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ABSTRACT

The goal of this Thesis is to establish a firm foundation for for the theory of functional
limits in a topological setting. We will generalize the definition of the functional limit
from its traditional analytic setting to a topological setting. We will show that this
generalized limit applies to sequences, functions, and even integrals. We will show
its consistency with its analytic counterpart. We will expand the algebraic limit
theorems over topological algebras and briefly discuss the concept of differentiation

in a topological setting.
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Functional Limits in Topology

1 Definitions and Examples

Assume 7 is a topology of open sets and (7) is a basis for the topology. Assume unless
otherwise specified (X, 7) and (Y, 7') are topological spaces with f,g: (X,7) - (Y, 7')
functions. Also assume U, is a neighborhood of z. Let 7. denote the Euclidean
topology. If (B,7) is a topological space and A ¢ B then (A,74) is A with the

subspace topology.

Definition. We say UL = U, \ {x} is the punctured neighborhood of U,.

Definition. We say 1,}5% f(x) =L if for any , U € ', there exists a U, € T with Ul + &
such that f(U!) € Up. We call L the functional limit of f as x approaches c. If we
are examining the same function but with multiple topologies and we want to better
specify the topologies we are using for the limit, say T is a topology for X and 7' is a

(7—77-/

topology for Y. We will write lim f(x) in place of im f(z) for f:(X,7) = (Y,7').

Definition. We say (X, 7) is non-isolated at x € X if {x} ¢ T.

We say (X, 1) is nowhere isolated if for any v € X, {z} ¢

Theorem 1.1. Given (X, 7, ce X) the following are equivalent:
1) (X,7) is non-isolated at c
2) For any U.,V. € T we have, U.nV, # {c}

3) For any U.,V. e T we have, U NV + @.



Proof. 1 -2

Let (X, 7) be non-isolated at c. If there exists U,, V. € 7 such that U.nV, = {c}, then
{c} e 7 a contradiction. Thus, U.nV, # @.

2-3

If for any U,,V. € 7 we have, U.nV, #+ @. Then there exists y € X \ {c} such that
yeU.nV,. Thus, ye U/ nV!. Hence, U nV!+@.

31

Suppose for any U,, V. € 7 we have, U/ nV! # @ and also assume {c} € 7. Then

Uln{c} =U!n@ =@ a contradiction, Thus, (X, 7) is non-isolated at c. O

Example 1.1. Let X = Nu{w} where w is the first infinite ordinal number. S for
any n € N;n <w. Define 7 = {(N,w]} | Ne Nu{0} u{w}}. Clearly, T is a topology.
Let f(N,7) - (R,7.) and define the sequence x,, = f(n). If lim z,, = L, then given
any (L —¢€, L +¢€), there exists an (N,w] such that f((N,w]~{w}} € (L-¢€ L +¢).
A more familiar way to say this is that for every e > 0 there is an ny € N such that
for any n >ng, x, € (L—¢€,L+e€). Similarly, if instead of (R, 7.) we have (Y,7") then
}Eliré f(z) = L means that for any Uy € 7', there exists an N € N such that for any

n>N,x, eUr. This defines sequential convergence in a topological space.

Example 1.2. Consider f:(R,7.) = (R, 7). [flﬁi_rg f(x) =L then for any (L—¢, L+¢),
there exists (¢ —6,c+9), such that f((c—0,c)u(c,c+d)) c(L-¢,L+¢€). Orin
analysis for all € > 0, there will exist a 6 > 0 such that | x —c|<d (z # ¢) implies
that | f(z) - L |<e. Let f: X - Y with X and Y metric spaces and girgf(x) =L.
Then it follows from the definition that for any € > 0, there exists a 6 > 0 such that

for di(z,c) <d(x # ¢) we have, dy(f(x),L) <e.



We will investigate the discrete metric in more detail later on. Metrics (such as the
discrete metric) that generate isolated points cause something interesting to happen

which we will investigate later.

Example 1.3. Let I = [a,b] and let P = {{xo,x1,....xn} | a =29 <21 < ... <) =
b} U{I} be the set of all Riemann Partitions and the entire interval. Let f: 1 — R.
Now suppose (P,)qea is an indeved set of elements from P and define F(p,, , = {P €
Pl3daecAst P>PF}. NowletT={Fpy,.P 2| Fr)..s and notice T is a
topology on P. A quick check,

(1) P,oer

(2) Ftrayaea U E (P es

={PeP|acA orbeB such that P> P, or P> P,}

Now create a new index set C' such that, Ya € A, b € B there exists c,c, such that
P,=P,. and P, = P,,. Thus,

FP)er VE P = F(P) o The arbitrary union follows from ALgJA FPYoen = F(pa)aEALEJAA
(3) Ftrayaea N E(Pnes

={P € P| There will exist (a,b) € Ax B such that P> P, and P > Py}

={P € P| there will exist (a,b) € Ax B such that P > P, u B}

= (PP @ pyeass

Notice {I} ¢ T since F(p,,., has at least one partition, call it P = {x¢,21,..x5}. If
Ty < x* < @y then P* = {xg,2*,21,...., 20} € F(py,... Thus, Fip,),., # {I}. Finally
Fyy={PeP|P>1}=@. Thus we have, I ¢ 7. Thus we have T is non-isolated at I.
Now let R(f, P): (P~{I},7) = (R,T.) be the standard Riemann sum Y70 f(2;) (251~
x;), on f. Now let us consider if ]lji_rp[R(f, P) = L. It follows that for any (L —¢€, L +¢)

F/

there is an Fp,) (Pa)ae

L # 9 and R(f(F(p,),..) € (L—¢€ L+e). Without loss of

acA’



generality we can choose any P, € F(p, Then we can say for all € > 0, there is a

)aeA

P, e P~{I} such that for any P > P,,| R(f,P)-L |<e. The number L is by definition

the Riemann Integral.

Example 1.4. Let f: X - Y be a non-negative measurable function with respect to
the measure p Now let ¢ be a simple measurable function. Let X ={¢ | ¢ < falmost

everywhere} U {f}. Let (¢a)aca be a net and define Fiy,y,., = {¢ | there exists an

)asA

a € A such that ¢, < ¢ < f a.e} U{f}. Let 7 = {X, 3, Flp.)on | (Pa)aca is a net of
simple measurable functions }. I claim that T is a topology on X. Notice f is in every
non-empty open set so f will be in the arbitrary union or finite intersection of open
sets. So we need not worry about f, so without loss of generality we need only consider
the simple measurable functions.

(1) X,@eT.

(2) Floa)aen Y Fo)oen =10 | Jac Aor; beBst. ¢ <p< fae or << fae.,f}.
Now create a new index C' such that for any (a,b) € A x B there exist c,c* such that
Pa =@ and @y = Ger. Thus, Fig,)uen U Fop)es = Floe)eec-

Before we check finite intersections we need to notice something, for ¢, ¢y, simple mea-
surable functions, ¢ap)(x) = maz{d.(z), ¢s(x)} is a simple measurable function. Let
Pa = 112::1 aixa;, and ¢p = X% bixs; . Define h = ¥ jyer1 2, nyx(1.2,...my Max{ai, b} X a,n5; -
Now h is clearly a simple function and notice that since A;, B; are measurable we know
A;n Bj is measurable. Hence, h is a simple measurable function. Now for x € A;n B;,
where (i,7) € {1,2,...,n} x{1,2,..,m} we have,

h(x) = max{a;, b;}xa,nB,(x) = maz{a;, b;} = dap)(x).

(3) F(pyuen N F(py)ys = {0 | there exists an a € A and b e B such that ¢, < ¢ < f a.e.
and fAgy < < fae fRU{F}. We know, ¢ > max{¢s, ¢} = dap) s a simple



measurable function. Thus Fp,y._. 0 F(p,),s = F{qb(a’b)}(a‘b)mw.
Thus 7 is a topology on X. Now define S: X - R by S(¢) = [ ¢pdp.

FI

(¢a)aeA :# @

)aeA’

Now if(lz)i_r}]lc S(f) =L then for any (L—¢, L+€), there will exist an Fy,

!/
such that S(F(%)ag

Flga)uen Such that if ¢ € Fg,

A) c(L-€,L+e€). In analysis we can say for any € >0, there is an
Yaen s then | L=S(¢) |<e. Also, since ¢ < f for any ¢ € X
we know, 0 < L — S(¢) < € which gives us L —e < S(¢). That is, for any € >0, there
will exist a ¢ € X such that L —e€ < S(¢) which implies sup(S(¢)) = L. The number L

is the definition of the measure integral.

Notice in examples 1, 3, and 4 that the domain is not 75 and only non-isolated at
the point where we are taking the limit. So we may construct a topology where we

need only consider the limit at a particular point rather than the whole space.

2 Consistency and comparison with Analysis

Theorem 2.1. Let 7 be non-isolated at ¢ and 7' be Ty. If im f(z) exists then it is

unique.

Proof. Assume ljlirg f(x) =L and %}E% f(x) =L"with L # L'. Since 7 is Ty there exists
Up,Up € 7" such that Uy, n U = @. Since Eiréf(x) = L we have for Uy, a U, € T such
that U! + @ and f(U!) c Ur. Since 1m1£rg f(z) = L’ we have for U, there will be a V. e 7
such that V! # @ and f(V!) € Up.. Now U.nV! # & since 7 is non-isolated at ¢. Thus,
fUInV) cUyp and f(U:nV!)cUyp, hence f(U:nV!)cU,nUyp = @, a contradiction.

Thus, the limit must be unique.

The following examples show the necessity of 7 being non-isolated at c.



Example 2.1. Define (1) = {(a,b),{0} | a,be R, a <b}. Clearly T is a topology and is

x+1, if £ >0;
Ty since 7. € 7. Define f:(R,7) - (R, 7) by f(z) =

x, if £ <0.

Consider }gii% f(x). Let us first pick an open neighborhood of 1, say (1—€,1+¢€), and
choose Uy = {0}u(0,€) =[0,€) e 7. Now f(U}) = £((0,€)) = (1,1+¢€) € (1-¢,1+€); thus
%:igé f(x) =1. On the other hand let us pick an open neighborhood of 0, say (—¢,€), and
let us pick Vo = {0} U (-€,0) = (=¢,0] € 7. Then f(Vy) = f((-€,0)) = (=¢€,0) S (—€,¢€)
thus ;lgii% f(z)=0.

A more extreme example of this comes from the range being discrete.

Example 2.2. Notice that the discrete metric is isolated at every point. So let us
consider D ¢ R and consider [ : (D,P(D)) - (R,7.) with the condition that there
exists y € D~ {c} such that f(y) = L, y # c. Then we can say Eifgf(i”) = L. Let
(L -¢€, L +¢€) be given. Choose {c,y} € P(D). Then f({c,y}) = f{y}) = {L} ¢
(L-¢,L+e€). This tells us that for with the discrete metric topology defined on D we
have lim f(x) = f(y) for any y e D ~{c}.

A few more definitions are needed before the next theorem.

Definition. A filter F on a set X is a non-empty collection of subsets of X such
that:

(1)2¢F

(2) If F,G € F, then FnG e F

(3) If FeF and Go F, then G e F



A subcollection F' is a filter base for F, if F={F c X | F' c F for some F' e F'}.

Definition. A filter F is said to converge to ¢ (F — ¢) if F if finer than any local

neighborhood basis at c.

Definition. Let (U.) be a neighborhood basis for c € T and define:
(U) ={V! | V. e< U. >}. Also, if K € P(X) satisfies the definition of a filter basts,

then the filter Fic is the filter generated by K.

It should also be mentioned that Fyry 2 Fpy.y. If follows from the definition of

filter convergence that Fy,) — ¢; thus, Fyry — c.

Theorem 2.2. Given 7 and 7'. If 7" is Ty and T non-isolated at c, then the following
are equivalent:

(1) lim f(z) = L

(2) For every (x4)aea topological nets with for any a € A, we have x, # ¢. If (T4)aea = €

then (f(4))aea = L.
(3) ]ff([]é) Qf, then f(j:) - L.

Proof. (1) = (2)

Let Eiréf(x) = L. Let (z4)aea = ¢, x4 # ¢ for any a € A. Now for Uy, there is a
U. € 7,U! + @, such that f(U!) ¢ Uy. Since (4)eea — ¢ we know for U, given,
there exists ag € A such that for any a > ag,z, € U, and z, # ¢ gives x, € U.; thus,
f(zq) € Ur. Hence, (f(24))aea = L.

2) =— ()

It is enough to show that f(Fy:) — L since it would imply that f(F) - L. Define
A={(a,Ul)|acU., ULe(V))}. For (a,U),(b,W!)e A. Let (a,U) > (b,W}) if and

only if W/ 2 U/. Notice this makes A a directed set since it is the subset inclusion

7



ordering. Now define z(,,y7) = @ and consider the net (2(q,u1))(a,v1)ea-
Claim 1: (2(q,u1))(auzyea = ¢ To show this let U. € (V.). For (V) there exists
T(q,u7)(since 7 non-isolated at c¢) and thus, for any (b, W!) > (a,U/) implies that
zp,wry € UL € Ue. Thus, x4, w:y € U, which gives us (2(q,07))(a,07)ea = C.
Now by (2) we know (f(2(a,05)))(av)ea > L.
Thus, for Uy € (Uy) there exists (a,U!) such that for all (b, W!) > (a,U!) we have
f(z@w:y) € Ur. Now notice for any d € U/, (d,U/) > (a,U!), which implies f(zq,u)) €
Ur. Hence, f(U}) € Ur. This gives us f(Fwzy) 2 (Ur). Hence, f(Funy) - L.

(3) — (1
It is enough to show this for just Fy»y since Fiyyy 2 F. Given f(Fry) — L gives us
Fuwyy € f(Fars). We can also notice that any filter is its own basis. Thus,
for any Uy, € 7/ there is a U, € 7, U! # @ such that f(U!) e Uy, and thus %}_1{2 f(z)=1L.

]

Theorem 2.3. Let f:(X,7) — (Y,7') be continuous at c € X and T non-isolated at

¢. Then lim f(x)=f(c).

Proof. Let Uy € 7" be given. By continuity for any Uy there is a U, € 7 such that
f(Uc) € Ugey. Since 7 is non-isolated at ¢ we know that {c} ¢ 7 hence, U/ #+ @ and

thus, f(U!) c Urce)- O

The following example shows the necessity of non-isolated at ¢ and is another

example involving the discrete metric.

Example 2.3. Let f: (X, P(X)) » (X,P(X)) be defined by f(z) =x. This function
is clearly continuous. Suppose we pick an arbitrary point ¢ and try to show lim f(x) =

c. Then using {c} € P(X) we have f~1({c}) = {c}. Thus the only potential U, is {c},



but Ul = @. Thus, there does not exist a U, such that Ul + @ and f(U!) c {c}. Thus
the lim f(x) # f(c).

3 Modifying the Domain or Range Topologies

Theorem 3.1. Suppose T is non-isolated at c. If lim f(x) = L and if S €1’ then for

(7,5)
f:(X,7) > (X,S) we have lim f(x)=L.

Proof. Let Uy € S be given, then Uy, € 7/ thus there exists U, € 7, U/ # @ such that
(7,5)
f(U)) cUyp. Thus, lim f(z) = L. O

Notice this theorem applies only to manipulations of the range. We are not ma-

nipulating the topology of the domain, i.e. the domain topology is fixed.

r+1ifz>0
Example 3.1. Let f(x) = and (S7) = {[z,y) | x < y}. We will

xif r <0}

consider lim f (x) in three cases.
(1) (R,{57)) = (R, (57))

(2) (R,(57)) — (R, 7.)

(3) (R,(57)) — (R{R,2}).

(1) For [1,1 +€) in the range pick [0,0 + €) in the domain. Then f((0,0+¢)) =
(1,1+€)c[1,1+¢€). Since (S~) is non-isolated at 0 we know the limit is unique.
(2) For (1 -¢€,1+¢) we can use [0,0+¢€) and since [1,1+¢€) c (1 -¢€,1+€) and since
the Fuclidean topology is non-isolated at 1, we know the limit is unique. Just for fun
lets look at say (—€,€) with e <1 and see that the only open sets that map into (—¢,€)

are of the form [a,b) with a,b <0 but none of these are an open neighborhood of zero.

9



(8) The only open set containing 1 is R. We need only choose the same [0,¢) and
since the indiscrete topology is clearly non-isolated at 0 we know the limit is unique

by theorem 2.1.

For domains just the opposite happens.

Theorem 3.2. Let f:(X,7) — (Y,7') and suppose lim f(x) = L. If S27, and S is
(S,7")
non-isolated at c, then for f:(X,S) - (Y,7') we have lim f(x)=L.

Proof. For Uy, € 7" there will be a U, € 7, U] # @ such that f(U!) c Uy.

Since U, € 7 it follows that U, € S. O

So domains can get finer and ranges can get courser. But going the opposite

direction leads to trouble.

rx+1ifx>0
Example 3.2. Consider f(x) = in the Fuclidean topology with the

rifr<0

domain topologies,

(1) <S>

(2) 7e

(1) For (1 -¢,1+¢€) pick [0,0+¢€) and we have f((0,0+¢€)) = (1,1+€) c[1,1+¢€).
Thus, %}1{2 f(x) =1 which we have already shown.

(2) Consider an open neighborhood of 0 say (-€,€). For any value x € (—¢,0) we
know, f(x) ¢[1,1+¢€). Thus the limit is not 1. We know from Real Analysis that in

fact the limit does not exist.

Corollary. If f:R - R in the standard topology with lim f(x) = L then the left and

right limits must agree.

10



Proof. We know that S*, S~ o 7.. We also know they are non-isolated at any point.
(S*,7") (S,7")
Thus, by the prior theorem lim f(x)=L= lim (z). O

r—C

Theorem 3.3. Given f:(X,7) - (Y,7'), T non-isolated at ¢ and 7' is Ty. Suppose

(7,S) (r,S")
S, & are both finer topologies then 7' with lim = L and lim = M. If L + M then

lim f(x) does not ezist.

Proof. Suppose L # M. Then since 7/ is T5 there exists U, Uy € 7/ € SnS’ such that
(7,S5)
UpnUy = @. Since lim f(z) = L, there is a U, € 7,U! # @ such that f(U!) c Uy. Since

(8"
lim f(z)= M there exists V. e 7,V! # & such that f(V/) cUy. Also U.nV, # @ and
(UenV) =UnV!+@. Thus f(U.nV)!)cULnUy = @, a contradiction. Thus, the

limit cannot exist. []
Another very important result is the contrapositive of this.

Corollary. Suppose f:(X,7) = (Y,7'), T is non-isolated at ¢ and 7' is Ty. Suppose
(1,5) (r,8")

S,8" are both finer topologies than 7' with lim f(z) = L and lim f(x) = M. If

lim f(x) exists, then L = M.

Theorem 3.4. Suppose f:(X,7) — (Y,7'") with T non-isolated at ¢, 7' is Ty. If for

(1,8)
any S finer than 7" we have, lim f(z) =L then lim f(z) = L.

Proof. Tt U, € 7' € S, then there exists U, € 7. Then U! # @ such that f(U!) cU,. O

4 Compositions of Functions

Suppose g: (X,7) = (Y,7'), img(x) = L and f: (Y, 7") - (Z,7"), lir% f(y) =M, and
Tr—C y—>
h:(X,7)— (Z,7") is defined by h(z) = f(g(x)) When does lim h(x)

11



(1) exist
(2) equal M

To start a partial solution to part (1) we have the following,

!/
Definition. We define limh(x) = M if for any Uy € 7" there exists a U. e T, Ul + &

such that g(U.) € f~1(Unr).

Theorem 4.1. The limh(x) = M if and only if the limh(x) = M. Or in other words

it 1is the same limit.

Proof. =

Let Uy € 7" be given. Since lgréh(x) = M there is a U, € 7,U! # @ such that
h(UL) = f(g(U!)) € Upr. Now apply f~! to both sides and we get,

g(UL) < f1(f(g(UL)) € f~1(Unrr). Thus, for Uy € 7" there exists U, € 7,U! # @ such
that g(U2) € f~(Usr). that is lim h(z) = M.

P

Let Uy € 7" be given. Since }Elirg h(z) = M there exists a U, € 7,U! # @ such that
g(U) € f~Y(Uypy). If we apply f to both sides we will get

h(U?) = f(g(U?)) € f(fY(Un)) € Upns. Thus, Ei%h(x) = M. Hence, the two limits

are equivalent. O

Since the two limits are equivalent we will no longer distinguish lim’ from lim.

To give a partial answer to (2) I have two results.

Theorem 4.2. If f is continuous at L. Then limh(z) = M.

Proof. Let Uy; € 7" be given. Since lirri f(y) =M and f continuous at L gives us for
y—)

Uy, there exists a Uy, € 7/, Uy, # @ such that f(U;) ¢ Up. Since limg(z) = L, we know

12



there exists a U, € 7,U! + @ such g(U!) c Ur. Hence, h(U.) = f(g(U)) € f(UL) € Uy.
Thus, limh(x) = M. O

The final condition I have found is a much stronger condition, but in some rare

cases it allows you to work with f not being continuous.

Definition. For f:(X,7) = (Y,7') we say slimg_.f(x) = L if for each Uy, € 7' there
is a U.eT,Ul + @ such that f(U!)cUj.

The difference is very subtle between the lim and the slim. However notice that the

xsin(z) if x #0,
slimg_of(z) = does not exist in the standard realm of analysis

Oifz=0
since 0 is in the image of every open neighborhood of 0, despite the fact that f(z) is

continuous at 0. Let us look at the definition in a standard analysis view.

Definition. Given f:R - R we say slim,_.f(x) = L if for any € > 0, there will exist

d >0 such that | x —c|< 0, (z #c) gives us that 0<| f(x) - L |<e.

Clearly if the domain is non-isolated at ¢ and the range is T, and the slim exists
then the limit exists and they the same. This is because f(U!) ¢ U; ¢ Ur. Thus, if
the two limits exist they must be the same.

The next condition for compositions of limits to exist is given in the following

theorem.
Theorem 4.3. If slim,_.g(x) =L then limh(x) =M.

Proof. Let Uy € 7" be given. Since linLl f(z) = M there will exist a U, € 7/,U} + &
y—)
such that f(U}) € Un. Since slim,_.g(x) = L it follows that Uy € 7. 3U, € 7,U. #+ @

and g(U}) cU;. Thus, h(U) = f(g(U!)) € f(U}) € Uy giving the desired result.

13



A notable example about composition of limits is the following.

Example 4.1. For a mapping from the reals to reals (under the traditional topology)
sin(1), if z#0 Life+0

consider f(x) = and g(z) = . In both cases the limit
z, if ©=0 0, ifzx=0

as x approaches 0 does not exist. But f(g(x)) =sin(z) is a continuous function and

as a result the limit exists as the x approaches zero.

5 Discontinuities (of R)

Next let us consider discontinuities of functions. In particular let us focus primarily on
discontinuities of functions from R to R. To do this we will use the extended real line
as a tool in defining some discontinuities and discerning what are often the two cases
of the essential discontinuity. One of these I will call an extended jump discontinuity
to distinguish it from the other. But before we do that we should review the topology
on the extended reals. The order topology on the extended reals has the sub-basis,
{[~00,a),(b,o0] | a,be Ru{-0c0,00}}. We will denote this by (Reu, Terr). We will also
need to examine the left and right limits very closely. One thing to notice is that the
real line under the standard topology is a subspace of the extended real line.

So we can now consider the left hand and right hand limits of DSR, f: D - R .
(1) ;LIE_ f(xz) = L if for all € > 0, there exists 6 > 0 such that, 0 < z — ¢ < ¢§ yields
| f(z) - Li<e
(2) g}l_)rg f(z) = L if for any € > 0 there will exist a 6 > 0 such that, 0 < c—x < ¢ implies
that | f(z)—L |< e. For our study of discontinuities at points we want to refer to both
limits on the real line and limits on the extended real line. To remedy any confusion

I will denote limits going to the extended real line by limext,.f(x) with a plus or
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minus subscript on ¢ indicating a left hand or right hand limit in the domain.

Theorem 5.1. Let L € R. Then, lim f(z) = L if an only if limext,_.f(x) = L and

similarly for the left hand limit and right hand limat.

Proof. Realize {(L—¢,L+¢) | for e € (0,00)} is a local basis for the extended reals as
well as the reals.

]

When we are trying to show the extended limit is infinity we need to look at neigh-
borhoods of the form (a, 00], v < 00 as the order topology would dictate. Similarly if
we want to show our extended limit to be negative infinity we need to look at open

sets sets of the form [-oo, ), v > —00.

Definition. We say f: D — R has a removable discontinuity at c if

lim 7(x) = lim 7(2) # /().

Definition. We say f : D — R, has an extended removed discontinuity at c if
limext, .- f(x) = limext, . f(z) # f(¢).

Definition. We say f: D — R has a jump discontinuity at c if

g}E?— f(x)=L and ;Lrgf(x) =M and L+ M.

Definition. We say f : D - Ry has an extended jump discontinuity at ¢ if limext, . f(x) =

L and limext, .+ f(x) =M and L+ M.

Definition. We say f: D — R has an essential discontinuity if either lim,_. f(x)

or limg_.+ f(x) does not exist.

In the case of functions from reals to reals any time a left hand or right hand
limit is infinite then the function has an essential discontinuity. However, there are

essential discontinuities that do not involve an infinite limit.
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Definition. Let f: (X,7) - (Y,7') and (¢,L) € X xY. We say f reverberates at
(¢,L) if for any U. e T, f(U)n{L} + @.

Theorem 5.2. Suppose f:(X,7) - (Y,7'),7 is non-isolated at ¢ and 7" is Ty. If f

reverberates at (c,L) and (¢,M)(L + M ), then lim f(x) does not exist.

Proof. Let (G") be a local punctured neighborhood basis. We shall give (GZ) the
ordering, U <V if and only if V' ¢ U. Under this ordering (G’) is a directed set. For
all U/ there exist x,y € U/ such that f(z) = L and f(y) = M. Label x and y as xy;
and yy:. Now we have constructed the nets, (zur)uie(ary, (Yur)uze(ary with both nets
converging to c. However their images are both constant nets. Now by construction,

(f(xu:))vreary = L and (f(y)u:)ure(ary — M. Thus the limit cannot exist. O

A function may have a jump discontinuity at a point ¢ even if it reverberates. An

example is the folowing:

{zsin(L) if >0
Let f(x) = then this is just a jump discontinuity
zsin(2) +1if £ <0;0,2 =0}

with f reverberating at (0,0) and (0,1). To give a relationship between essential

discontinuity and reverberations we have the following theorem.

Theorem 5.3. Let Dc R, f:(D,7.,) — (R, 7.) with f reverberating at (c,L), (c, M),
and (¢, N), where L + M, M + N, and N # L. Then f must have an essential

discontinuity at c.

Proof. We want to show that either the left hand limit or the right hand limit does
not exist. Let {(c—€,,¢c+ €,) N D},n be a countable basis with (e,) - 0. Now
pick X, Yn, 2n € (¢ — €y,¢+ €,) N D such that f(x,) =L, f(y,) = M, f(z,) = N. Now

clearly (,)nen, (Yn)nen, and (2, )nen converge to ¢ but (f(z,))neny = Ly (f (Yn) )nen =
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M, and (f(zn))neny = N. Now {x, tnen N ([¢,c+€) n D) or {z,}nenv N ((c—€,¢] N D)
is infinite. If both are infinite, pick one and create the subsequence (x,).n. Do the
same process for (y,) and (z,) to obtain sequences (Yn,, )men; (2n, )ren. Now at least
two of these sequences must be contained within either [c,c+€) or (c—¢,c]. Without
loss of generality we may assume (Yp,, Jmen, (2n, Jkey are within [c,c +€). Thus, by
the above theorem, ;Eﬂl— f(x) does not exist. Thus, f has an essential discontinuity at

C. ]

We should note you can mimic the above proof to get the same result for functions

mapping to the extended real line.

6 Limits in Topological Algebras

We will allow * to be an arbitrary binary operation.
Definition. (M, *) is a magma if for all a,be M we have, a xbe M.

Definition. (X, *,7) is a Topological Magma if

(1) X is a Magma

(2) The function % : (X,7)? - (X,7) by *(x,y) =x *y is continuous

If X is understood to be a magma with continuous operations under T, we write (X, T)

for short.

When the binary operation is understood we will suppress the binary operation
and write a * b as ab.

Some examples of topological magmas are the following.

Example 6.1. [0, 00) with the euclidean topology.

17



Example 6.2. (N, 7) where T is the topology example 1.1.

Definition. (X, *,7) is a topological group if

(1) X is a Group

(2) The function *: (X, 7)? - (X,7) is a continuous function

(3) The function inv: (X,7) - (X, 7) defined by inv(x) =x~! is continuous

If X is understood to be a group with continuous operations under T we write (X, T)

for short.
Clearly a topological group is a topological magma.

Definition. Let (X, *,7) be a topological group. Let's, +": (X, 7)? - (X, 1) be defined

by:
"x (x,y) =xly and *'(x,y) = xy~! to be the left and right inverted binary operators.

Theorem 6.1. Let (X, *,7) be a group then both (X, *,7) and (X, ', 7) are Topo-

logical magmas.

Proof. Clearly, both '+ and #’ are closed since the group is closed.
Notice that / * (z,y) = x 'y =2t »y = »(x~!,y) and * is continuous at
(z7%y) for any (z,y) € X2

Also similarly, *'(z,y) =xy™' =z y=' = *(z,y~!) and = is continuous at
(z,y~') for any (z,y) € X2.

Thus, (X,"*,7) and (X, #’,7) are Topological magmas. O

Theorem 6.2. AlgebraicLimitTheorem(ALT)
Let (Y,1') is a topological magma and (X, T) non-isolated at c¢. If lim f(x) = L and
limg(x) = M, then lim f(z)g(z) = LM.
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Proof. Let Upy € 7" be given. Since * is continuous there exist U, Uy € 7/ such that
+(Up xUpr) €Uy

Now }EIE)I}: f(x) = L gives us for Uy, given, there is U. € 7,U! + @, and f(U!) c Uy..

Also, Eirgg(m) = M gives us for Uy, given; there will be V. e 7, V! # @, and f(V!) c Uy,.
Now U.n V. e 7 implies U.n V! # @ and a punctured neighborhood of ¢, thus
SOV g(UinVY) = «(f(UInVY), g(Uin V) € = (f(U7), 9(V!)) € *(Ur, Unr) € Upnr-
Hence, £1£I(1: f(x)g(x)=LM. O

Corollary. Let (Y,7) be a topological magma with, X €Y, (X,7) non-isolated at ¢
and lim f(x)=1L. Then

(1) lim k f(x) = kL

(2) £1£%f(x)k: =Lk

Proof. Let h(x) = k be a constant function. Then h(z) is continuous, giving us
lim h(x) = k. Thus,

(1) tim e f () = lim h(2) f2) = kL

(2) lim f2)k = lim £ (£)(x) = L.

Theorem 6.3. If (Y,7') is a group, (X, 7) is non-isolated at ¢, and both
}Eiiré f(x)=L and 1;529(1‘) =G, then

(1) i f(2)o(r) = LM

(2) lim F()g(2) " = LM

(3) lim f(x)"'g(z) = L' M
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Proof. This follows from Theorems 6.1 and 6.2 since (Y, *,7"), (Y,' %, 7') and (Y, *',7")

are topological magmas. O

Definition. (R, +,x,7) is a topological ring if

(1) R is a ring (0 is the additive identity and 1 is the multiplicative identity if it is
in the ring);

(2) (R,+,T) is a topological group,

(3) (R,x,T) is a topological magma.

When R is understood to be a ring we write (R, T) for short.

Definition. (F,+,x,7) is a topological field if, (recall F* = F'x {0})
(1) F is a field;

(2) (F,+,x,7) is a topological ring;

(3) (F*,x,T) is a topological group;

(4) F*er.

When F is understood to be a field we write (F,T).

Note that the general definition of a topological field need not include the third
condition. The fourth condition guarantees for any x € F* and U, € 7, there is a
V., € 7 such that V, ¢ F* and V, € U,. Some authors assume that the topology is T}
or T, while others assume no condition or separation axiom at all. This assumption

is strictly weaker than T7.

Theorem 6.4. If (Y,7') is a topological ring,(X,T) is non-isolated at ¢, and both
lim f(x)=L, and }Elggg(x) =M, then

(1) lim{ f(2) + g(a)] = L+ M

(2) im[ £ (2)g(2)] = LM
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Example 6.3. (R,7.). We know R is a field, and inv,(z) = —x and inv.(x) = x~*
are continuous so it is enough to show that (1) +(x,y) =z +y and (2) x(x,y) = vy
are continuous functions from R? to R as well as to show that (3) R* is open.

(1) For (a,b) e R? and € >0 let 6 < €/2. Then, |z -al|<d and|y—>b|<d imply that
| +(z,y) —+(a,0) [ = [z +y-a-b]=[(z-a)+(b-y)|
Jrz-al+|b-yl|<e.

(2) Let (a,b) € R* and €> 0. If |z - a|< gy and |y = b|< min{l, 55}, then
ly|<ly—=b|<|1+b]. So
| x(z,y) = x(a,b) [ = [zy—ab| =[xy —ay+ay—ab| < [zy —ay |+ |ay - ab]
slylle—al+lally-bl<[b+n|lz-al+]ally-bl<e

(3) Also {0} is closed in R; thus {0}¢ =R* is open. Thus, (R,7.) is a topological
field.

Theorem 6.5. If (Y,7') is a topological field, (X, T) is non-isolated at ¢, and both
EEE f(x)=L and E{gg(x) =M, then

(1) limkf(x) = kL, if X €R

(2) lim(f (@) + g(x)) = L+ M

(3) tim(f (2)g(2)) = LM

(4) £1Eg(f(x)g(x)‘1) = LM~ provided M +0

Proof. Since (Y, +,7"),(Y,x,7') are topological magmas, (2) and (3) hold.
(4) x'(x,y) =xy~! = x(x,y1) is continuous on F' x F* so we can use the proof for the

Algebraic Limit Theorem with x’ instead of x. O]

Corollary. If (X,7) is non-isolated at ¢ and f,g:(X,7) - (R, 7.) with
lim f(x) = L and limg(x) = M, then
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(1) limkf(x) = kL

(2) lim[ f(2) + g(a)] = L+ M

(3) lim[ f(2)g(a)] = LM

(4) [ f (2)g(x) 1] = LM~ provided, M #0

Proof. R is a topological field. n

Notice from examples 1.1,1.2,1.3, and 1.4 earlier that the algebraic limit theorems
hold for sequences and functional limits as well as for the Riemann and measure

integrals.

Definition. Let R be a ring with one. Define

R ={z € R| there exists y € R such that xy = yx = 1}

We call R~' the group of units.
Definition. Let R be a ring with one. Then R is a division ring if R™' = R~ {0}.

Definition. (R, 7) is a weak topological field if
(1) R is a ring with 1;

(2) R is a topological ring;

(3) (R, 1R-1) is a topological group;

(4) R°ter .

The fourth condition guarantees for any x € R~! and U, € 7 there is a V, € 7 with

V. € F* such that V, c U,.
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Lemma 1. Let f,: (X4, 1) = (Ya, 7)) be continuous for all a € A.
Then h: [Taea(XayTa) = aea(Ya, 72) (where [Taea(Xay 7a) and [Tpea(Ya, 72) have ei-
ther the (1) Box topologies or (2) the product topology) defined by, h(z) = (fa(7a(2)))aca

1S continuous.

Proof. For all (¢;)aea we have h((ca)aca) = fa(Ta(€a))aea = [Taea fa(Ca). We will show
this is continuous at an arbitrary point (¢,)sea. So for (1) consider, without loss of
generality, the neighborhood Uin((co)uc) = [Taea Uta(ca) € [laea 74 Now since fo(x) is
continuous at ¢,, for Uy, () € 74, there exist U, € 7, such that f,(U.,) € Uy, (c.)- Now

let U, =[1seaUe,- Then,

)aeA

h(U(Ca)aeA) = (fa(ﬂ-a(U(Ca)aeA)))aEA = (fa(UCa))aeA S (Ufa(ca))aeA = H4Ufa(ca) = U(h((ca)asA)

. Thus, the function is continuous at all points.

Now for (2) all but finitely many a € A, we have Uy, (c,) = Ya, so we let U,, = X,. Thus
for the product topology case we get the function to be continuous at all points as
well. Thus in both cases h is a continuous function.

]

Theorem 6.6. Let (X,,7,) be a topological (1) magma, (2) group, or (3) ring. Then
(ITgen Xa, 7), where T is the box [product] topology, is a topological (1) magma, (2)

group, or (3) ring

Proof. (1) (+(z,y) = (+a(7a(2,y))aca and thus by above lemma continuous
(2) inv(x) = (inve (74 (2)))aea, so by the lemma is continuous.
(3) By (1), (2), the fact that [T,c4((Xa,+4),7) is a topological group, and the fact

that [Tgea *((Xa, +4),7) is a topological magma, we have the desired result.
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O

Theorem 6.7. Let (X,,7,) be a weak topological field for any a € A. Then [T,ea(Xa, Ta)

is a weak topological field in the box topology.

Proof. (1) TTaea Xao has a one namely (1,)q4ea

(ii) Free from Theorem 6.6 (3)

(iii) (X 1, x4, 7) is a topological group for all a € A. Part (2) of Theorem 6.6 tells us
that (TTeea(X;1, %4),7) is a topological group.

(iv) If X ' e 7, for all a € A, then [Tuea Xt € [TaeaTa- SO [1a X7t is in the box

topology. O]

Notice that this is not possible in the infinite product topology since X! c¢ X
Thus the arbitrary product of X! cannot possibly be open since it will not be X at

all but finitely many places.

Theorem 6.8. Let (F,,7,) be topological fields. Then ([1gea Fa, ™) where T is the box

topology, is a weak topological field.

Proof. Since (F,,T,) is a topological field implies it is also a weak topological field for

any a € A. Now by theorem 6.7 (4) we get the desired result. O

Example 6.4. For any n € N we have, R" is a weak topological field.
We know R™ in the Fuclidean metric is homeomorphic to R™ in the di metric whose
topology is homeomorphic to the product topology of TTiq (R, 7.), which is the product

of topological fields.

Example 6.5. Let D ¢ R Now notice that (R,7.)P forms a weak topological field

under the product topology.
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Theorem 6.9. ALT for Weak Topological Fields

Suppose (Y,7") is a weak topological field, (X,T) is non-isolated at c, %;152 f(z) =L,
and l:lirgg(x) =M. Then

(1) lim(F(2) + g(2)) = L+ M

(2) ln(f(2)g(x)) = LM

(3) blgrgkf(x) =kL and Eggf(x)k =Lk, if XY

(4) Bm(F(2)g()1) = LML, i M€Y

(5) ln( () 1g(x) = LM, i Le v

Proof. Parts (1) and (2) come from (Y, +,7’) and (Y, x,7") being respectively a topo-
logical group and a topological magma. (3)Use (2) and the continuous function h(x)
= k. For (4) and (5), we have x'(a,b),’ x(a,b) are continuous functions thus form

topological magma’s. Then apply the algebraic limit theorem for magma’s. O]

For a division ring R, R may only be a topological ring or it may be a weak
topological field. A great example of a division ring that is a topological field are
the quaternions with the traditional metric topology. Under this topology the set of
quaternions is homeomorphic to R* but not isomorphic. We can easily get this from
the quaternions have only one non-invertible element while the topological weak field
R* has a non-invertible set of the form:

{($1,$2,ZE37$4) | T1T22324 = 0}7
which is clearly an infinite set. Thus the multiplicative groups could not be isomor-

phic.

Example 6.6. Notice C[0,1], the set of continuous functions on [0,1] to R with the
sup metric, forms a weak topological field. The proofs that addition, subtraction, and

multiplication are continuous binary operations are nearly identical to the proofs for
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the real line with the standard topology. We should also have an idea of what C[0, 1]
looks like.

Suppose, feC[0,1]*. Then f(x)#0 for any x €[0,1]. We have by continuity

f(x) = | f(x) | for all x € [0,1] or f(z) = = | f(x) | for all x € [0,1] as well as
f(x)#0 for any x €[0,1]. To confirm that this is sufficient let us assume there exists
(g,2) € C[0,1] x [0,1] such that ?Efs; is undefined. Then,

(1) £(x) = 0 implies f(x) ¢ C[0,1].

(2) f(z) #0 tells us that g(x) is undefined which would imply g(z) ¢ C[0,1].

Thus we can say C[0,1]71 = {f(z) € C[0,1] | f(x) = | f(x) | or f(z) = = | f(z) |
for any x € [0,1] and | f(z) + 0 for any x € [0,1]}. From this we can see that the

proof that inv.(f(x)) = ﬁ is continuous over C[0,1]* is virtually identical to the
proof that L is continuous on R~ {0}. There are two ways to see that C[0,1]7" s
open. The first way is analytically, the second way is topologically.

(1) Let us show that C[0,1]7! is an open set. Let f e C[0,1]7' and without loss of
generality assume f > 0. Thus, since f is continuous on a compact set it has a local
minimum, L > 0. Pick € € (0,L). Now for any z € [0,1], f(x)—e>L-e>L-L>0.
Thus for all f € C[0,1]7! there exists €5 such that B(f,ef) € C[0,1]7t. Thus C[0,1]!
1S open.

(2) Let f e C[0,1]7! and g(z) = 0. Notice that g(x) € C[0,1]. Now since any
metric space is Ty there will exist Uy and Uy, both open in C[0,1] with the property
UrnU,=@. Thus, Ur € C[0,1]7! which implies C[0,1]7! is open.

Thus, we know that C[0,1] is a weak topological field. Hence, if f,g: (X, 7) - C[0,1],
T is non-isolated at ¢, lim f(x) =1L and %El_rgg(x) =M, Then

(1) im(f(x) + g(2)) = L+ M

(2) lim(f(2)g(2)) = LM
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(3) vlclgikf(x) =kL and lxlf,%f(x)k =Lk, if XY
(4) lm(f(x)g(x)™) = LM, if g(x) € (RIOH)~
(5) lim(f(x)'g(x)) = L' M, if L e (RIOH).

7 Differentiability in a Topological Setting

Definition. Let D ¢ F' [ring with one] field and let f: (D,7) — (F,7") and c € D.
Define D.: D -{c} > F by D.(x) = [f(z) - f(c)][x —c]' [when it exists] to be the

difference quotient at c.

Definition. Given (X,7) and (X - {c},7x_1¢y), we say U. € Txy is an absent
neighborhood of c € X if

(1) There exists a V. € T such that U.=V/,

(2) V! + @.

The reason we need absent neighborhoods is to deal with the problem of taking
the limit as x approaches ¢ to a function who has (x —¢)~! since this function clearly
is not defined at c.

Notice if there is a non-empty U, absent neighborhood then the original topology

is non-isolated at c.

Theorem 7.1. Let f: (X 7) = (Y,7') and define plim,_.f(x) = L if for all Uy € T’
there exists a Ue € Tx_(cy such that Ul #+ @ and f(U!) cUyp. If

lim f(z) = L and plim,_.f(x) = M we have, L = M.

Proof. U, € Tx_; if and only if there exists V. € 7 such that V! = U.. Thus, for the
limit we would chose V. € 7. Finally by definition, V! #+ @ and f(V)) = f(U!) € Uy.

O
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For this reason,we will except the plim and the lim are the same operation when
dealing with difference quotients as we will below. We need the plim because it allows
us to define limits where they are not even defined in the domain. This is something

we must deal with in difference quotients.

Definition. Given Let F' be a field [ring with one], D € F, and f:(D,7) - (F, 7).
We define the topological derivative at c € D to be %f(c) = %3152 D.(x)[if it exists]. If f
is differentiable on all of D, we denote the topological derivative of the function on D
by % f(z). When the two topologies are understood to be fized we may instead write

f" as the topological derivative and f'(x) for the topological derivative at a point.
Notice if limits are not unique then the derivative need not be a function.

Theorem. If f: R — R is differentiable at ¢ (by the traditional analytic definition or

the topological definition), then <L f(x) = Z= f(x).

TeX

Proof. Suppose

- f(¢) = L, which is by definition lim D.(x) = L. Then,

(1) For any U, = (L -¢,L+€),e>0,

(2) There will exist U. = (¢—d,c+9),d >0,

(3)U!=(c-0,c)u(c,c+0) and,

(4)De(U7) € UL

From (1,2,3,4) we get, For any € > 0, there will exist a § > 0 such that | x—c |< §(x # ¢)
implies | % -Ll<e.

Thus - f(c) = L.

Conversely, let us assume =L f(x) = L then,

(1) For all € >0,
(2) There is a § > 0,
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(3)such that |z —c|<d,x # ¢,
(4) Gives us that | %—L |< e. Now from (1,2,3,4) we get: For any (L-¢, L+¢) € Uy,

there will exist a U, = (¢ - 9, ¢+ ) such that U! # @ and D.(U!) < Uy.

Te
) Tex

Hence, Z= f(¢) = L. Thus, the two are equivalent. O

Now we will present some interesting examples of how this may differ from the

traditional derivative.

Example 7.1. There exists a function f:R — R whose topological derivative is the

floor function.

Proof. Let f:(R,S7) - (R, 7.) be defined by f(z) = |x]z. Now by the above theorem
if the limit exists in a courser topology then the limit exists in the finer topology so
long as the topology is non-isolated at that point. Recall that the lower limit topology
is non-isolated everywhere. Thus, on intervals (z,z + 1), where z € Z, f(z) = zz and
thus,

T

F=f(x) = Lf(z) =z =|z]. Now to show <= f(z) = z we must pick (z —€,2+¢€) € 7.

(with out loss of generality we may assume ¢ < 1). Now if we pick [z, 2 +¢) € S-, then
forx=2z+d€[z,2+¢€) we have

[f(z+0)=f(2)][z+0-2]7' = [2(2+0)-22]07" = [22+20—-22]071 = 20(0) 7 = z € (2—€, z+¢€).
Thus, g5 f(2) = 2z = |z]. Hence, &= f(x) = |z]. O

This examples show’s that Darboux’s property need not hold in a topological
setting. Also realize this provides a counter example to the mean value property on

the real line. Consider [2, ] if the mean value theorem were to hold there would exist

Ty 7y 2
ce[2,%] such that |c| = f'(c) = f("’z)fg@) = 3(21)72(2) = 2 ‘= 23, which is impossible.
2 2 2

Example 7.2. There exists a function and a domain and range topology such that

the function is
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(1) not continuous at a point ¢ and

(2) the function is differentiable at the point c.

Proof. Consider Z3 and define the following topologies on Zs: 7 = {Zs,2,{0,2},{1}},
7' =7. Define f:(Zs, 1) - (Z3,7") by f(z)=2+2.
Claim 1: f(x) is not continuous at 0

f(0) =0+ 2=2. f-1({0,2}) ={1,2} ¢ 7. Thus, f(x) is not continuous at 2.

[ _p22 2

Now let us compute Dy(x) = o

Claim 2: lin[q) Do(z) = 1.
Let Uy = {1} e 7". Let Uy ={0,2}. Then U] = {2} and Dy({2}) = {1}.
Thus, lir% Dy(x) = 1, which implies that = f(0) = 1. Thus this function is discontinu-

ous at 0 yet differentiable at 0. O

In fact this can be generalized to create functions that are everywhere differentiable

yet nowhere continuous.

Example 7.3. Let DS F, D+ @, and f: (D,{@,D}) - (F,{@,{1}, F}) is defined
by f(x) = x is nowhere continuous. For all c € D,D.(x) = % =22 = 1. Thus,
the derwative is 1 but one can easily see that the function is nowhere continuous.

Example 7.4. Here is another function that is everywhere differentiable but nowhere
continuous on the real line with more efficient topologies. Let c € R and let f : (R, T.) —
(R,S7) be defined by f(x) =z +c. Clearly, fwill be discontinuous everywhere because
of the topologies, but the difference quotient is one. Now another set of topologies that
does this is the indiscrete topology on the range space and the Euclidean topology on
the domain space. If you let the discrete topology be the topology on the range space

and you let the Euclidean topology be the topology on the domain space then you would

have the same result.
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This shows us that in general differentiability and continuity are not entirely re-
lated. We will investigate under what conditions they are related, but first we need a

couple of properties that are related to a single commutative binary operation.

Theorem 7.2. Let G be an Abelian group under addition and let T be a topology on
G. If addition is separately continuous with respect to T then we have the following

property: IfUer, thenU +c={x+c|lxeU}er.

Proof. For any c € G, Define f.: (G,7) - (G,7) by f.(x)=x-c=x+(-c) = +(x,-c).
Then f. thus continuous by hypothesis. Thus, for any U e 7, f;}(U) = {z+c|x e U} =

U+cer. O

Theorem 7.3. Let G be an Abelian group under addition and let T be a topology on
G with addition is separately continuous with respect to 7. Let f,g:(X,7) - (G,T")
with g(x) = f(x) = L and limg(x) =0. Then lim f(z) = L.

Proof. Let Uy € 7" be given. Then Uy — L is an open neighborhood of 0, which we
will denote by Uy. Since lim g(x) = 0 there will exist a U, € 7 such that U! + @ and
g(U) cUy. Now f(U!)={g(x)+L|xeU!} cUy+L="Urg. O

Theorem 7.4. Let F be a field, D € F, and let T and 1" be topologies on D and
F respectively. Suppose that f: (D,7) — (F,7") and 7' is jointly continuous under

multiplication and separately continuous under addition. Then f is also continuous.

Proof. Tan(f(2) - £(0)) = lim(2E2 (z — ¢)) = lm(D,(2)(x - )) = f()(0) = 0.
Hence, }Elgf(i) - f(c) =0. Thus, f(z) = f(c). O

This result does not require full continuity of addition, nor does it require conti-

nuity of inverses.
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