é—[_'f_:u-rV3+EW+{‘F—,w;] A
Ezz = Wa y
ﬂcy = Uy o W _ BV _ «yU , wWaly )

£ x «p «p3 %P
)/,e = Vz + %}’ — %V 5

= W/ 5
and )Ga uz+:(_x__¥u i (A6)

The differential equation of Codazzi for orthogonal shell

coordinates are written as

Schid ks &edi?
and 2(L)=106 - (A7)

The following equations are obtained using equation (7):

cl/)! - 6_9 y 7
P 8
B - Bx
-~ MR ’
"y % ’
B A S
and i 4 (A8)
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Substituting equations (A8) into equations (A6) the following

reduced form is obtained:

Exx = 2[U+Bpv s AW+ W] ;
g Bx. 2

€y = i;[WQ e er‘*'€%VV *‘ép‘”y ] y

€zz = Wa 3

Yy = Uy . Vo _ BV _ fAyu W

4 Pl R s SR S

{yz. = \y +"_‘_IY-—'_GI'V 9

B P

and Yxze = Uz f_\g(/_x_"gu . 1 (R9)

To obtain the appropriate stress-strain relation, the following

approximate equations are assumed:

u’ = G(x,y} + ?L)x("'Y) y
V = V(X.v) + 2 Wy (xy) )
ol . W = Wixy +2W(xy) * B W (xy) (A10)

where,U, V and W are the components of displacement at the middle sur-
face, Qx(x,y) and wy(x,y) are the change of slope of the normal to the
middle surface along the x and y coordinates 1lines respectively, and

W' (x,y) and W"(x,y) are the contirbutions to the transverse normal

strain.



39

Substituting equations (A10)-into equations (A9), the following

equations are obtained:

-

= chs W LA ) it — -
Exx oL( [ux +2Wxx + %y(vfzo,) +E..(w tEW+EW) +2’—.((Wx‘?w;+§lwx)j’

Il

&

| —_ - - R e L o e az_n‘_
vy 5 [V +20y, + B (Tr2y + B (Wt2W+L ) +-Zj;a(Wy+ZWyfz Wy)'[ 5

e 2=y
Eze = W + ZW 9

Yoy Yim o(_;—é [«(F, taday) + B(Vet2dyy) - %5 «(Vezoy) - gyp(.pzdx)

—p e i L il —
+(Wx + 2 Wy +2°60)( Wy +2Wy +2°Wy) | o

Yoz = b POy +(Wyraiy +2°0) —f (FH2S9)]
B Y z Wy)
and
— g=) L -
Txg & a‘_[a(a),+ ( wix +2wx+?£w,,/—°(¢(u *E'JX)J . ]
(A11)

If the terms ,17 and F]’_ are replaced respectively by the terms

1 and %3- in the first and second equations given in equations (A11),

A
the following equations for the components of strain are rewritten as:

3 o 2 23__1_—:1 4 —_ T
(I+%)6xx - Exx t+ ka + & (X +;EZ_WXWX +§%’_(w1‘(’)

U4

° . .
z2 —'= . SR
Eyy +ZK7 +E[7 fz-—a;_ Wy Wy +7%z(wv'/ ’

(1+2)€yy

€zz

!

—1 i
Wrzw' o,
(+2)(1+2) Yy = (1+2 )(Fox +28x) + (172 )(Foy s 26uy)

N

oy 2 3 2%
+ 4 Wx Wy +2Dxy +2 Exy +2 Fxy tfﬁ_B (WxWy) o

“ad g -1 -l
('*%){72 = '(yé +—g—- (Wy +§ Wy} 3



and

(""%){n

where,

and

Dxy

Exy

Fxy

L
2rad —
Yxa +-A-(WX f‘%w,v) ’

\

|\l

1

I\

|

I\

\\

ﬁ-(Ux +A¥ V) + \%l +znl(w")

7 (% + Brill) + W 4 L (Wy)°

—"(VX"%‘-’U) )
5 (U —%‘V/ ’

i

’é(w"v‘%""ﬁ 1
Wx_g w

Wl Fal s '
Wy _V , 0
SRl <) i

l[ W ga (B Wy + W]
[} — —) —T -
ﬁ—B (WXWY "'WXW\’)

—_——

W ol iy o e
(Vo + Wiy + W)

ol-

A

-0 !

P (Wx Wy + WxWy) .

b

?

7

o

(A12)

(A13)
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A.4 The Components of Stress

Noting equations (A3), the components of stress are assumed
to take the form:

(1+2)%x = Ny 122Ma |
(1+2) Ty = Yo 122 My
("'—%)TX‘I = ’\/—';‘14 '—7-'32/‘1"'/ ’
and
(:+%)‘f§,x = l\_l;\:_x_,,l,zszm\,x SRE (A14)

The components of shearing stress of sz, Tyz and Vzz are

determined by direct solution of the first three equilibrium equations
of stress which are:

%[F{(Vxx * “))TJ‘(Z “’da‘ﬁty)] +%[°({(zf;x +¢by~ry-2-‘a)z.v:y)]

+ 5?;["‘[3 ('rzx + WyVz2 —Uz‘fay)_] + {N‘Z(V;xh);, f"'f;(y —a)x'f,'(z)

t PXa (Txz - QyVy + OxTay) + Y@ (WxTy, - 2 Tyx —Voy)

1‘[3‘4(‘377/9): - WxTay ~V3;) +"(/-””/f'Fx = O,

2 [Fl (T + 02 ~0xTae)]  + 2 [RA( Wy + QaTyx - Ox'T52) ]

tblz, [«p (‘r‘?‘/ + daTax — LD)(V:‘&)] TR (V;v“}r" e = Yy Tyx)




t VB (Tye - 02V +yTye)  + ¥y (@yTin — O 'Toy - Vi)

*‘f«,(da"fxy "‘Jv'ﬁw "V;x) o ﬁp{f,—’y = O

and

% [pY(Txa +xTy —0yv5)] + & [« (Tyz +0xVyy - @y Tyn)]
+'}i [qF(T“ +“)"LGY “‘)77:)()] * F‘é (Tpx +9y Ve - 027;7)
£ =¥y (Tzy -9xVze +Qz2Tax) + By (D2 Txy - OyTaz -~Vax)
+x B (xTyy - 92Ty —Vyy) + «pipfa = O
It should be noted that each equilibrium equation contains
fourteen additional terms as compared to the linear theory. These
terms contain the product of the stress times the rotation terms.
For thin shell theory in orthogonal coordinates tDZ = 0 and
)/= 1, hence Yx = Y‘: * ‘(z = 0. Neglecting the body forces,
Fx = F7 =~Fz = 0, and noting ﬂy = ‘Tyx s Txa = Tax and
Tva= ‘Tiv s the previous equations reduce to the following form:
-,%[P(WX *“)YT;‘E)] + %L—"‘ ('f;ry +“Jy’f\}z-)] < %[dﬁ(“ﬂ?t +‘-)~,V;a)]

+ °(v("’;cy - DxTxa) + By (‘Txz - Wy Vax + x'Txy)

+ Py (x'Ty, = Viy) = O

)

b
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A
(A15)




[P (T -OTa)] + 2[(Fyy - 0xT5)] + ZLp(Ta - Vee)]
toAp (Tya + OxVyy -y Tay) + B (Tay +dyTyz)
- Ay(Vxx +WQyTxz) = O ,
and
2 [P(Te +xTay -QyW)]  + 5 [X(Tyz +Ox Uy -y Tay)]
+ 2 [=p( Ve + Ty - Oy Te]] - Ba(Toy + i)
tap (M Tyz-Vy) = 0 .

Substituting equations (A3) into equations (A16), and inte-

grating over the thickness of the plate yields respectively,

2 [B(Nxx +9yQxa)] + 2[A(Mhy + Dy Qy,)] + Ay(Nxy = Ox Qua) >

- BX(N\’V *QXQVE) + R.F",E(sz +b)xer —")7”’()() -+ HB“)V% —HBE = O 7

S [B(Nxy ~xQua)] + 2 [A(My - DxQyz)] + Bx (Nxy +yQys )
-H‘/(’V’”‘ “"‘)YQKZ‘) 1 '%B(Qy;fh)xl\l”—wnyy} —ﬂBdXé "’Aeé =0 ,

and

%[B(Q“ by -—Qnyx)] & %[R(Qva + O Ny =y Nuy)]

+ ﬂé‘ (x Qya —Myy) - ﬁ?‘ﬁ(Nxx fdnyz_)

43

(A16)

-

+iB (P +xf ~4R) = O,

K

(A17)
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where,
— ‘hl y
ABR = °(P'T;¢z/ ’
-h
, +4
ﬂ@é = °(P7:/z } v
-k
and
’ "
ABFR = “‘PWz/ .
-8 { (A18)

Multiplying the equations (A16) by Z and performing the inte-

gration over the thickness of the plate yields respectively,

%-‘ (BMxx) + %(R Mxy) + GF'Q (% Mxy = @y Mxx)

+ Ry Mxy — BxMyy —HB[Qxe *‘Jyérz—: —k(/a: +O,P;}]=O ’

+B"M"7 = Ay Mxx —HB[QYE- "“)xéTz—z ’A(E‘dxg)]f- X5

and
K
{)?[B (dme\/ 5 "))'M)lx)j i %[ﬂ (wXMyy - C-)y Mx’)]

_RB[(’-V”-,‘,’-“—‘ +M'_pl) +(Q—::z + wa,,;,_. -y sz),,;\(“},é..dxﬁz_é)]

il =

| 1

(A19)
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where ,
e re
AB Q22 =/ o« pVzz dz .
- (A20)

Substituting equations (A14) into equations (A16), one obtains,

ax (PrTa) + 5 (T + Z[lp (Tee + 0y Va2 )]

_dydx'fa‘ce + B Az Txz +/§¢.Jx'f;a +%, =2 0 .

2 (pexTie) + B (axTya) +& [*P(Tya - V3s) ]
Ry Ke + 4 T2 -~z +x, = O

and

2 (pe) + 2 («Tz) + 5% [¥P (Vaz + Ty - wya)]

- POy Txe + XB W Toa +%; = O

» | (A21)
where,
X, = Xy + K2 y )
’X’z = x2| + Z- yZl ,
and Ks = ¥z o+ 2 K3z j (A22)



R

From equations (A16) through (A22), one obtains

Xy = ’t[%c(Bsz‘*)y) +%(AQN“J") = Ay Qua Ox

+Bnyzh)x -+ &’?Q%Z +ﬂ3(ﬁ'+dyé) j

iy = '},"[%(BQndx} L %("‘Qn‘AX) + AyQea 9y

'Bnyzc‘)7 & &&QQ“ "‘F'B(‘a;"‘)"-é)]

Ao = L% (80 + 3 (A0n) - %
+RB Qupwx + AB (?3 " C‘J”P;« "‘)770'-)]

Xy = ’_E:!HB[sz +“>7—Q—-:a - hR "“L)Yg]

g R %RB[Q‘R —Qxé—a —hg*‘\dxé]

and

Kspo= = %,RB[szdy - Qyax ~ Q=—u ~hy B +henB +)|E_’,]

Eliminating Vzz from equations (A21), there results,

Y;(z[P Sy, x “’(103:5] - ,‘1[% (“21'3'{)?2)('*‘-371)

+ T [y +pax] - —é— 3—; (“Pz‘f;e) (@xedy)

-(9"."‘3723) = O i
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(A23)



and

";;e[",g Oy AGody]  + L 2 (= piria)(xedy)

Cafx oy SR] R ) (119D

_(xL + ‘-3)1)‘3) = 0 . K |
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(A24)

Uncoupling equations (A24) into an independent equation in Tyz

and neglecting all the terms of the square and higher order of W, the

following equation results:

qa%[lg % (d‘fxgﬂ + ﬁ%(“szu) (Wyx=Brwy) + 2 n(,‘_]
+;‘(-§&‘a (“}rﬂ)(%ﬁ ‘Jy —-@*.7) «Pz% (Q ‘n;)

'1'[(“)7-)( = E&'—&)x) + Z"(Jxl + 20(2 QX"}

+°(33;(xz+&)xx3> —yl(dx1x+gﬁy(‘)7)=o > )

Now, droping all the terms with the product of T and @

and similar or higher order and simplifying, one obtains

2
w5 B ] + B [Cneom)]

"qyl(‘J’,X‘eB"Jx} "qx-(dx,xf'%o)’) A R

(A25)

(A26)



Integrating w.r.t. z, there results,

a%(dﬁzy;;) + F(Z;'f'dx'k_,} -+ ;I?; _f,(x,\’)

+ ﬁﬁ;(Qwa"ég‘E&)ZT7zzn‘? +(’§%'¢?Qz)~§z +

&
AL o G FE (T 25T K

The integration of equation (A27) is carried out

function Z. Applying the boundary conditions

[}

+
i

~5

@ =z

And

Ta = k2

X = ﬂHf_

P =3M*,
ha = R”
X = AH
P = BH,

-

Xz

3

over the
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(A27)

(A28)

and neglecting the terms containing the quantity ;—and all higher powers

in comparision to one, the transverse shearing stress ‘Tyz becomes,



.
[ -2y i lutptl- 2 adrs Th
X Ce = 2 (1-4%5) -#[HR( -z gl (148 -32)]

+;% (:-g’}{(wx,x +f‘33_vu>,)[H.*F:(z+g.) ¥ HE- (2-h) - ZIZ-'Q,“]

g («x,,,-%m,)[“;g.»(yg) +H G (2-h) - ;";Q%]} 2

Similarly, the solution of an uncoupled equation from equations (A24),

in sz yields

B'xa = 3_95‘_‘; (l—"‘-'"—z,_a)—;“L[Hp*ﬁ_+(l-4£-’&33+H"€’(l+?—‘}_§)]
B z

z - -
e -4 f(ony + B0 WB? (2021 +HiR (2o - 22 Q]

- (ay - %:.a,)[n.*é*(u;; + HE~ (2-h) - e szj} .

L

The solution for Vzz is obtained by substituting sz from

equation (A30) and Tyz from equation (A29) into the third equilibrium
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(A29)

(A30)

equation (A21). The result is integrated twice w.r.t. z and the follow-

ing boundary conditions” are used

V;E=P:-3+

and Vea= B

@ Rt A 4

Thé ‘fina'l form of the stress distribution Vzz is written as

(A31)



«pVEe

where,

i 0 A

<)

M

Mz

n

i

il

It

|\

( l—‘tff/{ FIRI[L] - £LSI[T.] + 388 [L]

&
>3

4+ 5Ty +Riy + ABY 7' _ ABwx 3" 7!
7 R Ly _47._1' Hﬁax‘r _%_(BT)X

—F(AT)y + RBH'B = L 5,xMy + LS My 4 LR,

“kRy My + ABy ~ BAW 3R -2 +425T
APy fa '+ T2 T - phax 7 4+ 308 (4 242,

2
t(h-)0 + (A-450 {
,"z+'3;.+(z +!1l.) | 4 H;P;—(Z‘é_) _Z—KZ an 2
H[fé*(z-&%) + Ho—lba‘-(a-%l._) _Z_Rz_qx? 3

H'*E*("*f '22)+H.ﬁ (1442 - 121“}
HFz(l *.E 'Z?)+H ‘0‘.(,442'_122) y

Wyy + %“‘)K [}

Ly » 88 Gy

Wxx + %Y Wy 9

d’;x—%z‘)x

~-

2
A Ty Bl (SN L L)

2
‘Qv*(% *-f;"zr";"-) 4
+p+ 2 3 4
(NG (&,u‘-g-,«;+3?+ ) - WA (R ez -2

4
‘Qx?(%-o- 7_;‘3;‘) y
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(A32)
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o= WAN(-h-eegtiag) 4 WA (hoeonte )

s - 2 3 " (A 3
F'oe MR- B (gee- ety

L, = doyM, + POx Mg . "
Lz = AWyM; +BOyxM; "
T:5 = C\)yﬁ. - “)K P; _— P—_; »

Ly = [B(NX\;UX —Nxle))J, x 1 [R(Nyy"’x"NxY“))')l"‘HB(’Y%’ i N—,}_.—") ’

Ls = [8(Mxy ©x —Mxy W], x +[ﬂ(MW Wy =My dy) ],y —AB(M'?.*+I%1)

L‘ s {3ﬁ (q""‘) Qxz "F“Jnyz-)

W

ey 7 4[_(%!“)7)«7 *.(%’-"“JV),X & &:—]"Mz > B—g—l‘m_;] ’
and

T |

Ly = g[(5onns(fog, —am - saum] .

(A33)

The application of the assumed stress distribution of Reissner's
Theorem in orthogonal curvilinear coordinate form resuited in extreme
complexity in the necessary mathematical manipulations.

As a result, upon consultation, it was decided to reduce the
problem from the shell theory approach to the theory of rectangular
plates.

If the stress distributions are given by (A14), (A29), (A30) and
(A32) are simplified for the rectangular cartesian coordinates the re-

duced form is given by equations (9), (20) and (21) as shown in the main

body of the report.
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APPENDIX B

Details For Solving T:YZ

From equation (19) droping all the terms with the product of 7

and @ and similar or higher order and simplifying, one obtains

2 (T) + Z( %2+ Dx%3) + Dyx¥y - Wx¥, = 0. ]
4(B1)
Integrating w.r.t. z, yields
% (T;z) + (xy + Ox%3) *‘Qy,x'z‘('le + %Zzz)
"“)3:)('2‘(7'11'*%111) "'f.(x,y) R ol (BZ)
Integrating again w.r.t. z, gives
Tve + 2-hi(xv) + () - 2w (xu +E2 %) 2% (142 Dyx)
g %zle(.+§u,,,) +2.a)x(7£3,+%‘)¢,,7) = 0. (B3)
So1v1’ng for functional constants #(x,y) and #£(x,y) by using the
boundary conditions,
h =R’ -h = R~
@z""iv\ﬁiz—Pz and @Z=z,“ﬂ,3—z (34)

And substituting into equation (B3) and also making use of equation

(16) one obtains,

e

= 3 % T 2 - z
Tye 2 (%) ~g[RTO-% o)« RO g2l

2
H(- ) { O last) + G -3 2]

- Ay [P:(a— hy + A7(2-b) -3¢ QY&]} . (B5)
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APPENDIX C

Details For Solving Vzz

Substituting the results of Txz and Tyz in the third equilib-

rium equation (15), we get,
}z(ﬁ') = ";3-;\ ("'%‘f}[au,x +Que,y| ‘.ﬁ("z‘f}{“’v-v[R’Rﬂ] """-7[5*5"‘]}
+ L[ Tx] =4 (- 42 fonx[5455] -Qvx[R+R5]} + 2 [T4]
+2 {‘31{“’%1)[3%;—" + 40y [R] - Lewy[s]] "z;"[ﬂ}}

- 3_ {a}x{(l -1.:%_'.)[3_3_{‘3 + i— h)x,x[SJ . i“')Y.XERJ] i 7';'[]]}}

-
-fle -Zals 4 (C1)
where,
[R] = a*(ug) + R(z-n) - 22Qyp AV
[s] = R'z+h) *A(a-p) - 22 Quz '
(T)c= ﬁYl-‘!F‘l.‘-li") +ﬁ-(l+4_%-‘1-5§l) ’
5] = R(i-%-88) + K(1eqz -ng)
La = (Nxydx =Nuxy),x + (Nyywx =Naydy),y
and Ls = (Meyx =M Dy),x + (Myyon =My ddy),y : (C2)




Using equation (12) and integrating w.r.t. z,

V;z S #{Qy.)fﬂ.““:x] - Ony[s+siy] - L T:*]}

- ;’_l‘ {‘Jx,x [ S'+S:~,} - Wyx [R4Ry] - E-T.'y]}

+‘-’yf(“"7‘-ﬁ'_){ 3 + 4 Dry[R] - 4+ Oxy[s1} - £[ 71}

-a)x{(:_%*){s_%y‘_a * F Wxx[5] -io,,,[«]} -;;—[JJ}

-
2Zh

where,
[€) = 2R (2ep--5) + =R (3-p0f
£5') = E.P,*(%-r% _,i_%"_%:) + z.ﬂ'(% "';'_fz—g:
1 = ?'ﬁ*("z.'%-%z) + Z-ﬂ'(l-rzz_%l)
[7] = zﬂ*(p_z_xz’_q_,%) TR (‘_’z—;‘?—%z)

and Ly = FAdy - Rx -F |

3 3 2
2 (z-%,)Ls *E(1-52)L, -QEZ' Ly v 80y

]

and the functional constants f (x,y) is evaluated using the boundary

condition,

=+ 0
@Z'+2

Solving for f (x,y) and substituting the result into equation (C3),

Vzz reduces to the form
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(C3)

(C4)



Vg = ("%I) {,—,‘-[R][L.J - g Lsll) + cLaf
“gOxylsh -8y + L anx[sn -5, + §auy[Ri-R, -5 alRy KT,
_z'—[Tg'-T'JX 407y -77y + [T -T] - [Ty -T]+ N
a2 (5 -2+ g—’f:)La +(3 —EE:)L4 + (2 - 6’;.%1) !
where,

(L] = Dydy,y + dxdy,x -

[L] = Oyddyy + dxdxx -

and [td = 3 (dy Qe - DxQy,) "
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(C6)

(C7)
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APPENDIX D

Integration of the Variational Equation

The assumed stress dis.tributions given by equations (9), (20) and
(21), together with the reduced form of the strain-displacement relation-
ships given by equations (7) and (8), are substituted into equation (23).
At this stage a simplifying assumption is made P]=P2=O and then carrying
out the integration in Reissner's variational equation with respect to

Z in the linit of T & yields,

te :
s 2 4 _na o i
{ {{{{ fox(EKX +7‘-‘iCx +‘_£_°W ) + Mxx(Kx +3h \Nx)]
+ [Ny (éyy # BGy o 7 WY + Myy (Ky + 289,y
- +
+[W *&—_’{(’Vn+ Nyy)][ iy hBebis + Ly
2
*é%o(QX.vaz,x ~ Wy sz-x - Wx,x Qxzy ""‘)V.XQ\,;”)]
2 -
+6'b'o [w Ly %;.E/'(mx)(."m\IV)J[LZQXE -Ly Q\,a ‘6L3'f' LQJ
+ Nx [(‘/exx ¥y + Wy + B Lt W wy
Y TP ¥ Wy ) + % Exy +3w W Wy,

"'MXV[- gxx + gyy + .ny fg.zb:_FxJ

+{>¢2 Qxé = 6 WXC")KYsz -‘-3m an) *L Wx Qx}

Z.. —

+ {yz Q‘IZ 11 Wy (tJv xOyz ~Wyx th) W7 a'lé

{
’Z—E{ (NX)& "'Nyy) g l (Mxx +Myy)



57

z < 'R %
. %—o[L' Qya” + Lz th.z =2 Lk QxiQ‘/éj i gTé Lg

,____.3 & x 2
g ;'473 :8’ %105 [ Cn)( Que,x) (W) W) 1 () (G () ¢ sz.v)ﬂ

._JLL3 +_i"_‘.[_4-‘:‘+§_—_kl_7~+23h [“)XVQXEX“‘JX:«&,(&\/

- Onr Qo+ O QL + BB+ E Lo

+,A‘;,}L3[L|sz(z;‘) "Lzsz(i)-l-Le( )J-l"‘ '3 [LZQ)@’L!@W}J

2
'I‘4_%)% Ig+[“>x,yq;¢e'x == ‘k)x,x Qxa.y - “>7:7 ng'x 7 L')le QY&.Y}

t 6 Lzh + 2R l—f —y_g%of Wx,y Qut,x[‘-)i,x Qxzy +yy Qyz,x

2_ .
- Wy, Qyz, YJ + ’gZh . Wy L3 QAxz,x + %_%% Wy,yLs @z, x
X 10

+119h°

O)X.x Qx “by: QV . ‘\)”xQ _77}\1— d L
¥xléxios 2'7[ T ve,y] léxias e 5Q’Z;)’

;;ﬁ; W, x Ly Qxa G 'Jll’- Wy,y Wyx Ryz,x Qya,y

gxléxlos'
“Zﬁl Wy,y L3 Qyz,x = 23h g,y Ly Qyax +II0" WDyxlasQ
16xtos . 250 el i o
2——-35,“ Oyx Ly Qua,y —38 Laly +15L 5

- z"? [-'F NxxNyy -+ 1‘72, Mixx /"’wj}
- (';”{ [ N+ Fmn]
r& Qxz" + fo (‘-37.7 Qvz —Qx,nya)

. ;—6‘\- Qya® + s (“)x,x Qxz - “)'i,nyg.) }

&

[ P;(W+ 2W # _ziz.,\‘,")"' - P3-(V\T+ 2W '+ %z\&")—]} dxdy }d& = 5

(D1)

Thag ") - > e ey e “
/Z {‘l Cut + Vbl"’ Wel) 3 %Z[(d’(,t) ‘f'((a)y,t}z-l-wgz-f We Nbu‘] -}-_}_\_r V:l‘ Zf
3Zo




APPENDIX E

Definitions of functional constants C used

in equations (24)

s
x
1

Y — — N - s -
C (W +zh:Wx)Nxx + WxMy  + (Wy +2h‘_7; wy) Nxy
-—
t Wy My + Qxe
i o 2" sl —_ g e
Cw), = (Wy +£a_wy)Nyy + Wy My +(Wx +2_’_L4Wx)ny
+ WxMxy + Qyz
— = R T 2 —u 5. Y
CWx ’—"E- Wi Ny + (Wx + %(L; Wx)Mxx + A. Wy Nxy
o - =
< (WY ‘*:—:‘; Wy)Mxy + g“a (C-):,y sz — Wy,y Qﬂ)
Cly = KT Nl (e Bt 2
k4 T VWY IFyy : Wy *T; Wy//wyy + % Wx Nxy

Rk 2_w
+* (Wx + % Wix) Mxy "'f‘: “l/,x Qyz - x,x Qx&)

\

-y A :
Cw z‘gh[‘-d +z"%> (xy Quaix = @ry Qyz

— Wu,x Axz,y + Oy, x Qua,y) +}“.03**,é}_L3 tLis

\

" 2. e - -— § p—
(ax L[ CFx + 3T ) Nax + (Wy 438875 ) Nay |

2 sl -

A 2 - T o L.
Cwy = [ @y + 25 Ry ) Nyy + (W *?,-f—f‘w:?) Nxy]

e — ! 2
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C mank

C Nxx

CN"Yx

A Nxyy

Cny

L5

C Nyy

I

Il

_ zC1+7)

b . &
6A0_ [LzJ Qa ‘z%ZEL.]QyZ — TAB Ly _‘L Lo

O
A?, e :2”“- &
o O’[W +* E P(Mxx +MyV] E'—E ['_‘_165__(.),,[ L.‘,

tLz Qe =L Qya] -2 oy,f

"z

2 KB S
€ + A h
( XX Cx +6T)-o W )

2 n
—'—% d?;x[ﬁ"‘-é_z'i:%:(mxx *Myy)J

- ( Nxx —-7Ny7) + “'zby“éx{'%f[ L +LLQx2—L,anJ

+3"L}+ 51 2L, +hB+ b +Ls

Z
+z’%\3 [‘-)x.y Qxax =y Rya,x — O Qxz,y +Syx an,y}}

Q]x[W +—£Z (Mxx‘fMyy)J b)’r {T‘:‘O—SE LQ,

+L,Qxz - L, Qyz—] i 2:;—‘; La}

E

hZ » g o) h
ZB“)"EW + .,.i?_a‘(Mxx*MYY)] P ;EZ 78:[ e

+ L2 Que =L Qya] - 2t

Cﬂx + fyy -+ WXWy + /h E)(y + AZ E”W_y”)

Eh

2 S
Nx;v +(Dx,x—d,,y)f‘% [W’-I-g%(mx:z 'f‘Myy})

2,5{ 5—[ Ly + Lo Quz - Lquz-] —%L,sf;

b AL W Lz rmy)] - S A Lg

+ L2 Qxz — LiGya] - %sz
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[ Mxyx

C Mxy,y

Cryyy

Cryy

—
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