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- ABSTRACT 

ELASTIC-PLASTIC STRESS ANALYSIS OF A N  EDGE 

CRACK SPECIMEN AND THE EVALUATION OF 

FRACTURE MECHANICS PARAMETERS 

Monamnad A. Mognanipour 

Master of Science in Engineering 

Youngstown state university, 1986 

Finite element stress analysis was used to calculate 

tne fracture mechanics parameters, tne so-car led ~ - d n d  M- 

integrals, for a tensile edge notcn specimen (Figure 2 ) .  

A comparison of the finite element load-displacement 

was made witn tne experimental results obtained from tne 

Department of MaCrOmOleCUldf science at case western Reserve 

University. A I S O ,  for a class of problems wnere tne plastic 

zone remains localized near tne CrdCK tip, estimation 

tecnniques were employed to determine tne J-integral values 
- 

for the same tensile specimen. 

Tne M-integral formulas suitaDle for numerical 

evaluation were derived. one set of equations employed tne 

concept of isoparametric element (a computer program could D e  

written using tnese equations). Applying these equations, a 

manual calculation was performed to evaluate tne M-integral 

values. TneSe values were compared witn tne values obtained 



from an estimation technique 

- 
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CHAPTER I 

INTRODUCTION 

1 . 1  H l s u L u a  B ~ U ~  

The application of concepts of fracture mecnanics has 

become tne primary approacn in control I ing the brittle 

fracture and the fatigue failures in structures. ~ r o m  1913 , 

until the early 1960s, very little research woru was done in 

the area of fracture mechanics. ~n 1965 tne American society 

for Testing Material (ASTM) formed Committee E-24 on Fracture 

Testing of Metals. since then, the literature on fracture 

mechanics has been growing at a very rapid pace C l , 2 3 .  

 he daCade of the sixties can be cnracterized as a 

searcn for valid test methoas and an exploration of fracture 

tneories. ~n the seventies, considerable rethinKing and 

regrouping occurea w ~ t n  tne introauction of new concepts such 
- 

as the R-curve and J - ~ n t e g r a ~  ~ 1 ~ 2 1 .  

1.2 GalsMm mu Amuauml pL Eracfldra MSGDQol.ca 

The phenomenon of fracture nas been observed by a1 I on 

a daily basis. operations that produce certain surface 

geornetrics, such as cnopping of wooa and tne cutting of glass 

to desired sizes i~ lustrate intentionally induced fractures. 



The accidental CraCKlng of w~ndsnlelds on automob1 les and the 

catastrophic brzaking of large structures sucn as s n ~ p s  and 

oil tankers, typify Undesirable fracture. Fracture process 

initiates not only witn tne presence of a crack or a flaw 

somewhere in the structure,but also the Stress level which 

can tnduce tne crack propagation leading to a catastrophic 

fai lure. 

Brittle fracture is a type of catastrophic failure in 

structural materials tnat occurs at an extremely high speeds 

(as nign as 7,000 ft/sec) C 3 3 .  it is cnaracter~zed 0y.a flat 

fracture surface (cleavage) with little or no shear ~ ~ p s ,  and , 

at average stress levels below tnose of general y~elding 

Stresses. Historical review illustrates the fact tnat 

brittle fractures can occur in engineering structures sucn as 

tanks, pressure vessels, snips, bridges, airplanes, etc 

Numerous factors such as the service temperatures, fracture 

toughness, welding, resiaual stresses, fatigue, constraint 

COrlQitiOnS, can contribute to brittle fractures in large 

welded structures. However, tne primary factors tnat control 

the susceptibility of a structure to brittle fracture are 
- 

FRACTURE TOUGHNESS ( K C )  of the material, CRAC K  SIZE (a) ana 

STRESS LEVEL (6). The general relationship among material 

tougnness (KC), nominal stress t 6 ) ,  ana Crack size (a) is 

snown Schematical ~y in Figure i C 3 3 .  ~t snows tnat tnere are 

many combinations of stresses and crack sizes which may cause 

fracture in a fabricated structure having a particular value 

Of K C  at a particular service temperature, loaaing rate ana 



plate thicKness. Conversely, there are many COmbindtiOnS of 

stresses ( G )  ang flaw sizes ( a n )  that wil I not cause failure 

of a particular structural material. To prevent fracture, 

ttie actual stresses and flaw sizes must be below the levels 

stiowtl i n F i gure 1 . 

If the toughne5s of the material is sufficiently high, 

brittle fracture will not occur, and the failure Under 

tcllsi le loading w j  I I preceae a large plast ic 

deformation. For large structures where the elastic-plastic 

behavior is observed witn tne formation of a large plastic 

zone prior to the failure, the linear elastic analysls Used , 

to calculate the stress intensity factors is not applicable. 

Under this ConUition, analysis otner tnan 1 inear elastic 

fracture meCtlaniCS (LEFM) must be Used. J-INTEGRAL, R-CURVE 

dtldlysl5 and CRACK OPENING DISPLACEMENT (COD) are tne 

extensions of LEFM into e l a s t i ~ - p l a ~ t i ~  fracture mechanics. 

1 . 3  IQS Q & i s U S  an4 S E ~ Q ~  nf 10s S~USIY 

Recently, however, it has Deen shown C 4 1  tnat a single 

field ChardCterlZatiOn using tne J-integral is not sufficlcnt 

to model tne crack growtn In the elastic-plastic region. 

some new parameters sucn as L ,  M ,  and N integrals 

C53 have been introduced. Their application in predicting 

crack growtn in structures seems to be promising. The 

numerical evaluation of tnese fracture mcct~anics parameters 

is complicated aue to tne nature of toe equations aPscri~ing 

tnese parameters. One of tne objectlves of this stuay is to 



evaluate some of tnese parameters sucn as the J- and M- 

- 
Integrals. 

This calculation requires an accurate computation of 

the stress and strain fields near tne crack tip. In the 

present study tnc finite element metnoa (FEM) i s  cnosen to ao 

such an analysis on a CraCKed retangular plate (Figure 2 ) .  

Since non-linear finite element analysis (FEA) depends upon 

the type of mesn tana loading step selection and tolerance), 

another objective of tnrs work is to see the effect of 

different grid slzes on the FEA results. TO Check results, 
, 

comparisons of tne results of FEA are made witn experimental 

Qatb. 



- Cnapter I I 

Basic  Theories and Their use in EPFM 

2 . 1  rnw 
Tnls chapter describes various concepts used in tne 

present worK, presenting the basic theories and tnier use in 

Elastic-Plastic Fracture Mechanics (EPFM). A brief 

discussion of plane stress and plane Strain finite element , 

formulation ( F E A )  in the elastic range i s  presented. Tne 

governing equations for the eignt node isoparametric element, 

the Von Mises yield criteria, and the theoretical background 

of the J-integral are also aescribed for the sake of 

completeness. A detailed account of tne procedure for non- 

linear FEA can be found In C 6 3 .  

2.2 E i n i t a E L a m a a l f ~ ~ ~ ~  

Plane stress and plane strain problems can be solved 
- 

witn the use of  triangular or rectangular elements. However, 

more accurate results are obtained with a grid of rectangular 

elements C7,8,93.  

2 . 2 . 1 .  vir- 

When tne principles of virtual WOrK and virtual 

complementary WOrK are applied to deformable solids, it is 



necessary to account for the WOrK of tne internal forces as 

wei I as ttiat of fne external forces. Tnen equi~ ibrium 

C7,9,91 is identified by 

W i  + We 0 

If a solid is subjected to a set of body forces f tnen by the 

virtual WOrK Principle we can write 

jc6.1' 6 QV - JCSUIT dv - F h u , ~  t all 0 o ( 2 . 1 )  
v v 7; 

wnere 6 is a vector ~f stresses, t is a vector of DOUnddry 

tractions, bu is a vector of virtual disp~acements, 

66 i s  a vector of associated virtual strains and v is tno 

volume. d T  i s  an element of arc lengtn along r I Tt is tnat , 

part of tne boundary on wnicn boundary tractions are 

prescribed and TU is tnat part of the boundary on wnicn 
displacements are prescribed C 7 3 .  

Tne first step in tne analysis is to select a set of 

displacement functions tnat g i v e  tne displacements of every 

point witnin tne element. In a two dimensional analysis tne 

cnosen form of tne displacement functions Is a polynomial as 

wnere 2 + a4xy + 2 u t x , y )  = a + a x + a2y + a3x 
0 1 

a5y + . . . 
v (x,y) = bo + b , ~  + b Y + b3X

2 
+ b4XY + bSy2 + 

2 

or 



ln wnich u tx,y) and v t x , y )  are tne two components of 

displacements in the x and y directions respectively and 

F (x,y) is a polynomial for displacement function. For a 

rectangular element, tne nodal displacement vector can be 

expressed as an eignt-component vector involving tne u and v 

displacements at nodes 1,2,3, and 4. 

The aisplacement function C W I  can be expressed C 7 , 9 3  in terms 

of tne nodal displacements 

 he strains are obtained in terms of tne nodal 

displacements and nave tne form 

The elastic relationship between stress and strain 

components for plane stress i s  

WhiCn can be written in tne matrix form as 

b =  tD3CtI = CDI CB3Cdl 

2.3 - E W 2 . m ~ ~  

In a finite element representation, tne disp~acements 

and strains C7,8,9,1 for a solid mechanics applications may 



be expressed by 

wnere for noae i ,  ai' is the vector of nodal variables, 

is tne global shape function and e i  i s  the global strain- 

displacement matrix. 

If (2.7) and (2.8) are Substituted in the virtual work 

expression (2.1) tnen the following is obtainea 

Tne displacement can be expressed in the usual way as 

wnere, for local noae I or element e l  N{" I S  tne global 

snape tunct ion and the vector of var isDles is ale). Tnere 

are r local noaes in eacn element e. 
- 

According to Figure 3, the Shape functions C61 for a 

typical 8 node lsoparametric element I S  as fol rows: 

(a) Corner nodes 

N / ~ )  = (114) ( 1  + J f i )  ( l  + '-ITi) ( Tyi + m i  - 1 )  

i = 1,3,5,7 (2.11) 



In an isoparametric representation the following 

formula is used for tne x , y  cooruinates within an element: 

The Jacobian matrix'c63 is evaluated as 

~ n e  strain alsplacement relationsnips are expressed as 

wnere B ( ~ )  is tne strain matrix i t 

Since a linear stress-strain relationsnip is oDtaineU 

witnin each element 



Tnen the contribution C 6 1  from element e to the first term in 

(2.9) is given  as 

wnere K!.~) is tne submatrix of tne stiffness matrix K t e )  
IJ 

The contribution from element e to tne second term in 

(2.9) is given as 

For tne tnird term, tne contribution from element e is 

t e ) ] ~  t(e) 
a-r 

wnere is tnat part wn icn co i ncides wi tn a boundary of 

element e. of course, for many elements tnere w i ~  i be no 

Contribution to f(e) C 6 1 .  
Ti 

This leaas to an assembly procedure and 

C K I  Cd) = C f 3  

Solution for C ~ I  can be obtained by 

For any tnree-dimensional stress state C I O I  there 

exists a cubic equation wnose tnree roots are tne tnree 

principal stresses. This equation is 

2 
63- I <  6 - 1 2  r - is = O 



Regardless of tne coordinate system chosen, tnese 

tnree roots of Fne equation wnicn art principal stresses 

remain tne same for a given state of stress. In otner words, 

the coefficients 1 1 ,  l 2  and l 3  must not vary witn a cnange in 

tne coordinate system. These coefficients are referred to as 

tne invariants of tne stress tensor and are denoted as 

The magnitude of the mean normal stress, 6 n  , is equal to one 

third tne algebriac sum of tne tnree normal stresses; 

therefOre,I = 3 fi . Tnus tne first invariant is a function 
1 

of tne nyarostatic or mean component and snould not influence 

yielding. Tne two most comnon yield criteria employed in the 

aBscription of the behavior of metals are tne Tresca 

criterion and the Von Mises criterion. 

2 . 4 . 1  

The Von MiSeS criterion C6,lOI predicts tnat yielding 
- 

occurs wnen: 

K , anaQ are principal stresses. ~n a more general form. 

- 
Let (effective stress) be a function of the applied 



stresses. Whenever its magnituae reacnes the yield stress 6- Y - 
for the material in uniaxial tension, then that applied 

stress state should cause yielding to occur. Thus: 
- L 2 1/2 von ~ i s e s :  = 1 - + - + (5 - T > I  

- 
According to the Von Miaes criterion when b reaches a value 

of 3 K where K is the maximum allowable shear stress, 

yielding is predicted. 

2 . 4 . 2  

After initial yielding, the stress level at which 

further piastic deformation occurs may be dependent on the - 

current degree of plastic straining. For an isotropic 

nardening model, tne original yield surface expands uniformly 

witnout translation. Tne total plastic work or strain 

hardening is as follows: 

K is the nardening parameter and ) are the plastic 
P 

Components of strain occuring during a strain increment. 

2 . 4 . 3  FI.OW ELuss PL Elasus Bsl.a_tlnn - 
After initial yielding tne material benavior will be 

partly elastic and partly plastic. The cnanges of strain are 

assumed to De divided into elastic and plastic components 

during any increment of stress, so that 

a C i j  = (d b;j), + (d t..) 
'J P 

( 2 .  1 8 )  

The elastic strain increment is related to tne stress 

increment by tne incremental form of F- = D L  . The 



relationship between tne plastic strain component and the 

stress incremenT can be expressed as 163 

a( 4 3  )p = d,A t b ~ /  3 K j )  (2.19) 

For associative flow rule, assume f = Q where f is tne yield 

function, then 

act3 )p = d). (&/3Qj) (2.20) 

d i s  a proportionality Constant termed the plastic 

multiplier, and Q is the plastic potential. 3f/36 is a 

vector and it provides the direction cosines of tne normal to 

the yield surface at tne stress point under consideration. 

Equation (2.19) becomes tne flow rule since it governs the 

plastic flow after yielding. 

2.5 Ins d-inm!aL&L s$mssQ$ 
2.5. i pgfinitroq p~ ~ - i n u a r n ~  

Rice's J-integral definition E l l 1  is applicable to a 

homogeneous body of I inear or nonlinear elastic material free 

of body forces. It is subjected to a two-dimensional 

deformat ion fieid so that a1 I stresses cj depend only on two 

cartesion coordinates x=txi), ( i  = 1 , ~ ) .  

- 
F O ~  a tree notcn having fiat surfaces para1 I ~ I  to the 

x-axis and a rounded tip Tt (figure 4 > ,  the J-integral is 

defined as a path integral for an open path Surrounding the 

notcn t ip; 

Tne J-integral has tne same value when computed by an 

integration along either f or rl provided that the identical 
1 



positive normal airection is usea for botn patns. Toe patn 

independence  of'^ integral for linear and non-linear material 

has been proved theoretically in L l 2 3 .  

2 . 5 . 2  - ln- -lYsmQ!a 

The evaluation of tnc 4-integral can be acnieved by 

selecting an integral patn and evaluating equation ( 2 . 2 1 )  by 

numerical integration. There are two choices to select tne 

integral paths: a path passing through the nodal points or a 

path passing through the integration points. The J-integral 

evaluation, using a path passing through tne nodal points of I 

the FE grid requires an extrapolation of known quantities 

sucn as stresses and derivatives of the displacements from 

the integration points to the nodal points . The advantage 

of this method is tnat there are no requirements for tne mesn 

to define a smootn patn. The disadvantage is, of course, the 

extra WOrK required for extrapolation procedure. The accuracy 

might be less than tnat of the second method in which the 

contour is aiong a line passing tnrougn the integration 

points of tne elements. However, the mesh for tne Second 
4 

metnod nas to be able to define a smooth integration path. 

A I I  tne cormon element types can be usea in EPFM, but tne 

most comnon types Used have been the higher order elements. 

These elements are Well Known because of their flexibility to 

model complex structures and the capabil ity to provide good 

accuracy with a coarse mesn. 

If a 3x3 integration scneme is used to evaluate tne 



element stiffness, ttlree patns can be defined tnrougn one 
- 

element. ~t nas been ObSOrVed tnat tno patns c105e to tne 

boundary of tne element furnisn almost identical J-integrals 

wnile tne one tnrougn the middle gives approximately a 10% 

higner value. it nas been demonstrated by Bakker t i 3 3  tnat 

tne average value of al I tnree paths of integration snoula be 

considered. This average is tnen tneoretically equal to tne 

J-integral found by'tne virtual cracK extention metnod C l l l .  



CHAPTER I l l  

- 
FINITE ELEMENT ( F E )  ANALYSIS 

In this investigation, an edge Crack specimen is 
\ 

analyzed uslng tne Nonlinear Finite Element Program (NFAP) 

developed at the University of Akron C143. The edge notcn 

geometry considarea in this study is snown in Figure 2. Tne 
0 

specimen contains a 60 " V * *  notcn of imn lengtn. ~ n e  

dimensions of the specimen are: 

In which H is tne lengtn, 2 w  i s  the widtn and T I S  tne 

tnickness of the specimen CFigure21. For symmetry reasons 

only one-half of the test plate was analyzed using 

conventional 6-noae isoparametric elements. 

- 
3.2 M o d n l ~ P r o P a r r l a n ~ ~ ~ ~ ~  

Figure ~ ( a )  snows tne stress-strain relation for tna 

material of the specimen and Figure ~ ( b )  shows the appl ied 

stress with time along tne upper and lower edges of the 

specimen. A s  yield criterion,the Von Mises condition was 

used. in tne Plasticstate,the associatea flow rule of the 

Prandtl-Reuss equations was assumed to analyze this specimen 



2 having Young's modulus of elasticity E=81357 N/mm , Poisson's - 
2 ratio of V - 0 . 3 0  and yield stress of 67=834 .26  ~ / m m  . 

TO study the effect of coarse-mesh on tne elasto- 

plastic analysis, four different finite element meshes were 

designed. Meshl, M I  (Figure 6 )  had as many distorted 

elements as Mesn2, ME (Figure 7 )  witn the exception that it 

had a layer of singular elements Surrounding the Crack tip 
\ 

MeSh3, M3 (~igure 8 )  had tne same rectangular layout as 

mesh4, M4 (Figure 9) with the only difference being that it 

nad singular elements surrounding tne cracu tip 

Tne singular elements (Figure 10) were created by the- 

so-called "1/4 point technique" 1 1 5 3  in wnicn tne nodes of 

the Crack tip are collapsed to form a triangular shape 

element. Tne midside nodes of the second order elements are 

placed at 1/4 distance from the crack tip node, to obtain tne 

1/6 singularity. 

3.3 EaSulm 9n9 CamParLaPn pl m UsShsS 

It was observed tnat tnese results for crack opening 

diSPIaCOttIentS obtained from tnc mcsncs d ~ d  not differ - 
significantly from eacn otner (Figure 1 1 ) .  The resul ts of 

stresses obtained from M I and M3 were close to eacn other as 

were the results for M2 and M4 (Figure 12). ~t could be seen 

tnat tne results for tne grids witn singular elements predict 

higner stress near the crack tip. ~t shows the singular 

nature of stresses near the crack tip. 

Figure 13 shows the plastic-zone growtn for different 



mesnes employed in tnis investigation for a/w = 0 . 5  and 6/91 
0.2. Plastic deformation occurs wnen the elastic stress in 

tne vicinity of tne crack tip is niuner tnan tne y-ield 

stress of tne material. The effect of tne plastic zone is to 

increase tne displacements and lower the stiffness of tne 

plate. Tne ~engtn of tne plastic-zone , r  under plane 
Y' 

stress conditions can be estimated C 3 3  by tne fol lowing 

on comparing tne plastic-zone sizes in tne neignbornooa of 

tne crack in tne test specimen, it was found tnat tne M3 

PrOdUCeS result whicn is closer to tne estimated value 

accoraing to the Table I .  

Eight rectangular patns [Figure 1 4 3  passing tnrougn 

ttle Gauss integration points were used to calculate Rice's J -  

integral ( 2 . 2 1 ) .  Tne a/w for all the finite element rnesnes 

was 0 . 5 .  ~ i g u r e  1s snows tne comparison of J-values between 

M3 and M4 ObtaineO from Table 2. For Ilnear-elastic 

benavior, tne J-integral whicn is tne energy release rate per 

unit Crack extension, is identical to Q .  Tnerefore, for 

linear-elastic plane-stress conditions tne following formulas 

are employed to calculate tne stress intensity factor and tne 

J-integral: 

I 
- 6  f i a  fta/D> 

and Q = J = (W)'(K:/E) 

For a single edge notcn specimen C 3 3  fta/b) = 2.86 wnen a/w 

IS  equal to 0 . 3 .  ~t was found tnat tne J-integral value 



obtained from M4 was closer to the theoretical value [table - 
3 1 .  A S  a result, tne coarse-mesn procedure improves tne 

accuracy and also reduces the need for a large number of 

elements near tne Crack tip. It was also found that the 

maximum relative deviation between tne J-values on tne patns 

Obtained from M4 was 4.5% over the wnole range of loading. 

T ~ U S ,  it can be Stated that, in tne case of monotonic 

loading, tne J-integral (2.21) maintains its patn 

independent property within numerical accuracy (Figure 16) 

even if a flow tneory of plasticity is Used. 

Because tne J-integral value obtained from M4 is 

closer to tne tneoretica~ value (table 3), therefore, tne 

finite element mesh4 was employed in tne study. 

A comparison is made between the load displacement 

obtained from finite element analysis and tne experimental 

data from tne Department of Macromolecular Science at Case 

Western Reserve University c l a l .  Tne experimental test was - 
COndUCted with a compression molded sheet of Bispnenol A- 

polycarbonate witn a MFI-2-3 suppiied by D O ~  cnemica~ 

Company. Originally a specimen was milled at very low speed 
0 

to the dimensions 120 x 20 x 0.33 rwn. A 60 " v "  notcn of irwn 

deptn was introduced at tne middle of one edge of tne 

specimen. Fatigue tests are conducted in a laboratory 

atmosphere on an MTS-800 macnine using sinusoidal waveform at 



a frequency of 0 . 5  HZ. The loading was tension-tension with - 
a maximum stress of 33 ~ / m n ~  and a minimum to max lmum load 

ratio R10.4.  Tne distance between the grips was 80 mn. The 

Crack and the surrounding damage were followed visually using 

a traveling optical microscope attached to a video camera 

i%sSemDiy, equipped with a visual display unit from whicn tne 

entire history of the crack propagation was recorded. 

A two-dimensional finite element program was employed 

to analyze the same experimental specimen using tne grid M4 

(Figure 9) in wnlcn 383 nodes and 113 isoparametric elements 

were used. Figures 17ta) and 17(b) show the stress-strain 

relation and tne displacement controlled loading along the 

upper and lower edges of the specimen r~igure 21 with a 

length ( H )  of 40 mm, wiatn (2w> of 20 mm ana tnicKness ( T )  of 

0 . 3 3  mm. The Specimen had an elastic modulus (E) of 2000 

~/mn', a yield StreSJ ( & )  of 7 0  ~ / m m '  and ~oisson; ratio 

(V) Of 0 . 3 3 .  

Figure 18 snows a comparison between tne 

experimental ly measured load-displacement and tne load- 

displacement Obtained by finite element analysis load- - 

displacement curve.  he toad-displacement results for botn 

tne experimental test and finite element analysis are close 

to each Other in the elastic range tapproximately 1 5 X ) .  But 

tne deviation increases above the elastic range 

(approximately 20%). However, the results of an elastic- 

plastic FE analysis can differ considerably, depending on tne 

theoretical formulation Used in the computer program and on 



ttie structure. variables sucn as step size of tne loading, 

tolerance, and ~ ~ m e r i c a l  SCtIemes utilized in the equilibrium 

iterations also play an important role on tne accuracy of the 

results obtained by FE analysis. 

Figure 19 snows tne crack opening displacement at 

various stress levels for tne specimen. Figures 20 ana 21 

snow the plastic zone growtns wnen a/w = 0.3 and a/w = 0.7. 

The J values for different cracK lengtns at various stress 

levels are snown in Figure 22 obtained from Tables 4 , 5 , 6 , 7 , 8  

and 9 .  



CHAPTER IV 

ESTIMATION OF J-INTEGRAL BY 

DIFFERENT TECHNIQUES 

4 .  I .I- 

 he application of tne FE metnod to practical problems 

is usually time consuming and requires expensive computer 

analysis wnicn can be pronibitive for tne engineer. 

Therefore, tne use of simplified tecnniques for tne 

calculation of the J-integral provides a useful alternative. 

These estimation techniques in Combination witn the 

experimental load-displacement data are significantly easier 

and more economical to use tnan a conventional finite element 

procedure whicn models tne details of a geometry With Crack 

lengtn a. Tnese techniques wnicn wi I I be introduced in tnis 

cnapter for determining tne J-integral are formulated for a 

class of prOblOmS wnere tne plastic zone remains localized - 
near tne crack tip. 

4 . 2  Esumum &2 m&!ld0m d%asgrnl  

The first approximate formula employed nere is based 

upon tne potential energy difference between two identical ly 

loaded specimens having Crack sizes that differ 

infinitesimally. This formula is exact for linear loading 



and rigid-plastic material response, and is shown to predict 
- 

J accurately in the elastic-plastic range of loading C l 7 3 .  

The basis of the second approximate J-integral formula is the 

extension of the elastic strain energy release rate to 

elastic-plastic loads. This is particularly suited for 

contained plasticity. When the global load-deflection curve 

exhibits non-linear benavior, this J-approximation formula 

deviates from the actual J-integral ~ $ 7 3  

4 . 2 . 1  sal~sdmmsa w m  I ~ P  uu=wsunEsmsn-t, I;urYs mum 

J.mUmzL 
In the elastic range, the J - ~ n t e g r a ~  is identical to 

tne elastic energy release rate G. Tnis is expresed by 

K is the Mode I stress intensity and E is the Young's 

~ O U U I U S .  The J-integral formula for contained plasticity can 

be interpreted as the potential energy difference between two 

Identical ~y loaded specimens naving different crack sizes 

[figure 231. Tnat i s ,  

U i s  tne potential energy, a is tne crack lengtn, and 8 is 

tne specimen tnicKness. 

Grapnicaily, tne potential energy difference, du, for 

two specimens witn Crack lengtns a and a+aa is equal to tne 

area between the load versus displacement curves as 

illustrated in Figure 23. This area equals BJda (see 

equation ( 4 . 2 ) .  Tne following expression for J is derived 



C 1 7 3  from equation (4.2). 

P is any elastic load. ~n particular, P can be cnosen to be 

tne limit load. The J values are computed employing the 

equation (4.3) and tne load-displacement curves for different 

crack sizes CFigure 233. Interpolation by polynomials was 

performed to find tne polynomials of degree four for the 

load-displacement curves f l (  6 ) .  f2( 6 )  and f3( 6 ) .  The 

f o ~  lowing polynomials are employed to calculate the areas 

Detween tne load-displacement curves for different crack 

Table 10 snows tne J values obtained by employing equation 

(4.3) for different Crack lengtns. 

4-2.2 - ELPm rn mmLalza S u x f m E a  Pradiant 

Matnod- 

The stiffness gradient metnod Is exact if tne global - 
force-aispiacement curve is I inear. In otner Words, if tne 

force-aisp~acement curves of a specimen with crack lengths a 

and a+dd are represented by f l c  6 )  and f2( 6 )  respectively 

Satisfy tne condition tnat tne ratio f l / f 2  remains constant 

CFigure 241. Tnen the stiffness gradient method becomes 

exact. The fact tnat tne ratio remains constant means tnat 

the force f is separable. If H is a function of C r a C K  size a 



and F is a funmion of displacement & tnen force f can be 

written as C 1 7 3 :  

it was found that tne maximum relative deviations between the 

f l / f  and f2/f3 values [Figure 243 obtained from Tables 5 , 6 ,  
2 

and 7 are 8% and 5% respectively over tne wnole range of 

loading. Thus tne stiffness gradient metnod can be employed 

nere to estimate tne J values. 

Consider tne force-displacement curves of a cracKed 

specimen With crack lengtns a and a+aa, aefinea by f 
1 ' f2 and 1 

fg. The function f l ,  f 2  and f g  can be subdiviaea into n 

linear segments as snown in Figure 24. The J-integral i s  

given by tne sum 

I dm; 
oi , = - - - -- 

Bmi Ja 
W i  i s  tne area under tne load-displacement curve in tne Itn 

segment, B is tne specimen thicKness, m i  defines the slope of 

I 
tne i t n  linear segment of f l  and m defines tne slope of tne 

i 

corresponding f curve ~ 1 7 1 .  
2 

Tne areas under tne load-displacement curves were 

calculated using tne trapezoidal rule, that is 

Table 1 0  snows tne J values obtained by employing equation 

( 4 . 5 )  for different Crack lengtns 



4 . 3  F&suu-ansi S ~ m n n U a n r r  af mn SsLlmaLSd Isshniaunn 

N u l l  EE rYsLQQ!a A.mX.DQal2, 

TdDle 10 shows the comparison of the J-values computed 

from the elastlc-plastic FE method (Methodi), wlth the 

approximate load-displacement method (MethOdE), and the 

approximate stiffness gradient method (Method3). A s  it can 

be seen, there exists a slight deviation for both methods , 

wnen the cracK lengtn is 6 m .  8ut as the crack length gets 

smal ter ( 4 m )  and closer to the edge notch, then, deviation 

increases CtdDIe 101. 8otn estimated tecnniques Which have 

been introduced in this chapter show tne notch effect on tne 

J values wnen the crack tip is close to tne notcn (within 3 

m). However, it was found that the approximate load- 

aisplacement curve method proviaes better results in 

comparison with the stiffness gradient method 



CHAPTER V 

NUMERICAL CALCULATION OF M-INTEGRAL 

Tne path independent M-integral formulas are derived 

using tne lsoparametric element. The M-values are 

numerically caculated by using the results from tne finite . 

element analysis. A comparison is made bC3tWCen the 

numerical ~y calculated M-values and the tneoretical values 

Obtained ~y using an estimation tecnnique. 

5 . 2  OaLlolflna S2.t !"l-lnmuX.l 

The M-integral C 4 1  represents tne potential energy 

release rates witn respect to isotropic expansion of the 

active zone Cflgure 233. The M-integral C 1 8 1  is defined as 

wnere T i  is the traction vector defined according to the 

outward normal n along 7 , T~ = 5- n and as is an element 
i j  j '  

of arc length along . Xk is a variable along tne patn on 

Whicn tne integration takes place. Tne magnitude of X 
k 

depends on tne location of tne integration points along tne 

patn to tne origin where the Crack tip is [Figure 253. 



KnOWleS and E. sternberg E l 8 1  applied Noether's tneorem to - 
e~astostatics and obtained the patn independency of tnc M 

integral for a linear, nOmOgeneOUS and isotropic medium 

shortly after tne J .  Knowles dnd E. sternberg publication, 

tne pnysical interpretation of M integral was discussed by 

6 .  Budiansky and J .  Rice C Z O I .  

5.3 GtmaWdm a d f " l - ~ n ~ &  ~~~ a4J.m fl2L 

l s m e u a l w  

The expression for J-integral can be written as: 

Jcc 4 I nK - T~ u i  , K  ) as ; K = 1,2 ( 5 . 2 )  

T i  is tne traction vector defined according to tne Outward 

normal n along p , T i  = Ti, n , and ds is an element of arc 
j 

length along T . 

Figure 26 snows rectangular contours surrounding tne 

CrdCK tip of a crack in a two dimensional body. Derivation 

of formulas for tne J- and  integral^ for tne patn 2 - 8  is as 

Figure 26 snows that tne integral along tne patn oc tne upper 

half-plane is equal to the sum of tne individual line 

integrals. Therefore, due to symnetry 
B 

1 { kf n t  " I j  .j 'i.4 ) as + 

Herein, tne normals and tne arc lengtns, for tne patns 

of integration are 



From A to B 

From B to c 

from c to D 

, ~ t t e r  expanding equation ( 5 . 4 )  and substituting the above 

values for tne normal n, tne rol lowing expression is 

obta i ned: 
6 

Using tne same procedure,thc following equation i s  

derived for J wnen K-2 in equation ( 3 . 4 ) .  Therefore, 
f3 

J2 = -. { ( A C 511 u 1 f 2  + (721 C22 ) dX2 
+ 

( - 62 u1.2 a - FZ2 E22 ) ax1 + 

c3 
( 5 1  u182 + 6,1422 ax.) 

Equation ( 5 . 1 )  can De exprCSSCd, 

M =Jx ( f nl - Fij n u 
1 j I 8 1  

) d S  + 

(xp ( "0 - yrj "j U i  , 2  ) as - 
This equation for M can be expressed and written as: 

M = Ml + M2 

wnere 5 

( f - ~ l l ' l l  - 6 , i  '2,l ) ax2 + 

) ax, + 



I n  t h i s  study,tne fo l low ing  Rice formula i s  used t o  

der ive the M formula by employing lsoparametric elements 

_r=kudy -t ab AS) ( 5 . 1 0 )  a x  
i s  tne s t r a i n  energy dens i ty ,  t i s  the t r a c t i o n  vector on 

a  plane def ined by tne outward drawn normal n ,  d  i s  tne 

displacement vector, and ds i s  tne element o f  arc along the 

path 7 . The path can be convenient ly Chosen t o  coincide 

w i t h  the l i n e  7=-Jp - constant.  

Tne elemental a rc  lengtn along the I ine f =Tr i s  given by 

and s i m i l a r l y  

Tne s t r a i n  energy dens i ty  f o r  plane problem can be w r i t t e n  
-- - 

Also the t r a c t i o n  vector  I s  

so tnat  



- 
The fol lowing expression C 6 3  Is obtained by substituting 

equations (5.111, (5.121, (5.13), and (5.15) in equation 

Equation 15.16) gives tne contribution to the J-integral from 
I 

an individual element. The integrand 1 in ( 5 .  16) is 

evaluated at tne Gaussian sampl ing points (Tp,(Q for tne 
elements as fol low: 

W i Y  tne weignting factor corresponding to'q  he 
q ?. 

Cartesian derivatives of tne displacement components required 

in t s . 1 6 )  are given by 
. . 

u and y,- are tne displacement components of tne n nodes of i 

tne element. And tne Cartesian derivatives of tne element 

shape functions are given by 



m e  terms 3f/ax , 3 7 1 / 3 ~ ,  3 r i / ~ y  and > J / J ~  may be obtainea 

from tne inverse of tne Jacobian matrix. The M-integral can 

be expressed as fol low: +, 

In an isoparametric representation,we may use the equation 

(2.13) for x i .  Tnerefore, 

r is tne number of nodes in eacn element e and N; I S  tne 

matrix of shape functions Calculated according to equations 

(2.11) and (2.12). 

3.3 mm4J.m mxa Q.am malvala 

In tnis Investigation tne J- and M-integrals nave been 

catcu~atea by employing tne formulas derlveo in section 5.3 

TO minimize the amount of calculation and tnerefore to 

maximize tne accuracy, patn 2-A and patn 2-8 (~ i g u r e  - 26) 

nave been cnosen. Figure 26 snows tne patns passing tnrough 

tne integration points. 

Appendix A Snows the stresses and strains at the 

integration points for patns 2-A and 2-8 ( ~ i g u r e  26) of tne 

plate. The stresses and strains are obtained from tne FE 

ana lys I S  in Chapter I I I wnen a/w-0.4 and a t .  9 ~1-t 
Location of tne integration points in tne global system are 



cornputea c~igure 27) by employing tne equations c ~ . i i ) ,  

( 2 . 1 ~ ) ~  and (2.73). Equation (2.2) is used to calculate u 
i , 1  

and u for eacn integration point along tne paths 
i , 2  

(Figure 26). 

The calculated results in appendix A are usea to 

ODtain tne J (K-1,2) and M values for botn patns. Tne 

deviations between tne J values obtained from botn patns and 

tne numerical calculation are witnin lox error [Table 1 1 1 .  

However, patn 2-A gives a value closer to tne numerically 

obtained FE value (2% error). And tne M values calculated 

from patns 2-A and 2-B are w i tn i n 7.1. a i fference. These 

values of M are compared with tne values obtained by 

the formula given below ~ 2 1 1  

M - a d  C ( 1 / 2 )  ( e +  w)l (5.24) 

in wnicn P and w are tne lengtn and wiatn of tne plastic zone 

respectively and o( is a coefficient wnicn i s  approximatea as 

equal to M / J .    his ratio is always less tnan one. Table 12 

snows tne comparison of M values Detween tneoretica~ ana 

numerical calculation. As it can be seen, tne magnitiude 

of is less thtm one and tne values of M differ slignt~y. 
- 



The J - i n t e g r a l  va lues were determined bv ctlanaing the  

craclc l eng th  i n  the  f i n i t e  element g r i d  f o r  the edge no tch  

specimen. A rev iew o f  a n a l y s i s  o f  these v a r i o u s  f i n i t e  

element (FE)  model ings suggests tnat  accura te  r e s u l t s  a r e  

ob ta ined  w i t h  c o l  lapsed isoparamet r ic  elements c o n t a i n i n g  

q u a r t e r  nodes near the  cracic t i p .  Fur thermore,  the c o l l a p s e d  

elements reduce the  need f o r  a la rge  number o f  elements i n  

the  r e g i o n  near t t ie c rack  t i p .  

comparison o f  the J - i n t e g r a l  va lues  ob ta ined ,  through 

t t ie i n t e g r a t i o n  o f  e i g h t  d i f f e r e n t  pa ths ,  shows t h a t  the  J- 

i n t e g r a l  i s  p a t h  independent ( F i g u r e  16) even i f  a  f l o w  

tneory  o f  p l a s t i c i t y  i s  used ( 2 . 2 1 ) .  

Comparison was made between the  exper imen ta l l y  

measured load-displacement and the  load-displacement ob ta ined  

from the  FE a n a ~ y s i s ( ~ i g u r e  1 8 ) .  The r e s u l t s  were c l o s e  t o  

each Other i n  the  e l a s t i c  range b u t  the  d e v i a t i o n  increased 

above tne  e l a s t i c  range. I n  a d d i t i o n ,  a  comparison was made 

between the  J va lues f rom t n e  e l d s t i c - p l a 5 t i c  FE method and 

tne  approximate metnods (Tab le  1 0 ) .  The numerical  l y  

determined J  va lue  was w i t h i n  5 %  w i t t i  those Obtained from 

e s t i m a t i o n  techniques.  The n ighe r  d e v i a t i o n  found may be 

due t o  a sma~ ~ e r  crack l eng th  a/w = 0.2, which i s  c l o s e  t o  

the  edge no tch .  The e s t i m a t i o n  load-displacement curve 

prOVideS b e t t e r  r e s u l t  than tt le s t i f f n e s s  g r a d i e n t  method. 

The numer i ca l l y  determined M-values f o r  two d i f f e r e n t  



paths were computed manual ~y and they were compared w i t h  tne  
- 

estimated value [Table  1 2 3 .  I t  was found that  the 

c o e f f i c i e n t  w i s  smal ler  than one f o r  both paths and the M- 

values have an e r r o r  o f  8 . 2 ~ .  
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mate r i a l  tougnness 
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Figure 2 .  Edge notcn crack specimen 
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Figure 4. Contours surrounding the notcn in  a two dimensional 

body 



a ) .  Idea l ized s t ress- s t ra in  r e l a t i o n  

b ) .  Load curve for  COntrOlled s t ress  

Figure 5 .  S t ress- s t ra in  r e l a t i o n  and load curve fo r  tne s tee l  

spec i men 



Figure 6. ~ i n i t e  element gria Mesni, MI 





Figure 8 .  F i n i t e  element g r i d  Mesh3, M3 



Figure 9. Finite element grid Mesn4, M4 



a). Triangular element Element modeling using (a) 

Figure 10. Crack modeling witn quadratic isoparametric 

e I ement 



Distance f r o m  tne Crack tip, mn 

Figure 1 1 .  Crack opening displacements for tne different FE 

mesnes 



Figure 12. Stress v s .  distance from the crack tip for 

different FE mesnes 
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Figure 14 .  In tegra t ion  paths f o r  J- integra l  evaluat ion 
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Figure 15.  A comparison of J-values between FE mesnes M 3 ,  M4 



I 

1 2 3 4 5 6 7 8 
Patn number -. 

Figure 16. Patn independence of J-integral 



a). Idealized Stress-strain relation 

0). ~ o a d  curve for Control led displacement 

Figure 17. Stress-strain relation and load curve for tne 

polycarbonate specimen 



Figure 18. comparison DetWeen tne experimental l y  measured 

load-displacement ( - - -  ) and FE and l y s  i s  (-> 



Distance from t n e  CracK t i p ,  mn 

Figure 1 9 .  CracK opening oisplacements for  various st ress  

I eve I S  



CracK t i P  

F igure  20.  P l a s t i c  zone growth f o r  a/w = 0 . 3  



Crack t l p 

Figure 21. P l a s t i c  zone growth for a/w = 0.7 



r/ q 
Figure 22. J-values f o r  different crack lengths at various 

stress levels 



Displacement ( $ ) ,  rnm 

Figure 23. Load-displacement curves to determine J value from 

tne load-displacement curve metnod 



Displacement ( ) ,  mn 

Figure 24. ~odd-di~pldcement curves to determine J value from 

tne generalized stiffness gradient metnod 



~ c t t v e  zone 

l ner t zone 

Figure 2 5 .  Act ive ana i n e r t  zone w i t h i n  a p l a t e  



Figure 26. Selected path to determine J -  and M-integrals 



9s po in t  

patn 

Figure 27. Location of the integration points in 

local < a >  ana global (b)  systems 



Gauss point 

Contour path 

Figure 28. An element representation to datemine-tne 

displacement witnin the element 



Table 1 .  CompaFison of tne plastic zone values from different 

masnes witn tneoretical value, a/w = 0.5, K l T j - 0 . 2  

I Tneoretical From FE analysis 



Table 2. Tne average J-values obtained from FE grldS 
. - 

~3 and M4 at different load levels, a / w = o . ~  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ................................ 
J-values for a/w = 0.5 



Table 3. Comparison of the J- values Obtained from FE analysis 
- 

and tneoretical value 

I~neoretica~ I From FE analysis I 



Table 4. Elastic-plastic FE results for grid M4, a / w  = 0.2 - 



Tdbie 5 .  Elastic-plastic FE results f o r  g r i d  M 4 ,  a / w  = 0 . 3  - 



Table 6 .  Elastic-plastic FE results f o r  g r i d  M4, a / w  = 0 . 4  - 



Table 7. Elastic-plastic FE results for grid M 4 ,  a/w = 0 . 5  - 



Table 8. Elastic-plastic FE results for grid M 4 ,  a / w  = 0 . 6  - 



Table 9,. Elastic-plastic FE results for g r i d  M 4 ,  a / w  * 0.7 - 



Table 1 0 .  comparison between tne elastic-plastic FE - 
analysis and t n e  estimate tecnniques 

- - 

MetnodS 

-------- 
Method1 

(2.21) 

Met hod2 

(4.3) 

~e t nods 

(4.8) 

Crack deptn Displacement 

a , mm ' 6 ,  mm 

4 2.8 

6 2.8 

4 2.8 

6 2.8 

4 2.8 

6 2.8 

F a i l u r e  load 

.----- ----- 
Error 

*I. 

.----- 

- 
- 
e 

0.278 
I 

I 
24.40 

5 . 3 8  

- - - - - - 



Table 1 1 .  Comparison of tne J-value between tne elastic- 
- 

plastic FE analysis and numerical calculation 

I FE I Numerical calculation I 

anlysis 

-------- -------- 
0.220112 0.223976 r F r o m  path ( 2 - ~ )  

- - - -. 
From patn (2-8) -- I 



T ~ D I ~  1 2 .  comparison of M-values between tne theoretical 

value and numerical calculation 

TheOretlCal 

value (5.24) 

------------ 
0.0770372 

0.0790422 

------------ 

Numerical calculation 

Error 

X 

.----- 

2.3 

8 . 2  

------ 

M from patn ( 2 - A )  

.................................... 
0.078828 

- 
------------------ 

M from patn (2-8) 

- 

0.0730483 

----------------- 
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APPENDIX A 

Results f o r  Calculat ion o f  J- and M- integrals fo r  

patns (2-A) and (2-8) 



s t r e ~ s e s  frorn,FE a n a l y s i s  (Patn  2 - A ) ,  a / w  = 8/20, 6- = 2.9 



stresses f rom- FE analysis cpatn 2-81, a / w  = 8/20, G =  2.9 



- 
JI  calculation (path 2-A), a/w = 8/20, 6 = 2.9 



- 
JE calculation (path  2 - A ) ,  a / w  = 8 /20 ,  6- = 2.9 

- - - - - - ,  
-------a 

path 
- - - - - - - ,  

A- A  

A l  -A2 

A2-B 

B-B 
1  

1 -B2 

B2-B3 

B3-B4 

B4-C 

C-C 

= 1 -=2 

< - - - - - - - .  

- - - - - - - - - - e m  ------------ 

I u , , ,  

0.5740- 03 

0.5400-03 

0 .  100D-03 

0.100D-03 

0.100D-03 

1.2860-03 

1 .285D-03 

0 .0750- 03 

0 .  184D-03 

0.508D-03 

----------- 



~i c a l c u l a t i o n  ( pa th  2 - B ) ,  a / w  = 8 / 2 0 ,  b = 2 . 9  - 

'pcAf LI 

D-Dl 

D1-D2 

D2-E 

E-El 

1 -E2 

E2'E3 

E3-E4 

E4-E5 

E5-E6 

E6'E7 

E7-F 

F-F 

.................... 

C' 

0.082D-03 

0 .1090-03  

0 .1600 -03  

0.360D-03 

- 
- 

- 
- 
- 
- 
- 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - .  ....................... 

UZ, ( 
- - - - - - - - . -- - - - - - - - - - - - - - - - - - - - - - - - .- - - - - - - - - - - -- - - - - - - - - - -  

0.490D-02 

0.470D-02 

0 .4610 -02  

0 .4390-02  

0.439D-02 

0.483D-02 

0.483D-02 

0 . 3  12D-02 

0.300D-02 

0.140D-02 

0 .1400-02  

' G 2  U 7 ) 1  

-0 .098D-02 

0.047D-02 

. 0 .230D-02 

0.439D-02 

0.746D-02 

1.497D-02 

2.270D-02 

1.680D-02 

1.770D-02 

0.770D-02 

0.700D-02 

------------ 

7-1 -- ' A  7 ,  1 

-0 .049D-02 

0.094D-02 

0 .231D-02 

0.307D-02 

0 .5710-02  

0 . 8 2 l D - 0 2  

0 .676D-02 

0.250D-02 

-0.030D-02 

-0.070D-02 

-0 .112D-02 



J2 calculation (patn 2 - B ) ,  a/w = 8/20, = 2.9 - 

D1-D2 
- 

D2-D3 
- 

D3-E - 
E-E 2.970D-03 

1-€2 6.09OD-03 

F-F - 
1 

1 -F2 
- 



APPENDIX B 

Input and output data for computer program (NFAP)  

8.1 Sample input data for tensile specimen of constantly 

applied stress along tne upper and lower eages. 

8.2 sample output data for tensile specimen of constantly I 

appl led stress along tne upper and lower eages. 

8.3 Sample input data for tensile specimen of constantly 

applied displacement along the upper and lower eages 



CARD 
& O e / C O i e  1 ~ - ~ ~ ~ ~ ~ 1 O e ~ ~ ~ ~ e ~ ~ 2 O ~ ~ ~ ~ ~ 3 O ~ e ~ ~ ~ e ~ - 4 O - ~ ~ - e e e ~ 5 3 e ~ ~ ~ e ~ ~ e 6 O ~ e ~ ~ ~ e e ~ 7 O e - e e ~ e ~ ~ 8 O  

1 FSGZ NOTCH S P E C I K E h  5ESH t 5  
2 3 d 3 1 0 0 1 1 1  1 1  1 





o.... 



CARD 
NO./C 

151  
1 5 2  
1 5 3  
1 5 4  
1 5 5  
1 5 6  
1 5 7  
1 5 8  
1 5 9  
1 6 0  
1 6 1  
1 6 2  
1 0 3  
1 6 4  
1 6 5  
1 6 5  
1 6 7  
1 6 8  
1 6 9  
1 7 0  
171  
1 7 2  
1 7 3  
1 7 4  
1 7 5  
1 7 6  
1 7 7  
1 7 8  



199  
200 
2 3 1  
202 
203 
L O U  
205 

..... SO.. .  
3.0 
u. 0  
5.0 
6.0 
7.0 
6.0 
9 . 0 
10 .0  
11 00 
12.0 
13 .0  
14.0 
15.0 
16.0 
17.0 
18 .0  
19.0 
20 .0  
0.0 
2.0 
4 0  
6.0 
8.0 
10.0 
12.0 
14 .0  
16.0 
18.0 
20.0 
0.0 
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 
11 .0  
12 .0  



2 4 8  
243 
2 50 
i 5 1 
25.2 
2 5 3  
2 54 
25 5  
~ 5 6  
2 57 
258 
2 5 9  
2 b 0  
Z b l  
262  
2 6 3  
264 
2 0 5  
2 6 6  
2 6 7  
268 
269 
270 
271 
272 
273 
2 7 U  
275 
276 
2 77 
2 7 8  
27 9 
2 8 0  
2 8 1 
2 a 2  
2d3 
264 
285 
2 8 6  
287 
238 
2d9 
290 
291 
2 9 2  
293 
294 
2 9 5  



SO. /C 
3C1 
302  
3 0 3  
3 0 4  
3  0 5 
3 0 6  
J 0 7  
3 0 8  
3 0 9  
31  0 
31 1 





CAED 
H3./COLe 

4 0 1  
4 0 2  
403 
4  0 4  
405 
4 0 6  



C A R D  
HO./COL. 1.......10........20........3O...... 
451 113 115 83 81 114 9 5  a 2  
452 30 8 1 1 
453 115 117 85 83 116 90 84 
454 3 1 8 1 1 
455 129 131 93 37 130 119 98 

ioi 134 121 102 
1 

103 136 122 I O U  
1. 

105 138 123 106 
1 

107 140 124 108 
1 

109 142 125 110 
1 

494 5 1 8 1 1 
495 133 195 i53 161 194 183 162 
4 96 5 2  a 1 1 
497 195 197 165 163 196 tau 16u 
498 53 8 1 1 
499 197 199 167 165 198 la5 166 
500 54 8 1 1 



C A Z D  
N 3 * / C O L .  1 . . . . . . . 1 0 ~ . . ~ . . . . 2 ~ ~ ~ ~ ~ o ~ ~ ~ 3 O ~ ~ ~ ~ ~ ~ ~ ~ U O ~ ~ ~ ~ ~ ~ ~ ~ 5 O ~ ~ ~ ~ ~ ~ ~ ~ 6 O ~ ~ ~ ~ ~ ~ ~ ~ 7 O ~ ~ ~ ~ ~ ~ ~ ~ 9 O  
50 1 123 201 163 107 200 196 168 185 
502 >5 8 1 1 lo3 
503 201 233 171 169 202 187 170 130 
SOU 5 6 8 1 1 lo3 
5i) 5 2 205 173 171 204 189 172 187 
506 57 d 1 1 1.3 
507 205 207 175 173 206 139 174 198 
508 58 d 1 1 1.3 
5 0 9 267 209 177 175 209 190 176 193 
51 0 59 8 1 1 1.3 
51 1 209 211 173 177 210 191 178 190 
51 2 60 8 1 1 1.3 
51 3 211 213 la 1  173 212 132 180 131 
51 4 6 1 8 1 1 1.3 
51 5 225 227 195 133 226 215 194 214 
51 6 b 2 8 1 1 1.3 
51 7 227 229 197 135 228 216 196 215 
51 8 63 8 1 1 1.3 
51 9 229 231 199 197 230 217 198 216 
5 2 0 64 8 1 1 1.3 
521 231 233 201 199 232 218 200 217 
522 b5 8 1 1 1.3 
523 233 235 203 201 23U 219 202 218 
524 66 8 1 1 1.3 
525 235 237 205 203 236 220 204 219 
520 67 a I I 1.3 
5 2 7 237 239 237 205 238 221 236 220 
528 68 8 1 1 1 0 3  
529 239 241 209 207 240 222 208 221 
5 30 63 8 1 1 1.3 
5 3 1 241 243 211 209 242 223 210 222 
532 70 d 1 1 1.3 
533 243 2U5 21 3 211 2U4 224 212 223 
534 7 1 8 1 1 1.3 
535 257 259 227 22s zsa 247 226 246 
536 72 a 1 1 1.3 
537 259 261 229 227 260 248 229 247 
538 7 3 8 1 1 1.3 
539 261 263 231 229 262 249 230 249 
540 74 d 1 1 lo3 
541 263 265 233 231 264 250 232 249 
542 73 8 1 1 1.3 
543 265 207 235 233 266 251 234 250 
544 76 8 r l  1 1.3 
5 U  5 267 269 237 235 268 252 236 251 
546 77 8 1 1 lo3 
5U7 269 271 239 237 270 253 238 252 
5U 8 76 8 1 1 1-3 
549 271 273 241 239 272 254 240 253 
550 79 8 1 1 1.3 



CARD 
NO./COL. 

551 
5 5 2  
5 5 3  
5 5 4  
5 5 5  
5 5 6  
5 5 7  
5 5 d  
5 5 9  
5 6 0  
5 b l  
5 6 2  
5 0 3  
504 
5 6 5  
5 b 6  
5  07  
5 0 0  
5 6 9  
5 7 0  
57 1 
5 7 2  
5 7 3  
5  7 4  
5 7 5  
5 7 6  
5 7 7  
5 7 3  
5 7  9 
5 0 0  



C A R D  
HO./COLm 

601  
602 
6 0 3  
6 0 4  
6  0 5 
0 3 6  



EDGE tiOTCH S P E C I ! l E N  HESH B5 

C O N T ~ O L  I S F O R ~ A T I O X  

r r u ~ a ~ a  OF X C I D A L  P OI NT S  . . . . . . . . . .  ( N U ~ N P )  = 3 8 3  

H I S Y E R  X-T!lXXSLAT;I3H CODE . ( I D O F ( 1 ) )  = I 

R A S T Z a  1 - T R A Y S L I T I O N  CODE ( I i ) O . F ( 2 ) )  = 3 

d b S I E H  Z - T B A Y S L A T I O N  CODE ( I D O F ( 3 ) )  = 0 

3 A S T Z Z  X - R O T A T I 3 3  C d D E  ( I D O F ( U ) )  = 1 

H X S T E R  Y - ~ ~ O T A T I O H  C O D E  ( I D O P ( S ) )  = 1 

l lASTEa  Z- i3OTXTIOH CODE ( I D O P ( 6 ) )  = 1 

NUZ65R O F  L I Y E A a  E L E H E N T  G 2 O U P S  ( H E G L )  - - 0 

N U d S E 3  O F  NOWLIYSAa E L E Y E N T  GROUPS ( N E G H L )  = 1 

S J L U T I O N  R 0 3 E  (RODEX) = 1 
E 2 . 3 ,  D A T A  CH3CK 
EL. !, EX t C U T I 3 h  
r. n 2 c m .  O W  

TOTAL T I H Z  S T E P  I S C 3 E C l E Y T  ( N S T S )  - - 2 

P i I I N I I N G  L N T S Z V A L  . ( I P R I )  - - 1 

REZTAHT S A V E  I N T E E V A L  .-• ( I B I N T )  = 9999 
S P Z C i F I Z 3  a L 3 2 X  LENGTH . . . . . . . . . . .  ( I S T C I T E )  = 0 

T Z S P Z R A T U R E  R E A D I B S  I N D I C A T O R  ( I T T A P E )  = 0 
~2.9, NO  T E A P E R X T U R E  R Z B D I N S  IS a ~ ~ u i ~ e ~  
E " . l ,  HEAD NODAL T E K P E B A T U a E 3  F R O n  T A P E  
s:.z, 2 E A 3  NODAL T E n P E R A T U R E S  FEOM C A Z D S  

TE.Ii'E.?.\TURE ti1STOF.Y I N 3 I C X T O i l  ( N T E E P )  - - 0 
E 2 . 3 ,  UHIFCRM TEflPERATOFIE 
EL.  1 ,  STEAiIY S T A T E  T E f l P E R A T U S E  
EQ.K, ' i Z H 2 E R X T U i a E  BECOYES S T E A 3 Y  S T A T E  AFTZR S T E P  .Y 



N 3 3 B E R  O F  T I Z E  S T E P 3  BETYEEN I E F O R R I N G  
E F P E C T I V Z  S T I F F N E S S  R A T a I X  ( I S E F )  = 1 

tiUPI3SR OF ALLOVA3LE S T I F F N E S S  R E P O R H A T I O N S  
Itd EACH T I R E  S T E P  (NUHREF)  = 0 

NUZBZR OF T I Z E  S T E P S  R E T J E E H  . ~ 2 u 1 ~ 1 a s r u n  I T E E B T I O I I S  . . . . . . . . .  ( I E Q U I T )  I 

HAPICUB NUMGEa O F  E 2 U I L 1 3 R I U H  . . . . . . . . . . .  L T E S A T I U N S  3 E i i G I T T E D  ( T E X )  IS 

A C C E L E i A T I O N  CODE . . . . . .  ( I A C C )  - - 1 
EL.0,  ti3 A C C E L E R A ? I ~ N ' P ~ R ~ O ~ ~ E D  
E Q . 1 ,  S E C A N T  A C C E L E R A T I O N  

A H A L Y S I S  T Y P E  

T I t l E  D E P E H C E S C T  CODE ( I S T A T )  = 0 
~ 2 . 0 ,  S T A T I C  A S A L Y S I S  
c2.1 ,  D l h A C I C  A I i h L Y S I S  

N O N L I N E A R I T Y  C 9 3 E  . . . . . . . . . .  ( Z L I N )  - - 
EC.0.  L I N E A R  A N A L ~ S ~ S  

1 

D I S 2 / V E L / A C C  P R I N T O U T  C O D E  . . . . . . .  t i U 3 b E R  OF BLOCKS O F  NODAL P R I N T 3 U T  ( N P a )  1 

DIS?LACE!!EST P R I N T O U T  CODE . . . . . . . . .  ( I D C ) =  1 
E G - 9 ,  NO P R I H T I H G  OF D I ~ P ~ A C E ~ E N T S  
Ed. 1 ,  P R I P T  D I S P L A C E R E W T S  

V E L O C I T Y  P R I S T O U T  CODE . r ( I V C )  = 1 
Eg.C, NO P k I H T I H G  O F  Y E L O C I + I E S  
Ed. 1 ,  P R I N T  V E L 3 C I T I E S  

ACCELERATION TRXNTOUT C 0 3 E  . . (1 .4C) = 1 
ZQ.O,  ti0 P R I N T I N G  O F  A C C E L E Z A ? I O N S  
Ed.1, P R I b T  A C C E L E R A T I O N S  

. FIXST N O D E  OF T HI S  F LOCK . . . . .  ( I P N O D E  ( I ,  1 )  1 

L A S T  NGDE OF T H I S  BLOCX . ( I P N O D E ( Z , I )  = 383 
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x Y  Z X X  T Y  ZZ 
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I Y  Z 
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20.000 
0.0 
1 .ooo 
2.000 
3. OGO 
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9 5 
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9 Y 
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101 
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153 
1 C 4  
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1 Oa 
107 
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1 1  0 
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117 
Ild 
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A U T O ~ A T I C  L O A D I X G  

( FOR E L A S T 3 P L A S T I C  A S A L Y S I S  ) 

AUTOHETIC S E T  THE INCREf lENThL LOAD S T E P  0. ( IAUTO) = 0 
E d .  O  t iOT ACTIVATED 
2 .  1 ACT1 V A T E 3  

A U T O Y E T I C  LOAD ADJUSTHEST . . . . . ( IA3J)  = 0 
E 0 . O  NOT ACTIVATED - - -  

E I ACTIVATED 
L O l D  ADJUSTYEKT SSG!IENT.\TION . 
?lhXIfiUd NO. iJF A D J 3 S T R E h T  . . 
H A X I E U C l  NO. OF TOTAL T I E E  ~ T E ?  ALLOY . . 



L O A D  C O N T R O L  D A T A  

N U E B E i i  OF N 0 3 A L  L O A D S  

WU!!9Eii O F  L O A D  CURVES 

N A X  NO. O F  P O I N T S  I N  LOAD C U R I E S  

C a . l v i T r  L O A D I ~ G  CODE 
2u.O hO G 3 d V I T Y  L 3 A D I N G  
E,. I ~un?:a G R A V I T Y  LO. \DI !~G 
2 2 . 2  C 3 N S I S T Z N T  G Z A V I T Y  L O A D I N G  

h O  Of PSESSiJitE LOAD C U 2 V E  

KO. O f  P H E S S U R E  T A B L E  

P ~ i S S U F . I - O E O ! E T 2 Y - D E P i : t i O E H T  F L A G  
t J . 0  HO 
22.1 YES 

!;Go 3F b H L O b 3 I N S  STEP 

D I 3 P .  B O U N D A R X  C O N D I T I O Y S  

h3ESLR O F  D I S ? .  J O U D A R Y  C O K D I T I O N S  - - O 





E L E d Z N T  C R J U P  D A T A  

T Y P E  O F  R O O ' L I S E A X  A N A L Y S I S  . . . . . .  ( z p ~ a ( 3 )  1. . =  1 
t G . 1 ,  C A T E a I A L  N O N L I N E A R I T Y  ONLY 
e i . l ,  LACZANCIAY F O H R U L A T I O N  
~ d . 3 ,  EULZSLAY F 3 2 R U L A T 1 3 b  

E L t ? l E . Y T S U B T T ? E . . . . . .  ( P A ( )  2 
E 2 . 5 ,  AX:ST!!?l2TXIC E L E ~ S ~ T S  
E,.1, P L A E E  S T H A I N  E L E H E N T S  
E J . 2 ,  P L A h E  S T R E S S  L L E d Z N T S  

H A X  NUfl3EC O F  k0DE.S D E S C R I C I N C  
A X r o N E E L E R E N T . . . . . . . . . . ( b ' P A R ( 7 ) ) . . =  3 

NU!!EER O F  I N I E G R A T I O Y  P O I h T S  F 0 S  
E L i X E H T  S T I F F N E S S  G E N E R A T I O N .  . . ( H P A R ( 1 0 ) ) .  . = 2 

U J E Z E R  O F  S T a E S S  O U T P U T  T A B L E S  . . . ( N P B R ( 1 3 ) ) .  . = 0 
i2.0, P a I N T  I T  I N T l G i i A T I O N  P O I N T S  

J - I N T 5 ; i l h L  A N A L Y S I S  . . . . . . . . . .  ( N P A R ( 1 U ) ) .  .. 1 
E J . 5 ,  t i 0  
EQ.1 ,  YES WITH NO CRACK E X T E N S I O N  
EJ.2, Y E 5  WITH C 3 A C K  E X T Z N S I O N  

G A T E X I A L  BODEL. . . . . . . * (  N P A R ( 1 5 ) ) .  . = 3 
E J. 1 ,  I ~ O T ~ C J ~ I ?  
f 4 . 2 ,  0 3 T n O T R O P I C  
"0.3. E L A S T O ? L A S T I C  ( VON H I S E S  ) 

I S O T E O P I C  T E R F A C T L Y  AND J I L I  NE.13 3 d R D E N I X G  
E2.4,  E L A S T O T L A S T I C  ( V O N  n I s E s  ) 

K I K L E A T I C  B I L E A R  H A 2 D Z N I N G  
E 9 . 5 ,  E L A i T O P L A 5 T I C  ( YON R I S E S  ) 

I S O T R O P I C  t i O N L I N Z A E  H A Z D Z N I N C  
EQ.6, C O N C S E T E  P L A S T I C I T Y  L E H I G H  XODLL) 
~ 2 . 7 ,  S L A S T O P L A S T I C  ( D H U C ~ ~ A - P ~ A G E R )  
SJ .d ,  T H E i E O - E L A S T I C - C R E E P  f l O D E L  
ZQ.9 ,  L I N E A R  V I S C O E L S T I C  

N U 8 B E 9  O F  D I F P E X E Y T  SETS O F  H A T E R I A L  
C O H S r A N T S  . . . . . . . . . . . . . ( N P A R ( 1 6 ) ) . . =  1 

NURBER O F  E A T E R I L L  C O N S T A N T S  P E R  S E T .  . ( H P A R ( 1 7 ) ) .  . = 4 
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P E I N T  O U T  F O R  T I ~ E  S T E P  2 ( AT T I f l E  0 . 2 0 0 C D + 0 1  ) 

3 T I F F N E S S  REFORGED I N I T I A L L Y  F O R  T H I S  T I R E  S T E P  
1 2  E G U L L L S R I U f l  I T E 2 A T I 3 t i S  T E R F O h 3 E D  3!i T H I S  TIC6 S T i P  TO R E O S T A 3 L I S H  E J U I L I a R I U E  

3 1 S P L A C E 5 E N T S  

N O 3 2  X - D I S P L A C E Y Z h T  I - D I S P L A C E Y E S T  Z - 3 I S P L A C E f l E N T  I - R O T A I I O h  Y-ROTAITON 
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X- ROTATION I- R O T A I T O N  
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D I S P L A C E ~ E M T S  
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D I S P L A C E ~ E M T S  
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E L L " 2 A T  S T R E S S  
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S T h E S S - Y  Y S T R E S S - Z Z  S T R E S S - Y Z  S  R A I N - Y I  S T R A I N - Z Z  S T R A I N- Y Z  E F F E C T I V E  
S T R E S S  

E F F E C T I V E  
S T i i A I N  

1 E L A S T I C  
2  L L h S T I C  
3  L L I S T I C  
U E L A S T I C  - 2  

1 E L A S T I C  
2 t L A S T i C  
3 E L A l T I C  
U E L A S T I C  

3 

5 . 3 7 U D - 0 5  158.4 
0 . 1  OJD-CU 158.5  
0 . 2 9 6 D - 0 5  158.5 
0 . 8 3 3 3 - 0 5  158.7 

1  E L A 3 T I C  
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