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Abstract

We investigate solving a differential equation boundary value problem. Using
"variational" or "energy" methods, we transform the problem into one of minimizing
the value of a certain functional expression involving a definite integral. Finally, we show
the existence and uniqueness of solutions to positive bounded below operator

equations.
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Introduction

The purpose of this thesis is to show the existence and uniqueness of solutions
to positive bounded below operator equations. The operator equations studied here
are applicable to ordinary and partial differential equation boundary value problems
arising in solid mechanics.

Problems of this type were analyzed in detail by Soviet mathematicians during
the 1930’s and 1940’s. One of the most notable works of the Soviet school is that of
S.G. Mikhlin’s Variation Methods in Mathematical Physics. [3]

The theory described in this thesis helped lay the foundation for several

III

approximate solution procedures that are known as “variational” or “energy” methods.
The theory transforms the problem of solving a differential equation boundary value
problem into the problem of minimizing the value of a certain functional expression
involving a definite integral. Variational approaches to solving boundary value problems
were instrumental in the development of finite element methods for approximating the

solution of boundary value problems that arise in structural analysis and a variety of

other areas of engineering analysis.



Fundamental Notions
Definition 1: A vector space V is said to be normed if we can assign to every element x
of V avalue ||x||, the norm of x, with the following properties.
1) llxll=0
2) llxll=0iffx=0
3) |lkx|| = |k|||x]|| for any scalar k

4) llx +yll < llxll + 1yl vx,y €V

Definition 2: A sequence of vectors {®*} in a normed vector space V is said to be a
Cauchy sequence if for every € > 0 there exists an integer N (which may depend on ¢€)

3 ||@™" — d™|| < &, whenevern > N,m > N.

Definition 3: A normed vector space V is said to be a complete vector space if every
Cauchy sequence in V has a limit in V. Complete normed vector spaces are also called

Banach spaces.

Definition 4: Let V be a real vector space,. Suppose to each pair of vectors u,v € V
there is assigned a real number, denoted by (u, v). This function is called a (real) inner
product on V, if it satisfies the following axioms.
(i.)  Bilinearity property: (au, + bu,, v) = al{u,,v) + b{u,,v).
Also, (u,cv, + dv,) = c(u,vy) + d(u, v,)

(i.)  Symmetry property: (u, v) = (v, u)



(iii.)  Positive definite property: (u, u) = 0,and (u,u) =
0iffu=0

The vector space with a (real) inner product is called a (real) inner product space.

Definition 5: An inner product space in which |Jul|| = (u,u)'/? for all uinthe spaceisa

Euclidean space.

Definition 6: A Hilbert Space is a complete Euclidean space.

An example of a Hilbert space is the space L, () of square integrable real fuctions of a
single variable with inner product (f, g) = fQ f(x)g(x) dx; ...dx, and norm

FN? = fQ [f(x)]? dx. (See the appendix for the inner product and norm of vector
valued L, functions.) It is shown in many standard references (see, for example, [6])
that L, () is a complete Euclidean space. (It is proved in Theorem 3 of this thesis that

every normed vector space “can be completed”.)

Definition 7: Let V be a vector space and S be a subset of V;i.e.if x € S,thenx € V. If
S is a vector space with the same operations as those in V, then S is called a subspace of

V.

Theorem 1: (Cauchy-Schwartz Inequality) Let x and y be any vectors in a real Euclidean

space V. Then

|G| < lxlllyll.



Proof:
Since the norm is defined by the inner product, for any real number a,
0<|lx+ayl* =(x+ay,x+ay)
= lIxll? + 2a(x, y) + a?llyll* = g(a)

which must hold for all real a. If the discriminant of the quadratic expression g(a) is
negative, then quadratic equation g(a) = 0 has no solution. If the discriminant is zero,
then g(a) has exactly one root. Therefore, g(a) = implies

[2(x,y)]7 — 4llx|I*llyll* < 0.
Hence,

4(x, )% — 4llxlllyll*> < 0,(x, ) < lIxl*llyll*>, and

|, )| < llxllllyll -

If f and g are elements of the Hilbert space L, (Q), then |(f, )| < lIfIlligll, or

|, Fg() dx| < J Jo FEO1? dx « [ [g()]? dox.
Theorem 2: (Triangle Inequality) For any vectors x and y in a Euclidean space V,

llx + yll < [l + [Iy]l.
Proof:

lx+yll?=Cx+yx+y)

lxll* + [I¥]I* + (x, ) + (¥, x)
< IxlI* + llyll* + 2|Cx, y)|
< [lxlI? + llyll* + 2llxllyll = lxll + llyl)?

Therefore, ||lx + y || < |[x]| + |[yl|



If f and g are elements of L, (Q), the triangle inequality implies that

; ( f [g(x)]2 dx)

1/2

(] [f(x)+g(x)]2dx> S(f [f(X)]de>
QO QO

The Space L,

1/2 1/2

Definition 8: The space of all square integrable functions on a domain Q in R" is

denoted as L, ().

1

u(x) € L,(Q) = [fﬂ Qi uf (x))dxy, ...,dxn]E < }, where
u(x) = [ug (x), ..., U (x)]
The zero function in L, () is defined to be the equivalence class of functions V(x) such

that ||V]| = 0.

Convergence in L, and Completeness of L,

Theorem 3 [5] Every normed vector space V can be completed to form a complete
normed vector space B such that IV is dense in B. If VV is Euclidean, B is a Hilbert space.
Proof:

To establish the theorem we will form a new space B and show that there is a subspace
B, of B that has all the properties of V. We then identify B; with V.

If {x,} and {y,,} are two Cauchy sequences of elements of VV which satisfy

lim,,_, o (x,, — y,,) = 0, then the two sequences will be called equivalent. The class of

all Cauchy sequences in V that are equivalent to {x,,} we will denote by [{x,,}]. We now



define the space B to be the set of all classes [{x,,}]. Thatis, B is a set of equivalence
classes of Cauchy sequences.
In order to show that B is a vector space, we define our various vector operations in the
following way.

1) [{xn}] = 3] if {x,} is equivalent to {y;}.

2) kl{x,}] = [{kx,}] for any scalar k

3) [l + [yl = [{xn + wnll-
It is not hard to confirm that these operations are independent of the sequences

chosen. For example, suppose {x,,} is equivalent to {x;,} and {y,} is equivalent to {y,}.

Then
[} = [Bxd]s [} = [ml],
[{xn}] + [n3] = [xnd] + [{vnl]
Therefore
[{xn}] + 3] = [fxn + yall
and

[{kxn}] = kl[{xn}],
The zero vector in B will be denoted 0. It is defined to be [{0}] where {0} is the Cauchy
sequence of vectors in V, all of whose elements are zero vectors. Therefore, B is a
vector space.
Now for every element x in V, the sequence {x,} with x,, = x, for every n, is a Cauchy

sequence. Consequently, if we set up the correspondence:

x o [{x,}], xp=x (1)



we see that this sets up a one-to-one correspondence between elements of V and some
subset B; of B. The correspondence maintains the operations of multiplication by a
scalar and addition. That s, if

y < [nll, (2)
then it follows that

x+y o D3]+ [{n]]

ky © k[{y,}]

If the norm on V is defined as an inner product norm, we will define the inner product
of two elements of B by
(03], [yn3D) = limy e (s Y- (3)
That this limit does indeed exist can be seen as follows (using bilinearity of the inner
product, the triangle inequality, and the Cauchy-Schwartz inequality):
|Gerv) = Gvp| < ey =y + |G = x| < Nxallllye = w5l + [l = x| -
Since the sequences {x;} and {y;} are Cauchy sequences, it follows that the right-hand
side tends to zero as i and j tend to infinity. The limit exists because Cauchy sequences
of real numbers converge, and the limit is independent of the sequences chosen from
[{x;}] and [{y;}]. We can show, too, that the operation of taking the inner product is
preserved under the correspondence (1), and we have that
([0 3], [ 3D = limy o0 (e, ) = (%, 7))
If the norm in Vis not defined in terms of an inner product, we define instead,
Il [{oxn 31 = Timyo0 x|l (4)

The existence of this limit follows from the observation that



xpll = lloxm + 20 — 2l < llxpll + [l — 2 1I.
Also,

xim Il = llxn + xm — xull < llxp Il + 130 — x5l
Therefore,

Hxnll = N lll? <l — 2 117

Since {x,} is a Cauchy sequence, the existence of the limit follows. A similar inequality
establishes that (4) is independent of the choice of sequence from [{x,}]. To see this,
suppose that [{x, }] = [{y,.}]. Then

0 = im0l — Yol = limysool s | = [yl
which implies that

im0 [l = Timpy oo llym |l -
Also we see that the operation of taking this norm is preserved under the
correspondence (1) since x,, = x implies
[ 31 = im0l || = limpeollx |l = lx]|.
The norm just defined satisfies the requirements expected of a norm. For example, the
triangle inequality follows from the following observation.
1[Gea] + [ = 1im 12+ ll < Jim [l + lim [y

Therefore, we have shown that B; has exactly the same properties as V, and we say that
I is embedded in B.
We now show that B is dense in B. To this end let [{x,,}] be any element in B. Define

z;; = x; for every i. Therefore, for fixed j, [{ZU}] is in B;. We shall show that

[{xn}] = lirnj—>oo [{Zij}]



and so establish that B; is dense in B.
For any fixed j, the sequence {x; — x;} is a Cauchy sequence. We have shown, above,
that the limit of norms of the elements of a Cauchy sequence exists. Therefore
lim;e||x; — xj|| <& for j>N exists.
That is
1631 = iz}l = [l — 25| <& for j=N,
and we have established that B, is dense in B.
Finally, we must show that B is complete. Let [{x,,;}],i = 1,2, ..., be a Cauchy sequence
in B. Then if € > 0, there exists an integer N (&) such that when i,j > N(e),
1] = ot Hl| =l = 0] <
Therefore, for each i = N(&) and j = N(¢) there is an integer M (i, j) such that
||xm- — xnj” <2e for n=M(,j).
Since, by definition, {x,;} is a Cauchy sequence for fixed i, there is a number Q(i) > i
such that
lxp —xmill <&  for n>=Qm=Q.
The sequence {y;} = {x(;):} is also a Cauchy sequence because whenever i >
N(e),j = N(&) we can always choose a number m > max{Q(i),Q(j), M(i,j)}
which will ensure that
Ixoci = xowll = lxewi = xmill + lltmi = 2mj |l + l2ms = x0i;
< £+ 2e+¢e=4s
The completeness of B will be established if we can show that

[{yn}] = lim;_,o, [{xm’}]-



This requires that we show, for € > 0 and sufficiently large i, that:
L3l = [xni 31l = lim [lyn, — il < e
Fixi = N(e), n> Q(i), and j > max{Q(n), Q(j),M(n, i)}, then
lyn — xnill = ”xQ(n)n - Xm'”
< [lxgn = xjnll + lxim = 2l + 120 = x|
<ée+2ete =4

Therefore for i = N(&), lim,e ||y, — xn;ll < 4e.

Functionals and Linear Operators

Definition 9: Let H be a Hilbert Space and Dy be a subset of H. If to each uin Dy there

corresponds a real number T'(u), then T is called a (real) functional with domain Dy.

Definition 10: A functional T is a bounded functional if there exists a positive number ¢
such that

T < cllull
foralluin Dy. The smallest ¢ for which this inequality holds is the norm of T, denoted
as ||T]|, and given by

T(u
IT|| = sup%; U€EDu+0

Hence, |T(w)| < ||IT|||[u]l. A functional T is continuous at w, if, for any € > 0, there
exists a § > 0 such that if ||luy — ul| < 6, then |T(uy) — T(u)| < €. If Tis continuous at

each point of D7, then T is continuous on D.

10



Definition 11: A functional T is said to be a linear functional if
1. its domain Dy is a linear (vector) space
2.T(w+u?) =Twr) + T(u?
3.T(au) = aT(u) Vul,u?eD;Va eR

(Note if T is linear, then T(0) = 0)

Theorem 4: If a linear functional T is continuous at 0, then T is continuous on its entire
domain Dy.

Proof:

Let u be in the domain of T. Since T is continuous at 0, there is a § > 0 such that if

l|lu, —ull <6, then |T(u,, —u)| < e. By the linearity of T, we have |lu, —u|| < 6

implies that |T'(u,) — T(u)| < €. Hence T is continuous at u.

Theorem 5: [2] A linear functional is continuous if and only if it is bounded.

Proof:

&

T Then |[ul| < &§ implies

Suppose T is bounded. Let € > 0,and let § =

&

@) < TNl < 17— =
) 7]

€.

Therefore, T is continuous at 0. Now, suppose T is continuous at 0 and T is not bounded.
Then for each natural number n, there is a vector u,, such that |T'(u,)| = n|lu,|l. The

sequence {v,}, where v, = , approaches zero as n — o. We note that

_Un
nllunl|

1
T(v,) = mT(un) >1 foralln,

11



contradicting the continuity of T at zero. Therefore, T must be bounded.

Example: Let H be a Hilbert space and let f be an element of H. Now define the
functional T by
T(w) = (f,w

for all uin H. It follows from the bilinearity of the inner product that T is linear. By the
Cauchy-Schwartz Inequality,

IT@)| = 1¢F, Wl < NfHull.
We will show that ||T|| = ||f||. By the definition of bounded functional, ||T|| < |If]l .
Suppose that ||T|| < ||f]]. Lettingu = f, we have

() =0 = IFIAN = T AL

which is a contradiction. Hence, ||T|| = ||f]|. By Theorem 5, Tis also continuous.

Theorem 6: [2] (Riesz Representation) Every continuous linear functional T on a Hilbert
space H can be expressed in the form T(u) = (u, f), where f isin H. Furthermore, f is
unique.

Proof:

Let N be the null space of T;i.e., N = {u: T(u) = 0}. Then N is a closed subspace of H.
If N = H, then select f = 0. If N # H, then write H = N + N+, where N+ is the set of
all vectors that are orthogonal to each vector in N. Since N # H, N+ contains a nonzero

element; say, f,. By normalization, set ||fy|| = 1. Let v = T(w)fy — uT(fy), where u is

12



arbitrary. Clearly, visin N, since T(v) = T(w)T(fy) — T(fu)T(w) = 0. Thus, with f; in
N*and vin N, we have (fy, v) = 0.
Now,
W, fo) = (TWfo —uT(fo), fo) = T o, fo) — (T(f)u, fo)

=T (@) — T(fo)(w fo)

=0
Therefore, for any w in H,

T(w =T (o)W fo) = (w.T(fo)fo)
Therefore,
T(w) = (u, f) forallwin H, with f = T(fy)fo.

To prove uniqueness, suppose T(u) = (u, f) = (u, g), foralluin H. Then (u,f — g) =

0 for all u. In particular, for = f — g, we obtain ||f — g||? = 0, which implies f = g.

Definition 12: Let V be a vector space and A an operator that assigns to each element u
in a linear subspace D, of V a vector g (i.e. A, = g) such that foranyu,v € D, and
a,f ER,

A(au + Bv) = aAu + BAv. Then A is a linear operator with domain D, and range R,.
That is,

R, ={g:Au = g, foreveryu € D,}.

Definition 13: A linear operator A with Domain D, is said to be a bounded linear

operator if there exists a real number c such that

13



lAull < cllull, Vu€eD,
(the smallest c that satisfies the above inequality is called the norm of the linear

operator A4, denoted ||A||. Then

llAull

IA|l = sup——+
Pl

u€DbDyu +#0

A linear operator is continuous if and only if it is bounded. Further, if it is continuous at

0, then it is continuous on the entire domain. (See [6])

Definition 14: A linear operator A, with domain D, and range R, that are subspaces of
a Hilbert space H, is said to be a symmetric linear operator if

(Au,v) = (u,Av) foralluand vin D,

Definition 15: Let A be a symmetric linear operator that is defined on a dense subspace
D, of a Hilbert Space H, with range in H. Then A is said to be a positive definite linear

operator if (Au,u) = 0and (Au,u) = 0ifand only if u = 0. A is positive bounded

below if there exists a constant ¢ > 0 such that (Au,u) = c(u,u) = c|lul|?
foralluin Dy.

Example: Positive Bounded Below Operator

Let Au = —ZZTZ , where D, = {u(x) € €?[0,1]]| u(0) = u(1) = 0}.

. . 1 d? .
To show that A is symmetric, we note that (Au, v) = fo vd—ul;dx, and integrate by parts

twice, making use of the boundary conditions on u and v.

14



Next we show that A is positive bounded below. For each u (using integration by

parts),
1
(Au,u) =f u'? dx
0
ulx) = foxu’(f) dé . The Cauchy-Schwartz inequality
2
implies that [u(x)]? = <f;}~;u'(f) df) <
f g
x [T u(§) dg = xllw'||2.
Therefore
1 1 , T
fo [u(x)?] dx < fo x||u'||? dx, which implies
1 /
lull < 2 1.
Therefore,

(Au,uw) = [W'1? = V2|lull

Therefore, A is positive bounded below.

Convergence in Energy

Definition 16: If A is a positive definite linear operator, the quantity (Au, v) defines an

inner product on D, called the energy inner (or scalar) product denoted by

[u, v]4 = (Au,v) = f vAu dQ
Q

To show this defines an inner product, note first that for any real a,
lau, v], = (Aau,v) = (a¢Au,v) = alu, v], and

[us +uy, v]a = [AQuy +uy),v] = [Auy, v] + [Auy, v] = [uy, v] 4 + [Up, v]4
15



Next, since A is symmetric
[u,v], = (Au,v) = (u, Av) = [v, ul,.
Finally, since A is positive definite
[u,v], = Au,u) >0,u#0and[u,v] =0 u=0.

The quantity |lull, = (Au,u)? is called the energy norm of the function w.

Definition 17: Let u and u, bein Dy,n = 1,2, ... for a positive definite operator A. The

sequence u,, is said to converge in energy to u if lim,_,. ||u,, — ul|, = 0, denoted by

U, (x) i u(x).

Theorem 7: [2] If the operator A is positive bounded below and the sequence {u,}in
D, converges to u in energy, then lim,,_, |lu, — u|| = 0.
Proof:

There is a positive number c such that (Au,u) = c|lu||? foralluin D,. Therefore,
Jul]?> < %Ilulli. Therefore, |lu,, — ul|? < %Ilun — ul|5. Therefore, if ||u, —ull4 = 0,

then ||lu,, — ul| - 0.

The Minimum Principle for Operator Equations

Let A be a positive definite linear operator and consider the problem of finding a
solution u of

Au (5)

Il
\H
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By this is meant, find a function u in D, that satisfies this equation. The fact that wis in
D, implies that it satisfies the boundary conditions of the problem. In our problem, the

boundary conditions are homogeneous. Thus D, is a dense subspace of L,({1), where Q

is a bounded, open subset of R™. Also, f belongs to L,({)). For example, let A = — ZZTZ
and

D, = {u(x) € ¢?[0,1]] u(0) = u(1) = 0}.
Theorem 8: [2] (Minimum Functional Theorem) Let A be a positive definite linear
operator with domain D4that is dense in L,(Q). If Au = f has a solution, then the
solution is unique and minimizes the energy functional
Fw) = (Au,u) = 2(u, f) = [, (uAu—2uf) dx (6)

over all u € D,. Conversely, if there exists a function u in D, that minimizes F (u), then
it is the unique solution of Au = f .
Proof:
(i.)  (uniqueness) Assume there are two solutions, u and v, of Au = f in D4. Then,
u — v satisfies A(u — v) = 0. Thus, (A(u —v),(u— v)) =0
Since A is positive definite, u — v = 0. Hence, u = v.
(ii.)  Nextlet u,in D4 sothat Au, = f. Substitution for f in F(u) yields
F(u) = (Au,u) — 2(Aug, u)
= [u, uls — 2[ug, ul4
= [u—uo, u — upla — [Uo, Uo]a
= llu = uollZ — lluollZ

17



It is clear that F (u) assumes its minimum value if and only if u = u,.

(iii.)  Now suppose that there exists a function u, in D4 that minimizes the functional
F. Let v(x) be an arbitrary function from D, and let @ be an arbitrary real
number. Then F(uy + av) — F(uy) = 0. Using symmetry of the operator A4, we
obtain
F(uy + av) — F(uy) = 2a(Auy — f,v) + a?(Av,v) = 0. As a function of a,
the function F (uy + aV) — F(u,) takes on its minimum value of zero at @ = 0.
Thus, its derivative with respect to @ at @ = 0 must be zero; i.e., 2(Au, —

f,v) =0, forall vin D,. Since D, is dense in L,(Q) it follows that Au, — f = 0.

The minimum functional theorem provides a rigorous proof of the principle of minimum
total potential energy and allows the problem of solving a differential equation under
specified boundary conditions to be replaced by the problem of seeking a function that

minimizes the functional F in the preceding theorem.

Definition 18: Let A be a positive bounded below operator with domain D4. ( Dy is
dense in L,.) The energy space H, is the completion of D, in the energy norm. That is,
every element of D, is an element of H4 and every sequence of vectors in D, that is
Cauchy in the energy norm, converges in the energy norm to a point of H,. We may

also refer to H, as the “space of functions of finite energy.”

18



The preceding definition makes sense by virtue of Theorem 3, proved earlier. Also, from
the proof of Theorem 3 we can define the inner product and norm on H, in the
following way. Given vectors u and v in Hy, there are Cauchy sequences {u,} and {v,}
in D, such that u and v are the respective limits. Then
lulla = 1img, el |l 4 (7)
[w, v]4 = limyo[tn, vrl4 (8)
We note that H, is, by definition, a Hilbert space. The next theorem tells us that H, is a

subspace of L,.

Theorem 9: Let A be a positive bounded below operator, defined on D,, where Dy is a
dense subspace of a Hilbert space H. Let H, be the completion of D, in the energy norm
(as per Definition 18). Then H; € H.

Proof:

Let u be a vector in H,. Then there is a sequence {u,} in D, such that u,, converges to u
in the energy norm. By Theorem 7, u,, converges to u in the norm of H. Hence, u is an

element of H.

Definition 19: For a positive bounded below operator A on a domain D4, the energy

functional F(u) = (Au,u) — 2(u, f) can be extended to all of the energy space Hy, as

Fw) = llullf —2(u, ).

We will now prove an important existence and uniqueness result.

19



Theorem 10: [2] In the energy space H, of a positive bounded below operator A, for
each f in L,(Q), there exists one and only one element for which the energy functional
attains a minimum.

Proof:

Since A is positive bounded below, |[u||3 = [Au,u] = c||u||? for some ¢ > 0 and all win
H,.

Consider the linear functional 1(u) = (u, f), defined on L,(Q). Then |[l(w)]| = |(u, f)| <
lullll £l < VellfIHull 4, which implies that L is a continuous linear functional on H,. By
the Riesz representation theorem, there exists a unique element u, in H, such that
(u, f) = [u,uply, foralluin Hy. The energy functional F can now be written as

F(u) = |[ullf — 2[w, upls = llu — uoll3 — llugll3 , from which it follows that the

minimum of F is attained at u,.

Generalized Solutions of the Equation Au = f

Definition 20: We will say that u is a generalized solution to Au = f, if uy isin Hy and
(g, V)4 — (f,v) = 0 forevery vin Hy.
We can now establish existence and uniqueness of generalized solutions to the

positive bounded below operator equation Au = f.

Theorem 11: In the energy space H, of a positive bounded below operator A, for each
fin L,(£), there exists a unique generalized solution to Au = f.

Proof:

20



(i.)

(ii.)

(unigqueness) Let u, and v, both be generalized solutions to Au = f. Then

(g, V)4 — (vg, )4 = 0and (uy — vy, v), = 0 forall vin Hy. Therefore,

Uy = vV, (by the lemma in the appendix).

(existence) By Theorem 10, there is an element u, in Hy that minimizes the
energy functional F(u) = |lull3 — 2[u, f]. Now, let v be any arbitrary element
of Hy. Then, F(uy + av) — F(uy) = 0. Using the symmetry of A we have, for
any real «a,

F(ug + av) — F(ug) = |lup + avllﬁ —2[ug + av, f1 = (luoll® = 2[uo, fD =
[ug + av,ug + avly — 2alv, f] — [ug, ugls = a?[v,vl, + 2alv,uy] —
2alv, f] = a?[v,v]4 + 2a([v,ugl4s — [v, f]) = 0.

The expression F (uy + av) — F(u,) is a function of the real number a. As such,

this expression takes its minimum value of zero when a = 0. Therefore, its derivative

with respect to a at @ = 0 must be zero i.e.

2([v,u0]A - [U;f]) =0

forall vin Hy.
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Appendix

Let Q be an open setin R". A vector valued function u(+) of a vector variable x, defined

on Q, is denoted as
u(x) = [ug (X)), o, Uy (O] % = [x1,25, .., %,]" €Q

The zero vector vector is 0(x) = [0,0,...,0]"

The Hilbert space L, () is the space of square integrable functions (in the Lebesque

sense), with domain Q, and inner product and norm defined as follows.

(,v) = f w) () dxy, o dy lull? = j w(O)Tu(x) dx,, .., dx,
QO Q

Properties:
i. (wv)=wu
i. (wv+w)=wWv)+ Wuw)
i.  (aw,v) = a(y,v)
iv. (wu)=0

v. (uu)=0onlyifu=0

Lemma Let V be an inner product space. If [u,v] = 0forall vin V,thenu = 0.

Proof:

Since [u,v] = 0forall vinV, then [u,u] = /|lull = 0. Hence, ||u|| = 0, and by the

properties of norms it follows that u = 0.
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