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ABSTRACT 

ELASTIC ST.ABILITY 

OF 

THIN CYLINDRICAL SHELLS 

MOHA'NBHAI D. GADHIA' 

Master of Science in Engineering 

YoungstoTin State University, 1972. 

The purpose of this thesis is the analysis of 

forced vibration of thin cylindrical shells including 

effects of transverse shear, rotary inertia, and in

plane stability forces. 

ii 

The solution of the free vibration problem is 

formulated for the usual classical boundary conditions. 

The orthogonality conditions of the free vibration mode 

shapes are obtained. The forced and free boundary condi

tions are determined as an inherent part of the orthogona

li ~J c ondi ti ons • 

The analysis includes both symmetric and asymmetric 

motion of the shell. The forced vibration is solved in 

Duhamel integral form which allows for the application of 

any arbitrar-i static or dynamic surface loading. 
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LIBRARY . ..- · 
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CHAW ER-I 

INTRODUCTION 

The elastic stability problem of the thin cylin

drical shells is analysed using a nonlinear theory of the 

1 

(I) 
stability for thin elastic shells as formulated by Archer. 

This theory includes the effects of transverse shear, 

rotary inertia, and in-plane stabili~J forces. 

Kraui3) :presents the theory of free and forced 

vibration of cylindrical shells on basis of Donnell type 

analysis, neglecting the effect of shear, rotary inertia, 

and stability forces. 

Harrmann and Armenakesl'Z.) consider the linear 

theory for thin elastic cylindrical shells which includes 

the effects of transverse shear, rotary inertia as a 

special case of Fluggetheory for shells, but neglects the 

effect of in-plane stability forces. 

The object of this thesis is to formulate the 

mathematical solutions for free and forced vibration of 

the cylindrical shells together with the orthogonality 

con~itions of the mode shapes, and the associated free 

and natural boundar-J conditions. 
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CHAPTER-II 

-r\IBTHOD OF ANALYSIS 

The analysis of the forced vibration of thin cylin

drical shells including effects of in-plane forces is 

carried out according to the followir1g assumptions: 

1. The thickness of the thin elastic shells is 

assumed uniform and small when compared with

. radius of curvature, that is, terms of order 

higher than o(:. ,&-~are dropped relative to 

unity. 

2. Lines which are normal to the middle surface 

before defori::ation do not remain normal to the 

middle surfac e after deformation (i.e. the 

effect of shear ueformation is accounted for). 

3. Linear elastic stress-strain relationships 

a.re assumed to hold. 

4. The i n-plane force Ne is negli gi ble in compa

rison to applied a::ial for ce Nx • 

5.. All nonlinear terms are omitte d from the 

equations of motion except stability ter:n 
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2 .1 EQUA':21 ors 02 l,IQ'1IOIT: 

The equations of motion for forced vibration of the 

thin cylindrical shells including the effects of tr2.nsverse 

shear, rotary inertia, and in-plane st2.bili ty forces are 

"' ' d b (I) -'-1 t r. ormul a-ce y Archer in orl,1o[;on2-l curvilinear coorC:ina es. 

If these equnticns c:re transfort1eu in to cylinc1ric2.l polar 

coordinates, 2.nd usinc the notations of figures 2.1a and 

2.lb, the following equations of motion are obtained. 

NY-.) Y. + tr Nc91':i e + F~-=- § h ( U.u -t- o<a. ~ ti)., 

ct r'1 e) 0 + N r-e)i + d:_ ~ t9 + rs -=- i h ( V 1:.t + o< a.. Lf!u)_, 

~-x,x +k ~e>e -J:-z.Ne + NxWxx +fi. Ns'hlss + Pi

t"NX:i'~Wy,~k-JVJJ 0W0 -rfi U+ ~) [Cf\i*0We) x +(r-lx0Wi)0J 

and 

1Jeglectin.g the products of the stz.oili ty forces 

CU 

rii th 6.e:.-i vc..ti ves of d.is··)12.cen;ents ( ezc0::,t the tern rJ~v-.fx.~ ) , 

orie o';:Jtc.ins frc.,m cquo:c~ 0:n (1): 



and 

di- fv1 B, f) -t- MX!h X -els + 7'1&-= 's I~ 
3
(J. Vo+ f-tt), 

where 

a~ .. 5th [ W.+ i], Gs= ~ [ k(V-,.Ws)+ IP], 

N X "" 1 ~~ l Ux -t ~ ( V1i +If.I)+ ~q_ ~x 1, 
N & = 1 2h.~ [ -k ( ~ -+ W) + µ_. ll;c - o{ fa ] , 

N )( 0 = G h [ -vx -r 1 u(9 + cl CL w x l , 

N 0 )( -=- G h [ Vx + -t Us. - °< q> 0] , 

f'J\~-= ]) [ ~)( + a- (Lt«+ )..L q;c9)] , 

No= D[Al)( -cklcl:(Ve+W)-'-P(9n, 

fv\x{9-= c.1;))) [ ~ ( Vx + tFG) + lfxl, 
and 

4 
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'where X and & subscripts on U, V, W, cf and ':f denotes differ

entiation with respect to X and 0 respectively; 

z Nx 

Nx 
Fig. 2.la 

z 

X 
Fig. 2.lb 

Substitution of equation (3) in to equation (2), 

yields the following five homogeneous paxtial . d.ifforential 

equations in matrix form: 
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u 0 

V 0 

W +Lo ~c = 0 - (4) 

L4, L4t. L-4,~ L4~ l.-4s cp L 'N1" 0 
<1.. 

Ls1 L51. L ·~ l Ls-~ L,> !w19 a. 0 
, 

where 

L,1 
o"L \-~ . .t - ~ i)2 

::. - + ~"l..) 
oX'2. 2.C4. i. o s i. 
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-(5) 

and 

• 

YOUNGSlOWN · STATE Ut'llVE~iJJ 
LIBRARY, -



2.2 FREE VIBRATION ANALYSIS: 

For free vibration, the eigenvalues and eigenfun

ctions are found by setting 

_and 

and by de.fii:µng the following free vibration form as: 

-(7) 

8 



and 

where 

m =Longitudinal mode index, 

=1,2,3, ••• , 

n= Circumferential mode index, 

-;0,1,2, ••• , 

and also, 

I\ 

u'Y'o\'l\()(,e) - ll)\,\\'\l'><) Cc:,S"'r'll9J 

9 

j 

-(8) 

and -

Substitution of equation (5), (7), and (8) in to 

equation (4), yields a set of five simultaneous, linear, 

ordinary, total, differential equations vrith constant 

coefficients given in matrix form as: 
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u"'"' 0 

0 

0 

0 

where 

A A l+.A.l d 
l'2. = - '2.l = 20<. 71 ax > 
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-(lo) 

and 

For s.pecific set of boundary conditions, equations 

(9) are satisfied by five fold infinity of eigenvalues -1\:""'~ 
for each. combination of m and n. The group of five frequency 

equations m~~ be obtained by setting specific mode shapes in 

to equations ( 9), and equating determinant of the coeff1c1-
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ents or the modal constants to zero. The resulting equation 

is of order five inJl..
2
-m~• The modal constants associated 

with. each.. frequency are then obtained up to common, constant · 

multiple of one another by substituting the values of Jl.~"l"I\~ 
in. to equations ( 9). 

For a specific set of boundary conditions, the mode 

shape functions are determined by an additional separation 

of variables in the following form: 

and 

where 

C e tx 
~ J 

ix D'W\'t'\ e 

-(1\) 

.) 

Substituting equation- (11) in -'co equati :m ( 9), 

yields a set of five linear algebraic simultaneous equations 

which take the following matrix form: 
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B" 0 

0 

c'MY\ = a -c12) 

0 

0 

, 

where 
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- .L (cx+s) Y\ 
- Q 2- J 

l+)-l 
- o(,'lil '2 a. <-., 

and 

For the nontrivial solution for constants A~~, 8~~' 

C 1'\ E the determinant o:f coefficients in. equation 
'w..,, ' J)...,."W\' 'W\--.. ' 

(12) must to zero. The algebraic expansion of this condition 

(given in appendix A), yield a tenth orc1er equation in 

parameter~ which. may be solved for the ten roote of. ~ 
( i = 1, 2, 3, ••• , 10.). These roots when substituted back to 



15 

equation (11), yields the result: 

10 A e 'l,x LJ.~'r\ ( X) = L \.'\'\,\~ ) 

t:=-1 

lo tC X 
\/.,_,,n ( 1') ::- I_ l3 L7'1" e J 

lZ/ 

fO e i~x 
w~"'(x) =- ?- Ci. 'Ml') ., ( 14-) 

L:.I 

Jo ii X 

¢~YI( 1') ~ ])t'.~ e_ 
J 

t:: J 

and 
,o e__ 'lix 

LV,y'A~tx) - I"_ E£-r.,)1 - .J 

£=-1 
where 

1 L =-
).. ~ -L 

A' combination o:f ten natural and :forced boundary 

conditions, :five on each edge, are applied to equations (14). 

This result yields the mode shapes o:f free vibrati.on. 
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2 .3 ORTHOOONA.tITY COUDI~IONS : 

The orthogonality conditions on eigenfunctions or 

mode shapes are obtained by using free vibration form of 

equation ( 2). Considering equation ( 7), it follows from the 

form of equations (2) through. (5), that the bending moments, 

twisti11t:: :.:ioffients, and she2.r forces are also harmonic in 

tine. Therefore, applying the subscripts mn to each moment, 

shear :force,. and displacement term of the free vibration 

:form of equation (2), and multiplying these resulting 

eqt;.ations by U.rt, Vrt· , W,tt , ~Pt , and 0ft respectively, 

and integrating these equations over the surface area of 

the cylinder, yields after proper algebraic summation a 

single equation. If the subscripts of this equation are 

interchange d and these tvrn equations are subtracted, one 

obtains 
2.IT L 

(.Jl~ .. -il. .. l'i. ) J j [f h .,_ ( LJ-G.rt + Y ... V n -1- W .... .Z u) 
0 0 

,- A A. ""' 

t/Y. ft u.'M.~ - Nx ·,~n, 4.rt + M~tt ~'N ... - Mx w...,.._tf,,l 
0 

,. " ,.. 
+M Xeft l/).,viYt - l'•h,Sr'tlio/pt +NX6ft v~Yl 



x-=-L 

- ( 6-,.,.,.,, + r.Jx ... ~Ci .... ) Wrt J \ o. de 
x:.o 

Z..11 L 

+S) [arvx~~ lltt.. - ~ I\Jxpi~ -t N1-0~~ l)...ptt, 
Ob 

~ ~ ~ 

+ M.sx"M~ cp0rt - rv1~><ftcp1P.,.,,l? + rJe9-""V0ft. 

~ ~ ~ 

- NG rt~ Y\M"J + a I\Jx0 wiYJ Vxpt - a. N 1-ef t. V-y.yv,."' 

17 
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+ J \ ~ a t-1 xe fr ~,.," - 4N • .,,.. u~rt t- Q. M •<Prt ~ .... 
0 

,,_ ;\ /\ A 

-+ a. M c9pt tf',..,, - Q f\/1 $Wit'! tflr'L + 4 «sPtW~" -~ <Q.(9~'1\ Wft 
$~ 2.TT 

+ N 6Vt. W,.. .. Waft - rl , .... ~ft Wai-~ 1 \ d. i • 
B=o 

18 

The las·t term on right hand side of E?_quation (15) 

is equal to zero by direct substitution of the limits 

shown. The sum of second integral is also equal to zero 

by noting the free vibration form of equations (2) and (3). 

This reduces the form of equation (15) to the following: 

zJT'-

ut,,.-JL~'l) H [ r J.4 c ti~ .. ~t + v~ .. Vri -t a ..... w,,.) 
C) (J 

+ r .b..3 4 (i.,. ~~t +tR,. ~t) +ff (iJ,r1-i,tf[ .. , +f;.J,r1l•1",1..i ,~ . 

2 TT 

= f 1 4. ( f'/•pt ~" - ,vx-.... Uft +M X f'l.. if,.., - M x,,,11. .. f,t 
0 

" " I\ ,. 

+ Mx01t cp.,...,, - Mxr;w.~ tf!rt +Nxsptll-,.,.ri. -/Y,~>w,,~t 
. x:.L 

+ (r;.,,e +/II •ptl.,j•n)W ... -( ~XM~ +N, ... w ... ,)W,Y\ llLJ~. 
l(-:, 0 

(/6) 



The inte.;ral on right hand side of equ2.tion (16) 

contains terms vvhich form the natural and forced boundary 

conditions. 

19 

The right hand side of eq~ation (16) is identically 

equal to zero, if the following conditions hold at X-= O and 

X-= L: 

A 

Either Q N X ( )(, (9) :. 0 or LLtX,1.9) =o, 

" I\ 

Either a. ~x (x) c9)+ ct Nxtx,s) Wx(X,S) =.:o or W t X, 6l) :. 01 
/7) 

I\ 

Either U.. Jvt X (_ X, (9.) = 0 or (F(X,,<9)=0, 

and 

I\ 

Either Q. !Vl X 0 ( X, 6>) =-o or ~{X)~)= Q. 

The following conditions hold for the usual boundary 

conditions at X =-0 and X: L: 

Simple Support: 



20 

and 

Clamped: 

-( 19) 

and 

Free: 
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~ ' ,._ 
_fha..Cll) 

'ing to the boundary conditions given in 

C'"' e ' 
-" 

1 
j) " , , • the right hand side of equation (16) is 

t -t- 1>V1 Vt lfr 1, or 

-t0'1\-\ vi v1 

,. ,.. 

+ fri u. ',\ __ G C'"' e •:;_~~e mn ~ ~ q (.:. .e. d~ t .it'i ) ' 

(Zo) 
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- 2 .4 FO~CED VIBRATION AITALYSIS: 

The solution of the forced vibration problem is 

assumed in the form of a double infinite series as follow: 

· and 

where 

A 

Uwn1 ( )(, ~J t) = L L U.~ >1 (X, £9) a.. M nEt.)., 
'h\ 'n 

vM)) cx;cJ,-t) =LL v"M.,,(XJrJ) a.Y),1..,(t), 
~~ 

.I\ . 

~w.vi ( XJ 0, t) =- LL ¢w.-n (x>&) Clwu1(-l:J., 
~"" 

aw, >'1(t) is an arbi tra.ry function of time to be · 

determined. 

C '2.I) 

~Toting equation ( 21), it follorrn f:...~om eq_uations (1) 

through (4) ·chat the bernling moments, tv1isting 12 0-menJ~s, and 

shear forces are similar in the form of equations (21). 

Substituting eq_uations (21) in to equations (1) thrc11[:li ( 4) 

and utilization of the £ree vibration foru of equation (1), 
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gives the following resul t s: 

'[ 2_ t_'.S:. hq_ ~~'r\ ( Q.•'M"'(t:) -t-.J1~..,, Q..,,-.n,(t))J= f:c(~~.,i}J 
'1\,,\ "\'\ '22) 

I I c ~ ~(¾. u,,..-1- J,..J ( a.::.ct> -ti1.~"a .. ,tt) ~:l>f,tx,s,;>, 
"M ,, 

and 

Lr L ~.Jto.(-kV11n,-rty.)( d~yt(t) +Jl~~a_~~i:))]= 'rl1a(xJ~)t) • 
. 'Mn 

,. Multi plying equations ( 22) by U.f't., ◊p't. , Wf't' cpff 
and 'frt respectively , integrating each equation over the 

surface area of the cylinder, adding and making use of 

orthogonality conditions, yields 
. . 

1T L . 

d·;vn..lt)+ __{)_~, Q..,,l~) =- i 2-ff [ E..,11 (~,&, t)}i J X .,/ 0, ]-(B) 
. . I-..n"'()(,9)oo 

where 
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and 

• 

The integral outhe rig½t hand side of equation (23) 

represents the ~ork-done by the external loads in the mn-th 

mode. The solution of equation (23) is determined by using 
--

the Lagrange variation of parameter method, and takes the 

form: 

o..To\Y\l'c)::. c"M'I\ Cos (Jl., .. o, t)-t ])"MYJ Siri (JLM)1t) 

1 +----
Jlw.l"\TW\l\tx,6 J 

.: i1TL. ( ,b) 

DI {_E:,,'" (x, o,-tJQdxds]sh, Jl.,,.. (t.-'l')cl r 
• 

The arbitrary constants CYt\'t\ and 1)"1\\'t\ are determined 

by noting the conditions of linear and angular displacement, 

and linear and acgular velocity defined by equation (21) at 

time t.::. O. Using Leibtniz' s rule and noting the orthogonality 

conditions defined trJ equation ( 20), there re.sul ts 
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\)'11\h( )( > S, Q) 

Q \">1 >1 ( 0 ) -- ' -rW\Y\ ( 'XJ 0) 

(7..7) 

_and 

• 
• ~•rtHi {Xl$JQ) 

cl- -m n C o) -- ' :r~',I\ cxle) 

where 
z_TT L 

'1""...., n ( >C ,19,0)=-f J [f Ao..{ f.i..,.~ i1 ,~,6 ,o) -t v .... V (X,dl, OJ+ 

oo 

' 
z..rr- L 

j-.,..,, (x,0,0) =IJ[r~a.[ U,.,,, tf tx~, o) + D..." V< x,B, o)+ 
Oo 

• • • w~ .. ~ Cx,t;,o} + ltlo.1 f...,,, ~(_x,0,o) +{l. fcx,~)O~ 

• 
The dot refers to differentiation with respect to 

time. Usiri..g equations ( 27) 2.nd ( 28), the solution for the 

parameters (""' \I\ and 1) "111\V\ are given as: 
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and 

~he complete solution to the differential equation 

(23) is written as: 

?":. -6- - ('33) 

-I- l ( [~~{ E..,,, cx,&,-t)\qJxJs7J;h.Jl. .. n (i-?Jdr. 
-1twn, I~,,(1',sD i·o 'J J• 

%.o 

-The last integral is called the Duhamel integral, 

and the pa.rameters Q..,,,.,r.o) 2.nd Q~.,£0) 2 .. re given by e quations 

(27) and (28) respectively. 
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2 .5 ILLUSTRATIVE EXA11~PLE: 

Consideri1~ the case of simple support at each end 

of the cylindrical shell, and the solution to the equation 

(9) is assumed in the form: 

Substituting equations (34) in to equation (9) and 

using notation 

the following five equations arc obtained in the matrix 

foro: 
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0 

0 

0 

Cs-1 Cs2.. ·c~-3 C.S%f C.s-s- E)\4~ 0 

) 

where 

c\\ ==- -t- ,-~ Yl '2...-;- k 
Q. 'l. 2. C(2. J 

c,i. = C21 I-;-~ 'Y\ F 
2..0.~ , 

C1"-?> = c~,-=- A ~FJ 
c,.., ~ C41 - - ~ 1.."l.. -r !±i~-r?· -+ol. I<, 

C( '2.. '2. C,( l. 
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C 2. 4 =- C.q. 2. =- 0, 

C.33::. - ( Nx-r-5) ~ - ~n'-j_ -r l<, 
a,-z az a-z.. 

and 

For the non-trivial solution, the deterrainant of 

coefficients in equation (36) must vanish, The algebraic 

expansion of this condition (given in appendix B), yields 

fifth order equation in.Jl:_~. For each combination of m and 

n , five eigenvalues f'or.Jl~'Vlcan be found, corros.ponding to 

five natural frequencies associated with the mode shapes 
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,of t he free vibration. 

Cons ic1erin,s symmet ric motions only (i.e. n == 0), 

the fifth order equation reduces to a cubic eq_uation and a 

quadratic equation given res?ectively as, 

-and 

'2 
~ K - C2 K -\- Go o, 

.where 

~i" o(~. [ "( re 1.-r N~) + s c ,-1-o1 r2J t 
d, = ~ { o( rn-z (I+ ztl",) t '2-A.']-t-slf 2{ /+2"< ( f¼)+N~ l 

a.nd 
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The roots of equations (38) and (39), in view of 

requirement that the natural frequency of free vibration 

must be real quantities, the latter equation will possess 

five, real, positive, unequal roots, which can be expressed 

as.: 

I<'- ::. ±-2- [ (1~) f '2. +;. ( I -t- 3~)J., 

.L . 

k3, = 2 R3 
CO s ( ! ) + ~.) 

(41) 

and 

l<s =- 2 R~3 C o5 ( e+ 471)+ dz. 
3 3 J 

where 

and 
(42.) 

Equation (41) includes the effect of in-plane 

stability forces. If these forces are neglected, the five 
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roots o.f natm.·al .frequency equations are written as: 

-l< - .L [ ( 1-).( ) ~'2] 
1 -cr2. ~ 1 J 

-(43) 

- and 

_where 

-(44) 

e I = Jct{ a< f 2 ( /'~z-,i,<,1.) --ts [ r• { J+>«(f~.M)}]j 
-.J 

and 



33 

Solving for in-plane stabilit-y force, setting natu

ral frequency equ...9.l zero in to equation (38), where n = O 

(i.e. for synnnetric motion. only), gives 

One obtained the smallest value of equation (45) 

.· using condition . JdN; eg_ual to zero, which yields 

-£46) 

• 

Substitution of equation (46) in to equation (45), 

gives the critical buckling load as 

-(47) a. 

from which the critical buckling stress is given as 
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E~uation (48) shc~s that the critic~l stress is 

i ndependent of the 1e116h , L , of the cylinder . 

Ex-periments show t hat thin cylind.er unc.er c ompress ion 

usually buckle in to short longitudil_lal waves so that p2 is 
C.4-) 

a l arge nu.n:ber. Retaining terms i n the numerator and the 

J.eno ;:;;inator w:hich are larc;e in compa1•iso11 to the term 2.J-l, 

and i f the effect of the shear stress is necl ected , the 

factor 1/S approaches to zero and the following result is 

obtained from equation_ (45) 

Nx 
Eh 

(4) 
this result is sir,:ila1.., to that given by Timoshen.ko and Gere 

for n ::: o. 

For the more c eneral case of motion where n is not 

equal to zero, the equation :f o:!:' c::...,itical load is f oJ.nd by 

se·~t ·i nc ·cl:ie C:.eterI'.li11E1-rt; ol' coefficients in eq_'-lation (36) 

equal to zero, and settii:1£ the 112:bural f1..,equency of free 

vi·o:re:cion equal ·co ze:ro (i . e . _Q~ O), This condition yields 

r;hcre 

c ,- .M,'") N 
Eh X 

R -T ., 



+ l l • -t ¼ ( l+M?1.,,1. + c1-.u.)( l +-,,'") + t;-n4 })\1.r't. -½ o--4) ,,s-,, 

-f { 2 ( \-,..._ '-) -t- \; ( -..-t-µ.) '>'1 -t- i_ ( \-,M. )"Yll !'l'I t] 

+ (1--..u') { 2 + ¾ ( J-A) (3-,t.t)} 'Yl
2f4 - . l 1-t t (1-.M)-nj'I\ 'r3 

-t- l ¼ ( , ...., J c , _,.. l - ,,t1 h 21" .,_ - -H , _,,.. J 11 s-r + t L 1.-,,.._ > i] 
+ s [c1-... 1)""~4 + ½: (ltA.J l te,-2µ) u-,..N-,J-Y?f' "3 

+ (I-A.• J 'l?4r i] + s'2l --n1> ~ f c,t,,.,-,.,, 4f ,.. 

t_( I +A )'r/'f 3 + { I+ A,,_ - (lrA) 7,2 + [ 1l .,__ -(z -+ (l+.-4)A.j h '-}it~ 

+ 5 [ i (/,A.) ,{fl -½( 1-A) ,to,4 f "3 t { 3 [ I~ { ¥ + ~-,,;-::I 

(SI) 



- s4 l 2 f2. + t\.:.~) l\ 2 J 1\1.. 

+ { 5?. ~i (1-A)n~4 -t{ /; t0~µ)\}7if 3 

. 1.1,2. . )( >'3] -t{ (lfA)(1-zµJ--¼(I-A)l11J1\ f _-l(f-t-\1 ,,An 

3[ . 'Zzs- {J... -z. . t~4- 3 3 ts ¼C J-tA-)?1 ., ~ 1 7t ( /+A} - {: ( /--A) J ">7 p + { 1+1(/tJ1/J]JJf 

-t -1: ( H·A)~+/"~- ±- ( 1,A)'>i 
3a-~[cf'~a.l}(I-A)h'2-] }, 

and 

Assuming a condition similar to that used in equation 

(49) where p2 is assumed large, equation (50) reducgs to the 

following simplified form: 

, 



where 

A 
R =-

and 

l (I-A') pl. 
(f 7.. -t- Y) '-) 1.. 
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The critical value of the sta-:Jilit"-.t force may be 

determined o,r setting~" eaual to zero, and sol viri.c- for the 
.J dp ~ ~'o 

parameter p ·ahich yields, nhen suosti tuted back in to the 

general equation (53), the critical buckling load. 

1-Toting the de0ree of the parameter n in the numera

tor and the denominator of equation (53), it follows that as 

the factor 11 increases the cri•i:;ical buckling load increases. 

J?or n: o, equat i on (50) ancJ. (53) coincide with equation 

(45), rrhich was obte.ined for the sJmmet1"ic motion only. 
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CHA Pr E...'i - I I I 

The equations of motion for the forced vibration of 

thin elastic cylindrical shells with. consideration of tran

sverse shear, rota...7 inertia, and in-plane stability forces 

have been investigated by using normal mode theory. Orthogo

nality conditions are determined for free vibration together 

with associated boundary conditions, five on each edge. 

The applica•l;ion of r3sul ting equations is made for 

simply supported end conditions and roots of the natural 

frequency equations are formulated in the term of in-pla~e 
-

stabili t-y forces. The fifth. order equation for natural fre-

quency of free vibration is solved algebrically for the 

case of symmetric motion onJ..y (i.e. n :0). 

Forced vi or2tions solution is formulated in the 

Du.hanel integral form which allows for the applice:tion of 

any arbi tre.i-·y surface load , static or dynamic. As \?ell as 

any initial conditions on displacement and velo8ity. 

The determination of the natural frequenc:i;es of free 

vi b".lT.tion from the fifth order equation is an extremely 

tedious algebraic 9peration, and is not cex:rie d out numer

ically in this thesis. 

Only 2.lgebraic solutions of tbe problem presented in 

the thesis axe obt~ined, additional numerical work on the 

problem could posoibly carried out by using digital computer. 
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.CONCLUSI01';;3 

The critical buckline stress of a cylindrical shell 

as defined by equation (48) is valid for the special case of 

thin shells only. Th.e theory u sed to derive this equation 

., . 1 l ..1., .,__ • t h ,._ · ' ' app.Lies on y rnen vne quani.,J. y ,~2- is i:;.ne sar:1B or uer as 
fii 

unity , and when higher order forms of this r 2.t io (i.e. ~ , 

hi ) 1 · · bl · · t · t Thi d. ci:4 , • • • are neg igi e in comparison o um. y. s con 1-

tion restricts the radius-to~thickness ratio a/h to be equal 

to or greater ~han 10. Referring to figures 2.Sa and 2.5b, 

the inclusion of the effect o:f shear stress reduces the 

critic2.l buckling stress by approximately 5%, for a/h=lO, 

,:,.. · ~ h · h h P.,na.~ Gere( 4-.) n.u..en com:pareu nit -che t e ory g iven by Timos enko ~ 

As the ratio a/h incre2.ses, the reduction in the cri tc2.l 

buckling stress due to shear s·i;ress 0eco:1es less significant, 

that is, fo:, the condition a/h =48 the critic2.l buckling 

stress is only reduced by 1%. 

ReferrL"..g to equation ( 48), as Poisson's ra•cio , ,,L,(.., 

increases, ·che critic al bucklil'.4~ stress decre2.ses. Increa

si:a.._~ t:1.e value o::: /4L fro:n O.3 to O.4 dec::.~eaces the value o:f 

the c:citical buc1:ling stress by appro:xim2.tely o. 7% i:a tl:i_e 

ra115e of e./h =10. 1.I1his decrease beco a::es insignificant for 

-:~n· e •,-.a.t..; 0 -:1/,- rrer,J-cr .,_,~ ,.,n 5 0 
V .i- V..:... c .. ll. LJ (....., V Vl.Lc.:,.., • 

In restricting the eolution to symmetric notions 

only, equation ( 48) for the critical buckling stress 2.pplies 

only for the Gpcc:i.al case o.f short cylinders rrhich u:::;w.:.11-;;' 
, 

buckle in 12.rce nUIJber of short lonzituuinal wr,.ves . 
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For lonG cylinders, equation (48) does not o.pply 

because the critical buckling stress usu~lly occurs for the 

condition of antisymmetric motions (i.e. n=J=O) and :for the 

case where total number of longitudinal v,aves is small 

(i.e. p2 is small). Equation (50) applies to this condition 

and can be used to ob.tain the critical buckling stress for 

the case of a long cylinder. 
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APPEiIDICES 



APPEiIDIX-A 

The determinant of the equation (12) is given in 

the following form: 

Bn S\1. B\ '!> B14- 0 

- B\1. B,'2.. Bi~ 0 B2..s-

IDI= -Br; B2.3 B-;3 B34 Bis- =O-(A-1) 

B14- 0 -BJ4 84-4 B4.s-

0 Bi.s ~ls- -B4s- Bs-s-

: ~ ( B22 Ss,--B\,-)[ B3; (B11B44-B°i;,) -t BH ( :2e,,.e,,4+B11 BW 

+ BA B4-4]} + { { B44 B s-s--+ B~r) [ ll.12 /B» B~1,-B ,,131.~ 

A-2) 



4., 

+ 2 B14- Bi..s- [B12. ( 633(34-s -rG34B'3.sJ - B,~ B1. ~0'4s] 

- B~ [ 83.s:- ( B,lBu- Bulh,)-13,~(r..,3 Bn·-B,,·B3r~J=-O 

Considerins symmetric motions only (i.e. n -:: O), the 

quantities in the second bracket of equation (A~~ equal to 

zero, and the equation reduces to the form: 

which.gives 

-(A-4) 

and 



APPElillIX-B 

The determinant of the equation (36) is given in 

the following form: 

C-z. '2.. . 0 C2-s-

C. '2- 3 

0 

0 

=f ccu<,-s- c.; )[ C33 ( C11 Clfr c1'i_) + C3+ (2C,; C1+-C1,C,+}-C1i~] 

+ { (c-,.- c...,- - L3'j-C.IT) l C., t ( 2 c, l c,1- c., 2 C:,3)-c,, l~ J 

+ Crz... ( 2 c.,4- ~s + c, 'Z..C.3q) ( C3,s 4s- - C34 C.n-) (a-i) 



+c,4- [ c,~Cs-s- - c>~-( 2C,s-C1..~ -~2.C~s-)] 

+ 2 c ,.,. [ c, 1. c.,4 ( c., .; c. .- - en c.i.s-) -t c,. c,4 c, > c,, ;:J} o . 

Quantities in second bracket of equation (B·~ vanish 

when considering sy~metric motions of free vibration (i.e. 

n::: 0 )', the equation ( B·2) reduces to the equations (38) and 

(39 1
). 
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