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ABSTRACT

EFFECT OF AXIAL STRAIN ON POSTBUCKLING
BEHAVIOR OF SLANTED ELASTIC COLUMNS

Eduardo Ugarte
Master of Science in Engineering

Youngstown State University, 1980

The purpose of this thesis is to investigate the
load-displacement characteristics of a pinned-end axially-
loaded column including the effect of axial strain.

The buckling and post-buckling behavior of the
column is investigated utilizing a nonlinear theory of
large deflections analogous to the "elastica problem" of
classical nonlinear elasticity.

The minimum potential theorem of wvariational
calculus is utilized to obtain the nonlinear differential
equations of equilibrium. Numerical solutions of the
problem are obtained using an "Intermediate Theory'" which
combines the potential energy function together with the
Rayleigh-Ritz method to produce a set of nonlinear algebraic
equations which are solved by numerical iterative techniques.

The results of the "Intermediate Theory' are compared
with the classical nonlinear differential equation solutions

in order to justify the adequacy of the approximate procedure.




ii

The problem of the vertical column is examined as
a first step to justify the latter considerations. The
entire mathematical process is then used to investigate
the behavior of a slanted column where the axial force does

not align with the column axis.
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CHAPTER I

INTRODUCTION

1.1 Historical Review

In the theory of elastic stability of an elastic
column, certain traditional assumptions have become standard.
Examples are incompressibility, or zero center line strain,
zero shear deformability, unchanging cross section during
buckling. This is by no means true. There is much that is
still unknown about the true behavior of the elastic column.

On of the earliest nonlinear problems to arise in
the field of applied mechanics is the problem of the "elas-
tica'", in which a slender elastic column initially straight,
is held in a bent position by end forces and moments.

As Koiter(l)* says, ''the problem of elastic stabil-
ity belongs inherently to the domain of the nonlinear theory
of Elasticity'", although satisfactory results may be obtained
from a linearized analysis in many important practical cases.
Kirchhoff's uniqueness theorem(z) which has a central role
in the classical linear theory of elasticity is no longer
valid. 1In fact, the simplest form of a loss of stability
manifests itself in the appearance of more than one solution.
In other words, a structural element which has a particular

*.Nu@ber in parenthesis refers to literature cited in the
Bibliography




dimension much smaller than the remaining dimensions--such
as bars, thin plates and shells--is liable to exhibit more
than one équilibrium configuration under a given external
loading, thus evading Kirchhoff's Law.

In the interval between the discovery of Hooke's
Law and that of the general differential equations of Elas-
ticity by Navier, the attention of those mathematicians who
occupied themselves with our science was chiefly directed to
the solution and extension of Galileo's problem, and the re-
lated theories of the vibrations of bars and plates, and the
stability of columns. The Galileo problem attempted to de-
termine the resistance of cantilever beam, when the tendency
to break it arises from its own or an applied weight. He
concluded that the beam tends to turn about an axis perpen-
dicular to its length, and in the plane of its support. The
first investigation of any importance is that of the elastic
line or elastica by James Bernoulli(B) in 1705, in which the
resistance of a bent rod is assumed to arise from the exten-
sion and contraction of its longitudinal filaments, and the
equation of the curve assumed by the axis is formed. This
equation practically involves the result that the resistance
to bending is a couple proportional to the curvature of the
rod when bent, a result which was assumed by Euler(h) in his
later treatment of the problems of the elastica, and of the
Vibrations of thin rods. As soon as the notion of a flexural
couple proportional to the curvature was established, it
could be noted that the work done in bending a rod is propor-

. (5)

tional to the square of the curvature. Daniel Bernoulli



suggested to Euler that the differential equation of the
elastica could be found.by making the integral of the square
of the curvature taken along the rod a minimum; and Euler,
acting on this suggestion, was able to obtain the differen-
tial equation of the curve and to classify the various forms
of it. One form is a curve of sine functions of small ampli-
tude, and Euler pointed out that in this case the line of
thrust coincides with the unstrained axis of the rod, so that
the rod, if of sufficient length and if vertical when un-
strained, may be bent by a weight attached to its upper end.
Further investigations led him to assign the least length of
a column in order that it may bend under its own or an ap-
plied weight. Lagrange (6) followed and used his theory to
determine the strongest form of column. These two writers
found a certain length which a column must attain to be

bent by its own or an applied weight, and they concluded
that for shorter lengths it will be simply compressed,while
for greater lengths it will be bent. These researchers are
the earliest researchers in the field of elastic stability.
In Euler's work on the elastica, the rod is thought of as

a line of particles which resists bending.

The foundations of the general theory of elastic sta-
bility were laid by Poincare(7) (1885) in his classical paper
on the stability of rotating liquid masses. Using the con-
Cept of generalized coordinates, he studied the equilibrium
Path configurations in the vicinity of a critical equilibri-
Ul state and indicated the possibility of limit points,

having devoted most of his nonlinear analysis, however, to



branching conditions. He showed that a loss of stability is
normally associated either with a limit point, which repre-
sents :a local extremum on an initially stable path, or with
a point of bifurcation at which the fundamental equilibrium
path intersects a second distinct path, and an exchange of
stabilities occurs. Poincare's theory provided a valuable
insight into the nature of the loss of stability, and al-
though it was developed in terms of generalized coordinates
for mechanical systems, it describes the overall buckling
characteristics of a continuous body as well.

The elastic stability of bars considering the effect
of axial compressibility was studied when the buckling of
1(8)

helical springs was investigated, first by R. Gramme in

1924, later improved by C.B. Biezeno and J.J. Koch(g) in
(10)

1925, and later more by J.A. Haringx who introduced a

rational approach to consider the shear effects. Timoshenko

(11)

and Gere made a brief introduction to these methods.

In 1958, John V. Huddleston(lz) used a modified
Bernoulli-Euler formula that allows for the consideration of
the effect of axial strain for predicting the buckling loads.
A similar approach which included the effects of axial strain

~ Was done by J.J. Stoker(l3), 1968 in his text Nonlinear Elas-

ticity, by using the minimum energy principle to obtain a
Variational problem. The investigations of these authors
ctonsider the case when the column is subject to an axial com-
Pressive load applied at the ends.

The stability of a slanted column was investigated

by R.von Mises(la) in 1923 when he developed a theory which



was applied later by him and J. Ratzersdorfer(ls)

in 1925,
1926 to various cases of laced columns. In recent years,
Chin-Hab'Chang(16); using the variational method studied the
buckling behavior of a élanted column. An intermediate de-
flection theory, was used with an approximated expression of
the axial strain to include the effect of it in the buckling

behavior.

) Thesis Purpose

The purpose of this thesis is to investigate the
effect of axial strain on the postbuckling behavior of end-
loaded columns subject to large deflections, the problem is
defined as "elastica'" for the case where axial strain is
neglected.

A nonlinear elasticity with small strains is used to
define the "true'" strain function from which a column subject
to an axial compressive load applied at the ends and later
in the case of a slanted column. A strain energy expression
is formulated. The minimum potential energy theorem is uti-
lized to obtain the required conditions of equilibrium. A
special "Intermediate Theory" of large deflections as pre-

sented by Dym and Shames(17)

is utilized to solve the equi-
librium equations.

A column subject to an axial compressive load applied
at the ends is first investigated. The mathematical results
are compared to the numerical solution of the "exact' numeri-

(12)

cal differential equations given by Huddleston to justify

the acceptability of the "Intermediate Theory'" procedures.



Finally, the entire mathematical process is used to
investigate the effect of axial strain on the postbuckling
behavior of slanted columns where the end compressive force
is not aligned with the longitudinal axis of the column.

1.3 Process of Development

This thesis is divided into four main parts

1) Chapter II presents a historical background of the
Elastica problem. In addition, the definition of
a "true'" strain function formulated from a Nonlinear
Elasticity with Small Strains Theory.

2) Chapter III includes the development of the total
Potential energy for the nonlinear system utilizing
the strain functions defined in Chapter II. The
Minimum potential energy method of Variational Cal-
culus is used to obtain the nonlinear differential
equations required for equilibrium conditions for
the case of the vertical compressible column.

3) Chapter IV develops the Intermediate Theory of analysis
for the vertical column and includes an iterative
numerical solution technique to determine load versus
deflections for the element.

4) Chapter V presents a solution of the slanted, elastic,
axially-compressible column postulated on the concepts,
definitions, and techniques developed in Chapters II,

III, and 1IV.



CHAPTER II

DEFINITION OF STRAIN

2.1 Nonlinear Elasticity with Small Strains - Background

The classical theory of infinitesimal strain or linear
elasticity defines the buckling behavior of columns assuming
"small" end rotations. In Figure 1 the angle 90 (End Rota-
tions) is treated as a '"small" angle, that is, sin 96=60 and
and cos 90ﬁ=1.. In other words, the linearization of the
problem is performed. " In addition, the following assumptions
are made: The column is infinity stiff in axial and shear
deformation, and changes in the cross section geometry due
to the Poisson's effect in the deformed state is neglected.

To attempt the solution of the effect of the axial
strain on the true behavior of columns under buckling loads
and postbuckling loads, the present work establishes the fol-
lowing assumptions:

Strains are small, when the components of the strain
are small compared to unity (see p. 3(13); P. 431(17);
Sokolnikofs, p. 33¢18), A.E.H. Love, p. 59(1%)).

Planes normal to the center line in the undeformed
State remain plane and normal to the deformed center line.

No conditions are imposed on the strain of the center

line other than smallness (as is usually done for large
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displacements) .

No assumptions are made on the order of relative mag-
nitude of derivatives of displacements (as is done for small

displacements) .

Hooke's Law in its usual form is used, however, dis-
placements out of plane are not permitted, as well as, shear
deformation and changes in cross-section due to Poisson's
effect are neglected.

2.4 Strain Analysis

With the assumptions previously established, the fol-
lowing procedure is used. First, a center line strain func-
tion is absence of axial deformation is obtained. Secondly,
a center line strain function in presence of axial deforma-
tion is formulated. Finally, a strain function at any point
on the cross-section (above or below the center line) is
defined for each of the latter two cases.

Consider an elastic and prismatic column (see Figure
1), AB, of length L, width b and depth h, under the action
of an applied axial end force P with pinned-pinned end sup-
ports, experiencing axial strain and large rotatioms.

2.2.1 Center Line Strain of an Incompressible Column

Referring to Figure 1, noting the curved element AA'
of finite length S, an infinitesimal increment A'B' of length
ds is defined. This latter element is enlarged and shown in
Figure 2a. The geometric continuity relationships are deter-

Mined from the constraint geometry shown in Figure 2b, where
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(o}

Figure 3a. Deformed Element Geometry-Incompressible Column

ds

Figure 3b. Undeformed Element Geometry
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ds

Infinitesimal increment of length
h = The height of the cross-section of column

de = Infinitesimal increment .of angle and a central angle .
subtend by A'B'

/ = Instantaneous radius of curvature

N-A = Shows the neutral axis of '"center line'" of cross-
section

Y = The coordinate that locates any point within the
cross-section

To investigate and obtain the strain function, the
geometry shown in Figure 2b is now enlarged and shown in
Figures 3a dn 3b. In these Figures are displayed the deformed
and undeformed geometry, respectively.

The dash line x-x in Figure 3a describes the vari-
ation in displacement along the cross-section. It is obvi-

"

ous that the neutral axis or ''center line'" does not have
strain. The displacement at any point above or below the

neutral axis is defined by length ab of infinitesimal length

S.
From Figure 3b on the triangle aAb, it follows that
46
N\
L y
WV,
A A
§ = 1 sin (de) Fig.-4 Infinitesimal

Strain Triangle
But for small deformations (as is done for large displace-
ments) sin (de) = de and 1=y

Then,

[&s = 1(de) or Ns = y (de)
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From similar triangles NOA and aAb (see Figure 3a and Figure

4), one obtains

Ns = y =€ (2-1)
ds

/

which is the strain function, where € is the strain at any
point on the cross-section, and as described previously the
neutral axis or center line has zero strain. (i.e. € = 0 for

y = 0). The curvature function is now computed by noting

As = As and sin (de) = de = As »
1 y ¥
From Equation (2-1), it follows that
ds

de = 77

taking the differential of both sides of the latter equation

with respect to s gives

oot oy

or
de = 1

Combining Equations (2-1) and (2-2) yields

€=y gg (2-3)

which is the strain € expressed in terms of angular coordi-
nates, arc length, and distance above the neutral line.

2.2 Center Line Strain of a Compressible Column

In a manner similar to that used in Section 2.2.1,
an enlarged view of the deformed columm illustrating angu-
lar coordinates is shown clearly in Figure 5. Examination
the element of arc length ds bounded by two adjacent cross-

Sections of the columm is made. Prior to loading,



Figure 5. Deformed Element Geometry-Compressible Column

14
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(undeformed shape shown in Figure 3b), these cross-sections
are parallel to each other. After the column has deflected,
it has the appearance shown in Figure 5, along with a subtended

central angle de. From Figure 5 it follows that,

AB = € ds (2-4a)
M o='(L + €,) ds (2-4b)

Using a similar procedure as in Section 2.2.1, gives:

/’* de = (1 + GO) ds,

which upon differentiating with respect to s yields
(1 + Go)

de _ 5

The total strain at any point on the cross-section

becomes

g = Cbending T Boxial~1dad = 55 T % (2-6)

Noting the definition of the bending strain,

¢ = Ls

b ds ¢

it follows from Equations (2-1) and (2-2) that

- e

Applying the results of Equation (2-5) to the latter equa-

tion gives

R- . (1 + €,) (2-7)
7 F

N°ting the classical definition of strain, the axial strain

18 defined as

1 Bl <+ GO) ds - ds

€ - -
i ds €o (2-8)
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2:8+3 Strain of a Compressible Column

Using the results obtained in Section 2.2.2, the
general strain function is developed below..
| Defining the strains due to tension as negative and
strains due to compression as positive, it follows that,
strains due to axial compressive load are positive (+4)
strains due to bending (see Figure 6) for positive "y" are
T

negative (-), or tension and for negative 'y'" are positive

(+), or compression.

JRE

R W |
%

Figure 6. Column Cross-Section

The final expression of € at any point on the section

becomes

€ = "y_/yo-— + €O (2"93)

k= 1] (2-9b)

the "True" strain function definition becomes

€ = eo = (1 + eo) ky (2-10)
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CHAPTER III
EXACT COMPRESSIBLE COLUMN THEORY

The nonlinear differential equations of equilibrium
are formulated utilizing the minimum potential energy the-
orem of Variational Calculus. The potential energy of the
compressive force P and the internal strain energy of com-
bined bending and axial strain are computed as initial steps
in the process.

3.1 Formulation of the Variational Problem

YA

5. Ymax
P S
L
Figure 7. Column Center Line Geometry
The axial shortening of the column D (see Figure 7)
becomes 4
L
- 1. _Lcos e ds (3-1)

From Equation (2-5) ds is replaced by (1 + 60) 5
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Then, one obtains

L .
A= L - J(l+€o)coseds

o

or ' i A T :
. L
i ORI {‘U’Sl + €.) cos e - 1] ds} | (3-2)
The potential energy of force P defined as V becomes
L
-PA = -P [-{L [(1 + €o) cos e - 1 ]ds}]
L
-PA = P{L [(1 4 €o) cos e - 1]ds} = -V (3-3)
The internal strain energy defined as U is given as
U = %jcre dv (3-4)
Y
For bending strain only, noting Equation (2-1),
i
Gb 7 yk

Assuming Hooke's Law in the usual form
0= EE€ = Eyk
where E is Young's modulus. Combining the latter equations

one obtains

1
U = ZJ;J; Eyk . yk dAds

or
B, = %js EI k2 ds where I= JA y2da
and finally,
- 1fmr ks - L [mr (2)2 ?
Uy ZLEI k’ds = 7 | EI 29)24s (3-5)

For the general case when axial strain is included, it fol-
lows from Equation (2-10) that
€ = -
- (1 +€) ky
hence,

= E(c -+ €,) ky]



The general strain energy becomes

T 2
U = 7fv*r:Le:O-(1+eo)kyJ dv
or
U=%]f[€o—2€(1+€)ky+(1+€)k22]dAds.
5JA

Integrating over the area of the cross-section (see Figure 6)

gives

oo, - 2l 0 v ow?]
U = 5| E{bl€ - € + €
2 s o’ “h/2 o) o’y ~h/2

3
B [(1 + Go)zkz—g—-]}ds

or

3
JE{G bh + (1 + € )2k2 }I’-}Z‘— }ds.

But k = ;%F and /ﬂ*de = (1 + €0)ds

& de _

S|
de~ MEBS L oE = MTEr * s

Noting Equations (2-5) and (2-9b), one obtains

" 1 . de
T T T c 3y ds $3-8)

Substituting k into the Strain Energy Expression gives

. 2
b - %LE{A€0+I(1+€0) (1+€) (‘)2}&5 (3-7)

The total energy () becomes
- u-v

L

T = %:LE {AGOZ x IQE} dis & PJ’{(l + €)) cose - 1} ds (3-8)

o
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A constraint condition is added to the energy function to
insure boundary condition compatability. The center line
curve of the column must satisfy the simply-supported bound-

ary conditions g 0

Y (L) 0

This geometry imposes the integral constraint of the form

°dy =0
Noting,
@ d
by ; - b 4
7 sin e = or

dy = (1 + €0) sin e ds
Figure 8. Infinitesimal arc length of the Deformed Compres-
sible Column. ’

Therefore,

L L
lﬁy = _L(l + 60) sin e ds = 0

Introducing the integral constraint into Equation (3-8)

yields
3 2 2 )
i = 7L E {AGO e Te }ds A pjo [(1 + € )cos o - 1] ds
-‘ﬁ J:(l + GO) sin e ds (3-9).

A :
- Where ") " the Lagrange Multiplier is an arbitrary constant

to be determined.

3.2 Solution of the Variational Problem

The first variation of Tl is computed as a necessary

dition for equilibrium, as
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§Pm =0
Performing the individual operations on € and e gives

" . » é L N
5(1)TT =.%L E{A(ZGOSGO) + 213—5 d_(dss,i}ds

L _
- Pjo [(1+ €,)sin 6 de - cos e 5€°]ds

-2 JL[(I + €)) cos e Se + sin e 560] ds

(4

or,

S(I)Tr g J:{EAGO + P cos e - Asine }860 ds

+ f{EIGSag (59) - P (1 + 60) sin e §e - ;\\(1 + Go)cos eée}ds.

]

Integrating the first term in the second integral by parts
gives

S(12rr " JL{EAGO + P cos o - Asin e} de ds + [EIGSSG}:

o

- J {EIGSS + P(1 + €o) sin e + i(l + Go) cos e} deds (3-10)

()

where the subscript s implies the operator gE

Taking E,A,I, as constants setting the coefficients of SGO

and § o equal to zero in Equation (3-10), one obtains
EA€° + Pcos e - isin 8 =0 (3-11)
EIGSS -+ P(l + €0) sin e + i(l + 60) cos e = 0 (3_12)

With the boundary conditions at s = 0 and s = L

‘EithEr EIGS = 0 or © is specified for pinned-pinned condi-

tiOns EIeS = M == 0
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A
The Lagrange multiplier A is evaluated as follows:
multipliying Equation (3-12)byds,and integrating from '"o"
to "L" gives

EIGSS ‘“ds + P(1 + Go)sin e + ds + ﬁ(l 4+ Go)cos e . ds = 0

and

L L A L
‘LEIGSSds + P_L (1 + Go)sin e ds + )J;(l + Co)cos ds = 0

L
Noting the second integral is zero, since _Ldy = (0, it fol-
lows that

Ld A L
EI_L x5 (es)ds + A:L(l + €o)cos eds =0

Integrating the first integral of the last equation gives

o

EI [GS]L + ﬁ,L}I + Go) cos e ds = 0

Since EIGs =M=0at s = 0 and s = L, one obtains

%ﬁl + €o)cos e ds = 0

The integral in the latter equation is nonzero by Equation

(3-2) therefore, ﬁ.s 0 (3-13)

Thus, the simply-supported boundary conditions are uniquely

satisfied by the optimization of Equation (3—8). It should
A

be noted that for a cantilever beam A is not necessarily

"€qual to zero.

introducing Equation (3-13) in Equations (3-11) and (3-12)

g€ + Pcos e = 0 (3-14)

Bes + P(1 +€) sin e = 0 (3-15)
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From Equation(3-14), it follows that

7 Go = -E% cos e . i (3-15a)

which is the center line strain along the length of the

column. For 6 = 0 or cos e =1 at L/2, then

.
€ = “Ea

Equation (3-15) is the basic non-linear differential equation

of equilibrium of the column and is rewritten as

P <
ess + FT (1 + 60) sin e = 0 (3-16)

3.3 Solution of the Non-Linear Equilibrium Equation

The solution of the nonlinear differential equation
is formulated by carrying out quadrature process. Multi-

plying Equation (3-16) by 8> noting Equation (3-14)

P . P P . -
ess . es + gy Sin e - o, - g7 * zF C0s e+ sin e . GS =0
! TR ]
since €o = AE COSs e, one obtains
d

€
1 2 P o 5
G [709% - F[1+3 Jeos o]= 0
Integrating on the variable s gives

€
Z P o)
(eS) = 2 E:—['[ 1+ ——7 ]COS e + C (3‘17)

where C is a constant of integration to be determined by
the boundary conditions

X=0 =o', EIO_=M=0
X=L 0=-o', EIo_=M=0

Then at x = 0, L, Equation (3-17)

~

M

02 - 2 —%[ 1+ —% Jcosod 4 18
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h é - L o'
wnhere o —Af cos
then,

2P ' '
G o - E_I[ 1+ —%Jcos o' » - : (3-18)
Substituting Equation (3-18) into Equation (3-17)yields

1

2P p 2 2 1

es =[ﬁ [cos ® - cosx! - m(cos 8 - cos™ j] (3-19a)

which upon trigonometric substitution becomes

2 o' P
s[ [l 231n 2—-1+231n—2—-zTE-(
7
1 - sinze -1+ sinzot' )]]
or
7
2
GS =[f23—§- (2) (sin -—“—2: - sin 2—)[ 1 - %(cos e + cos ' j] (3-19b)
Separating variables in Equation (3-19b) gives
ds = do r(3-19¢)
[%% [1 - 2g;A(cos e + cosu'j[ ain® 32"— - sin® —g—] ]2-
Integrating the latter Equation yields
L o
] jds L de
A X
4P 1% od Z

EI] [[1 - ZAE(cos e + cos«') ](sin2 G sin 2 g-)]

Uaing the symmetry of the deflected curve about x = L/2
gives

ol
is \[EI
ds \l'z;J 2 de

[ﬁ - % (cos e + cos u’)](sin
(

1

1+ € ) ds from Equation (2-5)
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The last equation becomes

L‘-[l _-E-_gc;os e]ds_=_ A ‘ il
%%_J'“' 2de .
c'[[1 - 2% (cos e + cos o' )][ sin? -2°L' - sin o ]7
L - E——ichoseds =
o
%%J“' 2de T
o[[], - —2-}—1;—& (cos e + cos « ﬂ[ s:'Ln2 21' - sin %]]Z

Substituting ''ds" previously computed in Equation (3-19c)

gives

_Pj'“. 2 cos e de
o

[[l - 2%5 ( cos e + cos o(‘SJ[sinz

2°i' - sin ;—]]%‘

== o!

EI 2 de
+ v o
[[ - —2% (cos e + cos u'i[sinz fﬂ - sin %] ]2
or
S O §
EI 1+ E cos e de
L= pjo 1 (3-19d)
1 - s=+(cos e + cos & sin® % - sin® @
[l - = J[ sin® §2 - s )7

The Euler Buckling load (p. 467, (17)) "PE" for a

inned-pinned column is given as
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which is used as a nondimensionalizing reference point.

Equation (3-19d) becomes ‘

) P
g_=_1_°‘ [1+ﬂ-cose]de ;
ol —(3-19¢)
2

[E. - i(cos e + cos ol')J[ sinziz' - sinzg]]

For purposes of comparison with classical solution (axial

strain neglected),

let sin gsinp' where g= sin o

o
2 2

1 2 u'

2 sin

cos '

cos X'=1 - 2?2.

Equation (3-19e) simplifies to the form

P 1 a .[1 + }E—A cos o ]de, o SN
%" ) :
i [[l - 2,E;A(cos e+ 1 -2 ?2)] (?2 —?Zsin yi)]

Consider e = 2 arc sin (9811’1 #),

then; de = 2 —25°° g dg
‘1 - stin2 o)

which upon substitution gives

P

E 1 & [1+K—E—cose]2d¢
k-
[

- fgx(cos e+ 1 - gz)](l - gzsinzys)

]2'
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Finally noting
2

cos © 1 - 2 sin

N N

cos e =1 -2 gzsin o)

it follows that

"dl"d

9 Jmﬂ [; + %K-cos e(l - 2 gzsin2¢) ]d¢
m
)

T
Z

[[1 - (- 29%in? g+ 1 - 29D A - gPsin’y) J
ar

[ 2 .
P _ 2 'w}.+-§zpos e (1 -2g¢ 51n2¢) _d¢
PE T
o

P 2 B 2 . 2
] ﬁ - EEZ(l - ? (1 + sin ¢2[ 1 - g sin %] } (3-20)

N

To compute the maximum deflection: (Ymax)
A expression of sin e was found as (Constraint of M)

dy
(1 + €O) ds

sin e =

Substituting this expression in 'the basic non-linear dif-

ferential equation"
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Integrating

- o Bl

T?s-'_cl

For pinned-pinned conditions EIeS =0atx=0; x=1L

= . BEI
0 = P © + Cl
Then
C1 =0
= - E—% eS i (3_21)

Substituting Equation (3-19) in Equation (3-22)

1
) Z
X = ~ E%—':%% [cos e - cosx' - Tif(cosze - coszo(')] }

- 0. < ey o e
Ymax at e = 0; then €o— FA COS (o) = A

. 1
Zz
_ EI [&E [1 - cosx!' - -Z%E—(l - coszo(')]:l

1
2

F—%E[(l - cos o(')[l - ﬁ (1 + c?su')]]

1

;o e

= ——ZEI[Z sin? of [1 - sh= GOB" %]]
5

P 2AE
1
- 2 —Ps1n_%'[l--2—P——cosz_°‘2.']2—_
7
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2 P
Ymax _ _ 2 P 2 « |°. \| E
= - 7? -[1 - 5AE COS —TJ o (3-22)
Expression that in conjunction with Equation (3-20) relates
g— versus Ymixand their solution will give the non-linear
E

load-deflection relation. Therefore a description of the

postbuckling behavior is perform.
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CHAPTER IV

INTERMEDIATE THEORY

4.1 Numerical Solution

The solution of the problem formulated in Chapter III
is most conveniently performed and easily carried out. By
a numerical technique, as preseﬁted by Dym and Shames(17),
The numerical technique utilized to solve the Basic Non-
linear Differential Equations (3-14) and (3-15) is an ampli-
fied form of that empléyed by these authors

The process consists of using a power series expan-
sion of the trigonometric functions present in the potential
energy function. The functions are expanded in terms of the
powers of the derivative term (dy/ds). Next the classical
Rayleigh-Ritz process is applied to the expanded potential
function. The resulting function is integrated and evaluated.
Lastly, the latter function is extremized to obtain a final

function that relates P/Pe versus Ymax/L.

Express cos o as follows, noting g§-= sin o

cos o = (1-sin’e)* = [ . [Qzﬂ ;

ds
6‘5
/_< & dy

. dx
Fig. 9. A Deformed Curved Segment ds

Using the binomial expansion
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2 4 6 8
=1-1 (dvy _ 1l (dyy" L (dyy" _ 5 éz) -
cseo=1-7(F) -5(8) -EE -x@ -
From which one uses the following terms:

cos 0 =1 - 3(8) " - § () LSRRG

Similar procedure is used to obtain the curvature expression

noting that e = arc sin(g%)

-1
- g e o 2] - @] * (€1
expanding ‘
| 1
- a@ @ |G
To finally use:
3
ooy (@ ] @y o

Substituting Equations (4-1) and (4-2) into Equation (3-8)
of Chapter III, the total potential energy T is approxi-

mated by the expansion

2 (b 2 4] 2
ek r @ @] e
ET [ 1dy22d22 g 1 (dy\2. 1pdy\* P
7_L1+7(a§) (d—s‘}z’) dS+PJ°{1'Z(ds)'§(E%)'PT&

B 1 (d 2 1 dnyt 2
@ @ e

*ter simplfication one obtains
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2 { iz e s
"='mo{1-7(ds) - s\ ds +

of v -]

L 2 2 2
Bl € e @

Continuing with this numerical technique the Rayleigh-Ritz
method is employed (see p. 407 of (17)) using the eigen-
m_n TTS

function with '"s'" as the variable, that is y = B sin T

as the single coordinate function. This function satisfies
the geometric and natural boundary conditions of the pinned-

pinned column thus

at: s=0; s=1L y =B sin o =0
= £ = i =
s =3 y B sin ) B

The derivatives of "Y', that is,y = B sin l%i (4-43a)

Taking a = By (4'4b)

(4-4c)

Substituting this latter values into "TT'", Equation (4-3)
;?ields
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2 2 ; 4 2
W:-gﬁj [1-a—2cos2rrs -—S—COSAWT:] ds +
» ° - » -

s - 4
Pi {-—i?‘—‘cos2 —%i - iS' cos4 -%si ds +
EI 2 : §
~Z ) [1 + EZ cos l%ﬁ} [- ét-s1n l%i ] ds (4-5)
Upon integration and algebraic manipulation, Equation (4-5)
becomes
2 2 6 8 4
N a * _ & ,'Ja  Jia |l PL) 2, 3a
= A[ z+m+ﬁ§‘7{a“7]+
EITT L a4 3 a6
e M (4-6a)

Using Po (Euler Buckling Load) which is defined in Chapter

ITI, to nondimensionalize the above T expression yields

P_L & e 4
i ="E 2 . 8 a _ |2, 3a P\ _
4[a+1+ﬁ F* (ﬁ

22 P |, _a?, 52 3548

EA & Pp —7 128 ° 8192 (4-6b)
Extremizing T of Equation (4-6b) with respect to "a", that
1s 4%%— = 0, which is a necessary condition for equilbrium:

4 6 2 4
%Kx%[z-—ﬂ—lsa-m3sa}-{2+375‘7}<—)+2+a2+3—i‘6=
(4-7)

From the expression 3

N the following expressions are obtained:
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SR R - | s p L. 3 ¢ r)z
T E e ¥ = x7+xL xTW =P x(— x T
EA - EA * ;2 112 e - \L
where r = d% is the classical radius of gyration.

- 2
Defining R = (i:) which is the reciprocal of the square of

the slenderness ratio that defines the buckling loads or
critical stress in a simple prismatic column.

Thus,

d
ae)

T = £ R (4-8)

substituting Equation (4-8) into Equation (4-7) one obtains,

2
4 6 2 3a P
15a 35a 2 (P -12 + =)+
{2‘—37—‘ _STZJ e (I—’E) [ ZJ(PE)
u
4
2 3a =

Equation (4-9) is solved for the value of %— given a partic-
E

ular value of a, where a is defined from Equation (4-4a) as

follows

S=L/z
Noting Equation (4-4b), one obtains

- @nd hence,

max - o (4-10)

€ latter equation relates the paramenter a of Equation

4-9) to the maximum deflection of the column.
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Equation (4-9) is recast in the following algebraic form

2
2\(P P -
A (RT )(EE) - B (lz) +C=0 (4-11a)
where
0 4 6

. 15a” _ 35a .
A= |2 - 39 512} (4-11b)

) 3a2
B= |2 + —K—J (4-11c)

P IR T,

Then, using the quadratic formula, one obtains

p _ B1\8% - sruic
Pg 2ARTTZ (4-12)
which is the function that relates %‘ and Ymix . Four

E

special cases of parameters are defined:

1) B2 4AR.W2C §~ has real wvalues
E
2 _ 2 P
LL) B™ = 4ARTT“C P repeated wvalue
E
2 2 P ;
I1I) B 4ARTITC P has complex values which
E
have no physical meaning
V) R=0 Classical Elastica Condition.
4.2 Solution of Buckling Loads

To obtain the buckling loads, Equation (4-1la) is

Ymax
L

used with = %F-= 0 and for different values of R.

Since Equation (4-9a) is a quadratic equation, one obtains

a set of bifurcation points. (see Table 1; FigureslO and 11).
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A bifurcation for the case R = 0, as given by Equation (4-1la)
becomes
'P . . "
-2 (5—-)+2=0
(E)
! : A
S | , (4-13)

It should be noted that the latter bifurcation point defines
the special case of the Euler buckling load for the bending
mode of stability.

A trifurcation point exists for the special case of

repeated roots (see Figure 10)

For BZ = LARTT2C

From Equation (4-12)

22 _ 4 x RTW2 x2 =0
® - 4-an = 0.02533029 B -142)
and substituting (4-1l4a) into (4-12) giveé P& 2 (4-14Db)

Pg
The trifurcation point the defines the limit between the
higher and lower modes of postbuckling behavior, and also

the limit of pure axial compression mode behavior. (see

Figure 10)

The case of R>0.02533029, defines the pure axial
Compression mode with no bending. The column theoretically

shrinks to a zero length condition, (see Figure 10)

With Ymax
A L

= 0 Equation (4-9a) becomes
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2 nZR(IE—E) -2(3) +2=0 (4-15)

Solution of Equation (4-12). yields

P + 2

a2t ‘h-zlen R i 2
4 TR

or

P 1 2o 1 1

= —5— - (4-16a)

e 2m®R \14 méR? TR

Table 1 gives some dimensionless buckling loads for several

values of R, as obtained by solving Equation (4-16a)

TABLE 1
R P/PE P/PE
0.0 -- 1.00000000
0.01 1.12488712 9.00723125
0.02 3.69500193 1,37105725
0.025 2.25782280 1.79502455
0.02533029 2.00000000 2.00000000
0.03 Complex Complex
0.05 Complex Complex
DIMENSIONLESS BUCKLING LOADS
4.3 Solution of Postbuckling State

The postbuckling state is obtained by finding the
pPostbuckling loads, as determined by Equation (4-9a), for
several values of Ymax/L and different values of R. As in
the case buckling loads, the quadratic equation (4-9a) gives
two sets of solutions. The numerical results are tabulated
in Tables 2a to 2g.

In the Tables 2a to 2g, the column entries Ymax/L,

P/Pg, P/Pp, are self explanatory, column entry A/L and the
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two values of €o are developed below.
From Figure 10, [\ is defined as the displacement
~along the X axis or the underformed column axis. The
numerical value of ZXis computed from Equaéion (3—25, tﬁat

is,

= - [ J— &1 + Go) cos e - 1J ds J

which is as a function of the expanded forms of cos e and

g% using Equations (4-1) and (4-2) respectively, first
substituting Equation (3-15a) into the latter equation, one

obtains

A= -[.gL%os e ; %K cos e - 1] d%]

o
then, upon substitution of Equation (4-1), it follows that,

S Py

mn_mn

Substituting the derivatives of '"y'" as obtained in Equation

(4-4c) gives

2 4
[ = éf cos2 J%i - ig cos4 —Tfﬂ - 1] ds]

ter integration and some algebraic simplifications one
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obtains
A _ 1[4P [1 o2 6 8 4
—= B o | G|l = 5a 35a 2 3a
HETR LT ERL T S g 8192]+ (a ¥ ‘IEJ] (4-17)
or by substituting Equation (4-7), yields
2 6 8 4
A _ 1 P P a 5a 35a 2 3a
g Tu ["g T R[l SR TET m]* [a % *IG] (4-17a)

This equation is solved simultaneously with Equation (4-9a)
and the results are presented in Tables 2a to 2g. Figure 11
shows a plot of P/P, versus /\/L for various values of R
equal or less than 0.25533. This plot shows clearly the
bifurcation points and the postbuckling path that the system
must follow in a minimum energy state for a given displacement.

In Figure 10 are plotted the values tabulated in Table 1 for

the Buckling Loads which are the intersection of the curves
with the vertical axis, and in Tables 2a to 2g for the Post-
buckling Loads which are the curves themselves.

To evaluate €o, the center line axial strain as

defined in Chapter II, Equation (4-9a) is used as follows:

2
ARTTZ(;—E) . B(g—E) +¢C=0

‘Where Equation (4-7) is substituted to give

z
Ak (5) - (F)+c-o

SO ]_ving for IE)_A
= C
A= x - —p= (4-18)
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For the case S = 7 © 7 COs e = 1, and € = Go BA
max
Thus,
B C ,
€ =2 - (4--18a)
o A P
max A (ﬁ—)

These values are tabulated in Tables 2a to 2g. It should be
noted that the value €o is bigger than 1 for values of

Ymax:'>,0.25 for the case of the higher mode of postbuckling.
L
This is inconsistent with the definition of strain given in

Chapter II. Therefore, the higher values of %— for Go > 1
E

shown in the tables are beyond the limitations of the theory

and should be interpreted as such. A close agreement for

(12)

values of %— and 60 < 1 as given by the exact theory

E

and the intermediate theory is observed for Ymix £ 0.25 (see

~Appendix A).
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Ymax/L

.05000000
.10000000
.15000000
.20000000
.25000000
.30000000
.35000000
.40000000
.45000000
.50000000
.55000000

P/PE (higher)

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 2a

R = 0.0

P/PE(lower)

e i

00311253
.01277732
02989213
.05571161
.09159168
.13877668
«19827795
.27080790
.35684895
.45665234
57031912

H O O O O O O O O o o

AL

.00619704
.02513062
.05782809
.10600173
.1720487

.25905111
.3707759%
.51167509
.68688536
.90222847
.16421105

€°(higher)

€°(1ower)

18
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Ymax/L

.05000000
.10000000
.15000000
.20000000
.25000000
.30000000
.35000000
.40000000
.45000000
.50000000

P/PE (higher)

9.
9,
9.
10,
.62421783
15.
£
56,
-86.
-22.

12

09994531
39638275
95974422
93096899

84646370
40358897
11944205
13041145
11163341

TABLE 2b
R =20.01

P/PE(lower) AY)?

1.12738763 0.11609308
1.13512538 0.13163868
1.14867101 0.15865931
1.16857217 0.19885844
1.19491354 0.25476259
1.22694910 0.33000125
1.26293576 0.42981493
1.30024170 0.56182913
1.33580545 0.73707792
1.36662305 0.97121189

€O(higher).

o N H H H OO O

| 1
N 00

DIMENSIONLESS POSTBUCKLING LOADS

.89812860
.92738581
.98298735
.07884340
.24596036
.56398328
.30984165
.53876692
.50073088
.18233074

O O O O O OO © o o

O(lower)

.11126870
.11203239
.11336928
.11533345
.11793324
.12109502
.12464676
.12832967
.13183882
.13488029

A
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Ymax/L

.05000000
.10000000
.15000000
.20000000
.25000000
.30000000
.35000000
.40000000
.45000000
.50000000

P/PE(higher)

. 74334632
.89739481
. 18851120
.68714819
.55881049
.18338954
10.
27
=43,

N PP W

-11

98832439
37717849
71330365

.66748317

TABLE 2c
R = 0.02

P/PE(lower) ZX/L

1.37032015 0.27335051
1.36835926 0.28191510
1.36569641 0.29759184
1.36262239 0.32255426
1.35881049 0.36016692
1.35331686 0.41556619
1.34493797 0.49652070
1.33266838 0.61448396
1.31600065 0.78578216
1.29497800 1.03296241

v D PO O O O

1 1
N 0o

DIMENSIONLESS POSTBUCKLING LOADS

eo(higher)

.73890695
.76931490
.82677897
.92520557
.09567516
.41794426
.16900830
.40403843
.62866028
.30306887

€°(1ower)

O O O O O O O o O o

.27049036
.27010329
.26957767
.26897088
.26821844
.26713404
.26548011
.26305819
.25976810
.25561841

%
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Ymax/L

.05000000
.10000000
.15000000
.20000000
.25000000
.30000000
.35000000
.40000000
.45000000
.50000000

P/PE(higher) P/PE(lower)

o U AW NDNDNDN

.32878133
.51870620
.82142281
.28391368
.03063177
+383519905
.47090383

21.
=33
.56209041

61769862
22436391

e e e e

TABLE 2d
R = 0.025
A/L
.77215184  0.43562679
.69389706  0.42247371
.62194328  0.41376664
.55590279  0.41508836
.49702078  0.43111433
44416607  0.46782868
.39570606  0.53389009
.35017888  0.64187475
.30652150  0.80961591
.26408627  1.06174757

€°(higher)

wi N P O O O O O

! |
N o

- DIMENSIONLESS POSTBUCKLING LOADS

.57460376
.62146584
.69615818
81027322
.99451853
.32874461
.09081174
.33395334
.69126343
.35935124

©O O O O O O o o o o

Go(lower)

43479354
.41795235
.40019846
.38390362
.36937507
.35633370
.34437667
.33314328
.32237127
.31190078

KA
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Ymax/L

.02500000
.05000000
.07500000
.10000000
.15000000
.20000000
.25000000
.30000000
.35000000
.40000000
.45000000
.50000000

P/PE (higher)
' 2.08345773
.17809099
.28638468
.41164870
.73259773
.20162358
.94662410
.28907401
.33858902
.31701710

2

o UL LW W N DNMDNMDN

N
=

-34.
-9,

78147338
45194371

P/PE(lower)
.92583081
.85949822
.79986587
. 74602406
.65282882
.57508381
.50895030
.45123920
.39936462
.35136940
.30590472
.26214188

e i i i i

TABLE 2e

R = 0.02533029

H O OO O O OO0 O O O O

A/

48151668
.41°533621
.4 150281
44011249
.42533669
.42303269
.43662879
.47162306
.53647835
.64371124
.81117871
.06360650

€o(higher)
0.52087443

bt D P O O O O O O

1 i
N o

DIMENSIONLESS POSTBUCKLING LOADS

.54452275
.57159614
.60291218
.68314943
.80040590
.98665602
.32226850
.08464725
.32925427
.69536834
.36298593

O O©O O O O OO O © o o o

O(lower)

.48145770
46487456
44996647
.43650601
.41320721
.39377095
.37723757
.36280980
.34984116
.33784234
.32647617
.31553574

SY
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Ymax/L

.22623463
.23000000
.24000000
.25000000
.30000000
.33000000
.37000000
.40000000
.45000000
.50000000

P/PE (higher)

O U A NN

.14639939
#35753595
.61158682
.82892103
«$1691730
.40109645
.01285739

7.
-29.
.15080272

77121652
56217373

P/PE(lower)

H - R P P B R EN

TABLE 2f

R =0.03

.14639939
97925358
.85190354
.77745610
.57422031
.49833429
.41861300
.36868139
.29730506
~2B579926

H O O O O © O O o O

AL

.61663179
.5797607

» 32391901
.54116405
.53214593
20212311
.60608530
.67005575
83312311
.08936783

€o (higher)

v N B O O O O

| 1
N 0o

DIMENSIONLESS POSTBUCKLING LOADS

63552339
.69803842
« 11325986
.83760994
21897035
.59920056
.66860011
.26184630
.75300880
.41335595

O O O OO O o o o o

O(lower)

.63552339
.58603349
.54832666
.52628366
46619775
. 44563700
. 42003448
.40525031
.38411661
.36590550

9%



O O O O O O O O O o o

Ymax/L

.34669980
.35000000
.36000000
.37000000
.38000000
.40000000
.42000000
.44000000
.46000000
.48000000
.50000000

P/PE (higher)
.38790114
88249923
.69973981
.58613179
.73346566
.02873183
.30181957
24187225
.06848997
.30182299
.29120869

(G O A

TABLE 2g

R =0.05
P/PE(lower) A/L
2.38790114 0.92876349
2.05080571 0.85012534
1.80185058 0.79982824
1.67275044 0.78245711
1.58250168 0.77802003
1.45520693 0.79233041
1.36427944 0.82972419
1.29327795 0.88756835
1.23493195 0.96596439
1.18535261 1.06624467
1.14220662 1.19050590

€°(higher)

AN DN H=H - -

DIMENSIONLESS POSTBUCKLING LOADS

.17838199
.42245636
.82574842
.26316533
.82935189
.94898079
.45986837
.87160753
.95556109
.60330521
.61110683

O O o0 ocoocooco o -+

€o(lower)
.17838199
.01203205
.88917762

.82546926
.78093320
71811583
67324490
.63820697
60941449
.58434806
.56365637 °

LY
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o

R =0.02
R =0.01
R =0.00

o ol 02 03 0.4 08 Y max/L

FIGURE 10 DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
VERSUS YMAX/L, FOR VARIOUS VALUES OF R.
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CHAPTER V

POSTBUCKLING BEHAVIOR OF COMPRESSIBLE SLANTED COLUMNS

5.1 Definition of the Problem

Using the results obtained in the Exact and Interme-
diate Theories developed in Chapters III and IV respectively
a solution of the postbuckling behavior of compressible
slanted column is now presented.

The basic model of a Mises<15) Truss shown in
Figure 12a.

Because of symmetry, the structural displacements of
such a truss subjected to a vertical load at the central joint
may be analyzed by a single slanted column. Hence, one of
the pinned-pinned members is isolated as shown in Figure 12b,
in which the end B displaces only in the vertical direction.

Figure 12c shows the prismatic compressible slanted
column in its postbuckled state. This geometry is used to

develop the geometric constraints as well as to define the

total Potential Energy, from which after wusing the varia-
tional method, the basic non-linear differential equations
are obtained. Finally, the Intermediate Theory is used to
Solve these equations. Tabulated buckling and postbuckling
loads are presented, also these values are plotted in several
8aphs showing the postbuckling behavior and its relations

V  Ymax

With the different parameters, such as R,e, I T




(explained later).

—¢ of symmetry

Figure 12b. Slanted Column

- 4 §



Deformed Shape

+
¢ of symmetry
K
b |
Column Cross - Section .
L
y
>
]
[«.]
(2]
o
(8]
|
D\

r\\r L sin e
Y‘

Figure 12c Slanted Compressible Column in Postbuckling State
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5.2 Total Potential Energy

Consider the coﬁpressible slanted elastic column AB,
of length L (see Figure 12¢) subjected a compressive force Q,
where "U" is the axial displacement (Rigid Body Displacement
plus Axial Strain) along the axial coordinate (X) and "W"
the lateral displacement (Rigid Body Displacement plus Axial
Strain) perpendicular to the axial coordinate.

Since the pinned end B is restricted to displacemnt
in the vertical direction only, end B induces a geometrical
constraint, that is, the total work done by the horizontal
reaction force must be identically equal to zero.

5.2.1 Geometrical Constraint at End B

B
% i

Figure 13a. Components of the Displacement

From the right triangle shown in Figure 11, one obtains,

tan o« = Y (5-1a)

Since tan o« = 30

-——— , it follows that
cos X

Weos o - Usin ot = 0 (5-1b)

F°tin8 from Figure 13a that,

—

b = Usinx = Wecos
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Equation (5-2a) defines zero horizontal displacement.

Then defining "H" as the horizontal reaction at end B, it

follows that

H[ Wecosx - Usinx ] =0 (5-2)

5.2.2 Evaluation of the External Work Done

Figure 13b. Components of the Load Q and Reaction H

Work done by Load Q and H:

From Figure 13bone obtains the work done by the Load Q and

Reaction H as follows:

Wiy = (WQeosx + (WHsina  (Work along X ) (5-3a)
W(y) = (WQsinx - (W)Hcosx (Work along Y ) (5-3b)
Noting total work W, =W + W_, that is,

& W as Wp ot %
Wy = [Qeoset  + Hsinx JU + [Qsinx - Hcosex W (5-3c)

Evaluation of U and W, using the same procedure employed in
Chapter ITT to evaluate /\ (see Equations (3-1) and (3-2),
_N°ting from Figure 12c that the tangent at any point A' along
the deformed shape of the column makes an angle with the

€00rdinate axis X equal to(e + ) , it follows,
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L
U=1L - fo (1 + €o)cos(e + 2A2) 'de (5-4a)
or

L
U= - [J [(1 + €o)cos(e + ) - 1] ds} (5-4b)
and )
W= j(l + €o)sin(e + A) ds (5-4¢)

The Potential Energy of force Q and reaction H

defined _as V becomes

L
-V = - [Qcosm + Hsincx] [- f [(1 + eo)cos(e + R = 1] ds]
+[ Q sinx - Hcosax] l:fL(l + €0)sin(e + A )dsJ:I (5-5)

The internal strain energy defined as U is given as,

see Equations (3-4) to (3-7)

L
_1 2 2
U= fj E [AGO A IGS ] ds (5-6)

(]

Therefore, combining Equations (5-5) and (5-6), one
obtains the expression for the Total Potential Energy as
MT=1U-V

L

T= %jo E [Aeo2 + 1982] ds + Qcoscxf [(1 + € cos(e +A)-1 ]ds

(o)

- Qsino(jL (1 + €o) sin(e + A)ds

o

3 Hsin(xJLEI + €o)cos(e + &), - 1 ] ds

|
+ H cosx j(l + Go)sin(e + X)ds (5-7a)
o

Equation (5-7a) is simplified by algebraic minipulation to,

2

o

W—ILEA€2+182d+ L1 (e + A +x)d
= = i " s Qo( +€o)cose )ds

L L
+ H]o (1 + €O)sin(e + A+ x)ds -Elcoscx + Hsino(]j ds (5-7b)
(o]
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Note, that « and A remain constant for a given Q.

5.3 Solution of the Variational Problem

The first variation of the functional T is computed

to satisfy the necessary conditions of equilibrium, that is,

(1)
§m

I

or

(1) L
S T = %L [2EA€O S, + 2Elg—s ﬂaés_el] ds

+ QLL[cos(e + A4+ ®) 560 - (1‘ + Go)sin(e + A+ ) Se]ds

+ H _LLFin(e + A+ o) Seo + (1 + €))cos(e +A+x) Se] ds

Integrating by parts the term with second derivative and

rearranging terms with common variable one obtains,

L L

(1)
S T = [EIBS 558J —5 [EIBSS - (1 + eo)[

o (o]

Qsin(e + A+ x) - Hcos(e + A+ LX%] Seds

[+

L
+J [EAGo + Qcos(e + A+ &) + Hsin(e + A+ 04)-]5 eods

Setting the coefficients of bS) Go, § o, equal to zero and
taking E,A,I as constants on the above 8(1)"[1‘ expression
it follows that,

EAGO + Qcos(e + A+ X)+Hsin(e + A+ %) =0 (5-8a)

EIGSS + (1 + €,) [Qsin(e + A+ x) - Hcos (e + A+ (x)] = 0(5-8b)
The boundary conditions at S = 0, L are either EIeS =M=0

Or 6 is specified. For pinned-pinned conditions

EIeS = M= O.
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To evaluate the expression for €o and H Equation (5-8b)
is integrated from 0 to L. A quadrature is carried out first,

noting

%g[% (es)2 + {1 + Go)[-Qcos(e + A+ ) - Hsin(® +2+0<)]] =0

integration yields

%—-[EI(GS) . BSJ - Q{(l + eo) COS(GA + A+ K) - COS(GB’*‘ A+ o()]J

o
- H[ (1 + GO)[sin(eA + A+ &) - sin(eB +)\+0()]] =0
where eA and GB are the end angles at A and B (see Figure
10) , respectively. Because of symmetry 6 = -GA. Noting

that EIeS = o0 at S = 0,L from boundary conditions, it

follows,

Q(1 + 60) [-ZSin (2+ &) sin GAJ + H(1 + 60) [ZSin eAcos(A+zx)] =0

or

-Qsin(A + X) + Hcos (A+x) =0

and finally,

H=Q tan( A+ ) £3-9)
Substituting Equation (5-9) into Equation (5-8a) it

follows that

e - -hg.T [cos(e + A+ %) + iéggiizg sin(6 +)\+<>l)]

e _Q cos o -
° EA [cos()+o<)] (5-10)
Substituting Equation (5-9) into Equation (5-8b) one

:’"btains the basic nonlinear differential equation as,
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EIo_. + Q(1 + €) [sin(Q +A+x) - 2328\1‘3 cos(© +)+o<)]= 0

or upon simplification

EI6_ + Q(L + €o) [COSS%‘; 2N)] =0 (5-11)
It should be noted that the latter equation simplifies to the
results of the vertical column for the condition &= A= 0
(see Equation (3-15) Chapter III). If in addition Q is
substituted by P and B 0, Equation (5-11) becomes the

differential equation for the Classical Elastica Problem.

5.4 Numerical Solution

The numerical technique presented in Chapter IV is
utilized to obtain a solution to basic Nonlinear Differential
Equation (5-11), that is, the potential energy function is
expressed using the power series expansion of the trigonometric
functions from which upon applying the Rayleigh-Ritz process,

Ymix is obtained. Lastly,

a function that relates %— versus
a geometric constraint fugction is formulated and the dis-
placement U is evaluated. These three functions are solved
simultaneously to find the buckling and postbuckling behavior
of the compressible slanted column. The numerical resluts
obtained are tabulated in Tables 3a.l to 3a.31; 4a.l to 4a.30;
and 5. These values are plotted in Figures 18a to 18f; 19a

to 19f; 20a to 20e; 21 and 22.

Upon substitution of Equation (5-10) into Equation (5-7b) it

follows,

Y 2
= 1 Q cos e 2
T Tfo [EA[_EI' cos (A +X) J + EI6 ]ds
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L
_Q cos e
+ Q 0[1 T X cos(7\+o<7J cos(B +A+ &) ds

=1

L
+ H 0[1 - S—A X cosc(:o,\s+eo<)} sin(® + A+ «) ds

L
- [Qcoso<+ Hsino(]fds
(o]
Substituting Equation (5-9) into the latter expression one
obtains,

F g 2

1 Q cos”e 2

W=—J[—x + EI® ]ds
2 A cosz(A+<><) =

©

L &
+ QL [1 - gﬁ X COS%;S+GU) Jcos(e + A+ &)ds - QcosuL ds
Q
E

% QjL[l ! cos e }sin(?&ﬂx) sin(® + A+ &)ds
0

cos( A+ &)
sinx sin( A+ &) Lds

A~x cos( A+ )

= g cos(xA+ &) &
simplifying
2 L 2> “
= = cos’e EI 2
Tr'— 2EA J i ds -+ —2' 98 ds
ocos (A + o) o

Q cos © cos ©
i Q E[l N cos()\+o<)]{ cos(1+c<)}ds >

- eos ]
= Q Lcos()\+o() ds

and grouping common terms one obtains

r”\=_Q2 l~cosze qa & Q . - cos] | d
2EA ocos(7\+o() . cos(x+el) OCOSG i g

L

EI 2 -
= 6,“ds (5-12)

Substituting Equations (4-1) and (4-2) of Chapter IV
dnto Equation (5-12), the total potential energy is approxi-

ated by the expansion
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2
2 L 2 4
z 9 o a 2 ts _ a 4 1s
B 2EAcos(A+o<5£ [1 ; il 7 TR _L_] ds
2 2
Q Y a 2 s _ a 4 1s
+cos(>\+ﬂjo[[ = g @08 —p=i~ p=cos —yeiEiEas A | ds
2 4 6
N EI;; (L) [az £y §7] | (5-13)

The Rayleigh-Ritz method is employed using a similar single
coordinate function, to that used on Chapter IV (see Equations

(4-4a) to (4-4¢c)), that is

Ymix & Bsin'{s ' (5-14a)

where Y'max is defined in Figure 12c as the maximum deflection
of the column with respect to the auxiliary coordinate axis

X! The next expressions follows with

a =2 (5-14b)
then
dy' _ s

S = a Ccos T
d2 (5-14¢c)
Y o ooq B ogin EE
dsz a 4 sin —

This auxiliary coordinate system is used only to carry out
the variational process which is independant of the angles

A and X which are constant parameters throughout this process
for a given Q. Substituting Equations (5-14b) and (5-1lé4c)

into Equation (5-13) and extremizing TI' with respect to "a"

that is,—%}% = 0, which is a necessary condition of equilibrium

Yields
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2 3
P . L IBIT® () 3 3a 3a
aa‘K[T{zaJ“a —TGJ_Ecos?fx+A72‘a-T]

- peF Loy 152 358l )|
EAcos(xX+x) | 27 764 T T024
Upon simplification and substitution of PE (Euler Buckling

Load for a simple column), the latter expression becomes
4 6 2 4
Q .9 _15a" 358 _ 3a” | Q_ 2, 3a
EA * Pg 37" 31z 2453 pg t o ettt 506
Xxcos(A+x) =0 (5-14)

substituting Equation (4-8) into Equation (5-14) gives

- 35 38 leny @) - o+ 23

E
9 32
+ [2 + a 16] cos (A+X) =0 (5-15a)
Equation (5-15a) is compacted in the following algebraic form
2
2,(Q Q -
ART)(2) - B(2=)+ C(cos(A+x)) =0 5-15b)
(PE) (PE)
where
4 6
a2 - 135 - 338)] T
2
B = [2 + 3_2_} (5-16b)
2, 2a

Using the quadratic formula on Equation (5-15b), one obtains

B _B ¥ \BZ - 4ATT2R cos(A +«)C
E 2ART ¢

(5-17)

Using Equation (4-10) or Chapter IV, that is,
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Ymax _ a

L T

then by analogy, one obtains

S il (5-18)

with Equation(5-18) substituted into Equation (5-17) the
Y 'max

function that relates g— and T, is obtained.
E

In general, as in the case of vertical column pres-
sented in Chapter IV, there are four special cases of pa-

rameters defined as,

I) B2 > 4ARTT2cos(o<+-A)C %— has real values
E
I11) B2 = 4ARTT2cos(o<+-1)C %— repeated value
E
I1I) B2~< 4AR1T2cos(dA-A)C %— has complex values
E
which have no physical
meaning
IV) R=0 Elastica condition for

slanted column.

5.4 Solution of Buckling and Postbuckling Loads

To obtain the buckling and postbuckling loads it is
required to find a function that geometrically relates the angles
X and A. This function is derived from the geometric con-
figuration of the slanted column in its postbuckling state

shown in Figure 1l2c.

5.4,1 Evaluation of Geometric Constraints Relating xand A

From Figure 14 consider triangle AB'C, then

tan (o + A) = ‘ég' - chit‘nf‘v (5-18a)
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g+

L cosa

L cosx-v

I L sinx

Figure 14. Geometric Parameters of a Slanted
Column in Postbuckling State
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From triangle BB'B"

U

V= osa (5-18b)

substituting Equation (5-18b) into Equation (5-18a), yields

tan (X +A) = L i
pp—

Lcosx - ——————}

which upon trigonometric and algebraic simplifications

becomes,
e tan )
tan (X+ A) = 4 T T : (5-18c)
= g IR e
{ L cos 1
note that for
tan (X + ) s

the denominator on the right hand side of Equation (5-18c¢)

must vanish or

U 1 N
1 g i‘- X —2— =0
cos“" X
hence
Umax = (Lcos ¢ )cos X (5-184)

From Equations (5-18b) and (5-18d), one obtains

Vmax = Lcos oA | (5-18e)

which is an obvious geometric constraint observed in Figure
14, 1t is required now to evaluate a function that defines

[ » to be used in Equation (5-18c) in order to obtain a value

of the tan (Xx+ A). The derivation of the value of g is

Presented in the next section.

3.4.2 Evaluation of Parameter U/L

From Equation (5-4b), that is,




L
U=-LE1+€O) cos (6+7\)-1]ds
substituting Equation (5-10) into the latter equation, one

obtains

W = LL[[ i} %\X = C(:g(s+e)\) ]cos(e + %) & 1] .

then, upon trigonometric and algebraic operations it becomes.

U=ch 1 - [cos © cosA - sin e sin - %gx T %&x+1)L

cosze cos A - cos e sin e sin)] ds
then, upon substitution of Equations (4-1)and (5-14c¢) it

follows that,

L 2 4
U=j|i1—{ﬁ—32—coszlll—s-—igcos4 -lLS—] cos A

TS o3 _9 1
- accz)s _L_Slnl AEAXcos(o(+A)[
E. - -&—1-2- cos2 -EL—S- - a—8cos4-¥‘—s]2 cos X
3 5
+[a cos%— a2 cos?’—L-E - §—8— cos5 _TI%S‘;] sin ):]]} ds

after integration and some algebraic simplifications, one

obtains
4
U=%[4 - [4 g e 2B ]cos)«
2 6 8
4Qcos A a 5a 35a 4
+EAcos<o<+;\)[1'—z+Iz—g+mﬂ ed)

For the axial compression mode only a = 0, that is Ytﬁi =0,

and Equation (5-19) becomes

- L [1 ~ COEA ¥ EA3§§?§+A>] k=2l)
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5.4.3 Solution of the Three Simultaneous Nonlinear Equations

Equations (5-17), (5-18c), and (5-19) are solved
simultaneously to obtain a transient solution utilizing an
iterative process illustrated by the flow diagram shown on

Figure 15. The summary of equations used in flow diagram is:

+\.2 2

Equation (5-17) % = B=AB_ - 4ATT2R cos(x +A)C

E 2ART
Equation (5-18) V= _—_U9

COs A
Equation ( 5-18c) tan (®+ ) = tan & ;
[ . El® —2——]
cos &

' L 2 3a4
Equation (5-19) U= Z - [4 - a“ - —IEJCOSA

4Qcos ) , . ac , sd® SEEE
EAcos (o+A) 2 128 ' 8192

The numerical results obtained upon the solution of these

equations are tabulated in Tables 3a.l to 3a.31l for various
values of angles & and the parameters Y—% and e T nep-
P
E

resents the higher mode of postbuckling and

19,— ++ represents the lower mode of postbuckling. A is the
E

,% and % are dimensionless ex-

Pressions of U and V defined in Figure 12c and by Equations

angle defined in Figure 12c

(5-4b) and (5-4c). These results are also plotted in Figures
18a to 18f and Figures 20a to 20e.

3.4.4 Q/Pg versus V/L

The bifurcation points are clearly defined by the

8raphs that relate %— and % Several graphs are presented

E
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START
|
GIVEN FOR & =
ot R 0, 5,10,15,20,25,30,
1 R 35, 40, 45,60, 65,70,
y max/L 75,80, 85,90
) s i
[ A=0 ]
COMPUTE
Q/PEx; Q/PExs Equation (5-17)
COMPUTE E quations (5-19),
u/L;V/L (e
AOld = ANew
COMPUTE :
Equation (5-18¢)
(x+2); A
NO ABS.( A0ld- ANew).
7 L.T. 0.0000000057
YES
STOP

Figure 15 Flow Diagram for Q/PE vs. Y'max/L
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for this purpose (see Figures 19a to 19f). The importance

of these graphs is that they show accurately the postbuckling
path that the system must follow using the minimum possible
energy for a given vertical displacement. To obtain these
values the following functions are needed:

Equation (5-20), that is,

U=1L [1 - cosA + Qcos A ]

EAcos(x + A )
or in its dimensionless form by Equation (4-8)

U_|+1 _ 2. Q cos A _Vv ’
T [l cosA + 4 TR Py X cos(d-FA)] = { cosx (5-21)

and lastly, Equation (5-18c¢), that is,’

tan (0( +}\) =[' Utanot 1 S

-ix

cos ,‘
these latter two equations are solved simultaneously. The
tabulated values in Tables 4l.a to 4a.30 for various values
of & and several values of R.

These solutions require in iterative process quite
similar to that used in Section 5.4.3. Figure 16 shows a
flow diagram for the computation of Q/PE versus V/L. The
numerical values obtained are plotted in Figures 19a to 19f.

The summary of equations used in flow diagram is:

' U 2 cos A ]_ v
Equation (5-21) T —,[l - cosA+ 4 TT RpE X Cos(xFA )] E S8
Equation (5-18b) V = EggaT’

Equation (5-18c) tan (X+}) = Ean<x

B

cos &




START

I

GIVEN

Yy max/L=0

R, X, Q/Pg¥%

[X=0 ]

A 0ld = A New

COMPUTE
U/L; V/L

COMPUTE

(xX+2A); A

NO ?

YES

STOP

Figure 16 Flow Diagram for Q/Pp vs.
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FOR Q/Pg* ¥
0009;0.012; 0.016;0.018;
0.019;0.02;0.021;0.1; 0.3;
0.4 ?go 7;1.4;

Ol
2
5, 0.0

1.6 2,3;4',6.

(Egg%igr)\s (5-21),

Equation (5-18¢)

ABS. (AO0Id- A New).
L.T. 0.0000000057

V/L
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Figure 21 illustrates the path that the bifurcation
point follows for a range of the parameter . The graph
clearly shows that the curves for R = 0.0, R= 0.01, R = 0.02,
and R = 0.02533030 interchange their path at approximately

= 31°. That is, for the larger values of R one obtains
a smaller buckling for 31°. This plot is obtained from
the results of Figures 19a to 19f isolating from them the
bifurcation points.

5.5 Trifurcation Point

The trifurcation point is the dividing point between
three modes of postbuckling behavior, the higher and the
lower modes of combined bending and axial compression and
the pure axial compression modes. In the case of the slanted
column the values of Q/PE and R at the trifurcation point
vary as the angle changes. This variation is evaluated as
follows:

Equation (5-17) , with a = Y'max/L = 0, becomes

%_ = 12 ﬂl = 4é” R cos(L+ M) (5-22a)
E 2ZTTR

and for repeated roots trifurcation point condition is

B 4 rR? cos(lH+A) = O

or

R= — 1 (5-22b)
4T “cos( 4+ )

Equation (5-22a) reduces to

E 1

E 5-22
ey i
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Equation (5-21) reduces to

% =[1 - cosA + % x COS‘(:&S_'_RA) ]: \I_I. cos (5-23)
Solving simultaneously the four Equations (5-22b), (5-22c),
(5-23), and (5-18c) using an iterative process as done pre-
viously one obtains, the values of Q/PE and R as o« varies.

The corresponding flow diagram is presented in Figure 17.

The summary of equations used in flow diagram is:
1

Equation (5-22b) R = )
4T “cos(x+ A)

Equation (5-22c¢) %— = ———Zl———

E 2Z2W°R
1 - I_J. = - l. COSA ] -Y
Equation (5-23) T 1 cos + BT CESY f cos
Equation (5-18b) V = .
cos X
Equation (5-18c) tan(xx + AA) = {:Ianot T
1 - f X
cos &

Finally, the numerical results are tabulated in Table 5.
The limit of the angle o is determined as approximately
Vit = 13.01. For values of & > & limit the trifurca-
tion point no longer exists.
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START
GIVEN 0,5,10,15, 20,25, 30,
35,40,45,60,65,70,
X 75,80,85, 90
7 =
[ A=0 ]
COMPUTE
5 Equation (5-22b)
COMPUTE
Q/Pg Equation (5-22c)

AOld= A New
COMPUTE Equations (5-23),
(5-18b)
U/, V/L
COMPUTE
Equation (5-18¢)
(x+A); A
NO 2 ABS.( A0ld - A New).
{ L.T. 0.0000002
YES
STOP

Figure 17 Flow Diagram for "R" Trifurcation




R = 0.00

o Q/Pg * Q/Pg** 2 U/L ' V/L

0° 1.00000000 wvoniey 0.00000000 0.00000000| 0.00000000
50 0.99619470 e 0.00000000 0.00000000| 0.00000000
10° 0.98480775 - 0.00000000 0.00000000| 0.00000000
15° 0.96592583 i 0.00000000 0.00000000 | 0.00000000
20° 0.93969262 — 0.00000000 0.00000000| 0.00000000
25° 0.90630779 -—— 0.00000000 0.00000000 0.00000000
30° 0.86602540 -— 0.00000000 0.00000000| 0.00000000
35° 0.81915204 - 0.00000000 0.00000000| 0.00000000
40° 0.76604444 Erernio 0.00000000 0.00000000| 0.00000000
45° 0.70710678 -— 0.00000000 0.00000000| 0.00000000
50° 0.64278761 -— 0.00000000 0.00000000| 0.00000000
558 0.57357644 —— 0.00000000 0.00000000| 0.00000000
60° 0.50000000 - 0.00000000 0.00000000| 0.00000000
652 0.42261826 —— 0.00000000 0.00000000 | 0.00000000
79 0.34202014 e 0.00000000 0.00000000| 0.00000000
90° 0.00000000 ——— 0.00000000 0.00000000| 0.00000000

Ymax/L = 0.0

DIMENSIONLESS BUCKLING

TABLE 3a.l

LOADS

£



R = 0.000

X Q/Pg Q/Pg ** U/L V/L
(e 1.00311253 - 0.00000000 0.00619704 0.00619704
5o 0.99924754 -—- 0.03125855 0.00619719 0.00622086
10° 0.98768085 = 0.06300393 0.00619764 0.00629325
15° 0.96849705 i 0.09575393 0.00619843 0.00641709
20* 0.94183602 - 0.13009255 0.00619960 0.00659748
25° 0.90789132 -——- 0.16671496 0.00620125 0.00684232
30° 0.86690772 —— 0.20649002 0.00620349 0.00716318
35° 0.81917778 s 0.25055338 0.00620654 0.00757679
40° 0.76503701 - 0.30045452 0.00621070 0.00810750
45° 0.70485690 - 0.35840162 0.00621648 0.00879144
50° 0.63903433 - 0.42769410 | 0.00622473 0.00968396
559 0.56797381 - 0.51353996 0.00623696 0.01087381
60° 0.49205437 -— 0.62473586 | 0.00625612 0.01251223
o 0.41155783 - 0.77752317 | 0.00628855 0.01487997
20" 0.32648339 st 1.00592651 0.00635020 0.01856675
83.61000000 0.00562058 e 6.06896221 | 0.01176695 DN T2 7

Ymax/L = 0.5

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.2

2L



R = 0.000

% Q/Pg* Q/Pg** A U/L V/L
0° 1.01277731 —-—— 0.00000000 0.02513062 0.02513062
5° 1.00872173 mmens 0.12923327 0.02513310 | 0.02522910
10° 0.99658093 e 0.26053960 0.02514070 | 0.02552853
15° 0.97643212 —— 1.39612998 0.02515392 | 002604125
20° 0.94840173 - ).53851162 0.02517367 | 0.02678926
25° 0.91266170 - 0.69069256 0.02520145 | 0.02780672
30° 0.86942355 - 0.85647174 0.02523953 | 0.02914410
35° 0.81892910 - 1.04088112 0.02529148 | 0.03087520
40° 0.76143577 —— 1.25090376 0.02536294 0.03310897
45° 0.69719203 - 1.49671419 0.02546322 | 0.03601043
50° 0.62639366 - 1.79397664 0.02560844 | 0.03983966
§59° 0.54909796 - 2.16848444 0.02582874 | 0.04503103
60° 0.46503348 —— 2.66665925 0.02618629 0.05237257
65° 0.37309794 e 3.38358659 0.02683003 0.06348526
70° 0.26960639 o 4.56143305 0.02821838 | 0.08250503
77.12000000 | 0.00798763 PR 12.42811188 0.04797492 | 0.21522119

Ymax/L = 0.10
TABLE 3a.3

DIMENSIONLESS POSTBUCKLING LOADS

GL



R = 0.000

x Q/Pg* Q/Pg™* 3 u/L V/L

0° 1.02989213 - 0.00000000 | 0.05782809 | 0.05782809
G 1.02547616 - 0.30774233 | 0.05784168 0.05806262
e 1 o 1.01224891 -— 0.62068831 | 0.05788337 | 0.05877632
152 0.99027078 - ).94441653 | 0.05795608 | 0.06000055
20 0.95963730 - 1.28531716 | 0.05806515 | 0.06179164
25° 0.92047019 - 1.65117119 | 0.05821930 | 0.06423789
30° 0.87290238 e 2.05200025 | 0.05843226 | 0.06747177
35° 0.81705283 e 2.50141937 | 0.05872585 | 0.07169102
40° 0.75298303 —— 3.01895383 0.05913567 0.07719613
45° 0.68061688 ——— 3.63433018 0.05972286 0.08446089
50° 0.59957922 - 4.39621268 0.06060013 0.09427706
550 0.50882546 S, 5.39241003 | 0.06199774 | 0.10808977
60° 0.40561078 - 6.80646952 | 0.06446839 | 0.12893678
65° 0.28144857 - 9.14048067 | 0.06979196 | 0.16514184
70° 0.07466542 - 15.84250634 | 0.09361580 | 0.27371429
70.41500000 0.00774954 -—- 19.15386722 | 0.10998592 | 0.32811545

Ymak/l_. = 0.15

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.4

9L



R = 0.000
o Q/P Q/Pg” A U/L V/L
0° 1.05571161 —— 0.00000000 | 0.10600173 | 0.10600173
oy 1.05068275 P 0.59464214 | 0.10604987 | 0.10645497
1gye 1.03560505 -— 1.20019619 | 0.10619786 | 0.10783613
15¢ 1.01050161 s 1.82846234 | 0.10645692 | 0.11021231
2% 0.97539837 —s 2.49318911 | 0.10684798 | 0.11370525
25¢ 0.93030178 — 3.21154099 | 0.10740575 | 0.11850913
309 0.87515886 — = 4.00637869 | 0.10818641 | 0.12492290
35 0.80978510 _—— 4.91015700 | 0.10928258 | 0.13340939
40° 0.73372672 ——— 5.97224304 | 0.11085398 | 0.14470959
45° 0.64597141 == 7.27425844 0.11319713 | 0.16008492
50 0.54424556 —— 8.96745735 0.11692904 0.18190929
55 0.42285485 BT 11.38805188 | 0.12360243 | 0.21549426
60° 0.26202118 == 15.62933820 | 0.13905754 | 0.27811509
63.37555000 0.00936675 o 26.11600893 | 0.19727537 | 0.44020865
Ymax/L = 0.20
TABLE 3a.5

DIMENSIONLESS POSTBUCKLING LOADS

LL



R = 0.000

X Q/Pg* Q/Pg ** A U/L V/L
0° 1.09159168 . 0.00000000 | 0.17204871 | 0.17204871
5° 1.08552682 -—— 1.04253544 0.17218576 0.17284348
10° 1.06731341 —-—— 2.10666824 0.17260830 0.17527106
15° 1.03688577 —-—— 3.21609576 0.17335269 0.17946791
20° 0.99410081 -— 1.39922462 | 0.17448802 | 0.18568628
25° 0.93867522 LAk 5.69304605 | 0.17613248 | 0.19434069
30° 0.87006395 s 7.14974673 | 0.17848665 | 0.20609863
35° 0.78721501 - 8.84945584 | 0,18190467 | 0-22206460
40° 0.68802010 -— 10.92842596 | 0.,18706379 | 0.24419443
45° 0.56784695 Lt 13.65427281 | 0,19544841 | 0.27640579
509 0.41416020 alcl 17.70289250 | ¢,21125540 | 0.32865506
55° 0.15872256 25l 26.63928462 | 0.25993820 | 0.45318842
55.88750000 0.00618641 A 33.78778434 0.55612737

0.31188715

Ymax/L = 0.25

TABLE 3a.6
DIMENSIONLESS POSTBUCKLING LOADS

8L



X Q/Pg* Q/Pg** A u/L V/L
g° 9.00723125 1.12488711 0.00000000 [ 0.11102191 | 0.11102191
50 9.01342203 1.11870039 0.62585338 | 0.11099869 0.11142269
10° 9.03190258 1.10021984 1.26037888 | 0.11093380 0.11264513
15° 9.06244670 1.06967572 1.91309364 | 0.11084136 0.11475142
20° 9.10469722 1.02742519 2.59534899 | 0.11074651 | 0.11785397
25° 9.15821078 0.97391163 3.32166279 0.11068821 0.12213092
30° 9.22251771 0.90960470 4.11173783 0.11072506 0.12785428
350 9.29720989 0.83491253 4,99384129 0.11094680 0.13544102
40° 9.38207960 0.75004281 6.01103171 | 0.11149839 0.14555079
45° 9.47737255 0.65474987 7.23393141 | 0.11263431 | 0.15928894
50° 9.58434430 0.54777811 8.79088187 | 0.11485843 0.17868795
85° 9.70683452 0.42528789 | 10.95609526 0.11936934 0.20811404
60° 9.85805491 0.27406751 | 14.53474879 | 0.13019774 | 0.26039540
64.32000000 | 10.12605705 0.00606131 | 25.33291801 | 0.18542165 | 0.42788506

Ymax/L = 0.00

DIMENSIONLESS BUCKLING LOADS

TABLE 3a.7

6L



R = 0.01
P Q/Pg* Q/Pg** P U/L V/L
0° 9.09994531 | 1.12738763 | 0.00000000 | 0.11609308 [ 0.11609308
50 9.10621422 | 1.12112277 | 0.65823626 | 0.11607576 | 0.11651915
10° 9.12493024 | 1.10240675 | 1.32584263 | 0.11602890 | 0.11781883
15° 9.15587068 | 1.07146631 | 2.01310067 | 0.11596776 | 0.12005866
20° 9.19868525 | 1.02865175 | 2.73227447 | 0.11591962 | 0.12335908
25° 9.25294270 | 0.97439429 | 3.49906299 | 0.11592712 | 0.12791142
30° 9.31819426 | 0.90914274 | 4.33481775 | 0.11605500 | 0.13400876
35° 9.39406812 | 0.83326887 | 5.27029050 | 0.11640359 | 0.14210254
40° 9.48042228 | 0.74691472 | 6.35261648 | 0.11713711 | 0.15291162
45° 9.57762972 | 0.64970728 | 7-65985647 | (,11854817 | 0.16765240
50° 9.68722488 | 0.54011211 | 9-33611165 | 0.12122750 | 0.18859647
§5° 9.81381087 | 0.41352612 [ 11.69819744 | 0.12662464 | 0.22076326
60° 9.97405936 | 0.25327763 | 15.74495762 | 0.13998825 | 0.27997640
63.63000000 | 10.22111887 | 0.00621408 | 26.01527780 | 0.19481979 | 0.43861920

Ymax/L = 0.05

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.8

08



R = 0.01
o Q/Pg* Q/Pg** x U/L V/L

0° 9.39638275 | 1.13512538 | 0.00000000 | (.13163868 | 0.13163868
50 9.40290016 | 1.12861201 | 0.75987408 | (.13164122 | 0.13214406
10° 9.42236546 | 1.10914671 | 1.53138306 | 0.13165522 | 0.13368621
15° 9.45456827 | 1.07694390 | 2.32729844 | .13169999 | 0.13634586
20° 9.49918245 | 1.03232972 | 3.16288001 | 0.13181055 | 0.14026986
25° 9.55581928 | 0.97569286 | 4.05774517 | 0.13204283 | 0.14569314
30° 9.62410351 | 0.90740867 | 5.03879383 | 0.13248408 | 0.15297943
a5° 9.70379245 | 0.82771972 | 6.14529457 | 0.13327388 0.16269735
40° 9.79498126 | 0.73653091 | 7.43870750 | 0.13464908 | 0.17577187
450° 9.89851595 [ 0.63299622 | 9.02417192 | 0.13705094 | 0.19381926
50 10.01702016 | 0.51449201 [ 11.10645531 | 0.14142676 | 0.22002094
55° 10.15839549 | 0.37311668 | 14.18467769 | 0.15036829 | 0.26215904
60° 10.36019927 | 0.17131290 | 20.42143947 | 0.17692808 [ 0.35385602
61.61500000 | 10.52561373 | 0.00589440 | 28.05172118 | 0.22356652 | 0-47027637

Ymax/L = 0.10

TABLE 3a.?9

DIMENSIONLESS POSTBUCKLING LOADS

18



R = 0.01
X Q/Pg* Q/Pg** u/L v/L
0° 9.95974422 1.14867100 0.00000000 0.15865931 0.15865931
5° 9.96672716 1.14169205 0.94552161 0.15870321 | 0.15930943
1o° 9.98759784 1.12082138 1.90711156 0.15884426 | 0.16129469
15% 10.02217386 1.08624536 2.90245709 0.15911128 | 0.16472412
207 10.07018393 1.03823529 3.95282885 0.15955753 | 0.16979757
257 10.13133639 | 0.97708283 5.08589229 0.16027067 | 0.17683911
30° 10.20542542 | 0.90299380 6.34029925 0.16139280 | 0.18636034
35° 10.29251242 0.81590679 7.77410182 0.16316195 0.19918395
40° 10.39327356 0.71514566 9.48215008 0.16600608 0.21670553
45° 10.50979552 | 0.59862370 | 11.63808139 0.17078736 | 0.24152977
50° 10.64794440 0.46047482 | 14.62280094 0.17960547 | 0.27941645
55° 10.82884700 0.27957222 | 19.65529423 0.20006043 | 0.34879462
58.39500000 | 11.10074866 0.00766656 | 31.17877795 | 0.27131881 | 0.51772447

Ymax/L = 0.15

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.10

c8



R = 0.01

X Q/Pg* Q/Pg** A U/L V/L

0° 10.93096899 | 1.16857216 0.00000000 | 0.19885844 | 0.19885844
5o 10.93873133 | 1.16081364 1.24502079 0.19898165 | 0.19974172
10° 10.96195979 | 1.13758518 2.51410284 0.19936726 | 0.20244282
15° 11.00053397 | 1.09901101 3.83392614 0.20006541 | 0.20712295
20° 11.05430462 | 1.04524035 5.23706832 | 0.20117101 | 0.21408171
25° 11.12319846 | 0.97634651 6.76695260 0.20284587 | 0.22381565
30° 11.20740044 0.89214453 8.48650210 0.20536512 | 0.23713520
35° 11.30770618 | 0.79183879 | 10.49545000 0.20922005 | 0.25541050
40° 11.42631199 | 0.67323298 | 12.97075608 0.21537698 | 0.28115464
459 11.56906077 | 0.53048420 | 16.28463549 0.22608372 | 0.31973061
50° 11.75526726 0.34427772 | 21.52865458 0.24869369 | 0.38689861
54.10000000 | 12.09240311| 0.00713805 | 35.51282793 | 0.34062281 | 0.58089848

Ymax/L = 0.20

TABLE 3a.ll

DIMENSIONLESS POSTBUCKLING LOADS

€8



R = 0.01

o Q/Pg* Q/Pg** A ua V/L
0° 12.62421783 1.19491354 0.00000000 | 0.25476259 0.25476259
59 12.63326959 1.18586503 1.71559130 | 0.25503733 0.25601153
10° 12.66041279 1.15872183 3.47002423 | 0.25589279 0.25984035
15° 12.70567334 1.11346127 5.30701381 | 0.25742906 0.26651017
20° 12.76919481 1.04993980 7.28155985 | 0.25984111 0.27651713
25° 12.85144374 0.96769087 9.47046700 | 0.26347716 0.29071487
30° 12.95362567 0.86550894 | 11.99291649 | 0.26897110 0.31058105
35° 13.07864704 0.74048757 | 15.05839434 0.27757753 0.33885957
40° 13.23390894 0.58522567 | 19.10839099 | 0.29222323 0.38147029
45° 13.44399773 | 0-37513688 | 25,46812928 | 0.32262767 | 0.45626435
48.79500000 | 13.81449806 0.00463331 | 40.96188647 | 0.43185532 0.65556275

Ymax/L = 0.25

TABLE 3a.l2
DIMENSIONLESS POSTBUCKLING LOADS

%8



R = 0.02
™ Q/Pg* Q/Pg** A u/L V/L
0° 3.69500193 | 1.37105725 0.00000000 0.27063585 0.27063585
50 3.69500428 | 1.37105692 1.85233573 | 0.26988915 | 0.27092009
10° 3.75536813 | 1.31069308 3.69008094 | 0.26780663 0.27193798
15° 3.82585189 | 1.24020932 5.51232030 0.26479539 0.27413637
20° 3.91724675 | 1.14881446 7.33942318 | 0.26138298 | 0.27815795
25° 4.02533991 | 1.04072130 9.21577513 | 0.25812738 | 0.28481204
30° 4.14712112 | 0.91894009 | 11.21415677 | 0.25562011 | 0.29516466
350 4.28119966 | 0.78486155 | 13.45053183 | 0.25460145 | 0.31081095
40° 4.42845745 | 0.63760376 | 16.12684671 | 0.25627723 0.33454612
45° 4.59424866 | 0.47181254 | 19.66744537 | 0.26330344 | 0.37236723
50° 4.79975779 | 0.26630342 | 25.38607071 | 0.28478649 | 0.44304904
53.37000000 5.06349175 | 0.00256743 | 36.48297136 | 0.35475674 | 0.59458581

Ymax/L = 0.00

DIMENSIONLESS BUCKLING LOADS

TABLE

3a.13

cQ



J—

R = 0.02

I Q/Pg* Q/Pg** A U/L V/L
0° 3.74334632 1.37032015 0.00000000 0.27335051 0.27335051
5° 3.75880564 | 1.35486285 | 1.87830032 | 0.27264277 | 0.27368422
10° 3.80370751 | 1.30996098 3.74404272 0.27067097 0.27484850
15¢ 3.87430981 | 1.23935869 5.59801554 0.26782853 0.27727649
20° 3.96603147 | 1.14763703 7.46207165 0.26463134 0.28161479
25° 4.07473448 | 1.03893402 9.38239738 [ 0.26163513 | 0.28868242
30° 4.19747481 | 0.91619369 | 11.43476493 | 0.25944386 0.29957995
35° 4.33295969 | 0.78070881 | 13.74095506 | 0.25883469 0.31597879
40° 4.48229104 | 0.63137745 | 16.51585132 0.26110619 0.34084989
45° 4.65147973 | 0.46218877 | 20.22158550 0.26919613 | 0.38070076
50° 4.86517043 | 0.24849807 | 26.36778961 | 0.29375784 | 0.45700598
52.95500000 5.11170481 | 0-00196166 | 36.93299683 | 0.36199649 | 0.60088181

Ymax/L = 0.05

TABLE

3a.1l4
DIMENSIONLESS POSTBUCKLING LOADS

98



R = 0.02
X Q/Pg* Q/Pg** A U/L V/L
0° 3.89739481 | 1.36835926 | 0.00000000 | 0.28191510 | 0-.28191510
5° 3.91284833 | 1.35290776 | 1.96143877 0.28132226 | 0.28239687
10° 3.95784887 | 1.30790721 | 3.91649861 | 0.27967898 | 0.28399347
15° 4.02892491 | 1.23683117 | 5.87132380 0.27734293 | 0.28712653
20° 4.12178074 | 1.14397535| 7.85268031 0.27480080 | 0.29243690
25° 4.23251310 | 1.03324298 | 9.91290310 0.27260775 | 0.30078936
30° 4.35840291 | 0.90735318 | 12.13805110 | 0.27141458 | 0.31340266
350 4.49850765 | 0.76724843 | 14.67016332 0.27213061 | 0.33221010
40° 4.65473758 | 0.61101851 | 17.77104367 0.27639318 | 0.36080563
45° 4.83565824 0.43009785 | 22.04643242 0.28824065 | 0.40763378
50° 5.08274522 | 0.18301087 | 29.95500940 0.32595312 | 0.50709293

51.70000000 5.26475103 | 0.00100303 | 38.24326642 0.38364443 [ 0.61900195

Ymax/L = 0.10

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.l5

L8



R = 0.02
. Q/Pg* Q/Pg** A U/L V/L
0° 4,18851121 | 1.36569641 0.00000000 | 0.29759184 0.29759184
5 4.20404851 | 1.35016110 2.11867983 | 0.29718647 | 0.29832168
10° 4.24947633 | 1.30473328 4.24174062 | 0.29608546 0.30065306
15° 4.32174498 | 1.23246463 6.38522555 | 0.29460336 | 0.30499584
20° 4.41703309 | 1.13717651 8.58586026 | 0.29319800 | 0.31201478
25° 4.53187485 | 1.02233476 | 10.90917440 | 0.29244770 | 0.32268032
30° 4.66403685 | 0.89017276 | 13.46383021 | 0.29312255 | 0.33846874
35° 4.81340979 | 0.74079981 | 16.43801222 | 0.29644679 0.36189468
40° 4.98396817 | 0.57024144 | 20.20859352 | 0.30491981 0.39804450
45° 5.19191605 | 0.36229356 | 25.80210680 | 0.32590221 | 0.46089525
49.57500000 5.55103252 | 0.00317510 | 40.24846116 | 0.41896916 | 0.64610655

Ymax/L = 0.15

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.l6

88
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R = 0.02
o Q/Pg* Q/Pg** % U/L V/L
0° 4.68714819 | 1.36262238 | 0.00000000 | 0.32255426 | 0.32255426
50 4.70300544 | 1.34676704 | 2.38378495 | 0.32241092 | 0.32364248
10° 4.74961587 | 1.30015662 | 4.78867404 | 0.32208072 | 0.32704934
157 4.82448881 | 1.22528367 | 7.24736323 | 0.32185105 | 0.33320472
20° 4.92449954 | 1.12527294 | 9.81536845 | 0.32218588 | 0.34286305
25¢ 5.04694582 | 1.00282667 | 12.58523518 | 0.32376410 | 0.35723414
30° 5.19063003 | 0.85914246 | 15.71452913 | 0.32765493 | 0.37834330
35° 5.35749645 | 0.69227604 | 19.49974500 | 0.33586881 | 0.41002007
40° 5.55748078 | 0,49229171 | 24.63603305 | 0.35339293 | 0.46132165
45° 5.84186518 | 0,20790731 | 34.03743962 | 0.40314888 | 0.467013853
46.56500000 | ©-047447191 4 40232339 | 43.30895270 | 0.47160085 | 0.68593372
Ymax/L = 0.20

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.l7

68



R = 0.02

x Q/Py* Q/Pg** A U/L V/L
ge 5.55075519 1.35881049 0.00000000 0.36016692 0.36016692
5° 5.56743176 1.34213554 2.82202993 0.36037997 0.36175656
10° 5.61677442 1.29279289 5.69172265 0.36112104 0.36669191
15% 5.69702878 1.21253852 8.67070108 0.36270460 0.37549943
20° 5.80613657 1.10343073 | 11.85162210 0.36570837 0.38917871
25° 5.94286587 0.96670144 | 15.38675297 0.37113337 0.40950032
30° 6.10856566 0.80100165 | 19.55435963 0.38088214 0.43980479
35° 6.31151576 0.59805155 | 24.97019425 0.39941820 0.48759954
40° 6.58953009 0.32002821 | 33.76387047 0.44343078 0.57885770
42.59000000 6.90605790 0.00350778 | 47.22597564 0.54041260 0.73404161

Ymax/L = 0.25

TABLE 3a.l18
DIMENSIONLESS POSTBUCKLING LOADS

06
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R = 0.02533030

o Q/PE* Q/Pp** A U/L V/L
0° 2.00000000 | 2.00000000 | 0.00000000 | 0.50000000 | 0.50000000
- 2.22462002 | 1.77538172 | 4.10970769 | 0.45093046 0.45265294
10° 2.42291871 | 1.57708303 | 7.19860478 | 0.41735440 | 0.42379276
15° 2.60787735 | 1.39212439 | 9.82123135 | 0.39248925 | 0.40633476
20° 2.78548934 1.21451240 | 12.24735996 0.37359186 0.39756814
3" 2.95958548 | 1.04041626 | 14.66408625 | 0.35945246 0.39661190
30° 3.13354609 0.86645566 | 17.25245614 0.34976160 0.40386989
35° 3.31161951 0.68838223 | 20.25572934 0.34513569 0.42133284
40° 3.50146532 | 0.49853642 | 24.12548619 | 0.34799624 0.45427678
45° 3.72482646 | 0.27517529 | 30.15264906 | 0.36745216 0.51965575
48.58500000 3.99901270 | 0.00098745 | 41.35843736 | 0.43710338 0.66076788

Ymax/L = 0.00

DIMENSIONLESS BUCKLING LOADS

TABLE 3a.1l9

16
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R = 0.02533030

(oY Q/Pg* Q/Pp** A U/L V/L
0° 2.17809153 | 1.85949783 | 0.00000000 | 0.46533660 | 0.46533660
5° 2.29292662 | 1.74466434 | 3.99155160 | (.44369452 | 0.44538936
10° 2.47184247 1.56574848 7.13985133 0.41534200 0.42174931
15¢ 2.65086961 1.38672135 9.82106887 0.39248523 0.40633060
20° 2.82642616 | 1.21116479 | 12.30467029 | (.37471923 | 0.39876787
25° 3.00015677 | 1.03743419 | 14.78242429 | (.36138940 | 0.39874907
30° 3.17475994 | 0.86283101 | 17.44176341 | 0.35240654 0.40692399
35° 3.35434405 | 0.68324690 | 20.53758836 | (,34854729 0.42549764
40° 3.54693325 | 0.49065770 | 24.55184723 | 0,35250622 | 0.46016413
45° 3.77669734 | 0.26089361 | 30.91989626 | 0.37459326 0.52975479
48.25000000 | 4.03659846 | 0.00099090 | 41.69341570 | 0.44290778 | 0.66514487

Ymax/L = 0.05

TABLE 3a.20
DIMENSIONLESS POSTBUCKLING LOADS

76



R = 0.02533030
[ Q/Pg* Q/Pg** 2 U/L V/L
0° 2.41164902 | 1.74602389 0.00000000 | 0.44011244 0.44011244
5 2.47893763 | 1.67873688 3.77742384 | 0.43008893 0.43173180
10° 2.62217646 | 1.53549804 7.02138501 | 0.41124335 0.41758743
15° 2.78654567 | 1.37112883 | 9.85687014 | 0.39337049 | 0.40724709
20° 2.95667390 | 1.20100061 | 12.50973487 0.37872411 0.40302977
25° 3.12964682 | 1.02802768 | 15.17528476 | 0.36775143 0.40576880
30° 3.30651568 | 0.85115883 | 18.05864870 | 0.36091546 0.41674925
35° 3.49115032 | 0.66652419 | 21.45364501 | 0.35947864 0.43884235
40° 3.69305800 | 0.46461651 | 25.95279317 | 0.36710547 0.47922210
45° 3.94699394 0.21068057 | 33.61029127 0.39927579 0.56466114
47.23000000 | 4.15639531 | 0.00127760 | 42.69774439 | 0.46048981 | 0.67813128

Ymax/L = 0.10

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.2l

€6



R = 0.02533030
ol Q/Pg* Q/Pg** A U/L v/L
0° 2.73259798 | 1,65282873 0.00000000 | 0.42533665 | 0.42533665
5o 2.77806945 | 1.60735884 3.63230871 | 0.42048773 | 0.42209393
10° 2.89142905 | 1.49399923 6.97285846 | 0.40954842 | 0.41586636
150 3.03870878 | 1,34671951 | 10.03201609 | 0.39766719 | 0.41169536
20° 3.20201601 | 1.,18341228 | 12.96658294 | 0.38748667 | 0.41235469
25¢° 3.37492100 | 1.01050729 | 15.96668324 | 0.38025934 | 0.41956974
30° 3.55685485 | 0.82857343 | 19.26818872 | 0.37713185 | 0.43547432
35° 3.75199729 | 0.63343100 | 23.25035907 | 0.38026443 | 0.46421712
40° 3.97431252 | 0.41111577 | 28.79159572| 0.39575013 | 0.51661504
45° 4.30785127 | 0,07757701 | 40.75665865| 0.46290202 | 0.65464221
45.48500000 4.38340178 | 0.00202493 | 44.40239949| 0.49055307 | 0.69969461

Ymax/L = 0.15

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.22




R = 0.02533030

oL Q/Pp* Q/Pg** A U/L V/L
0° 3.20162381 | 1.57508375 | 0.00000000 | 0.42303267 0.42303267
£" 3.23605895 | 1.54065011 3.63737210 | 0.42082813 0.42243562
10° 3.32933668 | 1.44737238 7.14280231 | 0.41544339 0.42185227
15° 3.46225918 | 1.31444989 | 10.51624040 | 0.40925891 0.42369600
20° 3.62017857 | 1.15653049 | 13.87477006 | 0.40428254 0.43022848
25° 3.79586311 | 0.98084596 | 17.41257064 | 0.40211573 0.44368560
30° 3.98841959 | 0.78828947 | 21.43035609 | 0.40470596 0.46731417
35° 4.20464813| 0.57206093 [ 26.51183086 | 0.41602995 0.50787875
40° 4.47482777| 0.30188130 | 34.46192888 | (. 44991600 0.58732356
42.95500000 | 4.77488377| 0.00182379 | 46.94605664 | 0.53480043 | 0.73071237

Ymax/L 0.20

TABLE 3a.23
DIMENSIONLESS POSTBUCKLING LOADS

&L



R = 0.02533030

o Q/Pg* Q/Pg** 2 u/L V/L
0° 3.94662432 1.50895026 0.00000000 0.43662878 0.43662878
5° 3.97549487 1.48008100 3.86913029 0.43599570 0.43766113
10° 4.05746327 1.39811260 7.71762844 0.43456960 0.44127353
15° 4,.18220991 1.27336596 | 11.58792919 0.43351143 0.44880405
20° 4.34004633 1.11552954 | 15.€1285313 0.43431680 0.46219028
25° 4.52582389 0.92975198 20.04233208 0.43893715 0.48431354
30° 4.74165416 0.71392171 | 25.35895009 0.45082645 0.52056951
350 5.00662850 0.44894737 | 32.82523952 0.47951075 0.58537448
39.53000000 5.45363917 0.00193542 | 50.36844915 0.59402037 0.77016333

Ymax/L V.25

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.24

96



R = 0.03092258

od Q/Pg* Q/Pg** A U/L V/L
0*° COMPLEX COMPLEX
5o COMPLEX COMPLEX
10° COMPLEX COMPLEX
15° COMPLEX COMPLEX
20° COMPLEX COMPLEX
25° COMPLEX COMPLEX
30° COMPLEX COMPLEX
35° 2.75829166 0.51831668 29.13031667( 0.44317211 0.54101325
40° 2.99156607 0.28504228 34.91536616| 0.45410499 0.59279196
45° COMPLEX COMPLEX
50° COMPLEX COMPLEX
55 COMPLEX COMPLEX
60° COMPLEX COMPLEX
65° COMPLEX COMPLEX
70" COMPLEX COMPLEX
157 COMPLEX COMPLEX
Ymax/L = 0.00
TABLE 3a.25

DIMENSIONLESS BUCKLING LOADS

1 &



R = 0.03092258

ok Q/P * Q/Pg** A u/L V/L

0° COMPLEX COMPLEX

5° COMPLEX s
15" COMPLEX COMPLEX
15° COMPLEX COMPLEX
20° COMPLEX COMPLEX
250 COMPLEX COMPLEX
300 COMPLEX COMPLEX
i5° 2.79463506 0.51276457 | 29.41031094 | 0.44600139 | 0.54446717
40° 3.03276208 0.27463754 | 35.46028771 | 0,.45911561 | 0.59933286
45° COMPLEX COMPLEX
50° COMPLEX COMPLEX
559 COMPLEX COMPLEX
60° COMPLEX COMPLEX
65° COMPLEX COMPLEX
70° COMPLEX COMPLEX
75" COMPLEX COMPLEX

Ymax/L = 0.05

TABLE 3a.26
DIMENSIONLESS POSTBUCKLING LOADS

86



R = 0.03092258

9 0/Pg* Q/Pp** 2 u/L V/L
0° COMPLEX COMPLEX
e &a COMPLEX COMPLEX
10° COMPLEX COMPLEX
150 ' COMPLEX COMPLEX
200 COMPLEX COMPLEX
250 COMPLEX COMPLEX
30° COMPLEX COMPLEX
5 2.91148526 0.49428105 | 30.34112675 0.45531338 0.55583501
40° 3.16678273 | 0.23898359 | 37.32558518 | 0.47608711 | 0.62148758
45° COMPLEX COMPLEX
50° COMPLEX COMPLEX
55° COMPLEX COMPLEX
60° COMPLEX COMPLEX
65° COMPLEX COMPLEX
70° COMPLEX COMPLEX
T8 COMPLEX COMPLEX
Ymax/L = 0.10

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.27

66



R = 0.03092258

P Q/Pg* Q/Pg** 2 u/L V/L

0° COMPLEX COMPLEX

5¢ COMPLEX COMPLEX
10° COMPLEX COMPLEX
150 COMPLEX COMPLEX
o s COMPLEX COMPLEX
25° COMPLEX COMPLEX
30° 2.89848168 0.69384963 | 27.07195100 | 0.46957073 0.54221337
35° 3.13616999 0.45616132 | 32.25202212 | 0.47400666 0.57865529
40° 3.43467413 | 0.15765718 | 41.58378712 | 0.51396983 0.67093996
45° COMPLEX COMPLEX
50° COMPLEX COMPLEX
55° COMPLEX COMPLEX

60° COMPLEX COMPLEX

65° COMPLEX COMPLEX

70° COMPLEX COMPLEX

75" COMPLEX COMPLEX

Ymax/L = 0.15

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.28

00T



R = 0.03092258
X Q/Pg* Q/Pg** 2 U/L V/L
0° COMPLEX COMPLEX
5° COMPLEX COMPLEX
10° COMPLEX COMPLEX
15° COMPLEX COMPLEX
20° COMPLEX COMPLEX
25°% 3.01990153 0.89294829 | 24.24690267 0.49132466 0.54211679
302 3.26211377 0.65073605 | 29.07707942 0.49061192 0.56650985
35%° 3.53208047 0.38076935 | 35.99944701 0.50922394 0.62164765
39.38000000 | 3,91087233 | 0.00197749 | 50.51273129 0.59654143 0.77176726
Ymax/L = 0.20

DIMENSIONLESS POSTBUCKLING LOADS

TABLE 3a.29

TOT



R = 0.03092258

bo'd Q/Pg* Q/Pp** A U/L V/L
g° 2.57300521 | 1.89593993 0.00000000 | 0.57787693 0.57787693
5 2.69394262.| 1.77500252 6:.41579379 | 0.56241614 0.56456448
10° 2.91309429 | 1.55585085 | 11 70676865 | 0.54026470 0.54859916
15° 3.14619172 | 1.32275342 | 16.44977738 | 0.52424594 0.54273934
20° 3.38408063 | 1.08486451 | 21 18589502 | 0.51571463 0.54881204
25° 3.63174199 | 0.83720315 | 26.44421700 | 0.51611485 0.56946972
30° 3.90428485 | 0.56466030 | 33.13293393 | 0.53063299 0.61272220
350 4.26361282 | 0.20533232 | 44.66163997 | 0.58529953 0.71451879
36.45500000 4.46698431 | 0.00196083 | 53.44212438 | 0.64607863 0.80325690
Ymax/L = 0.25

TABLE 3a.30
DIMENSIONLESS POSTBUCKLING LOADS

¢0T



R = 0.09786875

X Q/Pg* Q/Pg** A U/L V/L
0° COMPLEX COMPLEX

5° COMPLEX COMPLEX

10° COMPLEX COMPLEX

15° COMPLEX COMPLEX

20° COMPLEX COMPLEX

25° COMPLEX COMPLEX

30° COMPLEX COMPLEX

35° COMPLEX COMPLEX
40° COMPLEX COMPLEX
45° COMPLEX COMPLEX

50° COMPLEX COMPLEX

550 COMPLEX COMPLEX

60° COMPLEX COMPLEX

65° COMPLEX COMPLEX

70° COMPLEX COMPLEX

75° COMPLEX COMPLEX

Ymax/L = 0.00, 0.05, 0.10, 0.15, 0.20, 0.25

TABLE 3a.31
DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS

€0t



R = 0.00

X Q/Pg Q/Pp** % U/L V/L
50 - 0.99619470

180 - 0.96592583

30° -— 0.86602540

45° - 0.70710678

60° — 0.50000000

700 . 0.34202014

Ymax/L = 0.0

TABLE 4a.l

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/Pp - V/L CURVES

70T



R = 0.01

% Q/Pg Q/Pg** % U/L V/L

5® Ty 6.00000000 7.82380803 0.61097991 0.61331375
e 4.00000000 3.33834280 0.40002189 0.40154991
_— 2.00000000 1.24327844 0.19875846 0.19951768
-— 1.11870039 0.62585338 0.11099869 0.11142269
-—- 0.70000000 0.37389154 0.06941204 0.06967718
-— 0.55000000 0.28908992 0.05452697 0.05473525
-— 0.50000000 0.26142065 0.04956671 0.04975605
e 0.40000000 0.20695048 0.03964827 0.03979972
— 0.20000000 0.10135725 0.01981924 0.01989495

Ymax/L = 0.0

TABLE 4a.2
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

GOT



R = 0.01

X Q/Pg Q/Pp** P U/L V/L

15 -— 4.00000000 | 12.88738647 | 0.46059340 | 0.47684138
- 3.00000000 | 7.37893468 | 0.32583371 | 0.33732780
- 2.00000000 | 4.09638173 | 0.21090830 | 0.21834834
. 1.60000000 | 3.08203569 | 0.16732386 | 0.17322640
-—- 1.06967572 | 1.91309364 | 0.11084136 | 0.11475142
R 0.70000000 | 1.19350516 | 0.07214283 | 0.07468775
-— 0.50000000 | 0.83170317| 0.05139369 | 0.05320666
-— 0.40000000 | 0.65737900| 0.04106293 | 0.04251147
- 0.20000000 | 0.32101808 | 0.02048195| 0.02120448

Ymax/L = 0.0

TABLE 4a.3

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

90T



R = 0.01

4 Q/Pg Q/Pg** A U/L V/L

30° ——= 2.00000000 | 13.33142388 | 0.29100271 [ 0.33602098
- 1.80000000 | 10.79042002 0.24818035 0.28657398
-—- 1.60000000 8.83996968 0.21220950 0.24503842
s 1.40000000 7.22783081 0.18010186 0.20796372
U 0.90960470 4.11173783 0.11072506 0.12785428
. 0.70000000 3.01754736 0.08366577 0.09660891
- 0.50000000 2.06742522 0.05884601 0.06794952
-—— 0.40000000 1.62166059 0.04674376 0.05397504
—— 0.20000000 0.78100448 0.02306659 0.02663500

Ymax/L = 0.0

TABLE 4a.4
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

LO0T



= 0.01

% Q/Pg Q/Pph* A U/L V/L

45° -—— 0.70000000 8.02135565 0.12351508 0.17467670
== 0.65474987 7.23393141 0.11263431 0.15928894
——= 0.55000000 5.65255946 0.09006293 0.12736822
——— 0.50000000 4.98610186 0.08024346 0.11348139
—— 0.40000000 3.77858063 0.06195281 0.08761450
prpei 0.20000000 1.72499179 0.02923544 0.04134515
i 0.10000000 0.82923872 0.01426745 0.02017722
- 0.02100000 | 0.16918576 | 0-00294416 | 0.00416368
R 0.02000000 | 0.16107222 | 0.00280337 | 0,00396456

Ymax/L = 0.0

TABLE 4a.5

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

80T



R = 0.01

[ Q/Pg Q/Pg** A u/L V/L

60° - 0.27406751 | 14.53474879 0.13019774 0.26039540
i 0.20000000 5.38172157 0.05158419 0.10316837
- 0.10000000 | 2.22230237 | 0.02191366 0.04382732
- 0.02100000 0.42112693 0.00422570 0.00845140
e 0.02000000 0.40061363 0.00402068 0.00804137
s 0.01900000 0.38014800 0.00381606 0.00763212
-—- 0.01800000 0.35972975 | 0.00361183 0.00722366
e 0.01600000 0.31903430 0.00320453 0.00640906
=== 0.01200000 0.23819998 0.00239453 0.00478905

Ymax/L = 0.0

TABLE 4a.6

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

60T



R = 0.01

X Q/PE Q/PE** A U/L v/L -

70° - 0.02100000 1.03624328 0.00654037 0.01912277
- 0.02000000 0.98259844 0.00620382 0.01813876
i 0.01900000 0.92944727 0.00587015 0.01716317
- 0.01800000 0.87677799 0.00553929 0.01619581
—— 0.01600000 0.77284014 0.00488576 0.01428501
N 0.01200000 0.57027590 0.00360971 0.01055408
N 0.00900000 0.42270115 0.00267806 0.00783012

Ymax/L = 0.0

TABLE 4a.7
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

01T



R = 0.02

oL Q/Pg Q/Pg** A U/L V/L

5o ——— 3.00000000 7.82380803 0.61097991 0.61331375
noind 2.00000000 | 3.33834280 | 0.40002189 0.40154991
-—- 1.80000000 | 2.81011543 | 0.35940373 0.36077659
-—- 1.60000000 | 2.34693940 | 0.31901345 0.32023203
e 1.37105692 1.85233573 0.26988915 0.27092009
e 0.70000000 | 0.80902345| (,13897352 0.13950438
= 0.50000000 | 0.55202540 | 0.09920304 0.09958198
Zr 0.40000000 0.43197060 0.07933917 0.07964224
- , 0.20000000| 0.20695048 | 0.03964827 0.03979972

Ymax/L = 0.0

TABLE 4a.8

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

ITT



R = 0.02

e 0/Pg Q/Pg** A U/L V/L

15° == 2.00000000 | 12.88738647 | 0.46059340 | 0.47684138
-—— 1.80000000 | 10.22848150 0.40242044 0.41661630
- 1.60000000 8.22532030 0.35043017 0.36279201
- 1.40000000 6.61021575 0.30191356 0.31256391
- 1.24020932 5.51232030 0.26479539 0.27413637
—-—— 0.70000000 2.62007574 0.14586989 0.15101563
S 0.50000000 1.77203970 0.10351000 0.10716144
— 0.40000000 1.38136309 0.08256434 0.08547690
—_— 0.20000000 0.65737900 0.04106293 0.04251147

Ymax/L = 0.0

TABLE 4a.9

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

¢1t



R = 0.02

¢ Q/Pg Q/Pgp** A U/L V/L

30° - 0.91894009 | 11.21415677 | 0.25562011 0.29516466
== 0.70000000 | 7.22783081| 0.18010186 0.20796372
- 0.55000000 5.21333545 | 0.13646858 0.15758034
S 0.50000000 4.62047887 0.12279209 0.14178809
- 0.40000000 3.52572919 0.09642704 0.11134435
P 0.20000000 | 1.62166059 | 0.04674376 0.05397504
bl 0.10000000 0.78100448 0.02306659 0.02663500
-— 0.02000000 0.15183708 0.00456907 0.00527591
Dy 0.01800000 0.13655893 0.00411121 0.00474722

Ymax/L = 0.0

TABLE 4a.l1l0
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

1l



R = 0.02

X Q/Pg Q/Pg** A U/L V/L

45° === 0.47181254 | 19.66744537 0.26330344 0.37236723
- 0.40000000 | 10.12371907 | 0.15150280 0.21425732
e 0.20000000 | 3.77858063 | 0.06195281 0.08761450
S 0.10000000 | 1.72499179 | 0.02923544 0.04134515
— 0.02000000 | 0.32445150 | 0.00563092 0.00796332
- 0.01800000 0.29158737 0.00506343 0.00716078
- 0.01600000 | 0.25881802 | 0.00449694 0.00635964
_— 0.01200000 | 0.19356106 | 0.00336692 0.00476154
- 0.00900000 0.14486244 0.00252196 0.00356658

Ymax/L = 0.0

TABLE 4a.ll

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

711



R = 0.02

X Q/Pg Q/Pp** <} U/L V/L

60° -— 0.10000000 | 5.38172157 | 0.05158419 | 0.10316837
S 0.02100000 0.86341373 0.00862623 0.01725246
-— 0.02000000 | 0.82032961 | 0.00819897 | 0.01639794
- 0.01900000 | 0.77743108 | 0.00777349 | 0.01554698
e 0.01800000 0.73474541 0.00734977 0.01469954
—— 0.01600000 0.65000204 0.00650751 0.01301502
-— 0.01200000 | 0,48295566 | 0.00484313 | 0.00968625
o 0.00900000 | 0.35972975 | 0.00361183 | 0.00722366

Ymax/L = 0.0

" TABLE 4a.l2

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

CT1IT



R = 0.02

X Q/Pg Q/Pg** A U/L V/L

70° —— 0.02100000 2.30439405 0.01443509 0.04220538
-— 0.02000000 2.16944109 | 0.01360040 0.03976490
S 0.01900000 2.03803507 0.01278643 0.03738501
- 0.01800000 1.90993760 | 0.01199179 0.03506164
S 0.01600000 1.66283761 | 0.01045563 0.03057022
—— 0.01200000 1.20026519 | (.00756806 0.02212753
_— 0.00900000 0.87677799 | 0.00553929 0.01619581

Ymax/L = 0.0

TABLE 4a.l1l3
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

911



' R = 0.02533030

ot Q/Pg Q/Pp** v ] U/L V/L

5° s o 2.00000000 5.29213113 0.51426851 0.51623294
m——— 1.80000000 | 4.28066082 | 0.46107630 0.46283753
=== 1.77538172 4.10970769 | 0.45093046 0.45265294
e 1.60000000 3.46015115 | 0.40867347 0.41023453
Fertie 1.40000000 | 2.77847180 | 0.35679651 0.35815941
o 0.70000000 | 71.08184442 | 0.17752675 0.17820487
——— 0.50000000 0.72714720 0.12668932 0.12717325
s o 0.40000000 0.56507420 | 0.10131057 0.10169756
ok 0.20000000 0.26726533 | 0.05061882 0.05081217

Ymax/L = 0.0

TABLE 4a.l4

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

LTT



R = 0.02533030
X Q/Pg Q/Pg** A U/L V/L
15° === 1.80000000 | 21.28602483 0.59250490 0.61340621
-——— 1.60000000 | 13.58970598 0.47428419 0.49101512
—-—— 1.40000000 | 10.08386727 0.39892843 0.41300110
= 1.39212439 9.82123135 0.39248925 0.40633476
== 0.70000000 3.54044737 0.18759066 0.19420814
-——— 0.50000000 2.34805615 0.13271989 0.13740174
-—— 0.40000000 1.81470179 0.10573999 0.10947009
—-_—— 0.20000000 0.85044226 0.05249102 0.05434270
-—— 0.10000000 0.41244089 0.02616258 0.02708550
Ymax/L = 0.0

TABLE 4a.l15
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

811



R = 0.02533030

o« Q/Pg Q/Pp** A U/L V/L

30° ——- 0.86645566 | 17.25245614 | 0.34976160 | 0.40386989
- 0.70000000 | 10.65102262 0.24570497 0.28371566
o 0.50000000 6.34997563 0.16160100 0.18660076
e 0.40000000 | 4.74347676 | 0.12566301 0.14510314
_— 0.20000000 | 2.11578472 0.06014087 0.06944469
- 0.10000000 | 1.00710559 | 0.02954824 0.03411937
-—— 0.02000000 0.19419393 0.00583624 0.00673911
-— 0.01800000| 0.17461991 | 0.00525106 0.00606340
- 0.01600000| 0.15508057 0.00466622 0.00538809

Ymax/L = 0.0

TABLE 4a.l1l6

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

611



= 0.02533030

Q/PE**

A U/L V/L
450 - 0.27517529 | 30.15264906 | 0.36745216 0.51965575
m—c 0.20000000 5.12353810| 0.08228400 0.11636715
- 0.10000000 2.25391613 0.03786813 0.05355362
o 0.02000000 0.41582428 | 0.00720534 0.01018988
- 0.01900000 0.39466794 | 0.00684124 0.00967497
- 0.01800000 0.37355103| 0.00647756 0.00916065
-—- 0.01600000 0.33143481| 0.00575142 0.00813374
m—— 0.01200000 0.24766811| 0.00430405 0.00608684
- 0.00900000 0.18524538| 0.00322273 0.00455763

Ymax/L = 0.0

TABLE 4a.l7

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

071



R = 0.02533030

P Q/Pg Q/Pg** 4 U/L V/L

60° S 0.10000000 | 8.36559501 | 0.07825730 0.15651459
-— 0.02100000 | 3.17445959 | 0.01978692 0.05785309
- 0.02000000 | 1.06154152 | 0.01058478 0.02116957
- 0.01900000 1.00525375 0.01002904 0.02005808
- 0.01800000 | 0.94933729 | 0.00947637 0.01895273
- 0.01600000 | 0.83859368 | 0.00838001 0.01676002
-—- 0.01200000 | 0.62130051 0.00622193 0.01244385
-— 0.00900000 | 0.46182857 0.00463223 0.00926447

Ymax/L = 0.0

TABLE 4a.l8

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

¢t



R = 0.02533030

X Q/Pg Q/Pg** A u/L V/L

70° i 0.02100000 | 3,1744%959 | 0.01978692 | 0.05785309
el 0.02000000 | 2,9684:765| ¢.p1852427 | 0.05416133
-—— 0.01900000 2.77154867 0.01731486 0.05062527
-—— 0.01800000 2.58275172 0.01615280 0.04722763
o g 0.01600000 2.22624499 0.01395189 0.04079259
-— 0.01200000 | 1.58116427 | (.00994693 | 0.02908287
- 0.00900000 1.14381486 0.00721460 0.02109407

Ymax/L = 0.0

TABLE 4a.l1l9

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

(44!



R = 0.03092258
X Q/Pg Q/Pp** A U/L V/L
5e -_—— 2.00000000 8.54410369 0.63197797 0.63439202
—_——— 1.80000000 6.43738342 0.56324971 0.56540123
——— 1.60000000 4.95355954 0.49765537 0.49955633
oA 1.40000000 3.83277338 0.43366853 0.43532507
-——— 0.70000000 1.37419791 0.21519023 0.21601222
Leme 0.50000000 0.90903632 0.15351851 0.15410492
- 0.40000000 0.70137644 0.12275008 0.12321897
- 0.20000000 0.32745055 0.06131887 0.06156310
- 0.10000000 0.15848275 0.03064718 0.03076425
Ymax/L = 0.0

TABLE 4a.20

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

XA



I——

R = 0.03092258

X Q/Pg Q/Pg** A U/L V/L

15° -—- 1.40000000 | 16.10672875| 0.51869299 0.53699049
——— 0.70000000 4,.55423679 0.22915265 0.23723628
e 0.55000000 3.32551412 | 0.17821019 0.18449676
= 0.50000000 | 2.95487897 | 0.16152508 0.16722307
- 0.40000000 | 2.26280590| 0.12851608 0.13304964
oyl 0.20000000 | 1.04380074| 0.06366789 0.06591385
-—- 0.10000000 | 0.50273549 | 0,03170893 0.03282750
= 0.02000000 | 0.09769890 | 0,00632354 0.00654661
S 0.01800000 | 0.08786698 | 0.00569079 | 0.00589154

Ymax/L = 0.0

TABLE 4a.21

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

VAN



R = 0.03092258

o Q/Pg Q/Pg** A U/L V/L

30° - 0.70000000 | 16.44003135 | 0.33822409 | 0.39054753
L 0.55000000 9.76959637 0.22972087 0.26525882
e 0.50000000 8.37848736 | 0.20325235 0.23469560
-—- 0.40000000 6.08376953 0.15583789 0.17994610
- 0.20000000 | 2.62008319 | 0.07343950 0.08480063
e 0.10000000 1.23212921 0.03591501 0.04147113
I 0.02000000 0.23565103 0.00707338 0.00816763
= 0.01800000 | 0-21185800 | 0,00636374 | 0.00734821
-— 0.01600000 0.18811619 | 0.00565461 | 0.00652939

Ymax/L = 0.0

TABLE 4a.22

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

Szl



R = 0.03092258

X Q/Pg Q/Pg** A U/L V/L

45° -—- 0.20000000 | 6.65265525 | 0.10445265| 0.14771835
-—= 0.10000000 | 2.79623975 | 0.04656789 | 0.06585694
o 0.02100000 | 0.5315.536 | 0.00919169 | 0.01299901
. 0.02000000 | 0.50563246 | 0.00874798 | 0.01237151
— 0.01900000 | 0.47980874 0.00830489 | 0.01174489
P 0.01800000 | 0.45404390 | 0.00786242 | 0.01111914
e 0.01600000 | 0.40268957 0.00697932 | (.00987025
Ju— 0.01200000| 0.30067380 0.00522040 0.00738276
. 0.00900000 | 0.22475879 | 0.00390747 | 0.00552600

Ymax/L = 0.0

TABLE 4a.23
DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

9¢1



R = 0.03092258

(04 Q/Pg Q/Pg** 2 U/L V/L

60° ———— 0.02100000 1.37425919 0.01366148 0.02732297
e 0.02000000 1.30355998 0.01296744 0.02593488
_—— 0.01900000 1.23344738 0.01227832 0.02455665
o 0.01800000 1.16391867 0.01159403 0.02318806
e 0.01600000 1.02656413 0.01023952 0.02047903
H 0.01200000 0.75834783 0.00758410 0.01516821
——— 0.00900000 0.56253660 0.00563672 0.01127344

Ymax/L = 0.0

TABLE 4a.24

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

L1



R = 0.03092258

o Q/Pg Q/Pg** A U/L V/L

70° - 0.02100000 [ 4.23827471 0.02626434 0.07679180
_—— 0.02000000 3.91762805 0.02431933 0.07110498
o 0.01900000 3.62213533 0.02252134 0.06584800
v 0.01800000 3.34704878 0.02084261 0.06093973
-— 0.01600000 2.84524387 0.01776782 0.05194962
s 0.01200000 1.98045011 0.01242935 0.03634098
onc 0.00900000 | 1.41688485 0.00892224 0.02608689

Ymax/L = 0.0

TABLE 4a.25

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

871



R = 0.09786875

o Q/Pg Q/Pg** = U/L V/L

59 e 0.70000000 | 12.40187265 | 0.71537960 | 0.71811224
-—- 0.55000000 | 5.94850127 | . 54357924 | 0.54565562
p— 0.50000000 | 4.84326496 | (.49199917 0.49387853
e 0.40000000 | 3.21959703 | (.39134278 | 0.39283765
- 0.20000000 1.21025953 0.19450528 0.19524826
- 0.10000000 | 0.53897691 | 0.09708566 0.09745652
T 0.02000000 | 0.09915383 | 0.01939674 0.01947084
e 0.01800000 | 0.08906017 | ¢, 01745666 | 0.01752334
- 0.01600000 | 0.07900677 | 0.01551667 | 0.01557594

Ymax/L = 0.0

TABLE 4a.26

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

6¢l



R = 0.09786875

N Q/Pg Q/Pp** A U/L V/L

150 - 0.40000000 | 12.24125746 | 0.44742570 0.46300917
gl 0.20000000 | 3.98192611 | 0.20621528 0.21348977
— 0.10000000 | 1.72941859 | 0.10127113 0.10484859
e 0.02100000 | 0.33009745| 0.02104907 0.02179160
- 0.02000000 | 0.31402060 | 0.02004443 0.02075152
—_— 0.01900000 | 0.29798040 | 0.01904004 0.01971170
— 0.01800000 | 0.28197672 | 0.01803588 0.01867212
—_— 0.01600000 | 0.25007834 | 0.01602826 0.01659368
o 0.01200000 [ 0.18671368 | 0.01201580 0.01243967

Ymax/L = 0.0

TABLE 4a.27

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

0¢T



R = 0.09786875

X Q/Pg Q/Pg** 4 U/L V/L

30° 5 0.20000000 | 12.71617986 0.28101443 0.32448751
- 0.10000000 4.49832018 0.11992304 0.13847519
—-——— 0.02100000 0.80338281 0.02371193 0.02738018
- 0.02000000 0.76376882 0.02256897 0.02606040
S 0.01900000 | 0.72429679 | 0.02142746 | 0.02474230
e 0.01800000 0.68496569 0.02028739 0.02342587
- 0.01600000 0.60672223 0.01801153 0.02079792
== 0.01200000 0.45188249 0.01347659 0.01556142
e 0.00900000 0.33716367 0.01008973 0.01165062

Ymax/L = 0.0

TABLE 4a.28

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

iyt



R = 0.09786875

X Q/Pg Q/Pp** P U/L V/L

450 - 0.02100000 1.77667635 0.03008558 0.04254743
- 0.02000000 1.68528050 0.02858126 0.04042000
I 0.01900000 1.59464660 0.02708500 0.03830398
o 0.01800000 1.50475971 0.02559665 0.03619913
S 0.01600000 1.01285675 0.02063487 0.02693691
- 0.01200000 0.98034761 0.01682407 0.02379283
- 0.00900000 0.72715143 0.01253280 0.01772406

Ymax/L = 0.0

TABLE 4a.29

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

(AN



R = 0.09786875

Pord Q/Pg Q/Pg** A U/L V/L

60° el 0.02100000 | 5.61140634 | 0.05368066 | 0.10736132
s 0.02000000 | 5.21055616 | 0.05001685 | 0.10003369
- 0.01900000 | 4.83528117 | 0.04656527 | 0.09313055
dg- 0.01800000 | 4.48163678 | 0.04329316 | 0.08658631
22 0.01600000 | 3.82776132| 0.03719188 | 0.07438376
- 0.01200000 | 2.68091741 | 0.02632281 | 0.05264562
P 0.00900000 | 1.92385525| 0.01902438 | 0.03804877

Ymax/L = 0.0

TABLE 4a.30

DIMENSIONLESS POSTBUCKLING LOADS FOR Q/PE - V/L CURVES

€eT



X

%X 2

o/Pg

A U/L V/L
0° 0° 2.00000000 | 0.00000000 | 0.50000000 0.02533029
2° 4.01231647 | 1.99509806 | 2.01231647 | 0.50153609 0.02539253
4° 8.10188392 | 1.98003805 | 4.10188392 | 0.50630867 0.02558567
6° 12.36522353 | 1.95360487 | 6.36522353 | 0.51488334 0.02593185
ge° 16.95340778 | 1.91308439 | 8.95340778 | 0.52853169 0.02648111
10° 22.17553113 | 1.85206372 |12.17553113 | 0.55028683 0.02735359
11° 25.26086006 | 1.80874855 |14.26086006 | 0.56664715 0.02800864
12° 29.06673993 | 1.74810879 |17.06673993 | 0.59089232 0.02898023
13° 36.73524572 | 1.60281572 |23.73524572 | 0.65571423 0.03160725
13.00849500 | 37.36837791 | 1.58949943 |24.35988291 | 0.66214654 0.03187204
13.00850000 | 37.36993910 | 1.58946636 |24.36143910 | 0.66216262 0.03187270
13.00863500 | 37.43256439 | 1.58813857 |24.42392939 | 0.66280860 0.03189935

TABLE 5 TRIFURCATION POINTS FOR VARIOUS VALUES OF

7eT
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Y'max/L = 0.00

R=0.02

0

0° 1P 20° 30° 40° 50° 60° 70° 80 90° OX

FIGURE l18a DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS. X , FOR VARIOUS VALUES OF R.
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Q/Pe Y'max/L = 0.05
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R=0.02
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FIGURE 18b DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS.X , FOR VARIOUS VALUES OF R.
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Q/Pe Y'max /L = Q.10
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FIGURE l18c DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS.X , FOR VARIOUS VALUES OF R.
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Y'max/L = 0.15

R=00!

R=0.02

0o + :
o° 10° 2

FIGURE 18d
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DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS. X, FOR VARIOUS VALUES OF R.
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Y'max/L = 0.20

R=0.0!

R=0.02

0 4
o P
FIGURE 18e

20°  30°

40° 50° 60° 70° 80° 90° &

DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS.X , FOR VARIOUS VALUES OF R.
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Q/Pe Y'max /L = 0.25

144
R=0.01

R=0.02

R=0.02
R=00!
Rz 0.00

0° 0P 200 30° 40° 50° €0 WOF 80° 9'O° &

FIGURE 18f DIMENSIONLESS BUCKLING AND POSTBUCKLING
LOADS VS.® , FOR VARIOUS VALUES OF R.
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FIGURE 19a BIFURCATION POINTS FOR VARIOUS VALUES OF R - P/Fy VS. V/L CURVES
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FIGURE 19b BIFURCATION POINTS FOR VARIOUS VALUES OF R - P/PE VS. V/L CURVES
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FIGURE 19c BIFURCATION POINTS FOR VARIOUS VALUES OF R - P/PE VS. V/L CURVES
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FIGURE 20a

VERSUS Y'MAX/L, FOR VARIOUS VALUES OF R.

DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
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Q/Pe & =35°

8 +
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FIGURE 20b DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
VERSUS Y'i“AX/L, FOR VARIOUS VALUES OF R.
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Q/Pe X =45°
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414
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FIGURE 20c DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
VERSUS y'MAX/L, FOR VARIOUS VALUES OF R.
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Q/Pe o =60°
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FIGURE 20d DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
VERSUS Y'MAX/L, FOR VARIOUS VALUES OF R.
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FIGURE 20e DIMENSIONLESS BUCKLING AND POSTBUCKLING LOADS
VERSUS Y'MAX/L, FOR VARIOUS VALUES OF R.
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CHAPTER VI

DISCUSSION, CONCLUSIONS AND RECOMMENDATIONS

6.1 Discussion

This thesis presents an analysis of the buckling and
postbuckling behavior of a column including the effects of
axial strain. The exact elastica theory is developed in
order to obtain insight into the requirements and limitations
of an Intermediate Theory which is utilized to produce numer-
icgl solutions of the problem for purposes of physical inter-
pretation. Both the vertical column and the incline (slanted)
column are investigated, the former providing the necessary
background to formulate and interpret the latter.

For the vertical column, the important expression for
the centerline strain is eo = (P/EA) cos ©. 1In the case of
the slanted column, the corresponding expression for the cen-
terline strain is GO = ((Q/EA)cos®)/cos(+7?). Both these
functions are utilized in the power series expansion process
used in the Intermediate Theory.

All numerical computations are carried out using a
Hewlet Packard - 97 Programmable Calculator and checked by a
set of Fortran IV programs run on an IBM computer and in-
cluded in Appendix B.

For the vertical column, the following characteristic

behavior exists as shown in Figure 10:
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1. For R=0. The quadratic equation yields only one
solution which is the ''classical elastica solution."

Consequently, only one bifurcation point exists.

2. For 0<R<0.02533. A pair of bifurcation points cor-
responding to the two real roots of the quadratic
equation, in P/PE, are obtained. The curves themselves
represent:

a. For the lower values of P/PE, shown the lower or
primary mode of postbuckling behavior.

b. For the upper values of P/PE, shown the higher
mode of postbuckling behavior.

3. R=0.02533. The quadratic equation yields two equal
roots of P/PE, which are 2. This solution is a tri-
furcation point which is the upper limit of the bending

inestability mode.

4, R 0.02533. No bifurcation point exists corresponding
to the complex roots of pipe obtained from the quadratic
equation. The curves obtained show the pure axial insta-
bility defined as the condition where the column re-
duces to zero length without buckling and will remain
stable unless subject to a perturbation.

Referring to Figure 11, the latter four geometrical ob-
servations are characterized in an alternate form. The in-
clined straight lines represent the pure axial mode of defor-

mation. The intersection with the curved lines represent the
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combined bending and axial mode. The three ranges of parameter

R presented are interpreted as follows:

1. R = 0. Shows the case of the '"'classical elastica
solution'" with the bifurcation point located on

the vertical axis (P/PE = 1).

2. R =0.02. TIllustrates the two bifurcation points
corresponding to the lower and higher modes of

postbuckling.

3. R = 0.02533. Presents the trifurcation point and
illustrates clearly the three paths that the

column might follow in its postbuckling behavior.

It is observed from this graph that the column passes
first through a state of pure axial compression reaching then
a bifurcation point to finally follow the path of combined
axial compression-bending mode with the least expenditure of
energy.

Chapter V for the slanted column contains the geomet-
rical and numerical results. The buckling characteristics of
the inclined column are similar to that of the wvertical
column (i.e. bifurcation points, trifurcation points) for
0<= < 13.01° f. Beyond this value of o< mno trifurcation
point exists as shown on Table 5, however, the three modes
of postbuckling behavior still exists, but with no common

boundary.
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Referring to Figure 21, the graph illustrates the
path that the bifurcation points follow for a range of the
parameter X . The corresponding curves for R = 0, R = 0.01,
R = 0.02 and R = 0.02533 interchange their path at approxi-
mately X = 31°, 1t is observed in this graph that for the

larger value of Rone obtains a smaller Q/PE value for &

more than 31°.

6.2 Conclusions

The present study clearly shows that the Intermediate
Theory produces reasonably accurate results for the case of
the vertical column, with a technique that is relatibly
simple. A comparison of the study performed by J. V. Huddles-
ton(12) (see Appendix A, Figure Al and Figure A2) shows that
the curves of postbuckling loads versus the mid point dis-
placements are in close agreement with that of the Intermed-
iate Theory shown in Figurel0. For Ymax/L < 0.025, the
Intermediate Theory produces identical results as the 'exact"
theory, for the lower deformation mode. This is of extreme
importance since the lower mode controls in design, as well
as the fact that the Intermediate Theory is relatively simple
to apply. The mathematical technique of the Intermediate
Theory yields a set of nonlinear algebraic equations which are
simpler to solve numerically than the classical set of non-
linear differential equation.

The agreement between the Intermediate Theory and the

"exact" solution for the higher bending mode of buckling is
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reasonably good for Ymax/L smaller than 0.0025.

For the pure axial compression mode, the Intermediate
Theory yields reasonably accurate results for 0.226 < Ymax/L

<0.35.

Throughout the numerical computations, the value of
€, 1s calculated and recorded to insure that it remains within
the range of the nonlinear theory, that is, €, <1.0. For the
lower bending mode with Ymax/L < 0.025 the value of €, always
satisfied the latter inequality.

The Intermediate Theory is highly efficient because
it exposes all the important phenomena involved in the post-
buckling behavior of a column with a fairly simple process as
well as accurate results for the range of parameters of prac-
tical engineering problems.

The results obtained by applying the Intermediate
Theory to the slanted column, as expected, are quite encour-
aging. The classical solution for the elastica problem does
not reveal the three basic modes of postbuckling behavior.

The inclusion ofaxial strain eliminates the incompleteness of
this theory.

The trifurcation is present only when the mathematical
model that represents the column allows the axial strain to be
an integral part of the solution. The primary observation in-
herent in the solutions is that the buckling load decreases
as the inclination angle K increases.

Referring to Figure 21, a plot is shown in Figure 23

Trelating the limiting values of & when Q/Pp = 0 versus the
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Figure 23 Limits of Bending Inestability for Slanted Column
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associated values of R. A The graph is divided into two zones.
Zone I represents combinations of R & X where bending in-
stability occurs after a finite amount of axial shortening.
Zone II contains points where instability, if it exists, is

most probably a pure axial phenomenon.

6.3 Recommendations

It is generally recommended that the solutions of the
"Basic Nonlinear Differential Equation' obtained on Chapter
ITII (Equation (3-16)) and the analogous equation obtained on
Chapter V (Equation (5-11)) in the form of higher order of
elliptic integrals be obtained independently and the results

(12) as well

compared with those obtained by J. V. Huddleston
as with those in the present thesis.

An amplified theory with the inclusion of shear strains
and also the Poisson's effects would be a valuable investiga-
tion, following the energy approach utilized in this thesis.

J. V. Huddleston(zo)(Zl) has developed already a study in
these areas by using the differential equation method.

An important investigation which is highly recommended
is the reduction in the value of €, below unity based upon the
number of terms used in the power series expansion process and
in the number of terms taken in the assumed bending deflections
function.

It is the observation of this author that future work

on this problem should investigate the following areas:
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A more precise geometrical interpretation of
the P/P; vs. V/L curves for the vertical column
especially for the values 0.02 <R < 0.03

although this thesis has already made significant

contributions in this area.

An interpretation of the stability characteris-
tics of the slanted column for value of R and &
lying in Zone II of Figure 23 would be of signi-

ficant value.
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APPENDIX A
COMPARISON OF RESULTS WITH THE "EXACT'" SOLUTION
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APPENDIX B
COMPUTER PROGRAMS FOR
1) Q/Pg versus Y'max/L

2) Q/Pg versus V/L
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IMPLICIT REAL*8LA-H,)-2)
DATA ERS/Ll.D-10/
PI=3.14153265359D00
BETHA=PI/9000.
WRITE(3,400)P1,DELTA,3ETHA
50 FORMAT(2F10.0)
250 FORMAT(6F20.3)
350 FORMATI(' YVAX/L='"9F1).2,'R=",F15.10)
360 FORMATII20.8,% *x2:x[MAGSINARY RUOOTS FCk Q/PEXxxkki)
400 FORHMAT(® PI= *,F20.15," DJELTA= *,F20.17," 3cTHA='4F25.20//)
270 FORMAT('ONCT ABLE TO FIND LAMOA AFTER 5000 TRIES' $5Xy " XL Ncw=",
+F20.849' XLOLD='4F20.8," JUIPING TO NEXT Y/L',/7/)
CALL REREAD
20 READ(7,50)K,y YMAXL
IF(YMAXL «LTe —999.)5T0P
WRITE(3,+350) YMAXL,K
IARITE=1
J=0
[ERROR=0
DELTA=PI/36.
A=YMAXL*P]
A2=A*A
AG=A2%A2
A6=A4*A2
A8=A4%A4
AA=(2.=15.%A4/32.-35.%A6/512.) ¥R*P [*P]
BB=2.+3.%A2/ 4.
CC=2.+A2+3.%A4/16.
ALPHA=0.-DELTA

70 00 300 I=1.19
ALPHA=ALPHA+DELTA

90 ICUUNT=0
XLOLD=0.

100 COSAL=DCOS{ALPHA+XLCLD)
ICOUNT=ICOUNT+1
IFIR.EQs04)QPE2=CC*CISAL/3B
QPEL1=QPE2
IF(R.EQ.0.) GO TC 152
SIGN=BB*3B—4.*AA*CC*L0SAL
IFISIGN «GEe. O.) GG T3 130
DALPHA=ALPHA*180./P1
WRITE(3,360)DALPHA
GO T3 309

130 RR=DSQRT(SIGN)
QPEL=([B+RR) /( 2.%AA)
QAPE2=(BB-RR)/(2.*AA)

150 VOL=6e25%(4e-(4e—A2-3.%A4/16)%0DCOSI{XLOLD)+QPE2*PI*4x%
LPI*R*¥DCUSIXLULD)/COSALF(1e=A2/2+445.%A6/128.+35.%A8
2/819241)

TANAL=DTAN(ALPHA)/(1.-VLL/(DCUSCALPHA) *DCUSULALPHA)))
XLNEW=DATAN{TANAL)=ALPHA

IF(DABS (XLNEw=-XLULD) «LT. ERS) GO TO 200

IFUICUUNT .GT. H0U00) wU Tu 179

IF(ALPHA+XLNEW oLEe P1/5¢) XLULD=XLNEW
IF(ALPHA#XLANLW oGTe PI/54)XLOLO=(XLELD+XLNEW)/2



GO TGO 100
DXLNEW=XLNEW*180./PI

JXLOLO=XLOLU*180./P1
ARITE(3,270) DXLNEW,DOXLLLD

GO TU 20
JJL=VOL/OCOSTALPHA)

DALPHA=ALPHA*180./P1

DALGLD=XLOLD*180./P1
IF(IWRITE EQ. 1)
+WRITE(2,250)CALPHA,CPEL,QPE2,0XLULD,VOL,UCL

IF(IERROR .EQ. 1) GU Tu 20

IF(DXLOLD «LT. 0«) GO TC 450
300 CONTINUJUE

GO TG 20

450 CONTINUE
ALPHA=ALPHA-DELTA

DELTA=DELTA/10.
[ARITE=0

J=J+1

[F{J .LT. 4) GO TC 79
[WRITE=1

IERRQOR=1
ALPHA=ALPHA-DELTA*10.

GO 70 90
END

8 170

200
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IMPLICIT REAL*3(A-H,0-2)

DATA ERS/1.D-10/

PI=3.14159265359D00

DELTA=PI/36

FORMAT(2F10.0)

FORMAT{'ONUT ABLE TO FIND LAMDA AFTER 5000 TRIES *,' XLNECw
+F20e8y "XLULD= " yF2039"' JUMPING TO NEXT R %,//77/)
FORMAT('OR = " ,F10.295X,'QPEZ = ',F15.10)

CALL REREAD

READ(7,50)R

[ERROR=0

IF(R «LT. 0)STOP

DO 300 I=1,21

READ(7,52)QPEZ

IF(IERROR «EQe. L) GO TC 300

WRITE(3,350)R,QPEZ

ALPHA=-DELTA

DO 280 J=1,18

ALPHA=ALPHA+DELTA

XLOLD=0.

ICOUNT=0

COSAL=DCOS({ALPHA+XLGCLD)

ICOUNT=ICOUNT+1
UOL=e25%(4e—=4%*DCOS(XLOLD)+QPEZ*4*PI*PI*R*DCOS(XLCLD)/COSAL)
TANAL= DTA4(ALPH\)/(1.—LuL/DLOS(ALPdA)/uCOS(ALPH\))
XLNEW=DATAN{ TANAL)-ALPHA
IF{DABSIXLNEW-XLOLD)«LT.ERS) GO TO 200

IF(IC3UNT .GT. 5000) GC TO 150

IFIALPHA+XLNEW oLEs PI/5¢) XLOLD=XLNEW
IFCALPHA+XLNEW oGTe -21/754) XLIOLO=(XLOLD+XLNEW)/2
GO T3 100

DXLNEwW=YLNEKW*1804/P1

DXLOLD=XLOLD*180./P1

WRITE(3,270) DXLNEW,DALGLO

TIERRUR=1

GO TO 300

VOL=UUL/DCCS (ALPHA)

DALPHA=ALPHA*180./P1

DXLOLO=XLOLL*180./P1
WRITE(3,250)DALPHA,QPEZ,DXLOLD,UOL,VOL
FORMAT(6F20.8)

IF(DXLCLD «LT. 0.) GU TC 300

CUNT INUE

CONT INUE

GO T0 20

END
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