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ABSTRACT. 

MAT RIX ~ET HODS IN S'l1RUCT URAL DYNAiviICS 

Charan Phimphilai 

Master of Science 

Youngstown State University 

The purpose of this thesis is to formulate a 

usable set of computer programs written in FORTRAN IV 

computer language which are associated with problems 

that arise in the field of matrix operations in 

structural dynamics. Each pro5ram is accompanied by a 

review of the matrix theory, a complete flow chart, a 

print out of the actual computer program, and a sample 

example to illustrate the results. 

This work is divided into two distinct parts. 

The first section includes a series of progr ams which 

analyse the determinant problem, the matrix inversion 

problem, the characteristic value problem, the 

c haracteristic vector problem, the normalization 
( 1 ) .. 

problem and the Cholesky Triangularization method. 

In the second section a computer program usine finite 

• number in parenthesis refers to literature cited 
in the bibliography 
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difference techniques is written to determine the 

dynamic response of a lumped-mass structural system 

subject to externa l time-v a rying loading conditions. 

The advantaee of the l a tter method of analysis 

is that it completely elimina tes the classical a pproach 

to the solution of the problem which includes both the 

necessity of computing the natural frequencies and 

modal shapes of the free vibration problem, and the 

utiliza tion of a series-type integral solution for the 

problem. 
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CHAPT ER I 

INTRODUC ICN 

The introduction of the hifh speed electronic 

computer to field of numeric a l computation has 

revolutionized the approach to the analytical solution 

of rr.any complicated problems. It has become particularly 

valuable to the field of engineering where specially 

prepared computer programs have been developed to aid 

in the solution of problems in structural analysis, 

stress analysis, surveying, fluid ~echanics, machine 

desien, vibrations and structural dynamics. 

In most of the latter computer proErams, the 

fundamental mathematical operations present are those 

related to matrix operations, includine bott ~at~ix 

aleebra and matrix calculus. From an engineering 

standpoint, one of the first basic text books related 

to the matrix methods is that written by Pipes(l)~ 

This text book covers the basic forms of matrix 

operation with applications to elasticity, dynamics, 

vibrations, and structural analysis. A second book by 
(2) 

Pipes published in 1969 presents a series of actual 

computer programs which may be utilized to efficiently 

solve many of the usual problems associated with 

• number in parenthesis refers to literature cited 
in the bibliography 



im portant matrix opera tions. 

The purpose of this thesis is to develop a 

serie s of proerams for suitable use on IBM 360-70 

which is available at Younf stown State University which 

conta in the matrix opera tion applicable to the solution 

of a ty p ical enEineering problem. 

For each progr am formulated, a flow chart, a 

complete computer proe.ram in FORTRAN IV, and a sample 

of example illustratine the problem is presented for 

clarity and ease of interpretation. 

The following list of computer programs are 

formulated: 

1) Determinant Evaluation of a Matrix 

2) Inversion Evaluation of a Matrix 

3) Jharacteristic Equa tion Evaluation of a Matrix 

4) Jharacteristic Value and Characteristic Vector 

~valuation of a Matrix 

2 

5) Cholesky Transformation Evaluation for a Matrix. 

The first four proErams are standard problems in 

matrix operations which are essential to all matrix 

analysis procedures. The last proerarn is a more 

recently developed technique in which a matrix is 

replaced by the product of an upper triangular and 



a low er triangular matrix. This technique is 

s ummarized by ~estlake(3) and is specialized for the 

case of a symmetric matrix. Application of this 

technique to real eng ineerin~ problems has been 

sum~arized by Parsons( 4 ) in a master thesis at 

Youngstown State University. 

The second section of this thesis presents a 

computer program solution for the ana lysis of a typical 

pro blem in Structural Dynamics. This solution consists 

of determining the dynamic response of a single-bay, 

multi-story, planar frame subjected to time varying 

forces. The method combines the use of finite 

difference techniques as reviewed by Hogere(S) 

simultaneously with matrix opera tions. The problem 

includes the mod~ling of the structural frame into 

a luffiped-mass and spring mechanical system which 

genera tes a set of linear, coupled, total differential 

equation. The solution of these equations us ing 

clas sical scalar manual techniques is summarized by 

Fertis( 6 ). 

The computer solution developed in this work 

offers an efficient and economical me ans of determining 

the response of the structure for a variety of dynamic 

3 



load in~ conditions and at the s ame time minimizes the 

time re q uired to obtain these solutions. 

4 



CHAPTER II 

GENERAL PROGRAMS 

2.1 FORTRAN Program for Determinant Evaluation 

This Determinant Evaluation proeram is based on 

the method of .Ch1-o(2.) ~. The idea of this method is 

to reduce the order of the determinant from higher 

order to lower order until a (1 x 1) determinant is 

obtained which e:ivee the actual value of the original 

determinant. Thie method is illustrated ueine the 

following (4 X 4) determinant. 

a. .. a.,,. a.,, a.,. ~. 'tu. "&~ a,.,. 
l) : Q&I 0.11. 4u 4 a<11 (2.l.1) 

o.., a.o. A" a. ... 

To reduce the order of the determinant from a (4 x 4) 

to a (3 x 3), any element of the determinant, say 

element (1,1), is made equal to unity by dividing the 

~ number in parenthesis refers to literature cited 
in the bibliography 
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1) 

first row throue:h by <l.11 , yi e l d ing 

a.,i. 0..13 a.,,4 - - -
~II 0.11 tL11 

- dn 0,2, (l,. 2. '2. (Lz.3 <1,z-t (2.1.2) -
~;, a,,~2. . a,33 ~4 

0..41 G-42. 0-4~ a.A4 

Setting I a.,i. : <ti/ "-1\ 

I 
O..,,/ "-11 0,.1'!> : 

I oc.,. = "r./o.-., 
multi ply ing the first row by a,11 and subtractine: from 

the second row, then multiplying the first row by a,. 

and subtractine: from the third row and, finally 

multiplying the first row by Q..41 and subtractine: from 

the fourth row, e:ives 

' 
I a.:,2 I I a.;,~ a,.; 14 

I I ' .J) : a..,, ' 0 ~i °1,~,. a.- a. a. a.-a. (l, 
23 21 11 24 J.I l4 

I 

~- fka.! I 
0 ~-a.a., 

~4~1(2,14 '2. i, 11. !) 31 ,, 

0 
I 

4 4i. ~1llt2. 
I ' ~;(¼,~~ ~Aia-14~4 

(2.1.3) 

6 



The value of this determinant now becomes 

II II ,, 
°'-11 a, o..,~ 1'2. 

ti u It 

:o'' = (-1)1+1 
a.1, at1 a.,4) 

all 
( z.1.+) 

,, a" a." 
"-?,1 n ,~ 

:where (-1)1+1 is the sign of element (1,-1), and 

II ' ,, I " I 

QII: C½.1. - Cl11 a,2. a.= a - a a. a.,,= a,~- a.,(I a.I .. ,-i. H .ZI ,, 

rl' : a.' II a a.I 
, I 

a3z a = a.,~" o..Ji" a,, a,4 
11 a31 ,,. Z1 a,i ,1 ,~ 

N I If I /1 I a3,= o..Ai-a..,a,i a~z.= a.4; a4,a.,3 a,,= aH- aA, a." 
.T.hus, Equation (2.1 .4) is a determinant of order 

(3 x 3). By repeating this operation, the determinant 

is reduced to a (2 x 2) and finally a (1 x 1) with 

the· multipliers 
11 Ill 

a. .. a. .. 0.11 ••• , from which the value 

of the original (4 x 4) determinant is obtained. 

The basic flow chart of this program is shown 

in Figure 1. 

1 
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~et up size of mat rix 
then read and write 

[S] 

Set up value of XM1 
and set up elements 

Row multiplication 
with elements and 
substract-ing the 
result from the next 
row 

Set up next XM1 

Operation continue 
repeatedly 

Final result and write 
the result 

Figure 1 Flow chart of Determinant proeram 
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VS L OADER 
10 

!-·1-'TI [l ~J S US EIJ - PR I NT,MAP,L F T,CALL,NOR E S, NOTERM,SIZF=l024CO ,NAME=**G'1 

('JAME TY Pc 1-\ [) nf-{ NAME TYPE - ADD R NA~1E TYPE AO!J R I 

~AA Thi SD L5 J810 It-IN ECO MH* SD l 5A 8B 3 IBCO M# * LR 151\8E4 
1 HN C[JMH2* so 15t3R1t8 SEQ DASO * LR L58C76 IHNFC VTH* s L) l 5 B F6 0 
fCVL lJUTP * LR L 5 C0 9 A FCVZOUTP* LR l 5C 1 F6 FCVIOUTP* LR 15C5gE 
I J\i T6S ~~CH* L R 15Ci\5C I HNE F IO S* SD l 5CAD u FI DC S # ..... LR 15 CA DO ,.,. 

TH t-JEFNTH* SD 15E08 0 AR ITH# ... LR 15f:C30 ADJSWTCH* LR 15 E4 LC .,.. 

ERR~ON ~- LR 15E930 IHN ERRE * LR l 5E 948 I HNFCONG* SD 15EF30 .,.. 

F QCON I# * LR l'JF3D8 JHNUATBL* SD 15 F6C 0 JHNETRCH>'.: SD l5 F948 
I HNFTHJ ,~ ,.. SD l5F tff 0 FTUJ # * LR l 5F RF 0 

-

T OT AL L ENGTl--i F578 
F.- N T RY ADDRESS 150810 

15.0000 1.ono o 2.0000 -3.0000 
5.00JO 6. 00 00 4.0000 4.0000 

-1 0 . 0000 -3. ,)QJ O 2.0GOO 1.00 00 
-5! QOnQ 3.0000 Lt.OCOO o.o 

VALUE OF D~TERMINA~T=-0 .1 8 2 E +C4 

-----

' 
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VS U JJ\Dt:R 

1 1 
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\. ,, r r· , s i ) lB JBl'.) Yrl NE: CuM H* so l 8A888 I BC OM# * L ~ 18 Aa f.: 1~ 
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I HI i F E \i I H* so J -3 r= q :-:IQ AR TT Hit * 
f i{P.lviUN ~ L ~ l dE9 .10 IH NER. IH: J, ,-

fOC L1~1 r # ::..\. LR l 8FJD8 [ Hl'I UA T BL * 
TH:.: FT f'.". N ~:~ SD I BFBE .J rn= r.1,1. * 

r r·-r AL L Em;TH F57 8 
r-r,J T P V L\11D PF SS 18()8)() 

1 • a nnc, 2. 0ono 3. ()Q(lfl 

J . Ji:o~ 6. ,; 0 00 
2 • 0 C -. -J l • C '.J J C l . :_., C O 1J 

v L\ , , 1 r-: 1 11= o ET 1= R M P.J A N r - ,--, • i o a E + a 1 

LR 
:iO 
I R 
LR 
SD 
I R 

l .i3C l F 6 
l 8C1\D O 
I Bf 080 
l ~E 948 
l .3F6 C 0 
) SERE 0 

FC VI OUTP * LR 18C59E 
FI fJ CS # * LR l8CAO0 
AD ISWJCH* IR 18f41C 
IHNFCONO* SO 18EFJO 
IH ~ETR CH * SD l8F948 



2.2 Propram for the Inv erse Matrix Evaluation 

This matrix inversion proeram is formulated 

using the augmented matrix technique which is based 

on the Gausa-Jordan( 2 ) method of solving simultaneous 

equat ions. This method involves the use of a unit 

matrix of the same order as the original matrix 

attached to the right hand aide of the original 

matrix producing an {n x 2n) matrix. This new matrix 

12 

is .the augmented matrix in the form of Equation (2.2.1). 

Then, performing the proper matrix row operations, the 

original matrix is reduced to a unit matrix. The 

same row operations when applied to the attached unit 

matrix transform it into the inverse matrix 

0.11 a.,i a,, • • • Ql'Y\. 0 0 • • • 0 

o..2J Qn ¾• • • a.2.'rl 0 0 • • • 0 

~I ~,2 ~,. • • Cl3,t 0 0 I • • • 0 

. • • • • • • • 

• • • • • • • • 

• • • • • • • • 
C¼, a."l'L 0..IVI; 

. 
q a.~'W\.. 0 0 0 • . • I 

(2.2.1) 



The general procedure includes dividing the first 

row by the leading coefficient, multiplying the first 

row by the leading coefficient of the second row, and 

then subtracting it from the second row. This 

procedure repeated for the third row through the 

nth row yields 

0 0 • , .o b" b,2. b,l .• . b l't\. 
0 I 0 . • . 0 b1, bu. b~~ •• • b2.'K. 
0 0 • • • 0 bl, ~2 b:n. • • b3'M. 
• • • 
. • • 

0 0 bn, b'"2. b'Yll . • • b-n"' 0 

(2.2.2) 

The s quare matrix (B] in the right hand side of the 

Equation (2.2.2) is the inverse of the matrix [A]. 

The basic flow chart for the inversion matrix program 

is shown in Figure 2. 

13 



set up size of the 
matrix and set up 
zero matrix 

read ts] and wr1 te ~) 
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augmented matrix 
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and transform to final 
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Figure 2 Flow chart of Inversion proeram 
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!l PTinNS USEO - PRINT • MAP,LET,CALL • NORES • NOTERM • SIZE=l02400,NAME=**GO 

r-..iAME TYPE AODR NAME TYPE ADOR NAME TY PE AOOP. 

MA I ~J SD 150810 IHN EClJMH* SD 1 5AB 90 18COM# * LR 15 AB BC 
IHNCOMH2* so 15E.\520 SEQIJASD * LR 15RF4E IHNFCVTH* SD 15 C2 31 
FC VL OUTP ,,: LR l 5C 3 72 FCVZOUTP* LR l 5C4C E FCVIOUTP* LR 15C87t 
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I HN FT EN * so I 5FE C 8 FTEN# * LR l 5FEC 8 
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T OT AL LEN GT I- FBSO 
F:'-JT RY ADDRESS 150810 

2.0000 L. 0000 1.0000 
l.OCQO 3 . OOJO 1.0000 
1.0000 1.oopo 4.0000 

Zs00QQ l. 0000 1.0000 1.0000 o.o o.o 
, 1.0000 3.0000 1.0000 o.o 1.0000 o.o 
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I ' 
I 

i 

I 
I 



,, r T I ,J · 

l'J AME TYP Aooq 

tv1AIN SD 150810 
IHNCm•1H2* SD l 5BB2 O 
FCVLOUTP* L R l5C372 
I NT 6S.-1 CH* LR 15CD28 
IH/\JEFNTH* SD L'jE358 
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-5.0 000 

1. 0 000 
6.0000 

-3.00JJ 
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15.00JO l.0000 
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-5 .00 00 3.0000 

TN VFR<sF M ATR TX 

4.615E-02 
-8. 7GlE-02 

I . 236F-Jl 
-4.945E-02 

NAME TYP 

IHM ECOMH* 
SEO DA SD * 
FCVZOUTP* 
IH Nt:FICJ S,:: 
AR I Ht#- * 
IH l'JERRE * 
IHN UATBL * 
F TEN# 

2. JOOO 
4. 0000 
2.0000 
4.0QOO 

2.0 000 
4.0000 
2.0000 
4.0000 

* LR 

-3.000J 
4.000 0 
1.000 0 
o.o 

-3. 00 00 
4. 00 Q:) 
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Ar)O q 

, F 
l 5C4C E 
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o.o 
o. 0 

3. 077E - 02 
- 1. 099E- 02 

4.670E-02 
l.8L3E-0l 

l 

VS LOADER 
17 

· NAME=** 

NAM 

IHNFC,ONO* 
IHNETRCH* 

o.o 
1.0000 
o.o 

. o. 0 

TYP F 

l.5 38E-02 
-2.198E-Ol 

l.841E-Ol 
l.264E-Ol 

o.o 
o.o 
1.000 1 

o.o 



2 .3 FORTRAN Prog r a m for t he ~ha r a c te ristic 

Bg ua tion Prob l em 

(2)" 
The method of Danilevsky for obt a 1n1ne the 

cha r ac t e ristic e q ua tion is based on the reduction 

of rr.a. trix 

0.11 a.,i a.~ • . • a.~ 
0.2., Clu, ~1,. • , QZ'M. 

(A):: . • • (2.3.1) 
• . . 

• • 

C¼, a.w1. a.'M~ . • ~~ 

whose c haracteristic e q uation 1s desired, to matrix 

(p] of t he form 

f, -Pz. 'P, . . . Pn .. , 'P-n 
0 0 . 0 0 

0 0 . . 0 0 

[_PJ : 
(2.3.2) . 

• • • 

• • 

0 0 0 . • • I 0 

18 



The elerr,ents f 1 , -P2. , -p
3 

••• , --pl)\. represent the 

coefficients of the characteristic equation of 

matrix[?] • The process 1s ac com plished by a series 

19 

of similarity transformations. Since the character1st1c 

e quations of similar matrices are identical, the 

characteristic equations of matrices [.A] and [.'P] 

are the s ame. Coefficients of the characteristic 

polynomial of matrix (p] is e lven by the determinant 

n(~)=-
1,-A P2. p3 . f"t'L 

[p]-A(I] - I -A 0 0 - . . . 
0 -)\ . . . 0 (2.3.3) 
• 

• 

0 0 0 -~ 

which expanded in terms of the elements of the first 

row, Elves 

D ( A) ~ (- 1)~ ( A"ft -f, A'YI-,_ fi ti'\\-2
• • • - -r~) = o 

where D (/\) 1s the desired characteristic polynomial 

of both matrix (A1 and (p] and n is the order of the 

square matrix [aj. 



The transformation from matrix [A) to matrix [P] 
is pe rformed on the following (4 x 4) matrix 

a.I\ 0.,1 a.,~ a.,4 

a.2., Q.22. Clz, (\4 
[AJ = (2.3.4) 

Q.~, <\2 a..~~ ~ 

a.41 °'ai Cl43 (144 

Matrix [M) is first formed from the elements of the 

fourth row of matrix [AJ as 

' 0 0 0 

0 0 0 

[M] = 
-a.4, -0..41 -.L g.'14 (2.3.5) 

O..o Cl.o a.o a.,o 

0 0 r 0 

20 
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The product of [A] and [M] become 

0..11 a.,i a.,, a.,4 0 0 0 

(A] [M1 ~. 
0.1, O.z.i. al~ a.i4 0 0 0 

~I 0..32 a~i a;4 -0..41 ~ 2 I -Cl ix: - -=-4.11 
4l a4l °'43 o. .. , 

a4, a..2. ~~ ~ 0 0 0 I 

.or 

b,, b,2 b,3 b," 

[A] [M] = b1, bu. b~, bu (2.3.6) 

bz., bn b3:?> b34 

b4, 642 ~; b,." 
where 

h4,=-b" = a.,, -a,~ a. •• b,i = a.,i -a.,,~2. 0 

°"4l d.43 

'o,~ = 0-ujo..,.) b,. = - a.,)a.4, /a,~ 64?; 0 

b11 =- 0-11 - a.23 a.. b,2 • tl.zi- ah~ 6-a,,. I 

a..-t, ().4) 

'o~ = O.:~ ja.,s ~41-~ a_2A - '½, 0.A'I- 64.4 = 0 . 
0.4, 

b" = a?,I - a.;'3 d41 b~2 = O.;z - ~~ 0.4z 
a.43 a.43 

bi~= O.n/a.34 634 = ~4- a.33a44 

a...,, 



The mat rix of Equation (2.3. 6 ) is not yet siffiilar 

to matrix [A} . It is made similar to [ A] by 

premultiply1nE Equation (2.3.6) by the inverse of 

matrix [M] which 1a obtained from Equation (2,3,5) as 

0 0 0 

[Mr
1 0 0 0 

= 
(2.3.7) 

a.41 0.4i. Cl.4~ 0.44 

0 0 0 () 

Thus, the similarity transformation of [A] takes 

the form 

[.c] = [Mr
1 

[A][M] (2.3.8 a) 

0 0 0 Q.11 a.,t. a,i 0.,4 I 0 0 0 

tt] 0 0 0 a.2., a.21. an 0..24 0 0 0 
=-

0.41 a.41 ~, a4'4 a.,. au au~ -ll-4• -~t ..!. -a44 
l14, a,43 a.ii, a.., 

0 0 0 I a..s, ~i ~ 0 0 0 ' 

C11 ~2 c,1 c14 

[c] Cz.1 C12. Ci~ Ci+ 
= (2.3.8 b) 

;, e~i c;, C.34 

0 0 0 

22 



The process is continued in reducin~ the matrix of 

Equation (2.4.8b) to the form 

0 0 0 Cu Ci-z. C1?1 C14 0 0 0 

(p1 = c3, c,t cJ, C3~ C2.J Cn. <;~ C,.4 -£31 ..!,_ -~ -e!,4 
C32. C11. C,2 C:~i. 

0 0 0 Cb, C~i q,~ C.34 0 I 0 0 

0 0 0 0 0 I 0 0 0 0 

ci.,, d,2. d,~ d,4 
d2.1 du. '¼, du 

[p] = a ,~.3-9) 0 0 

0 0 0 

The process is repeated a step further which reduces 

the (4 X 4) matrix of Equation (2.3.4) to the form of 

Eq uation (2.3.2) which simplifies to 

'P1 ,Pi. 'f'3 f4 
0 0 0 

[P] : 
(2.3.10) 0 0 0 

0 0 0 

23 



where the p's represent the coefficients of the 

characteristic polynomial of ~q uation (2.3.~). 

Then, the characteristic polynomial equation is 

written as 

])(~): c-,tc>t· -f,A"'·'~ -P2. ""'·
2 

- -r~ A"'~~ - f .. ) :: 0 

The flow chart of the computer program for the 

characteristic equation is shown in Figure 3. 

24 
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read size of the matrix 
and then read [A] 

write heading and 
write [AJ 

set up zero matrix [CM] 
then write [CMJ 

transform zero matrix 
to unit matrix 

set up zero matrix 
[.Cl) and [.P] 

L 

form the silli ilarlity 
transformation [.cM] 

inversion of matrix 
\ operation starts 

write ( A) and check 
condition of operation 
for final result 

Figure 3 Flow chart of Characteristic Equation 
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MATRIX A 

-5-50988 
O .28786 
0.04910 
0.00623 

1 . 87009 
-11.81170 

4.30603 
0.26985 

0 .42291 
5071190 

-12.07070 
1039737 

0 •. 0088 1 
0.05872 
0.22933 

-17.59621 

INVERSE 1.'ilATRIX 
I • • • " • ~ .. 

1 .OOOOOOE+OO 
o.o 
6.234996E-03 
o.o 

PRODUCT MA.TRIX 

-5.511766E+OO 
2.623788E-01 
1 . 859188E-01 
3.725290E-09 

o.o 
1 .OOOOOOE+OO 
2.698 510E-01 
o.o 

o.o o.o 
o.o o.o 
1 .397370E+OO -1.759619E-02 
O.O 1.000000E+OO 

1 .788420E+OO 3.026456E-01 5.334228E+04 
-1.291474E+01 4.037605E+OO 7.198506E-04 

6.046163E+OO -2.946194E+01 -2.084559E-05 
5.960464E-08 9o999999E-01 -1 .525879E-05 

, ~ 
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INVERSE lv:ATRIX 

1 .OOOOOOE+OO OoO 0.0 0.0 
1 . 8591 88E-01 
o.o 

6.04616~E+OO -2.9461 94E+01 -2.082558E+02 
0 .O 1 .OOOOOOE+OO O .O __ 

o.o O.O 0.0 1.000000E+OO~ . 

PRODUCT lv'.1..i\.TRIX 

-5 .566760E~·oo'- 2. 957941E-01 
2.952511E+00-4.232167E+01 
5 .960464E-08 9. 999998E -01 
1 . B92454E-09 9.853258E-09 

- - _,?.· • 4 
;I-. ! 

9.017315E+OO 6.699422E+01 
-5. 625576E+02 -2.244458E+03 
-1 .525879E-05 -9.155273E-05 

1.000000E+OO -1 .320378E-05 

.,,.... . 
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I NVZRSE MATRIX 

2.952511E+OO -4.232167E+01 -5.625576E+02 -2.244458E+03 
o.o 1 .OOOOOOEOO o.o o.o 
o.o o.o 1 .OOOOOOE+OO o.o 
o.o o.o o.o 1 .OOOOOOE+OO 

} 'RODD.CT NA'l'liIX 

-4.788841E+01 -7.97278 1E+02 -5.349441E+03 -1 .229648E+04 
9.999999E-01 -1 . 625879E-05 -2 •. 441 406E-04 -2.441406E-04 
2.018788E-08 1 .OOOOOOE+OO -3o 90 1999E-06 -4.624210E-05 
6.409642E-10 3 .698494E-08 1 . OOOOO OE+OO -1 .176516E-05 



2.4 Program for Evaluation of Characteristic Values 

and Characteri s tic Vectors 

The characteristic-value, characteristic-vector 

problem is an extremely important one since the 

dynam ic behavior of a linear mechanical systems are 

directly predictable by its usaEe• 

Consider the vector matrix equation 

{ ~) = [ A 1 {~) ( 2. 4. 1 ) 

where l 'A-1 and t?·} are column vectors and [A] is a 

s qua re matrix (n x n). This equation may be viewed 

as a transformation of the vector {1l} into the 

~eptor l~}. The dilitation transformation 

maps the vector t~} into a constant times itself; it 

follows that 

{~} == 'A[rJl-x.} (2.4.2) 

or 
~A1- A [11] lx} = { 0 } (2.4.3) 

where A is defined as the characteristic value and 

32 

\X\ is defined as the associated characteristic vector. 

The homogeneous Equation (2.4.3) has a solution which 

exists if and only if, the following determinant 



equation holds: 

det l l A1 -A [I] ] = 0 
(2.4.4) 

for n = 3. 

a 11 - A a.,2. a..,~ 

~I Clz2-A a.23 :z 0 ,~.4.,5) 

0..?>1 a~2. a?,'!)-). 

This equation of degree 3 (generally of degree n) 

fo r A is called characteristic equation and takes 

the form 

,~.4.6) 

For ea ch of the roots At, Equation (2.4.3) has a 

solution { 'X 1 ~·o called the characteristic vector 

33 

of [A] . The characteristic values and characteristic 

vectors solutions are programed by using an iteration 

process. The characteristic value and the characteristic· 

vectors are related as follows: 

(2.4.7) 



This matrix equation can be written as 

a. - )_ ,, ' a.11. a,~ . a,"'- ,61 0 

a.2., <li1 ->- Q.13 • • Clz,t Jz 0 . 

0...31 ' al'2. a.3f). · . • a311. '1.3 0 --
• • . 

, , • 
• 

• • • , 

• 
a...,,, a.'M1. a.'"~ • . . a - " '1\11 -111 0 

(2.4.8 

where A is the characteristic value, 0,. • I 8 Ld are the 

elements of matrix [A J ' and A"'' s are the elements of 

the characteristic vector corresponding to the value 

A. The characteristic values and characteristic 

vectors can be obtained by method of iterat1orr 

process. Using Equation (2.4.8) form 

a..,-z. a,~ . . 
G\.2:2. ~) • • 

°"23 a,3 · 

(2.8.9) 
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In the matrix it·etation method, an arbitrary set of 

~i (i.e. s 1 , s 2 , s 3 ••• _ sn) are used to initiate 

the problem. For convenience in calculations, 

An is taken equal to unity. Equation (2.4.B) 

forms a set of homogeneous equations, hence, the 

absolute values of ~•scan not be determined. However, 

the ratios of ~•s may be obtained. The initial set 

of ~ 1 , i = 1,2,3, ••• n, are substituted into the 

left hand side of Equation (2.4.9) performing the 

indicated matrix multiplication on the left hand side 

of Equation (2.4.9), the vector on the right hand side 

is calculated. This vector is factored by defining 

the new value of -6n as ~n = A (1) • This value A 
is factored from each of the remaining vector 

components. The value A is the first approximation 

to the characteristic value and the factored vector 

is the first approximation to the characteristic 

vector. The method proceeds by taking the next 

approximation for the vector solution as the previous 

solution. It is necessary to iterate a number of times 

in order to improve accuracy. 

Continuing this process, the iteration converges, 

resulting in the characteristic value A and the 



corresponding characteristic vector. The rate of 

convereence of this iteration process depends on the 

numerical separation of the characteristic value 

of matrix (A]. It can also be shown that the 

characteristic value obtained by this method is 

the l a r e est characteristic va lue or equivalently 

the l a r eest root of the characteristic equation. 

For the special of a symmetric matrix {A], the 

characteristic values are always real, and the 

characteristic vectors are a lways orthogonal •. 

The basic flow chart for the program of 

obtaining characteristic value and characteristic 

vector by iteration process is shown in Figure 4. 
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set up s ize of the 
matrix and read in 

(5] and [P] 

write matrices (5) 
and (P] 

set up [Z] = [-=,] [P] 
and [PJ = [z] 

write number of 
it·er-ation and 
eigenvalue 

compute and write 
eigenvector 

repeat the process 
to the indicated 
amount 

Figure 4 Flow chart. of Characteristic value 
and Characteristic vector 
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CHARACT~RISTIC VECTOR 

0 .17 9 E +01 
- '.:I • 2 ? 4 E +O 1 

O. lOOE +01 
lRETATION NUMBER= 
C~'ARACTER I STI C VA.LUE= 
CHARACTER! srrc VECTOR 

0.17 9 E +01 
-0. 2 2 4 E +01 

Q.100 E +01 

o. 
-1. 
1. 

0. o-
-1. 0 0'J~ 

1.onoo 

2 
O. 300 E +01 

3 
0. 317 E+Ol 

4 
o. 3 21 E'+o 1 

5 
O. 3 2 3 E +01 

6 
O. 3 211 E +01 

l~~TATI ON NUMBE~= 7 
C!--'Ai{ACTEklSTIC VALUE= 0.321iE+Ol 
C~ARACTERISTIC V~CTOR 

O .180 E +01 
- rt r') I") C ~ ..a..n 1 
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0 .18 U i:. +IJ l 
-0. 2 25 E +O 1 

o .1 oa E +01 
iKETA.TION NIJMR ER= 9 
CHARACTERISTIC V.~ LUE= 0. 3 2 5 E +01 40 Cf-'ARACT::RISTIC VECTOR 

0.18 0 E+Ol 
-1"1. 2 2 5 E +01 

1) • 1 !l O E +O 1 
I RETATIGN f, UMR ER= 10 
CH,4RA. CTr:-R I ST! C W~LUE= 0 .325E+Ol 
Cf--lAXAC rER I Sll C VECTOR 

0 . 18 0 E +01 
-0. ? 25 E+Ol 
0. 110 E +01 

l~ETATIQN ~UMH ER= 11 
CHAkACTE:~I STI C VA LU E= 0.325 E+Ol 
CHARACTERISTIC VECTOR 

0.180E+Ol 
-0. 2 25 E +01 

0.100 E+Ol 
IKETATION NUMBER= 12 
CLl,0.RACTl:Rl STI C VALUE= O. 3 2 5 E +n 1 
Cf-!ARACTFR I STI C VECTOR 

0.18!?.E+Ol 
- O • 2 2 5 E, +O 1 

O. l 00 E+Ol 
i RETA Tl J ~~ NUMBER= 13 
CµA ,~ACTE.-d STi C VA LU E= O. 3 2 5 E +01 
CHARACTERISTIC VECTO i-{ 

0 .180 E +4'.ll 
-c. 2 2 5 E +01 

0 • 1 !3 0 E +n l 
I xETATION NIIMBE :{= 14 
Cf-!A~.A CT f.R I STI C VA LUc= 0.325E+OJ 
CHA.RACTc.~ I STI C VECTOR 

0.18 0 E +01 
-l' • 2 2 5 E +O l 

n.1 n o E +01 
I Rc TAT ION NUMRER= 15 r 

C!-IAHACTERI STI C V.A LUE= !) • 3 2 5 E +O 1 
CHARACTER I STl C VECTOR 

0 .18 0 E +01 
-0. 2 2 5 E +01 

O. 100 E +01 
IRETATlON NUMBER= 16 
Cf-JARA CT ERi STI C VALUE= 0. 3 2 5 E +O 1 
CfJARA CT ER i STI C VECTOH 

0 .180 E +01 
-o. ~ 25 E +01 

0. l 'JOE +O 1 
!RETATl0~ ?~UMn Ex= 17 
Cf-lAR,A CT ER I ST l C VA LUE= 0. 315 E +OJ. 
CHARACTtR I STI C VECTOR 

'1 .l80E+Dl 
-o. 215 E+Ql 

0.1:10 E +'Jl 
;:.:ET.A.TIO~.' "IIMRtK= 18 
C fJfi. R i:\ CT ?.R ! ST I C VALUE= 0. 3 '2 5 E +01 
Cf-1ARACTER I ~T l C V'::. CTJr\ 

fl .18 0 i: +01 



0 .18 G 2 +Cl 
- O • ?. ?. 5 E +O 1 

O. HHH:+01 
IRETATIO~ ~UMBER= 20 
CHA RA CT ER I ST I C I/ A LUE= 0. 3 2 5 E +O 1 
Cf-JARA CT ER I STI C VECTOR 

n.180 E+Ol 
-0. 2 25 E+Ol 
!l. 1 ~ 0 E +O 1 

A-I ) 
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2.5 Program for t he Method of Cholesky Transformation 

The Cholesky pro ces s i s particularly us eful in 

probl ems of structural dynam ics( 4 ). This scheme for 

the solution of a system of linea r equations related to 

structural analy s is is very desirable. Theoretically, 

Cholesky's method is b as ed on the f act that any s quare 

mat rix may be expres s ed as the product of an upper

triangular matrix and a lower-triang ular matrix. 

Let [A] be a non symmetric s quare matrix, [u] an 

upper t riangular matrix, and [L] a lower triangular 

matrix, such that they are related by the following 

general matrix equa tion( 3 )t 

lA] = lt..}[u] (2.5.1 > 

If the square matrix lA1 is a (4 x 4) matrix, then 

a.1, a.,t. °'1!> a.,~ 0 0 0 411 "12. '-'t ~ I.Lu+ 

O.z., a.11. an Clz4 12., I . 0 0 0 Un Uz~ Uz4 
= 

0.1, a.u a.;, a.~ l~, ,(3?. 
0 0 0 u~?> U3,4 

a4, <'.l4t ~, ~4 ~41 l4z /.4?, 0 0 0 U44 

(2.5.2·) 



The expansion of t he above equa tion yi e lds a s et of 

six teen e quations from which t he values of the e lements 

of mat r ices [~1 and [u1 a re obtained a s fun c t ions of 

the e l ements of the matrix lA1 • To il l ustrate the 

pro cedure , consider t he following partial set of 

equat ion : 

0.11::. U.I\ 

a. = )i, U,11 • 
1.l 

, 

a. = )3, u.11 • ~, ' 
a. "' ~,u.,, • 

'11 ' 

j = 
~21 = a.a, 

l l --
U.11 Ct11 

)~,=~, = Ch, 
u. ,, 0-11 

J..4i= ~\ • a.;, 
LL,, tt11 

u.zz = azz -1:z,u.,'2. 

:: Clz.z - ai, • a,,~ 
a..11 

)32 = ( a_ ~2- j:z I (,{ 11) · 
(..tz.~ 

~:z. = Ca•z -J ... , i.t 17 ) 

Uu. 

43 



44 

The remaining eie ht values of the l's and the ,«.'s 

are obtained from the additional remaining equations. 

• Oholesky's method offers additional advantaees 

for matrices which are symmetric. A symmetric 

matr ix lAJ may be written as the product of two 

triangular matrices, one of them being the transpose 

of the other in the form 

(2.5.3a) 

which is expanded to 

0..11 all °'i, a.14 U., I 0 0 0 u.., l.!l'2. ur~ 

a..,2. a1.2 al~ Cl,24, U12. Un 0 0 0 U1t. Un 

= 
al} Ql~ a~3 a..34 Ll , .. Un Un o 0 0 L¼~ 

Cl.t4 ClM a'?,4 Q44 u.,4 U14 U~4 U."~ 0 0 0 

(2.5.3b) 

For the (4 x 4) sysmetrix matrix shown, the ten 

elements of the matrix [U] are obtained by the 

multiplication of the matrices of Equation (2.5.3b) 

u,'+ 

U24 

U34 

~ 



and in part become 

a.,, = 

a,i. = 

a.,~= 

0..21:: 

2 u. • 
II ' 

u. .. u.1'2. ; 

u.,, u,, ; 
2 2. 

u.,1+ uzz.; 

u.12: a.,"• l._ 
U.11 

These operations are generalized for an (n x n) 

matrix by the mathematical expression 

L-1 

U.c:J = a lJ - Z: u..1i(. u..1ii ~ ~= l+ 1, ••• , .;)\_ ~-· u.,.:. L: 1., ••• , M.. 

(2.5.4) 

U.· . = a.·. ~ i. s I LJ, -L4 
U.tl'.. d" '2/J, .. . ,""'-

(2.5.6) 

v.,i.i, = (0... _/2. 
1.L tv i.. = I 

i.-1 't. 
u.. ; (a, .. - L, u.'l. ) 2. •. 'I, 1- L•L 

LL ••~ ~ 
rr i. = 1., •• • , "1\.. (2.5.8) 

The flow chart of the computer program for Cholesky 

triane ulation is shown in Fieure 5. 
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r ead in size of matrix 
read (A] and write [A] 

set up U1, = ra::; 
u.,7 ~ Q,7 I u... J'= 1,1' 

wr it e t, J, ll ( 1 J :r) 

L: 1/11- ; 1: IJfl 

set up 

U,(I, 7) l'..:lr ··· 'l\.. 
i "'l) .. . ·""' 

Figure 5 Flow chart of Cholesky Triangulation 
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~U,11= C 
J= T 
I X=T+l 
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I) _! 7 0 K = 1 , I 

7 r_,, S \.J ' = lJ ( I-'. , I X l ,:,,:, 2 + S U -1 

U ( T X , J X ) = ( A ( l X , J X ) - S U ~1 ) ,:, ~c • S 
1,,;r. I T [: ( (, , l 0 .3 l ( 1 X , J X , U ( I X , J X ) I 
JXX=J X+l 
I r ( JX X- )71 ,7 1 , 9 1 

71 CUN r 1 "i U[ 
D .l 7t;J , =JXX , 1\1 
S,J:•1 = O 
rn 8CL= l,I 

I BO SU ~ = UIL,JX ) * U(L, M) + SU M 
U( J X, r"') =( A( IX , M) - SW-1 ) / U( I X , JX ) 

I 75 1, ~ I T t ( 6 , l 0 3 ) ( J .X , M , U ( J X , M l l 
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VS LOADER 
48 

( )PTJ [l t\l S US ED - PRTNT,MAP,LET,CALL,NORES,NQTERM,SJZE=l02400,NAMF=**G 

NMff T VP E ADDR N.AME TYPE ADOR NAME TYPE AO 

M.L\I N S D 150810 I HN ECOMH ~' Sf) 151360 l8COM# * LR 151 
IHNCO MH 2* so l522FO SF. QD A SO * LR 15271E IHNLOFIG* SD 152 
IHl'JFRXPRe so 153BC8 FP.XPR# * LR 153BC8 IH NFCVTH* SD 153 
FCVL OUTP* LR L53E8A FCVLOUTP* LR L 53 FE6 FCVIOUTP* LR L54 
IN T6SWCH* LR L 54 94 0 IHNEF IO S* SD l 548C 0 FICJCS# * LR 154 
IHNEFNTH* SD 155E70 AR I TH# * LR 15 5E 70 ADJ SWTCH* LR 156 
ERRMON .A, LR 156720 IHN ERR E .... LR 1.56738 IHNUATBL* SD 156 .... ... 
Al OG .;, LR l 56FC 0 IHNSEXP * so 157180 EXP * LP. 15 7 -r 

Tl-lNFCiJNT* SD 157708 FOCON I# * LR l577D8 IHNETRCH * SD 157 
I HNFT EN * SD 15 70 68 FTEN # * LR l 5 70 68 

TOT AL LENGTH 76FO 
ENTRY ADDRESS 150810 

MATRIX A .. 

l. 0000 0 2.00000 3.00C OO 2.00000 1.00000 
2.00000 5.00000 8.00000 1.00000 6.00000 
3.00000 8. 0 .)000 17.00000 14.00000 15.00000 
2.00000 7!!00000 14.0QQOO 23.QOOOQ 2e.oonoo 
1.00000 6.00000 15.00000 28.00000 62.00000 

u ( l ' l)= 1.00JOO 
IJ ( 1 • 2)= 2.00000 . . 

U( 1, 3)= 3.00000 
. 

u ( -1 ' 4)= 2.'JOJOO 
U( l • ':5)= 1.00000 ' 
u ( 2, 2)= 1.00000 -u ( 2. 3)= 2.00JOJ 
lJ ( 2! 4)= 3.00000 
u ( 2, 51= 4.00000 ' 
u ( 3, 3)= 2. 00000 
LJ ( 3, l;) = 1.00000 
u ( 3, 5)= 2.00JOO 
u ( 4, 4)= 3.00,)00 
u ( L, • 5)= 4.00000 
u ( 5, 5 )= 5.00000 \ 
r-1ATRTX u 

L.00000 2.00000 3.00000 2.00000 1.00000 
o.o 1.00000 2.00000 3.00000 4.00JOO 
o.o o.o 2.00000 l.00000 2.00000 
o.o o.o o.o 3.00000 4.00000 
o .o o.o c.o a.a 5.00000 

., 
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VS LOADER 
49 

GPTIOi\!S US EO - PR INT, ~1 t.P, LET, CALL , NORE S, NO TERM, SI ZE = l 02 400 ;-r~A ME=** GO I 

NA~ F TVPF I\OOR NAME TYPE ADDR Nt.ME TYPc AOOR I 

NAH; SD 150t!l0 IHNECOMH* so 1513 60 JBCOM# * LR 1s13a I 
I H r,JCJ,',:H 2* SD 1522F0 SEQ DASO :(( LR 15271E JHNLUF10* SD 152MJ~ 
IHl'-!FRX PR* SD 1538C8 FRXPR# * LR t53BC8 THNFC VTH,:c SD 153050 
FCVLGUTP* LR 153E8A ,FC VZOUTP* LR l 53 FE6 FC.VIOUTP* LR 15 1t3 6 E 

~ 

1s 1ti3 cd TNTuS 1 • .'CH>1< · LR 154fVi0 IHNEF IO S* Sr> l 54P.C 0 . F J OC S #- :f;: LR 
JH ;\i[F~H H::~. SD 155E70 AR I TH# * LR 155!:70 ADJ S~;TCH* LR 15620tj 
f:R.R;.icN * LR 156720 IHNERRE * LR 156738 JHNUAT~L* SD 15602 
Id OG 

.,._ LR L26FC O tHN SEXP * SD 15718:) F.X p * LP . 1!27L80 .... 
!HNFCONI'>l= SD 1577D8 FQCOrJ I# * LR l 5770 8 JHNElRCH* SD 15 7 ACd 

157068·· FTEN# LR 1.57D 68 
- . I , IHl'!FTEN * SD ic: -

TOTAL LENGTH · 76FO 
I ENTRY AOOP. ES S 150810 ' 

' 

• 
\1 .ATRTX A 

1.00000 2.00000 3.0u000 2.00000 3.00000 
' 2. 00000 8.00000 8.00000 a.00000 8.00000 

', 3 .00000 8.00COO 14.00000 12.00000 12. o·oooo 
· ?..0000,) 8.:)0000 12.00000 21 .00000 16.00000 

i 3.0000C 8.00000 12.00000 16.00000 1.6.000CO I i u ( 1, 11= 1.00000 ' . I 
UI l i 2)= 2-QQOOQ 
U( 1, 3 )-= 3~00000 .. 

.. . . 
: u ( 1, 4)= 2.00000 -

: 
l)( li '5) = 3.:JOJOO 
u ( 2, 2}= 2.coooo .. 
u ( 2, 3)= 1.00000 

' -
tJ( 2. 4 ) .: 2.00000 -
u (. 2 • . 5)= 1.00000 ·' 
lJ ( 3, 3)= 2~00000 

, 
":· 

I 
l.l{ ':\, t.,) = 2,0Q.)QQ 

.. 

u ( 3, 5)= 1.00000 
; u ( 4, .It ) = 3.00000 .. 

Ii{ 42 5>= 2.00-100 
U( 5, 5 )-= 1.·00000 
MAT~ IX u ·t 

1.0.000Q 2.0'.)000 3.000JO 2.00000 3.00000 I 
o.o 2.00000 1.ocooo 2.00000 1.00000 . 

I 0 .'.) 0.0 2. 00000 2.00000 J.,, 00000 
Q.J Q.0 o.o 3.00000 2.00000 . o.o o.o o.o a.a 1.00000 I 

I 

I 

I 
. 

I . -

I 



CHAPT~R III 

FI NITE DIFFER!!; CE AI~t;.LYSI S OF THE RESPONSE 
OF PORTAL FRAJ,\E; 

3.1 Program for Li near ~guati ons of Motion 

of Multi-defree System 

The basic equation e overning the response on a 

multi-degree of freedom structure is 

[M1{.~\ + ~1\:X1 : t +Ct)J ( 3. 1 ) 

where [M] is the mass matrix, [K] is the stiffness 

matrix, { X} is the acceleration vector at any time t, 

{ ~\ is the displacement vector at time t and { r (t.)} 

is the disturbing force which varies with time. 

A vec tor iteration technique is utilized to determine 

the res ponse vector { 'X(t)} for the dyna.n::ic system. 

The first step is to rewrite Equation (3.1) in the 

new matrix form 

{11} = [Mr' {-f (t)}- [MT
1[KJ{x} (3.2) 

where [MJ-1 is assumed to exist. 

Recall.ine: the Taylor series expa11sions of a 

function in one variable, it follows that 

(3.3) 

50 



Usin~ a direct analo gy the Tailor series expansion 

for a time-varying vector becomes 

(3.4) 

Differentiating Equation (3.4) with respect to time 

gives 

{ • }(-K.) ( ··}'""' 2. {···1'\(, 'X tA\'X} 4-b. 'X. + ••• 
2 (3.5a) 

{ 
l CM.-11) "" { ••• } "'" 

~ i = { i"} + A -x 5 + 
} 

(3.5b) 

where _ t('Mtl) ..1 "'-
fl. - - I.,. 

The number of terms in this expausion may at first 

be arbitrarily chosen. The fewer the number of terms 

taken, the . less accurate the result. The simplest 

solution may be found by cons idering no terms on the 

right hand sides of the expaMs ions which contain 

derivatives higher than the second. Writing these in 

reverse order, gives 

{i"r+I = un~ 
} 

(3.6a) · 

{ 'X 1 ~Tl '" t x ~~ (3.6b) 

{if~ { 1~ { . ~ ~ 2 
{ .. 1 ~ (3.6c) :: :X +b 'JC +.6. 'X 

2 
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For a Eiven value of t ~\ M. 

' 
{if~ and { t\ ,-....i' 

{ ?C1 M, is found d irectly by use of Equation (3.6a); 

t ,q '\-\.ti is obtained from Equation (3.6b); {-X}~+I 

is c:3.lculated from ~q uat ion (3.6c} • .Noting in 

Equation (3.6a) that the acceleration at the end of 

the interva l is exactly the same as the acceleration 

at the beg inning of the interval, one defines . this 

proc edure as the "constant acceleration method" of 

iteration (i.e. no derivatives beyond the second 

is retained). ?ermutting the value of n to (n - 1) in 

Equation (3.6a), (3.6b) and (3.6c) yields 

l xr' = txf~-i) +~ t x~l\1-, 

tf(':) ± l 'Xr"-; l xr•-•J 

(3.7a) 

(3.7b) 

(3.7c) 

J rv·1 (.~-•) By substi tuting '\.,.. j in Equation (3.7c) into 

(3.7a) gives 

{ }
-¾. { }"'-I ( . \c:~-•) t •~"11\. { • l ,~-1) 

'l. = 'X +6-(X +~ 'X -A \'XS 
2. i: 
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or 

or 

(3.8) 

Fermutting the value of n to (n + 1) Equation (3.8), 

one obta ins 

{?(r~+l)-{'xr~-~ [{i}~+{-xr""+1)1 = 0 
(3.9) 

Sub_tracting Eq uation (3.8) from Equation (3.9) gives 

From 

( 3 • . 11 ) 

Cornbinin~ Eq uations (3.10), (3.11) and the permuted 

form of Equation (3.6a) yields 

(3.12) 

The convenient form of Equation (3.12) for calculation 

pur poses is written as 

(3.13) 

Finally at t = tn, it follows from Equation (3.2) that 

(3.14) 
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From the above equations, the following steps are 

taken in the iteration proced ure: 

( 1 ) At l = 0, ,n =-0, {x\'0

): 0 , {:xf0

\: [Mr' t • ro) 
and by choice \'X'.~ (i) = A;' [M r1 t ~\'o) 
( 2) At t ·= l = At /\I\=- 1 

I . ' 

txf') = - [MT' [I<} {'.X Y') + [Mr1 t ·n (,) 
and 

{ t 1 (2) = '2 {,x \(1) - \ 'X yo) + tJ. i { 'X YI) 

( 3) At l : t"l- = 2 t. t J /\'\" i 

t~Y2) :: -[Mr' [K) { X yz) -t- [MT' l r r 1) 

{ X 1 (3) = ?. t xf·~ i X r~•~ 6l2 \x'~(2
) 

( 4) At t =t\. :: L (.e:.l) , M = ~ 

{ :xy-l) = - \)·11-'\)<1 { 'X y\> + [Mr' {. ~1 (i.) 
t x1 (L+~) 2 {,x 1 (i.) - ~'X 1 l~-,) + bl ~t f1 ~i.) 

Additional steps similar to the l a tter steps is 

taken up to the value of n. 

The Equation (3.1) may be applied to the solution 

for a single-bay multi-story frame shown in Figure 3~1 
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F..._(t) ~ -
L"" 

~ ... -4 
f..,_, (V 'X'" _, 

~~ ~~ 
k.• Zfrz)Et., 

L 
Ll: 

L 

~{H 

Fi:.+, (iJ ')(i,+1 

Li1-1 

'r¾.: 
Fi. (.t> 'X ~ 

L, 

/lM i.-1 
F.:-, {U Xi-I 

-

:~ ~~ 

;m_l 

Fi (t.) X, 
-

L, 

m '777 77T, 'Trr 

I I 

Figure 3.1 Multi-Story Portal Frame 



The component 

'V'rl, 0 Q 

0 IWlz. 0 

0 0 '1'tl" 

In the case of 

frame i s shown 

I -
2 0?4 

IOW:2'; 

F,(-1:) 

1. Ofl{ 10 W::'25 

form of Equation ( 3. 1 ) is determined 

., 
~,.., kz -kz . 'X, ?C, . 0 .. 
-~2. k1 .~l ' ' 0 'Xz 'X2. 

+ 

.. 
k., ')(11 c:) 0 . . ~~ 

two-story frame building , the 

i n Fig ure 3.2 below 

bO p,4· -
\OW:'2.5 

qo ~t 
~ '}( I 

- \0YF2S 

40 
I ,, 

L =12' z 

I L -= I e, 
I 

f\ (t.) 

rz (t..) 

= 

i:~(t) 

(3.15) 
planar 

Figure 3.2 T~o-story Portal Frame 
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Equa['~n (30.1)5{) ~:r}e:ucl:,~~: t-~:] f{o~m}:: r~\ U.)} 
l O l'M1. 'X1 - k1. _ kl _ ')(t l {l. (t) 

The numeric a l problem i s a nalys e d us in~ t he computer 

prog r am with the followi nE n umeric ~l input; 

1) Weie h~ of the upper and l owe r f loors 

= 84)000 l~~ 

:. SA -o ~i~. 

(60 -it/~~)( 40Y)C.Zoy) + L'-)(}.o it/lji)( {,Y)(1.01st) 

2) Stif fness of t he upper a nd lower columns 

~
1

,: 2(12)(~0.><to' -""/-iMz)(l:,~.2 --vH4) 

(11 3 'l;P) ( 1-i.~ I\M 1/&-3) 
:. 'l)~3o llo.a/lM 
: '{.-s~ ~,·~1~ 

R2 :: ,z('.12) (3o,,qo' #-/,,;., 2)(13?>-21'1M4 

6-z1Y-3) ((?.3 \/V\~/1;t?.) 

=- s.2, 1 oo lb/~ 

= '?,;). ·' ~"fJd I MA, 

3) Mas s of the upper a nd lower floors 
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-~I ::: S4.o ~ip:1 

(3?.-2 'lst//4«,')(12,;.,.../6+) 

:. O · 21 '7 ~fl' -Mc.Z/ ""'-

"M."2... = 57.-~ ~'P1 
L '3~.j. '!!/1U<:}·)(1i Nk./ffe) 

4) The na tura l frequencie s and na tural periods 

1\ = ~. = 0.812. H~ 
2"1" 

t-z= ~ ,._ ':>,\SS H" 
~'O" 

+kc~ 
'i, = I = l,232 4.e.c... 

J • . 

'lz = = 0•~14 ~C -

,fz. 

5) Dynamic load function on the upper and lower floor 

~he time variation of t he dynamic force F(t) 

1s shown in Figure (-3. 3) 

3-0~ 

~(:~iPS L--------------
•3 

Figure 3.3 T.ime Variation of Dynamic force 



f,=f(t) =10t+3.0 

f2=-7f(t) = -7t+2.7 

Equation (3.16) becomes 

0 

0 
-;2.1 

The flow chart of the computer program for the 

linear equations of motion of the multi-degree of 

freedom system is shown in Figure (3.4) and the 

graph of the dynamic responses x 1 and x
2 

are shown 

in Figure (3.5) and figure (3.6) 
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Read and wri t e 
~t, [Mr', (K] 

Compute [t,,1] --1 [KJ 

Set {:f J (o> 

Compute 
{ ,f J <0 >: [Mr ' (f} (o) 

Compute { -xt) 
Set {:f}<•) 

I 
Comput e 
{x1L•>= ~1. {X~(o) 

{ X~ (i): - ft1r1(KJ{'xt> +[!1f { J}") 
l i!L'Z'=2{ ~1b} 1"At1 

{ ·f~ll) 

. -

Set Hi (i) 
Compute 

{X~(,)= - [MT-1(1<1f xt\ [HJ ... H~li:) 

{-x fiA-'~ -;l i ~fJ-fx l lL-~At2 {-x ~ li-> 

where i . = i 2, ••• ,n 

Write 
T.i me, F 1 , . X 1 ,, F 2 , X2 

Figure 3.4 Flow chart of linea r equations 
of mot i on •. 
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lf/41{{q~/ottm Ytale Ul/4-,_,ve?l:Jt°ty COMPUTER CENTER 

VS LOADER 
64 

OPT! OMS USED - PRINT, MAP,LET,CALL, NrJRE S,N OTfRM,SIZE=l 02't00,NAME=**G O 

NAME TYP E AD DR 

MAI N so 120810 
IHNCCMH2* SD l2AD68 
ADC ON # * LR 12 86 08 
FCVEOUT P* LR 128D38 
FIOCSBEP* LR l2Cl7E 
IHNU OPT ... so 12 DC 70 ..,. 

ALOG 10 * LR 12f5D8 
FQCONO# * LR 12 E9 60 
IHNT RCH * LR 12F378 

TOTAL L ENGTf EFA8 
ENTRY ACOR. ESS 120 81 0 

0.020 00 
4.6082 o. o 
o .. o 7.2 9 90 

41.6300 -32.l OOJ 
-32.1000 32.1000 

PRODUCT MATRIX 
19 l. 8 39 4 - 14 7. 9 2 3 2 

-234.2979 234.2979 
0.0232 
0.0258 
0.040 0 
0.0444 
0.0603 
0.0671 
0.0837 
0.0933 
0.1095 
0.1222 
0.1371 
0.15 3 2 
0.1658 
0.1856 
0.1950 
0.21 8 6 
0.2240 
0.2513 
0 .2 521 
0.2832 
0.278 8 
0. 3 1]4 
0.3 0 3 3 
0.3411 
0.32 5 2 
0 .3657 
0.3437 

86-

0 • 3 5 8 3 

NA:-1F 

I HN EC OM H* 
SFQ DASD ... ~-
FC VAO UTP* 
FCVCOUTP* 
IHNF IO S2* 
I H/IJ E RP. M * 
ALOG * IHN FC O.N l * 
ERR TRA * 

TYPE AOOR NAME TYPE AOOR 

so 129008 IBCO M# * LR l29E0 4 
LR 128 1.96 IW-.JF RXPR* SD 12 B4 BO 
LR 12 8 6B2 FC VLOUTP* LR 12 B 742 
LR 12BE l3 2 INT6SWCH* LR 12 CO F8 
SD 120 170 IHNEFNTH* so 120728 
SD 12DFD8 E RRM Ol'I * LR 12 DF08 
LR l 2E5F 0 lt-iNSEXP * SD 12E7B0 
SD lZE f: 08 F QC ONI # * LR 12 EEQS 
LR l2F380 IH NFTEN *" SD 12Fo20 
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3? 
36 
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3 !) 
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4 0 
4 1 
42 
4, 

47 
4 R. 

' ~ C, 
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Xl 
o. o 
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CH. I- ZR V 

DISCUSSIO ~ND CONCLUSION 

4.1 Di s cussion 

Tl1e programs in CK PTER II are intentionally 

written in FORTRAN IV languag_ e f or the distinct 

purpos e of illustrating the mathematical operations 

basi c to the matrix formulation of the problem. The 

procedure allows t he reader to follow step by step 

t he mathematical log ic involved in the problem 

solution as well as giving the reader a basic 

understanding of the formation and interaction of 

the necessary e quations which produce the solution. 

The matrix calculations for any g iven program may 

be performed by hand in a reasonable time interval 

for mat rices of order three or less. If the order 

of the matrices is greate.r than three, the computer 

solutiona offer the most efficient processes for 

problem solutions. 

The FORTRAN programs developed in CHAPTER II 

whic h includE the matrix determinant, matrix 

inversion, the characteristic equation determination, 

the avaluation of characteristic value and 

characteristic vectors, and the method of Cholesky 

transformation form a complete pa ckage of the usual 

matrix operations comm on to the field of Structural 
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Dy a mi c s . In mos t c ases , analyses o f structu~es 

subject to dynamic loadine usually involve a l arge 

n umber of degree of freedom which a re efficiently 

proces s ed by matrix techniqu~ Each of the above 

prof ram5is specificly written to accommodate an 

arbit a ry number of de ( ree of freedom and hence the 

computer packa5e is useful for the rang e o f problems 

encounted. 

The prog ram in CHAPTER III is also written in 

FOR RN I~ language. This program illustrates the 

us e f ulness of proeramm ing techniques to formulate 

t he solution of a family of coupled linear differential 

equations utilizing finite difference methods. This 

tec hnique replaces the rathe r complicated classical 

functional type solution with a simple numerical 

iterat ive me thod which strictly relies on a vast 

number of algebric operation s for which the computer 

is extremely efficient in processing. The degree of 

accuracy using this method i s bases upon only the 

size limitation of computer. 
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4. 2 Cone lu s ion. 

From Fie ure (4.1) and Figure (4.2), it is 

shown that the size of the time interva l,At, plays 

a fundamental part in produ c ing a cceptable accura cy 

of the r esu lts. s shown i n Figure (4.1) and 

Fi gure ( .2), the degree of a ccuracy increases as 

the t ime interval decreases • . reasonable value for 

At is approximately one tenth tha lowest natural 

period. For value of 6t below t his r a nge, the 

accuracy is constrained to within reasonably small 

limits. This slight varia tion is due to t h6 fact 

t hat t he true-maximum usua lly does occur at the 

s pecific time interval. Although a· slight · change 

in maximum response occurs as At becomes smaller, 

the va r iation is in the fourth significant figure 

and is to~ally within the r ang e of acceptable 

engineering standards. The lowe s t natural period 

can be calculated by utilizing the facility of 

the Chara cteristic Value and Characteristic Vector 

progr am in Chapter II 

. s respected, the res pons e for x1 is greater 

than x2 for all value of the time Jnterval t • For 

the particular inphase dynamic loading conditions, 

the maximum response of the upper floor and lower 

floor occurs at approximately the same time as 
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shown i n FiEure (4.1) and Figure (4.2) which is an 

expected result. 

For sample problem chosen, the maximum upper 

floor displacement is :::::>0038144 inch while the 

maximum lower floor displacement is~ 0 .428 23 inch. 

T,hese values are within the acceptable elastic 

range of the material since the column lengths are 

18 feet and 12 feet respectively and column size is 

a 10 WF 25. 
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