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ABSTRACT

The performance of the High Frequency Power Supply (HFPS) induction heating system

is improved by building an optimum controller to achieve optimum closed loop control,

using the Linear Quadratic Tracking (LQT) method. The optimum controller is designed

to minimize the difference between the HFPS actual system output and the desired

reference signal, while keeping the system control input minimized.

The utilization of switching devices in HFPS induction heating system results in high

power loss, poor line power factor, and harmful harmonics. In this research, first a

continuous-time linear system model is developed to simulate the HFPS induction

heating system with a series-parallel resonant load. Second, the LQT optimum controller

is developed to achieve optimum closed-loop control in both continuous and discrete time

domains to optimize the system performance. Third, a desired pure sinusoidal reference

signal is constructed with desired magnitude and frequency by programming devices.

Fourth, the desired reference signal and HFPS induction heating system feedback as

inputs to the LQT optimum controller are used to simulate the ideal and real system

performance with the LQT optimum controller. By using the LQT optimum controller,

the system output is forced to track the desired reference signal closely, in both

continuous and discrete time domains. The simulation results are compared with the

industry test data to confirm the theoretical consideration.
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NOMENCLATURE

Au Volt-radian area

Au Current commutation voltage drop area

ex AC-DC rectifier section firing angle

f1 (Modulating frequency) is the desired fundamental frequency of the inverter

voltage output, which is also the frequency of the control signal.

fs ( carrier frequency), which establishes the frequency with which the inverter

switches are switched.

iw Induction coil current.

iSE Series inductance current (HFPS system output).

K(oo) Steady state feed backward gain (lx3 vector).

Kk Discrete time feed backward gain (lx3 vector).

KV(oo) Steady state feed forward gain (lx3 vector).

K k Discrete time feed forward gain (lx3 vector).

K(t) Continuous time feed backward gain (lx3 vector).

K(t) Continuous time feed forward gain (lx3 vector).

CDC DC filtering capacitor

LDC DC filtering reactor

Ls Input line inductance

LSE Load series inductance

Amplitude modulation ratio m = Vcon/rota A

V/ri

Mr

ret)

8(00)

v

Frequency modulation ratio mf = Is
11

DC-AC inverter section firing angle

Discrete time desired reference signal.

Continuous time desired reference signal.

Steady state auxiliary matrix (3x3 matrix).

Ideal control input.

Auxiliary vector (3xl vector)
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vc Tank capacitors voltage.

Vcontrol Control signal to modulate the switch duty ratio and has a frequency fl.
A

Vcontrol The peak amplitude of the control signal.

Vd Inverter output voltage (HFPS system input).

VLL Input line to line voltage

V tri Triangular waveform is at a frequency fs.

A

Vtri The amplitude of the triangular signal, usually kept as a constant.

Zload Load section impedance
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Chapter 1

Introduction

In high frequency induction heating applications, the desired waveform of High
Frequency Power Supply output current is a pure sinusoidal waveform with fixed
frequency. This research proposes a LQT optimum controller model, to achieve an
optimum closed loop control, and minimize the error between the desired output and the
actual system output.

The HFPS system with discrete time LQT optimum controller is shown in Fig. 1. The
LQT optimum controller has two independent inputs: the desired reference signal and the
system feedback state variables. The desired reference signal is a pure sinusoidal
waveform with desired frequency and magnitude. An AID converter is used to convert
the system feedback state variables into discrete time domain. Based on these inputs, the
LQT optimum controller generates the optimum control signal (Uk). The control signal
converter produces inverter section firing angle and switching frequency, to make the rms
value and the frequency of the inverter section output voltage (Vd) equal to those of the
control signal (Uk).

The electrical schematic of the HFPS system is shown in Fig. 2. The power input is a
three phases, 480 V, 60 Hz line. The AC-DC rectifier section converts the AC line into

3¢ 48CIV
60 HZ. LI~:Z

--~¥

11)). IJIAX rm;; !o'ue 61 i v

x

Fig. 1 HFPS System wi LQT Controller
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Fig. 2 HFPS System Electrical Schematic

DC supply, by switching phase controlled thyristors (A+, B+, C+, A-, B-, C-). The
reactor LDC and filter capacitor CDC, purify the rectified DC output, to produce better
DC supply. The DC-AC inverter section uses IGBT modules (P+, P-, N+, N-), that
converts the DC supply into single phase, 50 kHz output voltage (Vd) with forced
commutation. The LSE, capacitor bank and induction coil form a series-parallel resonant
circuit, where the high resonant induction current and voltage are generated to satisfy the
induction-heating requirements.

The HFPS induction heating system is controlled: (a) by controlling the switching
device's firing angle ex of the rectifier section to adjust the DC output voltage, (b) by
controlling the firing angle <j) for the inverter section switching devices, and (c) by
controlling the inverter section output frequency to tune the resonant-load section.

The optimum controller produces the firing angle and switching frequency for the DC
AC inverter section based on the system feedback signals (isE), (Ve), and (ho), such that
the system output (iSE) tracks the desired reference signal closely. Due to the
requirements for the induction depth of penetration [3] on the heating parts, and the desire
to minimizing switching loss and system harmonics, the desired system output (iSE) has to
be a pure sinusoidal waveform with fixed load resonant frequency 50 kHz for this case.
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Chapter 2

Characteristics of High Frequency Power Supply

In this chapter, the basic structure and operation of HFPS, along with the process of AC
to DC rectifying and DC to AC converting will be discussed. Also, all the switching
devices are assumed to be ideal switches.

2.1 AC-DC Rectifier Sections

The AC-DC rectifier section is composed of three positive legs A+, B+, C+, and three
negative legs A-, B-, and C-. Each leg has one or more thyristors in parallel. The output
voltage of the converter is controlled by the firing angle a. of each thyristor. The
following subsection will describe the concept of signal phase rectifying and three phases
rectifying.

2.1.1 Concept of Signal Phase Rectifying

In this section, it is assumed that all the thyristors are perfect switches with zero tum
on/off time, also it is assumed that the AC line voltage is a pure sinusoidal waveform
with a fixed frequency of 60 Hz. When the firing angles for the thyristors are 0° and 60°,
the waveforms of the input line voltage, current, rectifier bridge (A+, A-, B+, B-) output
voltage and current for phase A are shown in Fig. 3.

! DC

wt

wt

, DC

Single Phase Rectified Waveforms

wt=o

~"'-/-/
(1 ~ 60· I . - , Vob

-"-'-'--"----t-~-----"-'-A+"'-',s'-- ~.-+:-. ---"S-'-'.-+,-"-A- +-!•__ A+, 8-

I·
a An

I 8+, A~
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When a. =0°, the rectifier section acts like a diode DC bridge. Also, before t =0, it is
assumed that all thyristors have been turned off. At rot =rf tum on thyristors A+ and B-.
Then the rectifier ouput voltage is the line voltage (Vab), and the rectifier bridge output
current is equal to the line current (iab).

At rot =180°, tum on thyristors A-, B+, and the same time tum off thyristors A+and B-,
then the rectifier ouput voltage and current are expected to be the mirror of those of the
line voltage (Vab). The rectifier bridge output voltage is a periodcal function with a
period of 1/120 sec.

When a =6rf, thyristors A+ and B- begin to conduct at rot =60°, and at the same time
thyristors A- and B+ will be turned off. Then, at rot =24rf, B+ and A- begin to conduct,
A+ and B- will tum off and the waveforms repeat every 1/120 sec.

When a =9rf, thyristors A+ and B- begin to conduct at rot =9rf, and at the same time
thyristors A- and B+ will be turned off. Then, at rot = 27rf, B+ and A- begin to conduct,
A+ and B- will tum off and the waveforms repeat every 11120 sec. Therefore, the
average output voltage is zero.

The shaded area Au is called volt-radian area. This area is the difference between the
diode full-rectifier bridge and the thyristor bridge. The expression for the average value
for Vbridge' is

V I = ~ r1r

+
a (-J2. V SIn mt)d (mt)

bridge n Ja ab

the solution of the above equation is [1]

2-J2
Vbridge' =--V ab COS a

n

(2-1-1)

(2-1-2)

From equation (2-1-2), the average rectifier bridge output is a function of thyristor firing
angle a.. By controlling the thyristor-firing angle, the output of the rectifier bridge can be
controlled. When the thyristor firing angle a. equals to zero, the bridge output voltage is
the maximum. When the thyristor firing angle a. equals to 9rf, the bridge output voltage
is zero.

The average input power in one period can be calculated by

1 iT 1 iTP = - p (t)dt = - V (t)i (t)dtToT 0 S S
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A+ and B- will tum off and the waveforms repeat every 11120 sec. Therefore, the
average output voltage is zero.

The shaded area Au is called volt-radian area. This area is the difference between the
diode full-rectifier bridge and the thyristor bridge. The expression for the average value
for Vbridge' is

V I = ~ r1r

+
a (-J2. V SIn mt)d (mt)

bridge n Ja ab

the solution of the above equation is [1]

2-J2
Vbridge' =--V ab COS a

n

(2-1-1)

(2-1-2)

From equation (2-1-2), the average rectifier bridge output is a function of thyristor firing
angle a.. By controlling the thyristor-firing angle, the output of the rectifier bridge can be
controlled. When the thyristor firing angle a. equals to zero, the bridge output voltage is
the maximum. When the thyristor firing angle a. equals to 9rf, the bridge output voltage
is zero.

The average input power in one period can be calculated by

1 iT 1 iTP = - p (t)dt = - V (t)i (t)dtToT 0 S S
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where vs, and is are the instantaneous voltage and current.

Assuming that the utility voltage is a purely sinusoidal waveform at the line frequency.
The input current is the sum of its Fourier (harmonic) components as given by equation
(2-1-4),

iJ t ) = isd t ) + LJsh ( t )
h:t1

(2-1-4)

where i s1 is the fundamental component, h is the order of the harmonics, and ish is the

component at the hth harmonic with frequency of (J)h /2n =hf]. Also, the rms value of
the line current can be calculated by equation (2-1-5)

( )

1/2
1 TJ 2

I s = - f is (t) dt
T 1 0

substitute equation (2-1-4) into equation (2-1-5) to obtain

I s = (I; J + L I s~ J1 / 2

h i' 1

The power factor is defined by equation (2-1-7),

(2-1-5)

(2-1-6)

I sl cos l/>l

Is
(2-1-7)

In the above equation, Is] =0.78 IDC, IDC =the output current of the rectifier section.

For the single phase, the phase angle equals to zero. Therefore, the power factor for the
single phase will be

I 3
PF =-..& =- ~ 0.955

Is 1'C
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2.1.2 Three-phase Rectification With Ls=O and idft) = iDe, and a=O

The line voltage and current waveforms are shown in Fig. 4. For zero line inductance
(Ls), the transition of the line current from a value of ±IDe to zero will be instantaneous.
The rectifier section output current is constant, and the voltage drop across the line
inductance (Ls) is zero. The input line current is shown in equations (2-1-9), (2-1-10),
and (2-1-11 )[1],

io ={

I d when A + conducting

-Id when A - conducting

0 when neither A+, A - conducting

i, ={

I d when B + conducting

-Id when B - conducting

0 when neither B+,B - conducting

i, ={

I d when C + conducting

-Id when C - conducting

0 when neither C+,C - conducting

(2-1-9)

(2-1-10)

(2-1-11)

Fig. 4

Area Adc I Vbridge
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wt
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Waveforms for Line Voltage and Current
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For three-phase line input at the interval - .!..7l' < ()) t < .!..7l'
6 6

Vbridge =VAn - VBn =Vab =.J2VLL COS rot (2-1-12)

where VLL is the rms value of the line voltage, the output voltage of the AC-DC output
voltage is equal to the difference between the phase A voltage and phase B voltage. The
average rectifier section output voltage (VDc) is show in the following equation.

1 J.11:/6 ~ 3.J2VDC =-- v2Vu cosmtd(mt) =--Vu
1C /3 -11:/6 1C

2.1.3 Three-phase Rectification With Ls ~ 0, id(t) =iOG, and a =0

(2-1-13)

With finite Ls, the transition of the line current from a value of ±IDC to zero, will not be
instantaneous, while the sum of the line current is still a constant as IDC• Thus there is
voltage drop across the Ls. During interval u, the output current of the rectifier section is
the summation of the current of phase A and phase B. The voltage drop during interval u
(area Au) is shown by equation (2-1-14).

Au =OJLJDC

The value of the instantaneous output voltage is shown as the following equation

Vbridge =.J2vu cos OJt -~
n/3

(2-1-14)

(2-1-15)

Therefore, the average output voltage of the rectifier section (VDc) is shown as the
following equation

= 1 I11: /6 [.J2Vu COS mtd (OJt) _ Au ]
n /3 -11: /6 n /3

3.J2 3--vLL - -mLsI DC
n n

(2-1-16)

Assume both line inductance and line frequency are constants, the average output voltage
of the rectifier section (VDc) decreases, when the output DC current increases.
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2.1.4 Three-phase Rectification With Ls ~ 0, id(t) = iDG, and a:f:: 0

With finite Ls, and a ~ 0, the transition of the line current from a value of ±IDe to zero
will not be instantaneous. The voltage drop on the AC-DC rectifier section output due to
the finite Ls is the area Au. The line voltage and current waveforms are shown in Fig. 5.
There are additional voltage drops on the AC-DC rectifier section output, which is
represented as Au.

wt
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wt
~

\
\
'~.

I wt
/ ~

"',

/
.~ ~

, '\ / '"" y \
j", /\

j' \ wt

L

8·· Thyrcbl

~.,;ndjct;nq

II"'"

-----.J'.---CL
. ..;.. ...

Fig. 5 Waveforms for Line Voltage and Current
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Fig. 6 Waveforms for Line Voltage and Current (Zoom In)

When ex. ::j; 0, the rectifier section average output voltage is a function of ex.. Therefore, the
line current wavefonn shifts to the right at ex.0 • The average output voltage decreases
when the firing angle ex. increases. By considering about one period of operation, as
shown in Fig. 6. The voltage drops are areas A a and Au [II.

During the interval u, the voltage drop (area Au) is shown in equation (2-1-17).

rIDe
Au = Jo mL s di a = mL s I DC (2-1-17)

The voltage drop due to firing angle ex. (area An) is shown in equation (2-1-18).

(2-1-18)

Therefore, the average output voltage with Ls ::j; 0 and firing angle ex. (area Adc) is shown
in equation (2-1-19).

v ='i.fiv _ Aa -~
DC Te LL Tel3 Tel3

(2-1-19)

substitute equations (2-1-17) and (2-1-18) into equation (2-1-19) to solve VDC.
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3 ~ mL IV =-",2V cosa- s DC
DC n U n/3

(2-1-20)

Therefore, with a= 0°, 480 V line voltage, the maximum output DC voltage is 610 V and
the rated output current IDC is 8000A. Assume ac-side inductance Ls can not be ignored,
based on the international standard the line inductance is

Ls =10% .fi"VU

S"m"I
"'" DC

=12.99/lH (2-1-21)

The line current is approximated to be a trapezoidal waveform in interval u, as shown in
Fig 7. During the commutation interval u, the summation of the current of phase A and
phase C is equal to the output DC current IDc. The area Au and Au' are approximately
equal. The positive leg voltage is defined by equation (2-1-22)

V postive
= V An + V en _ L di c

2 s dt
(2-1-22)

Since the line inductance Ls is small, Vpostive can be approximated by equation (2-1-23)

I

wl
10rr 1111" 211"
6 6

..... ......j r-- 1 (1
~-------'"

Fig. 7 Approximation of the Line Current
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V An + VCn
V postive ~ 2 (2-1-23)

By selecting the origin at rot = 0, the line voltage is VAC =.J2vu sin rot, and the line

current is shown in equation (2-1-24), the slope of the current of phase A is a function of
the frequency, the line voltage, and the line inductance.

di a _..fivu sin rot

d(rot) 2roLs

(2-1-24)

By changing the variables and integrating equation (2-1-24) in duration from a to a+u,
yield

.J2VLL

2mL s

(2-1-25)

The displacement power factor (DPF) can be approximated as

1
DPF :::::cos(a+-u)

2
(2-1-26)

The rms value Ia and the fundamental frequency component Ial are shown in the
following equations

I a = f2I d and I a 1 = .J6 I d'13 7T:
(2-1-27)

Therefore, the power factor is shown in equation (2-1-28), if the commutation interval for
the current is constant, the power factor is a function of the thyristor firing angle a, and
the power factor is closest to unity when the firing angle equals to zero. (In this research,
the firing angle a for the rectifier section will keep as zero.)

131
PF =--E1...DPF =-cos(a +-u)

fa 1r 2
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2.1.5 Simulation of the Rectifier Section With LS:I: 0, id(t) = iDe, and a:l: 0

The Matlab Simulink model for the rectifier section is shown in Fig. 8. The figure
represents the line to line voltage Vab, Vac, and Vbc by three pure sinusoidal waveforms
with fixed line frequency. By using the Matlab signal generators, to generate and
synchronize the line-line voltages (VLl) Simulate the rectifier section output voltage, by
using the superposition function block, and calculate the voltage drop across line
inductance Ls. Then subtract the voltage drop from the rectifier section output voltage.
Assume all the switching devices are ideal. Therefore, both tum on or off time and
switching losses will not be considered in this simulation. The three sinusoidal signal
generators simulate the input voltage VAn, VBn and VCn. At each instance, add up the line
voltages to get the positive leg and negative voltages. Therefore, the output voltage of
the rectifier section is Vbridge = VPn - VNn ,

AC to DC converter section

Sum8U+--.+

Pos Alpha Area Sum6

PosArea u1----'----'-=':":'==--.+

Mux1

Mux3

C

4BOV
2*pl*60 Freq

o

4BOV
Tpi*60Freq
-120/18lrpi

4BOV
2*pi*60 Freq
-2401180*pi

Fig. 8 Simulink Model for AC-DC Rectifier Section
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Waveforms for the Voltage Output wi Ls = 0 and i,tft) = iDcand a = 0

The voltage waveforms are shown in Fig. 9, in one period, the current commutation of
the rectifier section is shown as follows:

when 1C ;;::: wt;;::: 0 Thyristor C+, B- conducting,
6

when 1C ;;::: OJt;;::: 1C Thyristor A+, B- conducting,
2 6

V pn = vAn' V Nn =V Bn , andVBridge =V pn - V Nn =V AB

when 51C ;;::: OJt;;::: 1C Thyristor A+, C- conducting,
6 2
V Pn =vAn' V Nn =V Cn ' and VBridge =V pn - V Nn =V AC

when 71C;;::: OJt;;::: 51C Thyristor B+, C- conducting,
6 6

V pn =V Bn , V Nn =V Cn ' andVBridge =V pn - v Nn =V BC

when 31C ;;::: wt;;::: 71C Thyristor B+, A- conducting,
2 6
V pn =V Bn , V Nn =VAn' and VBridge =v pn -vNn =V BA

h ll1C 31C Th' CAd .w en --;;::: OJt ;;::: - ynstor +, - con uctmg,
6 2
V pn =VCn ' V Nn =VAn , and VBridge =Vpn -vNn =VCA

when 21C;;::: 0Jt;;::: ll1C Thyristor C+, B- conducting,
6
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When a = 0°, the average dc output voltage is the maximum, when a gets larger and
larger, the voltage drop area Au gets larger and larger. Therefore, the average output
voltage of the rectifier section gets smaller and smaller, the line power factor gets far
away from unity. The waveforms of the output voltage for a =30° and a =60° are shown
in Fig. 10 and 11.

From the plots, it is evident that the magnitude of the rectifier section output voltage
drops, when the thyristors firing angle increases. Due to the commutation interval (u),
there is an additional voltage drop for AC line inductance Ls :j; 0, when the firing angles
are equa1. When the firing angle continuously increases, the rectifier section averages
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Fig. 10 Voltage Waveforms When a =30°
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When a = 0°, the average dc output voltage is the maximum, when a gets larger and
larger, the voltage drop area Au gets larger and larger. Therefore, the average output
voltage of the rectifier section gets smaller and smaller, the line power factor gets far
away from unity. The waveforms of the output voltage for a =30° and a =60° are shown
in Fig. 10 and 11.
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output voltage approaches to zero. When the firing angle a = 90°, the output voltage for
one period is shown in Fig. 12, for one period, the positive area is equal to the negative
area. Therefore, the average output of the converter will be zero. When the firing angle
a > 90°, the average output of the converter becomes negative. When the firing angle
a=1800, the average output voltage of the converter reaches the minimum negative value.

In this research, the firing angle of the converter is restricted in the range of 90° ;? a ;? 0°,
that is the rectifier section only supply positive output voltage. When a = 0°, the PF is
closer to one. In this research the constant a = 0° is selected to get better power factor.
With a= 0°,480 V line voltage, the maximum output DC voltage is 610 V.
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2.2 DC-AC Inverter Section

Assume the filter reactor and capacitor filter out the ripple voltage from the AC-DC
rectifier section. Therefore, the inverter section input voltage (VDc) is a pure DC voltage.
By using the IGBT technology, the output frequency of the inverter section can easily
achieve 50 kHz. One positive leg (P+, P-) and one negative leg (N+, N-) compose the
inverter section.

2.2.1 The Pulse Width Modulation (PWM) Method

In order to produce a sinusoidal output voltage with desired frequency and magnitude [1],

a sinusoidal control signal at a desired frequency is compared with a triangular waveform
as in Fig. 13. The frequency of the triangular waveform establishes the inverter
switching frequency and keeps constant amplitude Vtri, .

For the Positive leg (P+, P-):

If V control > V tri, P+ turned on, and V IN = V de

If -Veontrol < V tri : P- turned on, and V 2N =0

For the Negative leg (N+, N-):
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Fig. 13 PMW Switching

Page 19

Vtri -
~Vcontrol -

/

/
"

,- '1"-)

-Vtri

=~-Vcontrol

2.2 DC-AC Inverter Section

Assume the filter reactor and capacitor filter out the ripple voltage from the AC-DC
rectifier section. Therefore, the inverter section input voltage (VDc) is a pure DC voltage.
By using the IGBT technology, the output frequency of the inverter section can easily
achieve 50 kHz. One positive leg (P+, P-) and one negative leg (N+, N-) compose the
inverter section.

2.2.1 The Pulse Width Modulation (PWM) Method

In order to produce a sinusoidal output voltage with desired frequency and magnitude [1],

a sinusoidal control signal at a desired frequency is compared with a triangular waveform
as in Fig. 13. The frequency of the triangular waveform establishes the inverter
switching frequency and keeps constant amplitude Vtri, .

For the Positive leg (P+, P-):

If V control > V tri, P+ turned on, and V IN = V de

If -Veontrol < V tri : P- turned on, and V 2N =0

For the Negative leg (N+, N-):

Vcontroi

// / "It'" \ \/\[/
~-\\ ~ ~ ~ -----V-- ~ ~ ~

\

\ -Vcontrol Vtri
Vdc -! , ,

\/
• 2~i

Vdc -

r·~
.......

I

I
.......... , , ,

I

I
I I L

-Vdc -

//- "- It '
le
' iJ' -/ ./

fundemenlal component o( Vd i
I

Fig. 13 PMW Switching

Page 19



If Vcontrol < V trio N- turned on, and V IN = °
If -Vcontrol > V tri , N+ turned on, and V 2N = Vdc

Based on the following six combinations of the status of the switches,

a. P+ turned on, P- turned on, V IN =Vdc, V 2N = 0, and the output voltage is V 12 = Vdc,
b. N+ turned on, N- turned on, VIN =-Vdc, V2N = 0, and the output voltage is V 12 = -Vdc,
c. P+ on, N+ turned on, VIN =Vdc, V 2N = Vdc, and the output voltage is V 12 = 0,
d. P- on, N- turned on, VIN =0, V 2N =0, and the output voltage is V 12 = 0,
e. P+ on, N- turned on, and the inverter section is short circuit,
f. N+ on, P- turned on, and the inverter section is short circuit.

The output voltage is constructed by some square waveforms with different width, the
fundamental component of the output voltage (Vd) is a sinusoidal waveform with a
desired frequency.

2.2.2 Square Wave Switching Scheme for Inverter Section

The square wave switching is a special case of the sinusoidal PWM switching when the
amplitude modulation ratio rna becomes so large, the control signal waveform intersect
the triangular waveform at the zero crossing point. The waveforms of the output voltage
and the control signals are shown in Fig. 14.
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Combination of PWM and SW switching

The implementation of the square wave switching is very easy. By controlling the phase
of the -Vcontrol and Vcontrol, each IGBT will tum on for one half cycle of the desired
frequency. Therefore, the desired average output voltage can be achieved.

2.2.3 Combination of Square Wave Switching and PWM Switching

The control scheme is illustrated in Fig. 15. The control sequence for the inverter section
for one period (1) is determined by comparing the triangle waveform ~ri, the sinusoidal
waveforms Vcontrol and the Vcontrol'.

The switching sequence for the inverter section In one period IS divided into four
different sections:

I. Vcontrol> Vtri, Vcontroz' < Vtri, P+ and P- turned on, N+ and N- turned off, the output
voltage Vd is +Vdc.

II. Vcontrol> Vtri, Vcontroz' > Vtri, P+ and N+ turned on, P- and N- turned off, the output
voltage Vd is O.
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III. Veontrol < Vtri , Vcontrot' > Vtri , N+ and N- turned on, P+ and P- turned off, the output
voltage Vd is -Vde.

IV. Veontrol < Vtri , Veontrot' < Vtri, P- and N- turned on, P+ and N+ turned off, the output
voltage Vd is O.

The desired output frequency can be achieved by controlling the period (n. The rms
value of the inverter section output voltage is defined by Equation (2-2-1). Therefore, by
adjusting the firing angle <1>, Vdnns can be controlled in the range from zero to (Vde).

~rT(V )'dt =l80- ifJ VT Jo d 180 de
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2.2.4 Simulate the Square Wave Control Scheme by Using Matlab

As shown in Fig. 16, by using two square wave signal generators to simulate the positive
and negative legs. When the inverter section firing angle (ljJ) is equal to zero, the output
voltage waveforms are shown in Fig. 17, when the result is actually the square wave
switching scheme result.

When the firing angle increases from zero, the positive node voltage (VIN) and the
negative node voltage (V2N) starts to overlap each other, this results show the average

DC to AC Inverter Section

V1n
2/10E6 JlJl V1N
1/10E6

0
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Vo

+ Inverter output voltage
2/10E6

JlJl Sum
1/10E6

1/1 E6*(180-phi)/180
V2n

r,jegatlve Leg V2N

Fig. 16 Simulink Model for the Inverter
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Fig. 17 Voltage Waveforms at cj> =0° (Square Wave Switching)
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output voltage decreases. Also, the voltage waveforms for fjJ = 30° is shown in Fig. 18.
Since the simulation results are match the theoretic result, this inverter section output
simulate model can be used as an input to the load section in later discussion. When the
fIring angle fjJ = 90°, the average output voltage is exactly half of the one when the fIring
angle equals to zero. The voltage waveforms for fjJ = 90°, is shown in Fig. 19.
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The rms value of the output voltage is decreasing when the firing angle <1> is getting
larger. When the firing angle ¢J = 180°, the average output voltage equals to zero, the
voltage waveforms for ¢J =1800.

2.2.5 Fourier Analysis for the Inverter Output Voltage

The output voltage of the inverter is a periodic function with T =2 x 10.6 sec. Therefore,
the output voltage can be written as equation (2-2-2).

f(x) = ~ao +a1 cosx+b1 sinx+···+an cosnx+bn sinnx+'" (2-2-2)

Since the magnitudes of the positive leg voltage and the negative leg voltage are equal,
the DC component of the output voltage waveform is 0 as shown in equation (2-2-3),

1 fTCao =- f(x)dx=O
n -TC

(2-2-3)

The output voltage waveform is an even function. Therefore, the coefficient bn is equal
to 0, as shown in equation (2-2-4), and the coefficient an is shown in equation (2-2-5),

1 I1r:b n = - [f (x) sin nx]dx = 0
n -1r:

2 f1r:12
an = - [ f (x) cos nx) dx

1C -1r: 12

2 f/3= - [V dc cos nx )dx
1C - /3

2V f/3= __dc_ cos nxdx
1C - /3

= 2V dc [sin n f3 - sine - n f3 )]
1C'n

= 4 V dc sin n f3
1C·n

(2-2-4)

(2-2-5)

(2-2-6)

Notice that if n is an even number, an =0 , so the output voltage of the inverter is shown

in equation (2-2-6),

V 4Vd • 13 . 4Vd • 313 . 3d = __c sm sm x + __c 8m 8m x + ... +
n 3n

4Vdc ' 13'--sm n sm nx + ...
nn

where n is an odd number.
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Chapter 3

Induction Load Section

In this chapter, the first two sections introduce the characteristics of series resonant
circuit and parallel resonant circuit of the load section as background study. Then, the
characteristics of the load section and a series-parallel circuit will be discussed.

3.1 Frequency Characteristic of the Series Resonant Circuit

The electrical circuit for the series resonant load is shown in Fig. 20. The circuit is
composed of resistor R, capacitor C and inductor L.

Fig. 20

! I R
~~y,---~..v/]
~' CJ

Damped Series-Resonant Circuit

The impedance of the circuit in frequency domain can be written as

Z=R+ jmL+ j:X: =R+ j(mL-~) (3-1-1)

The phase angle of the impedance is equal to zero, due to the input resonant frequency.
For the desired resonant frequency 10 = 50kHz, the angular frequency will be 21ifo. The
relationship between the angular frequency and the circuit components Land C, is show
in equation (3-1-2).

(3-1-2)

The series resonant load impedance is a pure resistance (R), when the frequency is the
resonant frequency. In order to measure ratio of the load inductance and load resistance,
a quality factor is defined as equation (3-1-3).

(3-1-3)

Page 26

Chapter 3

Induction Load Section

In this chapter, the first two sections introduce the characteristics of series resonant
circuit and parallel resonant circuit of the load section as background study. Then, the
characteristics of the load section and a series-parallel circuit will be discussed.

3.1 Frequency Characteristic of the Series Resonant Circuit

The electrical circuit for the series resonant load is shown in Fig. 20. The circuit is
composed of resistor R, capacitor C and inductor L.

Fig. 20

! I R
~~y,---~..v/]
~' CJ

Damped Series-Resonant Circuit

The impedance of the circuit in frequency domain can be written as

Z=R+ jmL+ j:X: =R+ j(mL-~) (3-1-1)

The phase angle of the impedance is equal to zero, due to the input resonant frequency.
For the desired resonant frequency 10 = 50kHz, the angular frequency will be 21ifo. The
relationship between the angular frequency and the circuit components Land C, is show
in equation (3-1-2).

(3-1-2)

The series resonant load impedance is a pure resistance (R), when the frequency is the
resonant frequency. In order to measure ratio of the load inductance and load resistance,
a quality factor is defined as equation (3-1-3).

(3-1-3)
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The Phase of the Circuit Impedance for Different Quality Factor

Let R = 50mO, and the resonant frequency equal to 50 kHz, for Q= 10, 20, 40 the
frequency responses are shown in Fig. 21 and Fig. 22. The capacitance of the series
capacitor can be calculated by using equation (3-1-2). For different Q, the load
impedance magnitudes at the resonant frequency are equal. The load impedance is more
sensitive at Q= 40, compare to Q= 20. Therefore, when the quality factor Q gets bigger,
the load impedance will change more dramatically with the frequency.
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Let R = 50mO, and the resonant frequency equal to 50 kHz, for Q= 10, 20, 40 the
frequency responses are shown in Fig. 21 and Fig. 22. The capacitance of the series
capacitor can be calculated by using equation (3-1-2). For different Q, the load
impedance magnitudes at the resonant frequency are equal. The load impedance is more
sensitive at Q= 40, compare to Q= 20. Therefore, when the quality factor Q gets bigger,
the load impedance will change more dramatically with the frequency.
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3.2 Frequency Characteristic of the Parallel Resonant Circuit

The electrical equivalent circuit for the parallel resonant load is shown in Fig. 23, which
is composed of resistor R, capacitor C and inductor L.

+
Vs R

Fig. 23 Parallel Resonant Circuit

The impedance of the circuit in frequency domain is shown in equation (3-2-1).

1
z= 1 1

-+jcoC+-
R jwL

(3-2-1)

Impedance Z is a complex number, at the resonant frequency fo=500kHz, impedance Z
becomes a real number, the angular resonance frequency is defined by

(3-2-2)
1

w0 = 2nfo = oJLC

The Quality Factor for parallel resonant circuit is defined as

(3-2-3)

The quality factor is a measurement of the ratio of the resistance to the inductance of the
circuit. The larger the quality factor is, the least inductive of the circuit is. Let R = 20 n,
and for Q= 10, 20, 40 the frequency responses are shown in Fig. 24 and Fig. 25. The
quality factor has same effect on the parallel resonant circuit as the series resonant circuit,
when the quality factor Q gets bigger, the load impedance will change more dramatically
with the frequency.
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3.3 Frequency Characteristic of the Resonant Load Section

The load is a series-parallel resonant circuit, one of the natural resonant frequency of the
load section is around 50 kHz. Some of the small parameters have been ignored, like the
capacitance in the load, the resistance in the series inductor, etc. The equivalent circuit
for the load section is shown in Fig. 26.

+

Fig. 26

-+-

\/0

Equivalent Circuit for Load Section

3.3.1 Load Impedance Calculation

The load impedance in frequency domain is shown in equation (3-3-1).

1
ZWAD = jwLsE +-----,1-----.,--1--

+ 1Rw + jOJLw R +--
C jOJC

(3-3-1)

Let A =Rz
2 +alLz

2 and B = R 2 + 1 , and substitute A, B into equation (3-3-1),
c {()2C 2

Rewrite equation (3-3-2) can be written as equation (3-4-3).

Z = 'wL + AB(E + jF)
WAD ] se E2 +F2

where E =RIB + RcA, F = wBLz - A ~, rearrange equation (3-3-3), yield
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z = ABE + j((E
2 + F 2 )mLse + ABF)

WAD E 2 + F 2
(3-3-4)

The resonant angular frequency should satisfy the equation (3-4-5), where the phase of
the load impedance is equal to zero.

Assume the induction coil parameters are shown in Table 1.

Table 1 Induction Load Parameters
LLO RLO

(J-lH) (mn)

0.339 10.0

Let the frequency of the parallel section of the Resonant Load be

m 1f Ol =--!?!.. = =30, 41, 45kHz
2n 2n.JLw C

then the capacitor value can be calculated:

(3-3-5)

(3-3-6)

For 30 kHz, C =

For 41 kHz, Cl =

For 45 kHz, C2 =

83.02 J-lF.

44.45 J-lF.

36.89 J-lF.

The desired operating frequency is 1
0

2 =50kHz, therefore, the series inductance can be

calculated by using equation (3-3-7)

For different parallel capacitance, the series inductance,

(3-3-7)

LSE =
LsE I =
LSE2 =

0.1891 J-lH
0.6581 J-lH
1.2051 J-lH
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Fig. 27

3.3.2 Load Impedance with the First Resonant Frequency of 30 kHz

When the first resonant frequency is near 30 kHz, the waveforms of the load section
impedance, series inductance current iSE and the induction coil current are shown in Fig.
27 and 28. The series inductance current is much larger than the induction coil current.
The load section impedance at the second resonant frequency is 3.615 mn. The
minimum impedance is 3.593 mn, when the input frequency is 50.11 kHz.
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3.3.3 Load Impedance with the First Resonant Frequency of 37.5 kHz

With the first resonant frequency chose near 37.5 kHz, the magnitude of the induction
coil current is greater than the load input current. The load section impedance at the
second resonant frequency is 16.86 mn. The minimum impedance is 16.45 mn, when
the input frequency is 50.20 kHz.

3.3.4 Load Impedance with the First Resonant Frequency of 41.75 kHz

With the first resonant frequency chosen near 41.75 kHz, the magnitude of the induction
coil current is greater than the load input current. The waveforms of load impedance,
series inductance current (iSE) , induction coil voltage and current are show in Fig. 29
(Magnitude) and Fig. 30 (Phase).

The load section impedance at the second resonant frequency is 50.35 mn. The
minimum impedance is 46.74 mn, when the input frequency is 50.45 kHz.
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3.3.5 Load Impedance with the First Resonant Frequency of 45 kHz

With the first resonant frequency chose near 45 kHz, the magnitude of the induction coil
current is greater than the load input current. The load section impedance at the second
resonant frequency is 149.64 mn. The minimum impedance is 121.96 mn, when the
input frequency is 50.82 kHz.

The relationship between the first resonant frequency and the ratio of the inverter section
output current and induction coil current is shown in Fig. 31.

In order to lower the inverter section switching device loss, the current through the
inverter bridge is the smaller the better. In the meaning time the induction application
need high current through the induction coil. From the plot, when the first resonant
frequency increases from the low (near 30kHz) frequency, the induction coil current
increases while the current through the Inverter Bridge decreases. When the first
resonant is closing to the second resonant frequency, the load section impedance is
getting larger, and the induction coil current is getting smaller. So choose the 41.75 kHz
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3.3.5 Load Impedance with the First Resonant Frequency of 45 kHz

With the first resonant frequency chose near 45 kHz, the magnitude of the induction coil
current is greater than the load input current. The load section impedance at the second
resonant frequency is 149.64 mn. The minimum impedance is 121.96 mn, when the
input frequency is 50.82 kHz.

The relationship between the first resonant frequency and the ratio of the inverter section
output current and induction coil current is shown in Fig. 31.

In order to lower the inverter section switching device loss, the current through the
inverter bridge is the smaller the better. In the meaning time the induction application
need high current through the induction coil. From the plot, when the first resonant
frequency increases from the low (near 30kHz) frequency, the induction coil current
increases while the current through the Inverter Bridge decreases. When the first
resonant is closing to the second resonant frequency, the load section impedance is
getting larger, and the induction coil current is getting smaller. So choose the 41.75 kHz
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as the first resonant frequency. At the operating frequency, the induction coil current to
inverter section output current ratio is about 2.1: 1.0.
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3.4 Frequency Characteristic of Different Resonant Loads

When the load changes the load resistance and inductance changes also. By changing the
load resistance and inductance, the following illustrate the effect on the load impedance.
At the operating frequency, the load impedance becomes pure resistive, and the resistance
is much smaller than the real load resistance RLQ, this help the system to generate high
voltage and current. The minimum absolute value of the load impedance is not occurs at
the second resonant frequency.

3.4.1 Effects of Different Load Inductance

With different load inductance, the tank capacitance and series inductance must be
changed to get exactly the same resonant frequency. The plots of the magnitude and
phase of the resonant frequency are shown in Fig. 32 and 33. When the load inductance
increases the pure resistance at resonant frequency also increases, and the impedance gets
more sensitive to the frequency.
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When the load changes the load resistance and inductance changes also. By changing the
load resistance and inductance, the following illustrate the effect on the load impedance.
At the operating frequency, the load impedance becomes pure resistive, and the resistance
is much smaller than the real load resistance RLO, this help the system to generate high
voltage and current. The minimum absolute value of the load impedance is not occurs at
the second resonant frequency.

3.4.1 Effects of Different Load Inductance

With different load inductance, the tank capacitance and series inductance must be
changed to get exactly the same resonant frequency. The plots of the magnitude and
phase of the resonant frequency are shown in Fig. 32 and 33. When the load inductance
increases the pure resistance at resonant frequency also increases, and the impedance gets
more sensitive to the frequency.
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Load Impedance Phase with Different Load Inductance

By using Matlab, the values of the tank capacitance and series inductance are:

Ll =
Ll1
L12 =
Q =
Q1
Q2
Rl Rl1
C =
C1 =
C2 =
Lse =
Lse1
Lse2 =

R12

0.3390 J.lH

0.1906 J.lH

0.7624 J.lH
10.65
5
20
0.0100 n
42.87 J.lC

76.24 J.lC

19.06 J.lC

0.7301 J.lH

0.3638 J.lH

0.1731 J.lH

At the resonant frequency, the load impedance is pure resistive. The value of the pure
resistance is shown as

ZWAD
ABE (3-4-1)

and the pure resistance is not the minimum absolute value of the load impedance.
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At the resonant frequency, the load impedance is pure resistive. The value of the pure
resistance is shown as

ZWAD
ABE (3-4-1)

and the pure resistance is not the minimum absolute value of the load impedance.
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3.4.2 Effects of Different Series Inductance

When keeping the same induction load, change the series inductance by a factor of 2, the
effect on the load impedance is shown in Fig. 34, 35. The second resonant frequency is
changed while the first resonant frequency remains unchanged, because the first resonant
frequency is mainly depending on the tank capacitance C and the load inductance. By
using Matlab, the parameters for the load section components are shown as following,

Ll = Ll1
Q = Q1 =
Rl = Rl1
C = C1
Lse =
Lse1
Lse2 =

= L12
Q2 =

= R12
C2 =

0.3390 /lH
10.65

0.0100 Q

42.87/lC

0.7301/lH

0.3650 /lH

1.4602 /lH

When decreases the series inductance the magnitude of the load impedance decreases and
the second resonant frequency increases, vice versa. Also when the series inductance
decreases the minimum phase of the load impedance decreases, vice versa.
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When keeping the same induction load, change the series inductance by a factor of 2, the
effect on the load impedance is shown in Fig. 34, 35. The second resonant frequency is
changed while the first resonant frequency remains unchanged, because the first resonant
frequency is mainly depending on the tank capacitance C and the load inductance. By
using Matlab, the parameters for the load section components are shown as following,
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When decreases the series inductance the magnitude of the load impedance decreases and
the second resonant frequency increases, vice versa. Also when the series inductance
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Resonant Load Section
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3.4.3 Effects of Different Tank Capacitance

By changing tank capacitance only, without change the series inductance, the effect on
the Load impedance is shown in Fig. 36, 37. When the tank capacitance C decreases,
both resonant frequencies increase, also the magnitude of the load impedance increases
and the minimum phase angle increases.
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3.4.3 Effects of Different Tank Capacitance

By changing tank capacitance only, without change the series inductance, the effect on
the Load impedance is shown in Fig. 36, 37. When the tank capacitance C decreases,
both resonant frequencies increase, also the magnitude of the load impedance increases
and the minimum phase angle increases.
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L1 = L11 = L12
Q = Q1 = Q2 =
R1 = R11 = R12

C =
C1 =
C2 =
Lse = Lse1 = Lse2 =

0.3390 J.lH
10.65

0.0100 D

42.87 J.lC

34.29 J.lC

51. 44 J.lC

0.7301 J.lH

By changing the resistance of the tank capacitor only, the series inductance need to be
adjusted to keep the resonant frequency the same, but it is really a minor adjustment.

3.5 Frequency Response of the Optimum Resonant Load Section

When the first resonant frequency is near 41.75 kHz, and the second resonant frequency
is 50 kHz, the parameters of the load section components are shown in Table 2.

Table 2 Resonant Load Section Parameters
LSE RCA C RLo LLO

0.730 0.216 42.8 10.0 0.339

IlH mOo 7JlF mOo IlH

Let the rectifier section firing angle a =0°, the inverter section firing angle <l> =0°, i.e.
with the maximum rms value of the input voltage. Assume that the rms value of the
inverter section output voltage equal to the rms value of the rectifier section output
voltage.

Page 40

Resonant Load Section

80 - - - - - i~ ~ ~~ ~~: ~;:,~ ~-~~-~~~:~ ~ ~ ~ ~ ~ 1-;- ~:::.~~:-_ ~ ~.~~.=
I I ~ ... I. • , ,

/ I I 1"\ 1\ I " I I!: : : > : 1 ; : (: : :60 -fl- ...... ~_ .... _.. -~ .......... ~ .... -f" :- -,"" -j- ~_ ...... _1_:_ - - - _.. ~ .......... -:-_.
I I I ~ I ' I' I 1 I I I

; I I I lit I I I

40 ~----~------~-----~---~--I--r~-1 ---~-~-----t-----~--·
(]) t : : : ;: 'd: I: : :
~ 20 ~ ~ ~ 1..: ,~~ .. ~ J : ~ _:_ .
..c , I I I I I ~ I I I

0... I I I I \ I I I I I

Q). : : : : Ii: : :
g 0' -----~------~-----~-----r~ -1i- ---T--~-----~-----~--'
~ ::: l:; I I I: : :
~ -20 .......... ~_ ........ -~ .......... ~ ...... --1-- ~ _l ~ .. --'_ .. -:- .......... ~ .......... -:-_.
E ::: 1\ ~: i: : :

- I I I 1\ I 1 I I I

-40 .......... -:- ........ -:- .......... ~ .......... _~~l_.. .. t .. -1- .... -:- .......... t .......... -:-_.
: : : //~ :; : : :

-60 __ .. __ ~ ~ ...... __ ~_ ~l.::_~:_.c Q~~_C :" ~ -----..:--.
I I I I I I I I
I I I I I ! I !
I I I I I I I I

-80 -----~------~-----~------~-----1------~-----f-----~--·

Fig. 37

234 5 678
freq (Hz) x 104

Load Impedance Phase with Tank Capacitance changing only

L1 = L11 = L12
Q = Q1 = Q2 =
R1 = R11 = R12

C =
C1 =
C2 =
Lse = Lse1 = Lse2 =

0.3390 J.lH
10.65

0.0100 D

42.87 J.lC

34.29 J.lC

51. 44 J.lC

0.7301 J.lH

By changing the resistance of the tank capacitor only, the series inductance need to be
adjusted to keep the resonant frequency the same, but it is really a minor adjustment.

3.5 Frequency Response of the Optimum Resonant Load Section

When the first resonant frequency is near 41.75 kHz, and the second resonant frequency
is 50 kHz, the parameters of the load section components are shown in Table 2.

Table 2 Resonant Load Section Parameters
LSE RCA C RLo LLO

0.730 0.216 42.8 10.0 0.339

IlH mOo 7JlF mOo IlH

Let the rectifier section firing angle a =0°, the inverter section firing angle <l> =0°, i.e.
with the maximum rms value of the input voltage. Assume that the rms value of the
inverter section output voltage equal to the rms value of the rectifier section output
voltage.

Page 40



3 r;::;; illL /
Vd = VDC = - '" 2VLL cos a - s DC = 610 V

n n /3
(3-5-1)

Therefore, the resonant load section input current is Vd divided by the magnitude of the
load section impedance. The voltage on the induction load can be written as in the
following equation

V =/ . AB(E+ jF)
o SE E 2 +F 2

(3-5-2)

V
The induction load current is I LO = 0 The output power on the induction

R[ + jroL[

Figures 38 and 39 show that when the frequency of the input voltage ro changes, the input
voltage rms value keeps the same, but the magnitude of the series inductance current and
induction load current will change.
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Phase Waveforms of isE, and iLo, 5xVo and Load Impedance Zload

From above plots, the maximum power can be achieved near the second resonant
frequency, also the voltage and current on the induction load reach to the maximum
value. The Power is more sensitive to the frequency changing, compare to the current
and voltage.

3.6 Using Laplace Transform for the Resonant Load Section

By using Laplace transform,

(3-6-1)

(3-6-2)

where a = LSeL[ C,
c = (Lse + R[RCC + L[),

rearrange equation (3-6-1), yield

Z = a;+br-+cs+d
LOAD s24C+s(R[ +Rc)C+l

b =[LSe (R{ + Rc ) + L{RClC

Therefore, the transfer function of the load section is shown as equation (3-6-3).
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iSE _ S2LIC + SeRI + Rc)C + 1

Vd as
3

+bs
2

+cs+RI

Assume the system is operating at 50 kHz frequency.
parameter Table.2 into equation (3-6-3), yields

(3-6-3)

Substitute the load section

iSE 1.45E-llS
2

+4.38E-7S+1

Vd 1.06E-17S
3

+3.23£-13S
2

+1.07E-6S+l.OE-2

By using Matlab command "roots", the poles and zeroes of the above equation are:

Pl,2 = -1.5030E03 ± i3.1696E05,
PJ = -9.3714E04

Zl,2 = -1.5068E04 ± i2.6189E05,

(3-6-4)

All the poles and zeroes are on the left half plan, so the system is stable. With different
input frequency, the response changes to eventually stable the oscillation. The peak
value of the load current goes down when the input frequency shifts either low or high
from 50 kHz. Therefore, the maximums load current always take place when the
frequency of the input voltage is 50 kHz. The peak load current is 228.78 when the input
voltage has the value of 1.
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Chapter 4

Continuous LQT Optimum Controller

This chapter will discuss the analog linear quadratic optimum controller. First the
continuous time system equations are developed. Second, the LQT optimum controller
equations are derived. Third, the closed loop system with LQT optimum controller is
simulated.

4.1 Continuous Time Open Loop Plant

The parameters for'load section components are shown in Table 3, where the first
resonant frequency of the load is about 41.75 kHz and the second resonant frequency of
the load is 50 kHz.

Parameters for Load Section Components
L SE RCA C RLo LLo

0.730 0.216 42.87 10.0 0.339
IlH mn IlF mn IlH

Table 3

From the electrical schematic of the HFPS,

d d' . .ie =C-ve an lc = lSE -lLO
dt

KVL equation

(4-1-1)

R · L diw R'wlw + w--= cle +vcdt
(4-1-2)

KCL equation

. C dvc .
lSE = --+lw

dt
(4-1-3)

rearrange the above equations, and yield

diSE = Vd _ ReUsE -iw ) _ ve

dt L~ L~ L~

(4-1-4)
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Write the State-variable equation in Matrix form [5]

x=A·x+B·u

y=C·x
where

(4-1-5)

(4-1-6)

(4-1-7)

(4-1-8)

_ R c 1 R c
1

-- L SELSE LSE LSE

A=
1

0
1 B= 0- --

C C
R c 1 _ R w _ R c 0

-
Lw Lw Lw Lw

[- 2.96£2 1.37 E6 2.96£2 ]
= 2.33E4 0 - 2.33E4

6.37 E2 2.95E6 - 3.01E4

[
1.37 E6]

= ~ C = [1 0 0]

4.2 Implementation of the LQT Continuous Time Controller

4.2.1 The Performance Index Function

1 T
J 0 = 2 (YT - rT) P(YT - rT) +

~r[(Cx(t) - r(t))T Q(Cx(t) - ret)) + u(tf Ru(t)]dt
2 to
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Fig. 40 The Reference Signal

Since the system eventually goes to steady state, there is no use for putting much weight
on the final state in the cost function, so assume the final state weighing matrix P =1.

4.2.2 Desired Reference Signal

The reference signal is the desired system output. The controller is designed to construct
a system input, such that, the system output follows the reference signal exactly with the
minimization of the cost function.

The waveform of the reference signal is shown in Fig. 40. There are 8 periods in the plot.
To fulfil the induction heating requirements, the desired system output is a sinusoid
waveform whose rms value is 8000 A and the natural frequency is 50 kHz, so construct
the following reference signal ret):

ret) =isit) =.J2 ·8000 sin(2·1C ·5E4· t)

4.2.3 Derivation of the Optimum Control Equation

(4-2-2)

The objective of the LQT controller is to minimize the system output error. It is a
minimization problem with constraint of the system equation. There is no simple
equation to define the solution of minimization problem with constraints. So by using

LaGrange Multiplier Method, define AE R3 as an undetermined LaGrange Multiplier,
and the Hamiltonian function is shown as equation (4-2-3) [6].

H = L(x(t),u(t)) + Af(x(t),u(t))
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To find the minimum value for the cost function, the following critical conditions need to
be satisfied:

state system equation

dH =-X(t) + Ax(t) + Bu(t) =0
dA

co-state system equation

aH 'i T'l T T- = -/l, - A /l, - C QC· x(t) + C Qr(t) = 0ax
stationary equation

with boundary condition

x(t.) ~[n J.(T) =C'P(Cx(I') - r(T»

From the stationary equation

u(t) = _R-1BT A(t)

By using the sweep method (Bryson and Ho 1975), yield

A(t) =S(t)x(t) - vet)

(4-2-4)

(4-2-5)

(4-2-6)

(4-2-7)

(4-2-8)

where S(t) is a 3x3 unknown matrix, and v(t) is a3x3 unknown vector, take the derivative
of the LaGrange multiplier with respect to time,

i,(t) =S(t)x(t) +S(t)x(t) - vet)

Substitute equation (4-2-8) and equation (4-2-9) into the co-state equation yields,

~(t) = S(t)x(t) + S(t)x(t) - vet)

=_AT (S(t)x(t) - vet)) - cT QC· x(t) +cT Qr(t) = 0
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Rearrange equation (4-2-10),

Set) =-ATS(t) - S(t)A +S(t)BR-tBTS(t) - c TQC

with the boundary condition: SeT) =c T pc.

vet) = -(A - BK(t»T v - c TQr(t)

with the boundary condition: veT) =c T p. r(T).

Define the Kalman gain by

The Continuous-Time Linear Quadratic Optimum Tracker equations are: [6]

K(t) =R-1BT Set)

v= -(A - BK)T v - cTQr(t), veT) = cTp. reT)

u(t) = -Kx(t) + R-1B T
V

(4-2-11)

(4-2-12)

(4-2-13)

4.3 Solving System Equations With Weighing Matrix R = 1 and Q =1

4.3.1 Solving Matrix S

Since the initial value of the S matrix equation is unknown, and only the boundary values
are known, a backward integration will be used, where the time is reversed and the initial
value for the integration is the boundary conditions. Rewrite S matrix equation,

Let g =T - t, where T is the final time, rearrange the equation (4-3-2),

S(g) =ATS(g) + S(g)A - S(g )BR-1BTS(g) +CTQC
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The plot for the auxiliary S matrix is shown in Fig. 41. Since the plot of S matrix is
solved by backward integration, the S matrix is actually starting from a steady state, then
when the time approach to the final state, it goes through a transient to go to zero, which
has been set as a boundary value. So it is reasonable to use the steady state S matrix to
construct the controller, it also simplifies the controller.

88 =

1.564e-6 1.506e-4 1.498e-4
-7.302e-7 -5.442e-8 3.785e-7
1.876e-10 -7.260e-7 -4.898e-9

Therefore, instead of calculating the K matrix dynamically, the following constant matrix
will be used.

K8 = 2.1426e+O 2.062ge+2 2.0524e+2

4.3.2 Solving Vector v
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To solve the system equations, the initial condition of the v vector must be determined.
By using the backward integration and solving for vector v, the equation will be changed
to

- V=(A-BK)T v+ CTQr(t) (4-3-3)

Using the changing variable method, and letting g =T - t, where T is the final time, yields

v(g) = (A - BK)T v(g) +CTQr(g) (4-3-4)

Therefore, the boundary conditions are the initial conditions for equation (4-3-5). By
using Matlab Simulink model is shown in Fig. 42.

Solve the v vector in 200 period, i.e. in (0 s, 4 ms) time range. When the vector is in
steady state, the rms value of the v vector is as follows:

v =

1.2814e-005
0.3444
0.0362

Solve Vector v

v1
Workspace 1

Gainv2

Gain ,3

v2
Workspace 2

Gainv22

Gain ,3 2

Gainv13
r--....--JiI 1------tof1Isf----..........L---1----l.---,-----tof

Intv3

Gain v2 3
L-.-------<::814-..-----------..J

Gain v3 3

Fig. 42 Simulink Model to Solve the v Vector
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The initial condition for v(0) is:
-7.3433e-006
-2.0985e-003
5. 1172e-002

Since the results are from the backward integration, the waveforms of the v vector is
actually starting from the steady state, then go through a transient to reach the boundary
condition.

4.3.3 Closed Loop System Response

By using Matlab, the close loop system Simulink model is shown in Fig. 43, the open
plant is constructed by the open loop system equations. The continuous time LQT
controller has two inputs, one is the reference signal and the other is the system state
variable feedback. The simulation period is 4 ms and the simulation step is 10-3 Jls,
which is much faster than the resonant frequency. Therefore, the results are close to a
real continuous time system.
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The waveform of the control input (u(t) is shown in Fig. 44, where the steady-state rms
value of the input is as following

urms 1.8993e-003 V

The rms value of the input is only about two Millie volts, which is unacceptable.

The waveform of the system output (iSE) is shown in Fig. 45. The system states all go
through a transient then go to a steady state, where the rms values of the system states
are:

3.8536e-002 A

9.0436e-003 V

iwrms 8.4545e-002 A

Which is very small compare to the desired values. So the weigh matrix IS not
appropriate.
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4.4 Solving System Equations With R =0.1 and Q =0.1

4.4.1 Solving Matrix S

By using the same method in section Part (4.3.1), solve the S matrix. The plot of the S
matrix is shown in Fig. 46.

The elements in matrix S start with a transient period then go to steady state in a very
short period. Since the time is reversed, at the beginning of time, the elements in S
matrix are constant, which is the steady state value. By using Matlab, the steady state S
matrix is as following
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By using the same method in section Part (4.3.1), solve the S matrix. The plot of the S
matrix is shown in Fig. 46.

The elements in matrix S start with a transient period then go to steady state in a very
short period. Since the time is reversed, at the beginning of time, the elements in S
matrix are constant, which is the steady state value. By using Matlab, the steady state S
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SS

1. 564e-7
-7.302e-8
1.876e011

1.506e-5
-5.442e-9
-7.260e-8

1.498e-5
3. 785e-8

-4.898e-10

Therefore, the steady state K matrix is:

KS =
2.1426 2.062ge2 2.0524e2

4.4.2 Solving Vector v

Solve the v vector in 200 period, i.e. in (0, 4E-3) time range. When the vector is in
steady, the rms value of the v vector is:

v =
1.2814e-005
3.4445e-001
3. 6206e-002
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Therefore, the steady state K matrix is:

KS =
2.1426 2.062ge2 2.0524e2

4.4.2 Solving Vector v

Solve the v vector in 200 period, i.e. in (0, 4E-3) time range. When the vector is in
steady, the rms value of the v vector is:

v =
1.2814e-005
3.4445e-001
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The initial value of the v vector is

-7.3433e-006
-2.0985e-003
5.1172e-002

4.4.3 Closed Loop System Response

By using the same method in section (4.3.4), the control input (u(t))waveform is shown in
Fig. 47, where the steady-state rms value of the input is:

urrns = 1.9223e-002 V

The steady state value of the input voltage is too small, while the rmS value of the
transient period for control signal is big, and the frequency is too fast. Therefore, the
results are not favorable and the weighing matrixes are not appropriate.
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By using the same method in section (4.3.4), the control input (u(t))waveform is shown in
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Fig. 48 Comparison of iSE and the Reference Signal wI R =0.1 and Q =0.1

The plot of the comparison of the system output (iSE) and the desired reference signal is
shown in Fig. 48. The system states all go through a transient then go to a steady state,
where the rms values of the system states are:

3.8523e-OOl A

9.0437e-002 V

iLOrms = 8.4545e-OOl A

Which is very small compare to the desired values. So the weigh matrix is not
appropriate.

4.5 Solving System Equations With R =10 and Q =10

4.5.1 Solving Matrix S

By using the same method in section Part (4.3.1), the plot of the S matrix is shown in Fig.
49. Since the time is reversed, the elements of S matrix are in steady state initially, then
go through a transient period, and finally end up with the boundary condition.
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The plot of the comparison of the system output (iSE) and the desired reference signal is
shown in Fig. 48. The system states all go through a transient then go to a steady state,
where the rms values of the system states are:

3.8523e-OOl A

9.0437e-002 V

iLOrms = 8.4545e-OOl A

Which is very small compare to the desired values. So the weigh matrix is not
appropriate.

4.5 Solving System Equations With R =10 and Q =10

4.5.1 Solving Matrix S

By using the same method in section Part (4.3.1), the plot of the S matrix is shown in Fig.
49. Since the time is reversed, the elements of S matrix are in steady state initially, then
go through a transient period, and finally end up with the boundary condition.
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Fig. 49 Plot of the S Matrix WI R =10 and Q =10 (Time is reversed)

By using Matlab, the steady state S matrix is:

ss =

1.5643e-5 1.5061e-3 1.4984e-3
-7.3017e-6 -5.441ge-7 3.7854e-6
1.8758e-9 -7.2603e-6 -4.8977e-8

Therefore, the steady state K matrix is K(t) =R-1BT ss

KS = 2.1426 2.062ge+2 2.0524e+2

4.5.2 Solving Vector v

Solve the v vector in 200 period, i.e. in (0, 4E-3) time range. When the vector is in
steady, the rms value of the v vector is:

v = 1.2814e-5
3.4445e-l
3. 6206e-2

The initial value of the v vector is
-7.3433e-6
-2.0985e-3
5.1172e-2
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Therefore, the steady state K matrix is K(t) =R-1BT ss

KS = 2.1426 2.062ge+2 2.0524e+2

4.5.2 Solving Vector v

Solve the v vector in 200 period, i.e. in (0, 4E-3) time range. When the vector is in
steady, the rms value of the v vector is:

v = 1.2814e-5
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Fig. 50 Plot of the System Input

The waveform of the control input is shown in Fig. 50, where the steady-state rms value
of the input is

urms 1.8994e-4

4.5.3 Closed Loop System Response

The plots of the comparison of the system output (iSE) and the desired reference signal is
shown in Fig. 51. The system states all go through a transient then go to a steady state,
where the rms values of the system states are:

3.8532e-3 A

9.0435e-4 V

iLOrms = 8.4541e-3 A

The values of state variables are extremely small compare to the desired values. So the
weighing matrix is not appropriate.
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Fig. 50 Plot of the System Input

The waveform of the control input is shown in Fig. 50, where the steady-state rms value
of the input is

urms 1.8994e-4

4.5.3 Closed Loop System Response

The plots of the comparison of the system output (iSE) and the desired reference signal is
shown in Fig. 51. The system states all go through a transient then go to a steady state,
where the rms values of the system states are:

3.8532e-3 A

9.0435e-4 V

iLOrms = 8.4541e-3 A

The values of state variables are extremely small compare to the desired values. So the
weighing matrix is not appropriate.
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4.6 The Best Weighing Matrices

By using different weighing matrices, generates the values of S matrix, v vector, KS and
the rms value of the state variables. The result is shown in Table 4.

R=1
Q=0.1 Q=1 Q= 10

SS{1,1) 1.56E-6 1.56E-6 2.31 E-6
SS{1,2) 1.88E-4 1.51 E-4 1.63E-7
SS{1,3) 1.87E-6 1.50E-4 1.21 E-9
SS{2,1) -7.30E-7 -7.30E-7 -6.59E-7
SS{2,2) -5.15E-8 -5.44E-8 1.26E-5
SS{2,3) 3.79E-9 3.79E-7 -3.14E-7
SS{3,1) 1.82E-10 1.88E-10 3.78E-9
SS{3,2) -7.27E-7 -7.26E-7 1.50E-8
SS{3,3) -4.89E-11 -4.90E-9 1.02E-9

KS{1,1) 2.14 2.14E 3.16
KS{1,2) 2.58E2 2.06E2 2.23E-1
KS{1,3) 2.56E4 2.05E2 1.66E-3

v{1,1)rms 1.02E-5 1.28E-5 2.03E-3

Table 4. Comparison of Different Weighing Matrix
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v(2,1)rms 3.44E-1 3.44E-1 5.76E-2
v(3,1)rms 3.62E-2 3.62E-2 5.25E-3

18Erms 2.47E-2 3.85E-2 9.64E2
Vcrms 5.78E-3 9.04E-3 2.26E2
ILOrms 5.41 E-2 8.45E-2 2.12E3
Urms 1.21 E-3 1.90E-3 4.86E1

When R =1 (i.e. keeping the weight on the input the same), increasing the Q, the system
input increasing, and the system state variable increases too.

8

R= 10

2.14
2.58E2
2.56E4

1.87E-5
1.88E-3

1.56E-5

E-9
-7.27E-6

-7.30E-6
-5.15E-7

-4.89E-10

K8(1,3)

88(3,1)
88(3

K8(1,1)
K8(1,2)

88(2,1)
88(2,2)

88(1,3)

88(2,3)

88(3,3)

85(1,2)

88(1,1)

Table 5.r-- ......lli..-_~-~----~......l~

18Erms 9.64E3 3.85E-2 2.47E-3
Vcrms 2.26E3 9.04E- 5.78E-4
ILOrms 2.12E4 8.45E-2 5.41E-3
Urms 4.86E2 1.90E-3 1.21 E-4

When Q =1, increasing weight on the input in the cost function, i.e. increasing the R, the
system input decreases, and the system state variable decreases too.

By trial and error, the weighing matrices are R = .205 i Q = 1.483. By using
these weighing matrices, the system output follows the reference signal closely.

4.6.1 Solving Matrix S
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Fig. 52 Plot of the S Matrix wi R = 0.205 and Q = 1.483 (Time is reversed)

By using the same method in section Part (4.3.1), the plot ofthe S matrix is shown in Fig.
52. The proper weighing matrices make the oscillation ofthe S matrix is less, and the
transient time getting less.

ss =

4.0222e-7
-1. 355ge-7
1.0431e-9

4. 7896e-8 4.0060e-8
2.089ge-6 -8.5664e-8

2.4797e-8 1.7415e-8

Therefore, the steady state K matrix is:

KS =

2.6875 3.2002e-l 2. 6766e-l

4.6.2 Solving Vector v
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By using the same method in section Part (4.3.1), the plot ofthe S matrix is shown in Fig.
52. The proper weighing matrices make the oscillation ofthe S matrix is less, and the
transient time getting less.
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Solve the v vector in 200 period, i.e. in (0, 4E-3) time range. When the vector is in steady
state, the rms value of the v vector is:

v=

2. 6444e-3
1.0708e-1
1.0340e-2

The initial value of the v vector is

-4.2764e-4
-1.1724e-1
-1.0471e-2

From the waveform of the v vector, the transient response is getting better, no spike
generated.

4.6.3 Closed System Response

The waveform ofthe control input (Vd(t))is shown in Fig. 53.
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From the plot, the steady-state fInS value of the input is

urms = 4.196 E2

The system states all go through a transient then go to a steady state, where the fInS

values of the system states are:

8.0000e3 A

1.8784e3 V

iwrms = 1.7561e4 A

The rms value of the system output is equal to the fInS value of the reference signal.
From Fig. 54, there exists a delay between the system output and the reference signal, but
the system follows the reference signal exactly. The plots for other state variables are
shown in Fig. 55 and 56. The waveforms for the tank capacitor voltage and induction
coil current are sinusoidal waveform also.
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The Continuous Time Linear Quadratic Tracker is hard to implement, since there are
many differential equation needs to be solved first.

To get a simpler controller, the following chapter will describe a discrete-time controller,
which no differential equations need to be solved.
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Chapter 5

Discrete-Time LQT Optimum Controller

In this chapter, first convert the continuous time system model into the discrete time
model, second pick the appropriate sampling rate by comparing the simulation results of
discrete time and continuous time system. Build a discrete time LQT optimum controller
with appropriate weighing matrices. Simulate the closed loop system with discrete time
LQT optimum controller.

5.1 Simulation of Continuous Time System Model

The continuous system state variable equation is shown as equation (5-1-1)

x=A·x+B·u

y=C·X

where,

A =

-2.95B6e2 -1.3697e6 2.95B6e2
2.332Be4 0.0000 -2.332Be4
6.3717e2 2.949ge6 -3.0136e4

B
1. 3697e6

o
o

(5-1-1)

c = 1 o o

By using Matlab, the system transfer function is:

1.37e6 sA2 + 4.12BelO s + 9.425e16

sA3 + 3.043e4 sA2 + 1.00Bell s + 9.425e14

The open loop system Poles and Zeroes are:

Poles:
-9.3714e+003
-1.0530e+004+ 3.1696e+005i
-1.0530e+004- 3.1696e+005i
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Zeroes:
-1.5068e+004+ 2. 618ge+005i
-1.5068e+004- 2. 618ge+005i

To analyze the system behavior, sinusoid input 560sin(rot) was added to the open loop
system. By using Matlab, investigates twenty periods of the system response with 20,000
sampling points, i.e. 1,000 sampling points per period, so the result is very similar to a
continuous time system response.

5.2 Converting the Continuous Time Plant to Discrete Time System

5.2.1 Zero Order Hold Method With 5 Sampling Points Per Period

By using 5 sampling points per period,

» Ts = 1/£02/5;
» [Ad, Bd, Cd, Dd] = c2dm(A,B,C,D,Ts, 'zoh');

The location ofthe system Poles and Zeroes is shown in Fig. 57.
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Poles:

Zeroes:

Comparison of Discrete-Time with Continuous -Time Response

0.9632
0.2860 + 0.9151i
0.2860 - 0.9151i

0.4520 + 0.8259i
0.4520 - 0.8259i

Simulating the discrete-time system response by using Matlab, the following are the
Matlab command lines,

» Td = linspace(O, 20/f02,20*5);
» Ud = 560*sin(w02.*Td);
» [Yd,Xd] = dlsim(Ad,Bd,Cd,Dd,Ud);

The comparison with the discrete time and continuous time system response is shown in
Fig. 58.
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5.2.2 Zero Order Hold Method With 20 Sampling Points Per Period

By using 20 sampling points per period,

» Ts = 1/f02/20;
» [Ad, Bd, Cd, Dd] c2dm(A,B,C,D,Ts, 'zoh');

The location of the system poles and zeroes are

Poles:

0.9907
0.9402 + 0.3084i
0.9402 - 0.3084i

Zeroes:

0.9514 + 0.2554i
0.9514 - 0.2554i

Simulating the discrete-time system response by using Matlab command dlsim:

» Td = 1inspace(0, 20/f02,20*20);
» Ud = 560*sin(w02.*Td);
» [Yd,Xd] = d1sim(Ad,Bd,Cd,Dd,Ud);

5.2.3 Zero Order Hold Method With 40 Sampling Points Per Period

By using 40 sampling points per period,

» Ts = 1/f02/40;
» [Ad, Bd, Cd, Dd] =

c2dm(A,B,C,D,Ts, 'zoh');

Poles:
0.9953
0.9823 + 0.1570i
0.9823 - 0.1570i

Zeroes:
0.9840 + 0.1296i
0.9840 - 0.1296i

Simulating the discrete-time system response by using Matlab command dlsim:

» Td = 1inspace(0, 20/f02,20*40);
» Ud = 560*sin(w02.*Td);
» [Yd,Xd] = d1sim(Ad,Bd,Cd,Dd,Ud);

The comparison with the discrete time and continuous time system response is shown in
Fig. 59.
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5.2.4 Discrete-Time System State Variable Equation

x(kh + h) =tV· x(kh) +r· u(kh)

y(kh) =C· x(kh)
(5-2-1)

where [2),

[

0.9959 -0.6818 0.0041] [0.6839 ]
<I> =eA-h = 0.0116 0.9875 -0.0115, r = Soh e As dsB = 0.0040

0.0089 1.4576 0.9765 0.0021

The sampling rate h is equal to 1/f02 / 40 = 5. 0 e-7 (40 sampling points per
period).
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5.3 Deriving the Discrete-Time LQT Optimum Controller Equations

The linear quadratic tracking optimization is trying to find the error between the actual
system output and the desired system output, the concept is same in the discrete time
domain. The following section will find the discrete time LQT optimum controller
equations, by taking the same steps as the continuous time system.

5.3.1 The Performance Index Function

Since the system goes to steady state, the final time could be infinite, the difference
between the final points of the system output and the reference is insignificant.
Therefore, let the weighing matrix P =o.

Assume the other weighing matrices are Q ~ 0, R > 0 .

5.3.2 The Desired Reference signal

The reference signal is essentially the same as the one in the continuous system, but the
signal is no longer continuous signal, it is now a series of sampling points with sampling
rate h equal to 40 samples per period.

r(k) =iSE(k)

=-Ii .8000· sin(2·n ·5£4· kh)

5.3.3 Derivation of the Optimum control equation

(5-3-2)

1
and ¢ =- (yN - rN l P(yN - rN ), the cost function can be written as equation (5-3-3)

2

(5-3-3)

By using LaGrange Multiplier Method, define AE R3 as sequence of undetermined
LaGrange Multiplier, and the Hamiltonian function is
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(5-3-4)

To find the minimum value for the cost function, the following critical conditions need to
be satisfied:

State System Equation

Co-State System Equation

dB 1 T1 T T'-=--Ak +<1> A k+1 +C QC'Xk -C Qrk =0
dXk

Stationary Equation

aH T1--=r "'k+l +Ruk =0
aUk

with boundary condition

From the stationary equation

(5-3-5)

(5-3-6)

(5-3-7)

(5-3-8)

(5-3-9)

Assume (5-3-10)

where Sk is an auxiliary 3 x 3 matrix and Vk is an auxiliary 3x1 vector. This assumption is
valid only if Sk and Vk can be found, substitute equation (5-3-10) into equation (5-3-5) and
(5-3-6).

R-1rTs R-lrT
Uk =- k+lXk+l + V k+1

rearrange equation (5-3-12),

Page 72

(5-3-11)

(5-3-12)

(5-3-4)

To find the minimum value for the cost function, the following critical conditions need to
be satisfied:

State System Equation

Co-State System Equation

dB 1 T1 T T'-=--Ak +<1> A k+1 +C QC'Xk -C Qrk =0
dXk

Stationary Equation

aH T1--=r "'k+l +Ruk =0
aUk

with boundary condition

From the stationary equation

(5-3-5)

(5-3-6)

(5-3-7)

(5-3-8)

(5-3-9)

Assume (5-3-10)

where Sk is an auxiliary 3 x 3 matrix and Vk is an auxiliary 3x1 vector. This assumption is
valid only if Sk and Vk can be found, substitute equation (5-3-10) into equation (5-3-5) and
(5-3-6).

R-1rTs R-lrT
Uk =- k+lXk+l + V k+1

rearrange equation (5-3-12),

Page 72

(5-3-11)

(5-3-12)



substitute equation (5-3-10) in equation (5-3-6)

SkXk -Vk = <1>T (Sk+lXk+l -Vk+l) +C
T
QCXk - C

T
Qrk

=<1>TSk+l (I +rR-lrTSk+lr1(<1>xk+ rR-lrTVk+)

- <1>TVk+l +CTQCXk - CT
Q~

rearrange Equation (5-3-14), yield

{-Sk + <pTSk+1(I +rR-lrTSk+1)-1<p + CTQC}Xk +

{vk + <pT Sk+l (I + rR-lrTSk+l)-l rR-lrT
Vk+1 ) _<pT

Vk+1 - CTQrk} = 0

(5-3-13)

(5-3-14)

(5-3-15)

The above equation must be true for all Xk, so the bracketed terms must equal to zero.
Therefore, equation (5-3-15) can be written as two independent equations:

Vk - [<I>T - <l>TSk+l (I +rR-lrT Sk+lr1rR-1rT]Vk+1

+CTQr
k

=0

rearrange the equation (5-3-16) and (5-3-17), yield

Sk =<p T[S k+l - Sk+lrcrT S k+lrT + R)-l r TS k+l]<P + C TQC
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The Discrete-Time Linear Quadratic Optimum Tracker is[4]:

K k =(B
T

Sk+lB +Rr
1
BTSk+1A, SN = CTPC

Sk =ATSk+l (A - BKk) + CTQC
vk = (A-BKk)T Vk+1+CTQrk, vN =CTP·rN

K; =(B
T
Sk+lB +Rr

1
B

T

Uk =-Kkxk + K;Vk+1
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5.4 The Implementation of the Digital LQT Optimum Controller

5.4.1 The LOT Optimum Controller

Sum

Gain

Open Loop Plant
x = fIX E3u

Gain
x(k)

Kk t------~

Sum

Fig. 60
Gain

Block Diagram of the Close-Loop System

The block diagram for the LQT controller system is shown in Fig. 60. K k' K;, Sk can

be calculated and stored offline. Since the reference signal is known, the vectorvk can

also be calculated and stored offline.

By using Matlab, choose 400 periods with sampling rate of 40 points per period, to
simulate the optimum LQT controller system.

5.4.2 Starting with the Weighing Matrices: 0 =1 and R =1

The S matrix start with a steady state gain as following:

Sinf =

55.5503 -42.6130
-42.6130 908.0339
18.3808 -19.8132

18.3808
-19.8132
15.5175

and when the time approaches the final time, it goes through a transient then goes to zero.
The same characteristic apply to matrices K and KY

, only the final value of K and KY are
different, the steady state values are

Kinf = 1.0e-006 *
0.7235 -0.6326
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Kvinf =

0.0255 0.0001 0.0001

So when the final time approaches to infinite, instead of using dynamic programming to
calculate the S, K and Kv matrices, the steady state value will be used. Therefore, the
LQT controller equation can be rewritten as following equations

(5-4-1)

(5-4-2)

Therefore, the implementation of the LQT controller becomes simpler, only matrix v
need to be calculated and stored off line.

The comparison of the system output and the reference signal is shown as Fig. 61, the
system goes through a transient, then goes to steady state, where the steady state rms
value of the system output is much larger than reference signal, so the weighing matrices
are not appropriate.
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The wavefonn of the system input is a sinusoidal wavefonn with nns value of 7 , 292 . 53,

which exceeds the maximum available input value. Therefore, the values of the other
state variable are exceeds the desired values too.

The values of the state variables and the system input are not the desired ones. So in
order to get the desired system output, the appropriate weighing matrices must be found.

5.4.3 Finding the Appropriate Weighing Matrix

In order to get desired system output, the weighing matrices have to be in the range of
40~Q~O.Ol, 40~R~O.Ol.

By setting Q =0.01, R=O.Ol, the S matrix start with a steady state gain as following:

Sinf =

0.5555
-0.4261

0.1838

-0.4261
9.0803

-0.1981

0.1838
-0.1981

0.1552

and when the time approaches the final time, it goes through a transient then goes to zero.

The same characteristic apply to matrices K and KY
, only the final value of K and KY are

different, the steady state values are:

Kinf =

7.2348e-7 -6.3260e-7 2.4453e-7

Kvinf =

2.5504e+0 1.4861e-2 7. 6898e-3

The vector v goes to steady state immediately, because of the using of steady state values
of K, KY and S matrices. The steady state nns values for v Vector is:

vrms =

2.3002e+003
3.1371e+004
2.3065e+003

The comparison of the system output and the reference signal is shown in Fig. 62. The
system goes through a transient, then goes to steady state, where the nns value of the
system output is 117,750 A, compare to the desired system output of 8000 A, the system
output is too larger. Therefore, the weighing matrices are not appropriate.
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Fig. 62

The system input is a sinusoidal waveform with a steady state rms value of 5923.4 V,

which is much larger than the desired system input range. The enormous system input
results the other state variables exceed the desired value, the rms value for the tank
voltage Vc is 27, 608 V. The rms value of induction coil current iLO is 258 . 16 kA.

By setting Q =40, R=40, the S matrix start with a steady state gain as following:

Sinf =

2.2220e3 -1.7045e3 7.3523e2
-1.7045e3 3.6321e4 -7.9253e2

7.3523e2 -7.9253e2 6.2070e2

and when the time approaches the final time, it goes through a transient then goes to zero,
in this paper, the power supply operating time is assumed to be infinite. The same
characteristic apply to matrices K and KV

, only the final value of K and KV are different,
the steady state values are:

Kinf = 7.2348e-7 -6.3260e-7 2.4453e-7

Kvinf = 6.3760e-4 3.7153e-6 1.9224e-6

The vector v goes to steady state immediately, because of the using of steady state values
of K, KV and S matrices. The rms values for steady state v Vector is:
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Fig. 63 Comparison of iSE and Reference Signal wI Q = 40 and R= 40

vrms

9.200Be+006
1.254Be+OOB
9.225ge+006

The comparison of the system output and the reference signal is shown as Fig. 63, the
system goes through a transient, then goes to steady state, where the rms value of the
system output is 11 7, 750 A.

The waveform of the system input is a sinusoidal waveform with a steady state rms value
of 5923.4 V, which is also much larger than the desired system input range. The
enormous system input results the other state variables exceed the desired value, the rms value for
the Tank Voltage Vc is 27, 6 a8 V. The rms value of Induction Current iLO is 258 . 16 kA.

5.5 The System Response with Appropriate Weighing Matrices

By choosing different weighing matrices and the results are shown in Table 6.
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Table 6 Comparison of Different Weighing Matrix
R=40 R=1

Q=40 Q= 1 Q=40 Q= 1

5(1,1)inf 2.22E3 5.56E1 2.22E3 '5.56E1
,5(1,2)inf -1.70E3 -4.26E1 -1.70E3 -4.26E1
5(1,3)inf 7.35E2 1.84E1 7.35E2 1.84E1
5(2,1) -1.70E3 -4.26E1 -1.70E3 -4.26E1
5(2,2) 3.63E4 9.08E2 3.63E4 9.08E2
5(2,3)inf -7.93E2 -1.98E1 -7.93E2 -1.98E1
5(3,1)inf 7.35E2 1.84E1 7.35E2 1.84E1
5(3,2)inf -7.93E2 -1.98E1 -7.93E2 -1.98E1
5(3,3)inf 6.21E2 1.55E1 6.21E2 1.55E1

K(1,1)inf 7.23E-7 7.23E-7 7.23E-7 7.23E-7
K(1,2)inf -6.33E-7 -6.33E-7 -6.33E-7 -6.33E-7
K(1,3)inf 2.45E-7 2.45E-7 2.45E-7 2.45E-7

Kv(1,1)inf 6.38E-4 1.04E-2 6.62E-4 2.55E-2
Kv(1,2)inf 3.72E-6 6.05E-5 3.86E-6 1.49E-4
KV(1,3)inf 1.92E-6 3.13E-5 2.00E-6 7.69E-5

iSErms 1.18E5 4.79E4 1.22E5 1.18E5
Vcrms 2.76E4 1.12E4 2.86E4 2.76E4
iLO rms 2.58E5 1.05E5 2.68E5 2.58E5
urms 5.91 E3 2.41E3 6.14E3 5.91E3

R=1 R =0.01

Q = 0.01 Q= 1 = 0.01

5(1,1)inf 5.56E-1 5.56E1 5.56E-1
5(1,2)inf -4.26E-1 -4.26E1 -4.26E-1
5(1,3)inf 1.84E-1 1.84E1 1.84E-1
5(2,1) -4.26E-1 -4.26E1 -4.26E-1
5(2,2) 9.08 9.08E2 9.08
5(2,3)inf -1.98E-1 -1.98E1 -1.98E-1
5(3,1)inf 1.84E-1 1.84E1 1.84E-1
5(3,2)inf -1.98E-1 -1.98E1 -1.98E-1
5(3,3)inf 1.55E-1 1.55E1 1.55E-1

K(1,1)inf 7.23E-7 7.23E-7 7.23E-7
K(1,2)inf -6.33E-7 -6.33E-7 -6.33E-7
K(1,3)inf 2.45E-7 2.45E-7 2.45E-7

KV(1,1)inf 5.44E-1 2.65E-2 2.55
Kv(1,2)inf 3.17E-3 1.54E-4 1.49E-2
KV(1,3)inf 1.64E-3 7.98E-5 7.69E-3
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ISErms 2.51E4 1.22E5 1.18E5
Vcrms 5.88E3 2.86E4 2.76E4
iLO rms 5.50E4 2.68E5 2.58E5
urms 1.26E3 6.14E3 5.91E3

From Table 6, the best weighing matrices should be 40> R > 1 and 1> Q > 0.01. Ifkeep
the weighing matrix R constant, the larger the Q the larger the system output is. On the
contrary, if keep the weighing matrix Q constant, the larger the R the smaller the system
output is. By trial and error, the best results take place when the weighing matrices are
Q = 0.538, R = 20 .

The steady state S matrix is:

Sinf =
2.9997

-2.3011
0.9926

-2.3011
49.0338
-1.0699

0.9926
-1.0699

0.8379

The plot ofthe S matrix is shown in Fig. 64.
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Fig. 67

The steady state values ofK and KV are

Kinf = 1.0e-006 * 0.7235 -0.6326 0.2445

Kvinf = 0.0320 0.0002 0.0001

The Plots for the elements in K vector is shown in Fig. 65, the plots for the elements in
KV vector are shown in Fig. 66.

The comparison of the system output and the reference signal is shown in Fig. 67, the
system goes through a short transient, then goes to steady state, where the system output
follows the reference signal exactly. The waveform after 7.6 sec will be ignored, since
the system operating time is assumed to be infinity.

The waveforms for the tank voltage and induction coil current are shown in figures 68
and 69. The tank capacitor voltage and the induction coil current are both starting from
zero, then go through a smooth transient then go to steady state. The rms value of the
capacitor voltage and the induction coil current are at the desired level. Therefore, the
weighing matrices are appropriate.
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Fig. 70 System Input Plot

The input signal is a sinusoid waveform as shown in Fig. 70, with rms value of 400.9 v.

The discrete time linear quadratic tracker has the following advantages compare to the
continuous time LQT optimum controller:

• There is no spike during the starting period.

• The System Output follows the reference signal without any delay.

• The controller is easy to programming, not much memory will be used.

• There is no huge amount induction current feedback, current transformers and
prime transformer can be used to get correct feedback information.
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• The controller is easy to programming, not much memory will be used.

• There is no huge amount induction current feedback, current transformers and
prime transformer can be used to get correct feedback information.
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Chapter 6

Digital LQT Controller With New Reference Signal

In this chapter, a new reference signal has been construct to reduce the losses during the
HFPS startup period, by changing the reference signal to a variable frequency and
variable rms value signal, then simulate the closed loop system with the same LQT
optimum controller in chapter 5.

6.1 The Structure of Digital LQT Controller Tracking System

6.1 .1 Digital Optimum LOT Controller

From the block diagram for Discrete-Time LQT optimum controller, the open loop plant
is the High Frequency Power Supply. Since the open loop plant is 3rd order system, the
feed back analog state variables x(t) is a 3xl vector. By using Zero-Order-Hold method,
converts x(t) to x(k). The gain matrices are calculated and stored before the system
operation.

6.1.2 Construct A New Reference Signal
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Based on the study in section IV, it is more convenient to start the power supply from a
lower frequency and lower power, then increase the frequency and the power to reach to
the desired values. Such that the system loss is lower. The new reference signal is shown
in Fig. 71.

The following reference signal has starting frequency of 45 kHz, and starting rms value
of 10 A, after 200 periods, the reference becomes the steady state waveform, where the
frequency is 50 kHz, and the rms value is 8000 A. The reason to do this is to keep the
values of the system state variable small during the high frequency power supply startup
period.

6.2 Building LOT Optimum Controller wi New Reference Signal

By using the same method in Section V, set the weighing matrix to R =20, Q =0.05378,
which results the rms value of the system output equal to the rms value of reference
signal exactly.

The plot of the S matrix is shown in Fig. 72.
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Since the system could be run to infinite time, so only the steady state S matrix is
important. The steady state S matrix is

Sinf =

3.0207
-2.3172
0.9995

-2.3172
49.377
-1. 0774

0.99950
-1.0774

0.84380

By using above steady state S matrix, the feed forward and feed backward gains can be
calculated as following,

Kinf =
7.2347e-07 -6.325ge-07 2.4453e-07

Kvinf =
3. 1952e-02 1.861ge-04 9.6340e-05

The auxiliary matrix v plot is shown in Fig. 73, the waveforms of the elements in v vector
are starting from the boundary condition, then smoothly go through a transient, then go to
steady state eventually. Since the time is reversed, an initial value for the v vector must
be calculated before operating the discrete time LQT optimum controller. Therefore, the
initial value need to be calculated off line, then the value for the v vector can be either
calculated off line or on line when the HFPS is operating.
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The comparison of the system output and the reference signal is shown in Fig. 74, the
system goes through a transient, then goes to steady state, where the value of the system
output is match with the reference signal. From the plot, the error between the actual and
the desired system output gets minimized when time continues.

The waveform of system input is shown in Fig. 75, the system input starts with a very
small value then increases gradually until reaches to the steady state. No transient spike
will harm the switching devices.

From Fig. 76, 77, the values of the other state variable at steady state are the desired
values.
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6.3 Implementation of.the LQT Controller

In the real world, the output of the inverter section is square wave, so the input to the load
section cannot be a perfect sinusoid wavefonn. As shown in the system flow chart Fig. 2,
the LQT controller only send the firing signals ex, <I> and operating frequency to the High
Frequency Power Supply. So the following requirements has to be made:

a. The firing angle ex keeps at 0°, and changing the firing angle <1>, such that the
actual nns value of the inverter section output (square wavefonn) equals to the
optimum iSE (sinusoid wavefonn).

b. The switching frequency of the inverter section is equal to the optimum operation
frequency.

In order to satisfy requirement a, the wavefonn of the firing angle <I> vs. time is shown as
Fig. 78. The firing angle <I> is starting near 180°, where the nns value of Vd is close to
zero, i.e. there is almost no power output, so the power losses on the switching device is
closing to zero. Then <I> decreases, and eventually reaches the steady state value 6.2°,
where the High Frequency Power Supply run into steady state.
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The switching frequency for the inverter section starts at 45 kHz, then increase linearly to
50 kHz, the waveform of switching frequency vs. time is shown as Fig. 79.

The reason to vary the switching frequency is to force the impedance of the load section
higher at the power supply start up period, such that the power losses on the transmission
line will be smaller.

The comparison of the optimum and actual waveform ofVd is shown as Fig. 80. Where
the actual waveform of Vd is square waveform, but the rms value for the actual and
optimum Vd is the same.

Since the sampling rate of this design is 40 points per period, when calculate the firing
angle cP, some very small rms value will be ignored. Therefore, there is a very short
period in the beginning, there is no output from the inverter section.
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The switching frequency for the inverter section starts at 45 kHz, then increase linearly to
50 kHz, the waveform of switching frequency vs. time is shown as Fig. 79.
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From Fig. 81, the rms value ofVd starts from a very small value then increases gradually.
At time 4 ms, Vd reaches to the steady state. The pattern of rms value of Vd follows the
reference input.

By using Matlab, simulate the discrete time system with actual inverter section output
voltage Vd. The comparison of the actual and optimum load section input current iSE is
shown in Fig. 82.

The actual waveform of iSE is not match the desired reference signal exactly at the
beginning, because of the discontinuous square waveform of Vd, there is discontinuity in
the iSE waveform. The value of the discontinuous current is very small, so that the
switching devices can be protected.

After the transient period, the actual iSE waveform will match the reference signal when
the system run into steady state. The system output is tracking the reference signal
closely. Therefore, the optimum controller is working properly.
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The comparison of the optimum and real waveforms with switching devices of the tank
voltage (Vc) is shown in Fig. 83. Since tank voltage is across a large capacitance, Vc can
not be discontinuous, therefore, there is no discontinuity in the waveform of Vc. The
actual tank voltage does not follow the optimum tank voltage at the beginning because of
the actual input Vd is zero. Before reaching the steady state, the actual Vc is lagging the
optimum Vc. From the plot, when the power supply running into steady state, the actual
Vc follows the optimum Vc exactly.

The rms value for Vc is increasing from a very small value to the steady state value, the
waveform ofVc rms value vs. time is shown in Fig. 84. The plot ofrms value ofiLO vs.
time is shown in Fig. 85, the shape of the plot is similar to the one ofVc and Yd.
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The comparison of the optimum and real waveforms with switching devices of the tank
voltage (Vc) is shown in Fig. 83. Since tank voltage is across a large capacitance, Vc can
not be discontinuous, therefore, there is no discontinuity in the waveform of Vc. The
actual tank voltage does not follow the optimum tank voltage at the beginning because of
the actual input Vd is zero. Before reaching the steady state, the actual Vc is lagging the
optimum Vc. From the plot, when the power supply running into steady state, the actual
Vc follows the optimum Vc exactly.

The rms value for Vc is increasing from a very small value to the steady state value, the
waveform ofVc rms value vs. time is shown in Fig. 84. The plot ofrms value ofiLO vs.
time is shown in Fig. 85, the shape of the plot is similar to the one ofVc and Yd.
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The comparison of the linear optimum and the nonlinear real system waveforms for the
induction coil current iLO is shown in Fig. 86. The power supply output kW vs. time plot
is shown in Fig. 87. The kW output is starting from zero, then gradually increases to the
steady state value.

This kW output curve can be changed by adjust the reference signal, i.e. the Power
Supply output kW also follows the reference signal. After 4ms, the Power Supply has
steady power output.
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Chapter 7

High Frequency Power Supply Power Control

Due to different induction heating applications, the HFPS is required to run at different
power level. This can be done easily by changing the reference signal accordingly. The
simulation of different reference signals is shown in this Chapter.

7.1 HFPS Startup Power Control

Using the following equation for the reference signal

1j(k)=iSE (k)

=..fi. 6000· sin(2·]r ·5E4· kh)
(7-1-1)

The rms value of the reference is changed while the frequency keeps the same. The
reference plot is shown in Fig. 88. The LQT controller generates appropriate firing angle
<1> for the inverter section accordingly, the plot of <l> vs. time is shown in Fig. 89.
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The comparison of the ideal and actual inverter section output is shown in Fig. 90. The
width of the square wave is increasing from zero, then keep a constant width when the
system is in steady state. By using the new reference signal, from Fig. 91, the steady
state output power level is lower.

7.2 HFPS Process Power Control

When the Power Supply running at steady state, in order to lower the kW level, the only
operation for the LQT controller is to change the reference signal.

The rms value of the new desired system output is smaller, but the frequency is the same.
From Fig. 92, the rms value of the reference signal is changed, while the frequency keeps
the same.

Based on the change of the reference signal, the LQT controller changes the firing angle
<l> for the inverter section, accordingly. In this case, the firing angle increases and the rms
value of the inverter section output voltage and the system output power decreases. The
plot for the firing angle <l> is shown in Fig. 93.

The value of <l> continues to increase, therefore, the rms value of the input (Vd) is
decreasing, and the power supply output kW level is decreasing too. The transition of the
firing angle is smooth, therefore, the power transition will be smooth too, and no spike
will be generated during the output power level changing. From Fig. 94, after 4ms the
width of the square wave Vd is decreasing. When the reference signal changes, the rms
value of the inverter section Output Vd changes accordingly. From Fig. 95, the kW
adjustment will be very smooth and easy to implement.
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Chapter 8

Summary and Conclusion

An optimal controller design for a HFPS system was presented in this thesis. By using
LQT method, the system performance has been optimized. The LQT Controller generates
optimal firing angles and switching frequency for the HFPS, that reduces the system loss,
eliminates the harmful harmonics, and makes a uniform depth of penetration on the
induction load. In the discrete time domain, the desired reference signal can be easily to
construct with high accuracy. By changing the reference signal, the HFPS power level
and operating frequency can be easily controlled. The LQT controller has the advantage
of the closed loop system, it is stable, accurate, and easy to implement. The rms values
of the system state variables have been compared with a real system, and the results are
matched.

The rms values of the system state variables have been compared with ©Ajax
Magnethermic Corp. ©pACER HF 2700kW, 50kHz commercial Power Supply, the
result are close to the practical result as shown in Table 7.

Table 7 Comparison of the Value of the State Variables
Linear Model Non-Linear Model Real Power Supply

(w/o Switchinl! Devices) (wI Switchinl! Devices)
iSE (kA) 8.00 8.00 8.10
Vc<V) 2120 2120 2164
iLO (kA) 17.7 17.7 16.8
Frequency (kHz) 50.0 50.0 51.1
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The comparison of the optimum and real waveforms with switching devices of the tank
voltage (Vc) is shown in Fig. 83. Since tank voltage is across a large capacitance, Vc can
not be discontinuous, therefore, there is no discontinuity in the waveform of Vc. The
actual tank voltage does not follow the optimum tank voltage at the beginning because of
the actual input Vd is zero. Before reaching the steady state, the actual Vc is lagging the
optimum Vc. From the plot, when the power supply running into steady state, the actual
Vc follows the optimum Vc exactly.

The rms value for Vc is increasing from a very small value to the steady state value, the
waveform ofVc rms value vs. time is shown in Fig. 84. The plot ofrms value ofiLO vs.
time is shown in Fig. 85, the shape of the plot is similar to the one ofVc and Yd.

Fig. 84
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The comparison of the linear optimum and the nonlinear real system waveforms for the
induction coil current iLO is shown in Fig. 86. The power supply output kW vs. time plot
is shown in Fig. 87. The kW output is starting from zero, then gradually increases to the
steady state value.

This kW output curve can be changed by adjust the reference signal, i.e. the Power
Supply output kW also follows the reference signal. After 4ms, the Power Supply has
steady power output.
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Chapter 7

High Frequency Power Supply Power Control

Due to different induction heating applications, the HFPS is required to run at different
power level. This can be done easily by changing the reference signal accordingly. The
simulation of different reference signals is shown in this Chapter.

7.1 HFPS Startup Power Control

Using the following equation for the reference signal

1j(k)=iSE (k)

=..fi. 6000· sin(2·]r ·5E4· kh)
(7-1-1)

The rms value of the reference is changed while the frequency keeps the same. The
reference plot is shown in Fig. 88. The LQT controller generates appropriate firing angle
<1> for the inverter section accordingly, the plot of <l> vs. time is shown in Fig. 89.
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The comparison of the ideal and actual inverter section output is shown in Fig. 90. The
width of the square wave is increasing from zero, then keep a constant width when the
system is in steady state. By using the new reference signal, from Fig. 91, the steady
state output power level is lower.

7.2 HFPS Process Power Control

When the Power Supply running at steady state, in order to lower the kW level, the only
operation for the LQT controller is to change the reference signal.

The rms value of the new desired system output is smaller, but the frequency is the same.
From Fig. 92, the rms value of the reference signal is changed, while the frequency keeps
the same.

Based on the change of the reference signal, the LQT controller changes the firing angle
<l> for the inverter section, accordingly. In this case, the firing angle increases and the rms
value of the inverter section output voltage and the system output power decreases. The
plot for the firing angle <l> is shown in Fig. 93.

The value of <l> continues to increase, therefore, the rms value of the input (Vd) is
decreasing, and the power supply output kW level is decreasing too. The transition of the
firing angle is smooth, therefore, the power transition will be smooth too, and no spike
will be generated during the output power level changing. From Fig. 94, after 4ms the
width of the square wave Vd is decreasing. When the reference signal changes, the rms
value of the inverter section Output Vd changes accordingly. From Fig. 95, the kW
adjustment will be very smooth and easy to implement.
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Chapter 8

Summary and Conclusion

An optimal controller design for a HFPS system was presented in this thesis. By using
LQT method, the system performance has been optimized. The LQT Controller generates
optimal firing angles and switching frequency for the HFPS, that reduces the system loss,
eliminates the harmful harmonics, and makes a uniform depth of penetration on the
induction load. In the discrete time domain, the desired reference signal can be easily to
construct with high accuracy. By changing the reference signal, the HFPS power level
and operating frequency can be easily controlled. The LQT controller has the advantage
of the closed loop system, it is stable, accurate, and easy to implement. The rms values
of the system state variables have been compared with a real system, and the results are
matched.

The rms values of the system state variables have been compared with ©Ajax
Magnethermic Corp. ©pACER HF 2700kW, 50kHz commercial Power Supply, the
result are close to the practical result as shown in Table 7.

Table 7 Comparison of the Value of the State Variables
Linear Model Non-Linear Model Real Power Supply

(w/o Switchinl! Devices) (wI Switchinl! Devices)
iSE (kA) 8.00 8.00 8.10
Vc<V) 2120 2120 2164
iLO (kA) 17.7 17.7 16.8
Frequency (kHz) 50.0 50.0 51.1
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