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ABSTRACT 

OPTHMI STTIUC'rURAL DESIGN 

Prasert Tantayanondkul 

Master of Science in Civil Engineering 

Youngstown State University, 1972 

The purpose of this thesis wns to derive the equations 

for optimu~ design of slender beam-columns by analytical 

methods. Design charts for simply ~upporterl steel beam

columns have been constructed from the equations that were 

derived. Techniques which lead to fnlly stressed solutions 

were employed. The algebraic techniques which are tedious 

and difficult to hRndle are presented along with design 

charts and optimum design equations. From these equations 

and design charts, it is relatively easy to design a specifir. 

form of bea,.,1-colmnn to optimum state without using trial 

and error techni1nes. 
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BACKGROUND 

Optimum structural design is the process of determining 

the best configuration ( f(5dms and proportions} over other 

possible choices which are acceptable under the applicable 

constraints (limitations & restrictions). Forn is the shape 

and relative arrangements of the component elements while 

proportions are the size of components.(l)* Proportions are 

also called "design variables".( 2 ) 

Leonard Spunt in Optimum Structural Design, (l) derived 

the optimum desi gn process into five major steps as following: 

Phase 1- Recoe::nition of Environments 

The loads acting on the structure and the purpose of 

the structure must be li:nm·m since these limit the shape of 

the structure. For the beam-columns, the factors which are 
n 

of enviromental concern are: 
/\ 

P, load on the structure 
Ct, 

e , e s ntrici ty of the load lvhich causes moment on beam-column 

L, length of span 

c, factor which depends on end conditions 

*Numbers in parenthesis indicate reference cite§ . 
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Fig. B.l 

These factors are called environment factors (Es)• 

Phase 2- Establish8 ent of Criteria 

viii 

The goal in optimizing such as minimum weight or 

minimum area is represented by a function. This funtion 

is called "merit function".(l) For example in designing a 

minimum cross section area of a circular tube colunm, 

the m~rit function is: 

A = nDt --------* 
where 

A is cross section area 

D is diruneter of tube 

t is thickness of wall 

This function is also called "objective function". 
(2) 



Phase 3- Specification of Form 
r 

ix 

Th ~e is no analytical procedure to optimize the forms 

of the structures. The forms of the structure have to be 

predicted by experience. Each form should be optimized and 

the results compared. 

When the form has been specified, the system variables 

are defined. There are three types of system variables: 

Sp proportion variables 

s0 orientation variables 

S material variables 
m 

See Figure B.2 tI!~ A ~ 

@ Cr t 
1 - 1 2 - 2 

Subsystem 

G) 

G) {~! = A 

== E1, Syl 

/ 

rs = D, t 0 lsp = F2' s ,m y2 
Subsystem 

® 
- ··-· / 

I 

rl 1 SO = 0 21 

Fig. B.2 



Phase~- Reco~nition of Constraints 

Since it is required to find the minimum area of a 

given section, the question is; wh.at is the /edlst are.a that 

~c.an /)e used? The answer is; when i t does not fail .and it 

X 

satisfies the geometric requirements. 

be classified as two types. 

The constraints can 

a. Failure Constraints 

These constraints are the limitations and restrictions that 

prevent the structure from excessive stressing arid deflection 

and buckling,. 

For example: 

Where , 

SA is 

s is y 

d is 

design 

yield 

Sy 
nE 2 (cL/r) 

O.OOlL 

stress 

strength 

deflection 

b. Geometric Constraints 

--------* 
--------* 
--------* 

of material 

These are the requirements on the size of the structure 

depending on its proposed use. 

For exanple: 

diameter, ' D 6 12 11 

thickness, t ~ 1/2 II 
e 
hight, H ~ 2lt II 

/\ 



Phase 5- Optimization 

The techniques of optimization can be classified 

broadly as analytical and numerical. 

Numerical Methods 

xi 

These methods employ the concept of mathematical 

programming and the use of systematic numerical algorithms. 

The work that will be presented here employs only analytical 

methods. 

Analytical Methods 
(),/ 

An analytical metho~s employs algebraic techniques and 

the following: 

a. Slack Variable 

Slack variables are the parameters which are less than 

or equal to unity ( {fs 1). By employing slack variables, 

the failure constraints which are written in inequality 

forms can be changed to equality equations and the nature 

of inequality still remains. 

For example: 

SA 6 s --------* y 

SA = 'fySy --------* 
where 

't'y ~ 1 

It will be seen that these two equations are the same. 
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SMD) 

as follow: 

failure modes which 

neously under the action 

ints cannot be explicitly 

to tbe difficulty in 

e to optimize by 

technique. 
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Des.Lgri Space 

Design space is not a part of analytical methods, but 

it is a tool that assists in understanding the teclmiques 

used in optimization. Then-dimension space represents all 

possible design points, and the failure constraints can be 

visualized as a hypersurface
1 

which divide the design space 

into acceptable and unacceptable regions. Another type of 

hypersurface is the family of constant value contours of 

the merit function. (see Figure B.3) 

Point 

Fig. B.3 

The unacceptable regions are crosshatched in Figure B.3 

and where 

D1 , D2 , are design variables. 

FC 1 , FC 2 , are failure constraints. 

Mis a merit function, shown by dashed curves for each 

constant value. 
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INTTIODUC'l'I ON 

Most of the engineering structures today use trial 

and error procedure in their design project. Time saving 

economic designs have been a long desired goal. The best 

economical design .that satisfies all the limitations without 

a lengthy trial process is desired by nesigners. This is the 

way that optimum design aspect arises. With the aid of the 

electrical computer, the problem of designing for an optimum 

state has become possible. 

In recent years, the modern techntque, which employs the 

concept of mathematical programming, has been developed by 

the structural engineer. This technique of optimization is 

called the numerical technique. Some engineers are still 

looking for techniques that do not have to employ mathematical 

programming as they expect that it might be easier. Leonard 

Spunt(l) has derived the equations for optimum design for 

beams and columns by using analytical methods. The backgrocfund 

of this work has been taken from his boo!{, "Optimum Structural 

Design" and extended to beam-columns. 

The work that is presented here derives the equations 

that determtne the best proportions for the specific form 

of beam-column. With these :proportions, the beam-column 

will be tirf designed optirnumly. 
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The shapes of the cross-sections of the beam-columns 

which will be considered in this study are as follo-ws: 

1. Thin Circular Tube 

2. H - Section 

:;. Thin Rectangular Tube 

Only uniform cross sections ·will be considered. 



CHAPTER I 

CIRCULAR TUBE SECTION 

r-a D 
p p 

0-t 1 ·1 e_L 
I L +-----·--

a a - a. 

Fig. 1.1 

For thin ·wall circular tube section shmm in Figure 1.1 . 
' 

A = TIDt --------(1.1) 

I 1TD3t --------(1.2) = ~ 
2 I r = X 

D2 
--------(1.3) = 8 

M = Pe --------(1.4) 

Mc p 
SA = r + X 

4Pe + DP --------(1.5) = 
rrD

2
t 
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The phases of optimum design applied to the circular tube 

are as fol lmvs; 

Recognition of environment; The following is applicable 

= --------* 

Establishment of .criteria; Since it is desired to optimize 

the area of cross-section, the merit function is given by 

A = rrDt --------* 
Specification of form; For the circular tu.be section considered 

here; 

s 
m 

= 

= 

--------* 

--------* 

Recognition of constraints; Only failure constraints will 

be considered here. These constraints will prevent the 

structure from over stress and buckling. 

FC 1 , design stress can not be more than yield strength; 

SA :!: Sy --------* 
FC 2 ' 

from Euler Buckling formula; ( 1 )( 4 ) 

:!: 
n 2E 

SA 
(cL/r) 2 

!: n2ED2 
--------* 8c2L2 
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FC
3

, local buckling;(l)( 4 ) 

KE(t/D) --------* 
where 

FCi are failure constraints 

c is factor which depends on end conditions 

K is buckling coefficient 

For optimization, the failure constraints are rewritten into 

equality equations by employing slack variables. 

where 

where 

where 

FC1 ' SA = 'fySy --------(1.6) 

'fy 6 1 

FC2 

'f'E1T2ED2 

' SA = 
8c2L2 --------(1.7) 

'fE 6 1 

FC
3 ' SA = tyLKE( t/D) --------(1.8) 

'fL 6 1 

It is impossible to optimize the cross-section area 
of 

directly because the difficulty in algebraic techniques. 
I\ . 

Indirect method is presented here by optimizing the design 

stress. 

Ma.~imnm. 



By equating Equations (1.6) and (1.7); 

= 

= 

D = 

YETT2ED2 

8c2L2 

By equating Equation (1.6) and (1.8); 

= 'tf,KE(t/D) 

t = 

4 

--------(1.10) 

Substituting the value of D from equation (1.9) into Equation 

(1.10); 
sq; s ½ '!'ysv 

t = o/y}ill (· i Y) 
EE 

By equating Equations (1.6) and (1.5); 

= 
4Pe + DP 

TTD2 t 

cL --(1.11) :n 

--------(1.12) 

Substituting the values oft and D from Equation (1.11) and 

(1.9) into Equation (1.12); 



.!. 
sis 2 cL 4Pe + ( y Y) 

TT 
p 

lf'EE 

4ysy = 
TI8 fysyc

2
L 

2 (St•y} jysy cL -2 '-!£KE E TT 
\fE'TT E 

'ly7/2 
4Pe'f?. 3/2n-24; KE5/2 ~ i~ lfi E2KP E L y EL = -

8372·c3L3s 7/2 + 
8s 3c2L2 

y y 

Since there are two proportional variables, t and D, 

only two failure constraints can occur siiiul taneously. 

Letting FC 2 and FC
3 

be the failure constraints that will 

occur simultaneously; 

= 1 --------(1.14) 

Substituting the values of 'ffu and ':t'L from Equation (1.14) 

into Equation (1.13) and rearranging; 

5 

(1.13) 

= 0 ------(1.15) 

For a simply supported beam-column; 

C 

From Timoshenko·( 4 ) 
' 

K 

= 1 

= 0.4 



Using AISI 1025 steel; 

E = 

= 

30 X 106 psi. 

36,000 psi. 

Substituting these values into Equation (1.15); 

6 

= 0 ----(1.16) 

Solutions of Equation (1.16} were obtained by running the 

computer programs (see Appendix A)~ For t = 1 , the y 

relation between P/L
2 

and e/L :iis shown in Figure 1.2 

Figure 1. 3 • The relation between w and 1y P/L
2 

for e/L 

and 

equal to o.oo , 0.01 . , 0.05 and 0.10 . are shown in Figure 1.4 • 



24 

20 

e/L 

16 

12 

8 

4 

5 

Figure 1.2 

Range P/L2 

10 15 20 25 30 

P/L2 lbs/in2 i 10-2 

e/L & P /L 2 Relaticnshi p · for • o/. = 1 y 

7 

28t13. /1_ry ..... ..... -:, 



4 

e/L 

3 

2 

1 

2 

Figure 1.3 

8 

Range P/L2 o.ooos-0.01 

-
4 6 8 10 

P/L 2 lbs/in2xio-3 

e/L & P/L2 Relationship :; for,k = 1 y 



1.0 

0.8 

o.6 

'Vy 

~-

~-- e/L = "· ' 

,_ 

,,""-" 
. "' ',,_ ~ 

-,. ' '·,, -'-., 

' ' ' ' ' 

o.oo 

= 0.01 

= 0.05 
0.4 ',",, ____________ ---- = 0.10 

0.2 
I I 

I ' 

I-

0 4 8 12 16 20 24 28 32 

P/L2 
/ 2 -2 lbs in x 10 

~ 

Figure 1. Li P/L
2 

& ty Relationship '--0 



2 Locating point (P/L , e/L) on Figure 1.2 or Figure 

1.3 it can be seen that there are three possible values 
J ~ e, 
-----of t ' 
ie, 

1. 'K y < 1 

2. lfy = 1 

3. q,y > 1 

1. For t!y < 1 

Reading the value of 'fy from Figure 1.4 

From Equation (1.9) and letting ~ = 1; 

= 
L 
Ti' --------(1.17) 

From Equation (1.10) and letting 'fL = 1; 

--------(1.18) 

2. For 'fy = 1 

Equation (1.17) und (1.18) can be used to find Dopt 

and topt 

3. For ,t, > 1 
'!y 

- Since 'l;r mnst be less than or. equal to unity. 

10 
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Letting 'Yy = 1 --------* 
Therefore, the values of q,E and -q,L cannot be equal to 

unity at the same time because there are only two proportional 

variables { D & t ). 

Letting '}'L = I 

Since 'Py= 1, from Equation (1.6) 

= 

From Equation (1.8); 

s = KE(t/D) y 

From Equation (1.5); 

Sy 
4Pe + DP 

= 
1TD2t 

--------* 

--------* 

--------(1.19) 

--------(1.20) 

Solving Equations {1.19) and (1.20) for Dopt and topt. 

R.esul t of these two equations were obtained by running 

the computer programs (see Appendix A) and shown in Figure 1.5 • 

Note: In this case, if q.,E = 1 , the optimum solution wi 11 

not be obtained. 



12 

20 

16 

e = 1 11 --------~ 

12 : 5 II ---------~, 

p 

8 

4 

0 2 4 6 8 10 

D in inches. 

Figure 1.5 Result of Equations (1.19) & (1.20) 
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Example 1.1 Design a simply supported circular tube beam

column for the following environment factors and material 

variables : 

p = 1000 lbs. 

L = 100 inches 

e = 1 inch 

Sy = 36,000 lbs./in; 

E = 30 X 106 lbs./in; 

Fig. 1.6 

Solution 

e/L = 0.01 --------* 
P/L2 

= 0.1 lbs./in; --------* 
From Figure 1.2; 

ty < 1 

From Figure 1.4; 

'Yy = 0.892 



From Equation (1.17); 

= 

= 

From Equation (1.18); 

= 

= 

.!. 
( 8 X 0.892 X 36,000 ) 2 

30 X 106 
100 -

2.95 inches 

0.892 X 36,000 

0.4 X 30 X 106 

0.008 inches 

X 

3.14 

--------* 

2.95 

--------* 

Results of this example are shown in design space in 

Figure 1.7. 

14 



in.x 10 -2 

5 

4 

t 

3 

' 2 

1 

0 

\ 

\ 

,--( 2) 

1 

Figure 1.7 

\ 
V 

\. 
\. 

tfy = 0.892 

FC 2 D ~ 2.95 

FC
3 t/D ~ 0.0027 

10 40 = 321 -+ 
-rrn2t TIDt 

r-Area 
I 

I 

/ / 

// Ill // 
/ 

I ,II , ,I 
I I / 

I 

/ 
·' 

/ 
/ 

= 

= 

• • • • • ( 1 ) 

••••• ( 2) 

••••• ( 3) 

0.111 in7 

0.074 in; 

0,055 in: 

15 

, 1 0ptimum design point 

. , 

·, ( ' ' '" .... 

I 

' ' '~, I 

' --~ ...._ I ' . 
...... 

'~-- -C - - >:--;,=-;_: 

2 3 4 Din inches 

Design space of Rxample 1.1, unacceptable 

regions are shown crossha tched. 



Example 1.2 Design a simply supported circular beam-

column for the following environment factors and material 

variables: 

P = 1000 lbs. 

L = 100 inches 

e = 5 inches 

Sy = 36,000 lbs./in: 

E = 30 X 106 lbs./in; 

y D 

~ I o~ t ,t 
---L --- 1 

Fig. 1.8 

Solution 

e/L = 0.05 --------* 
P/L2 

= 0.1 lbs./in; --------* 
From Figure 1.2 . 

' 

o/y > 1 

Use 't'y = 1 

16 



From Figure 1.5; 

= 4.15 inches --------* 

From Equation (1.19) ; 

= 0.0125 inches ~-------* 

Results of this example are shown in design space in 

Figure ( 1. 9) • 

As mentioned before, if 'YEx = 1, the point P' will 

17 

be obtained (see Fig. 1.9) as the design point which is not 

the optimum design point. 

The contraints that intersect at the optimum design point 

are called "active constraints 11 !3 ) The other constraints are 

called "passive constraints". 

In Fig. 1.9 FC
3 

is an active constraint and FC 2 is a 

passive constraint. FC1 is also an active constraint since 

'k = 1 • y 



in. 

t 
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. 
♦ 1 \fy = 

FC1 SA = 36,000 lb /· 2 ·: s. in. • • • • • ( 1 ) 

FC 2 D = 3.12 in. ••••• ( 2) 

FC
3 

t/D = 0.003 ••••• ( 3) 

1 20 = 36 ••••• ( 4) +-- C) 

iTDt 

X 10 -2 

5 

4 

3 

2 

1 

0 1 

Figure 1.9 

'ITD"'t 

:: 

= 0.163 . 2 in. 

= 0.126 in: 

......___ 

( 3 )----

2 3 5 
Din inches 

Design space of .Example 1.2, unacceptable 

regions are shown crosshatched. 



CHAPTER II 

H - SECTION 

t 
I 

I 

-a k t 2 
., 

p p - {---

e I 
I 

-F- h I 
I t r -· -··------- .J__ L L _a I 

I 
Y-- - f I k 1h 

Fig. 2.1 a - a 

For the H shaped beam-column shown in Figure 2.1 ; 

= 

= 

A = 

= 

= 

th3 
12 + 

th3 
12 ( 

2k2 t 

12' 

th3 
12 ( 

Ixx 
--r 

2lr1hk2 t (i) 2 

1+6k1k 2 ) 

( k
1

h )3 

2k~k2 ) 

th3 ( 1+6k1k 2 ) 

12 th(1+2k1Jr2 ) 

----------*· 

----------~-

----------* 

19 

- X 



h2 (1+6k1k 2 ) 
= -- -----------* 12 (1+2k1k 2 ) 

2 I 
ry = _xx 

A 

th3 (2kik2 ) 
= 

12 th(1+2k1k 2 ) 

h2 3 }{:1k2 -----------* = 
6 {1+2k1k 2 ) 

-----------* 

M = P.e -----------* 

The failure constraints applied to the H-section 

shown in Figure 2.1 as foliows : 

local buck~_ng in flange; ( 1 )( I.I:) 

" 

20 

= 'fLf --~------(2.1) 



where 

where 

where 

sA is design stress 

sLf is local buckling failure stress in flange 

k
1

, Ic
2

, t and h are proportional variables shown in 

Figure 2.1 

'tit is slack variable 

FC
2

, local buckling in web; ( 4 ) ( 5) 

~ kp E ( t/h ) 2 

21 

tb kp E ( t/h ) 2 
'!Lw· -----------(2.2) 

s~i is local buckling failure stress in web 

is ~uckling coefficient 

ax:1. s • ( 1 ) (l!) Euler buckling in bending , 

SEx 

~ 2E h 2 (1+6k1k 2 ) 

c 2L2 12 (1+2k1k 2 ) 

sEx is lmclrling stress in bending a.·•ds 

c is factor which depends on end conditions 



where 

22 

. . ( 1) ( lJ: ) 
Euler buckling in lateral direction; ' 

SA1 ~ sEy 

1T2E h2 ktlc2 
6 ---·------ ( 2. 4) 

c2L2 (1+2k1k 2 ) 6 

sA1 is compressive stress due to axial load only 

sEy is buckling stress in lateral direction 

Fc5 , design stress can not be more than yield strength; 

= ---------(2.5) 

? -~ For linear materials in which the applied stress is not 

more than yield strength. The formula for combined axial 

and bending stress is; 

= 

P M.c 
A + Ixx 

p 6 Pe 
+ ----(2.6) 

Using the same procedure used in Chapter I, the method 

proceeds indirectly by optimizing the design stress. 



By equating Equations (2.1) and (2.2); 

4t k E(t/h)
2 k 2t 2 

= t.yLf 0.358 E ( k1h/2 ) w p 

Letting \fLw = lfLf by S .H. D. 

k 1 
2 

k2 = kl ( rn ) 

By equating Equations(2.5) and (2.6); 

= 

Multiplying Equation (2.2) by Equation (2.3); 

s2 
A = 

23 

---------(2.7) 

--------(2.8) 

(1+6k1k 2 ) 

(1+2k1k2 ) 
--(2.9) 

Substituting the value of sA from Equation (2.5) int6 Equation 

(2.9); 

· 2 2 
t2112E2 ( 1+6k1~r2 ) 

q;ysy = 'f'Lw o/Ex k 
12c2L2 p (1+2k1k2 ) 

t2 12c
2

L 
2

q,;s~ (1+2k1k2 ) 
= o/i ~ 1 TI

2
E

2 (1+6k1k2 ) Lw Ex<:p · 



t = 

By equating Equations (2.3) 

TT
2E 

4ysy = 4'Ex: 
0

2L ~ 

.!. 1-_ _1_ 

f 2 s 2 12 2 cL 
h yy = _.t _J._ 

Y,~~ TIE 2 

Ex 

.!. 

( 1+2k1Jc 2 ) 
2 

----~ ------(2.10) 
{1+6k1k

2
):i 

and (2.5); 

h2 (1+6k1k 2 ) 

12 (1+2k1k 2 ) 

1 

(1+2k k r2 
l 2 

---------(2.11) 1 
( 1+6k

1 
k

2 
)-2 

Substituting the values oft and h from Equations (2.10) 

and (2.11) into Equation (2.8) ; 

~ s = y y 
p 

6Pe +-----------------------
( 1+2Ic1k 2 )"½ fvSv 12c2L2 ( 1+2k1 k 2 ) 
----1--------- ---- (L+6k1k 2 ) 
(1+6lc1 Jc2 ) 2 q,Ex n 2 E {1+6k1k 2 ) 
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Simplifying the above equation and letting 'l'Lw = 4'Ex = 1 

and for the simple support end condition, c = 1. Thus; 

p 
i2 = 

---------(2.12) 

From Equation (2.12) and letting fy = 1 ; 

p 123/ 2 s 3 (1+2k k )2 
y 1 2 

i2 = 

----------(2.13) 

From BUCICT.,ING STRENGTH of METAL STRUCTURES by Bleich:( 5 ) 

e/L = o.oo, kp = 3.62 

e/L = 0.01, kp = 5.47 

e/L = 0.05, kp = 7.54 
Approximate Values 

e/L = 0.10, kp = 10.30 

e/L > 0.10, k = 21.7 p 
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F'rom Equation (2.7) . 
' 1 

k2 = kl ( kp/1. 511 ) "8" -----* 
e/L = o.oo, k2 = 1.53 kl 

e/L = 0.01, k2 = 1.89 kl 

e/L = 0.05, k2 = 2.22 kl 

e/L = 0.10, k2 = 2.59 kl 

c/L > 0.10, k2 = 3.76 kl 

Using AISI 1025 steel; 

E = 30 X 106 psi. 

= 36,000 psi. 

Substituting the above values into Equation (2.13), the 

relation between P /L 
2 

and Ir1 are shmm in Figures 2. 2 - 2 e 6 

for each value of e/L. (see computer program in Appendix A) 

The next step is to check whether FC 4 is satisfied or not. 

From Equation (2.4); 

p 
= 

Tr2E h2 1 3 k<> (1 
~ky 

..., 

212, 6 (1+2k1k 2 ) C J 

p = o/Ey n2~ th3 3 --------.( 2. ]_l1) 
~ k1k2 
CL"' 6 
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Substituting the values oft and h from Equations (2.10) 

and (2.11) into Equation (2~14) and simplifying : 

p 

i} 

') 

(1+2k1k 2 )-kik2 

(1+6k1k 2 ) 2 ---(2.15) 

From Equation (2. 15) and letting 4J .... w = 'fEx = 'fEy = 1 and for 

the simple support end condition, c = 1. Thu8; 

p 

~ 
= 

From Equation (2.16) and ·with 4'y = l 

p 
-:! 
L 

= 
21:1 s 5/ 2 

y 

------(2.16) 

------(2.17) 

Equation (2.17) is satisfied for FC 1 , FC 2 , FC
3

, FC4 , and FC 5 , 

but it is not satisfied for Equation (2.8). The relation 

between P/L2 and k 1 of Equation (2.17) are shown in Figures 

2.2 - 2.6. The computer pro gram is shown in Appendix A. 

Since Ixx: .::. I yy 

1 + 6k1k 2 
~ 2k3k 1 2 

_ , _______ -)i.!. _ 



28 

For e/L = o.oo 

1 2 .:::. 4 
+ 9.18k1 3.06k1 

k1 6 1.77 --------* 
For e/L = 0.01 . 

' 
1 2 

+ 11.34k1 ~ 
4 3.72k1 

k1 6 1.7lJ:. 
________ -¼'· 

For e/L = 0.05 

1 + 13.32ki ~ 1.1. ql1lri 

k1 6 1. 711: --------* 
For e/L = 0.10 

1. + 15. 5l1ki ::! 5.18ki 

ki 6 1.74 --------* 
For e/L = 0.20 . 

' 
. () l.1 

1 + 22.,56k1 ~ 7.52k1 

ki !: 1.74 --------~-
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lbs./in~ 

5 e/L = 0.00 

I 4 ·+-
l 

P/L2 

3 

2 

. 1 

0 

I 

Eq. ( 2 , 13 ) - , 

,, 
' 

. ~ 

- - --~ -----
0 • l-1 0. 8. 4 

k . 
1 

Eq. 

-, 0 
I 
I 
I 
I 
I 
I\_ 

= I I Ixx yy 

I 
I 
I 
I 

(2.17) 
I 

Fig. 2.2 Point O is ~he only design point when sA= sy, 

region which violat e s Fc 4 is s hown by · 

crossha tching . 
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lbs./in~ 

e/L = 0.01 

2.5 

2.0 Eq. (2.22) -

1.0 

~ 
(2.17) 

0 0.4 o.s 1.2 1.6 2.0 

k1 

Fig. 2.3 Curve on is design curve when SA ::: Sy • 



lbs./in~ 

e/L = 0.05 
1.0 

R 

,,-- Eq. ( 2. 22) 

0.4 

0.2 (2.13) 

---
0 0.11 0.8 1.2 1.6 2.0 

k1 

Fig. 2. 11 Curve OR is design curve when SA = Sy • 
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lbs./in. 

o.s 

0.4 

0.3 

0.2 

0 

R 

e/L = 0.10 

- E<1. (2.22) 

-- Eq. ( 2 • 1 7 ) 

(2.13) 

---
o.s 1.2 1.6 

Fig . 2 .. 5 Curve OR is desi gn curv_e when s A = sy • 

32 

2.0 
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lbs./in~ 

.25 R e/L = 0.20 

Eq. (2. 22) 

.20 

.15 - Eq. (2.17) 

.10 / 

.05 ~Eq, (2,13) 

0 o.4 o.s 1.2 1.6 2.0 

. k1 " 

F'ig,. 2.6 Curve OR is design curve when SA = s • y 
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In Figure 2.2, point O is the only design point and 

hence, k 1 equal to 1.77 , because in this case, e is equal 

to zero (there is no bending moment) and Ixx must equal I • yy 

From graphs of Equation (2.13) and Equation (2.17) 

shown in Figure 2.3 to Figure 2.6 r:Phe optimum design 

stress can be classified into two cases as follmv: 

1. sA = sy, when load is large (P/L2 above point 0 

shmm j_n the figures). 

2. sA < sy, when load is small (P/L2 below point 0 

shown in the figures). 

1. 

In this case FC 3 can not be active constraint because 

it will not provide the optimum cross section area (the 

proof will be shown in Chapter IV). Therefore, FC 1 , FC2 

and FC4 are active constraints. FC
5 

is also active constraint 

since optimum design stressed equal to yield strength. Thus; 

o/JA = 'r'vw = lf'Ey = 'r'y = 1 ------* 

From Equation (2.2) and letting 4'Lw = 1 . 
' 

s = kpE(t/11) 2 
·Y 

1 

t = ( sy/JrPE) :Yh --------(2.18) 



From E'quation ( 2 .14) and letting 'i{E = 1. and for simple Jy 

support end condition, c = 1. Thus; 
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p = --------- ( 2. 19) · 

Substituting value oft from Equation (2.18) into Equation 

(2.19) and rearranging; 

6PL2k½ 
= p 

h = ----------(2.20) 

Substituting value of h from Equation (2.20) into Equation 

(2.18) ; 
1 

t = ) 4 ------(2.21) 

Substituting values oft and h from Equations (2.20) and 

(2.21) into Equation (2.6) and simplifying; 

= 
6¼(P/L2)¼(e/L)ki/BE?/BTI3/zk~/4k~/4 

s~/8 (t+6k1k 2 ) 

____ .:., ____ (2.22) 

The relation between P/L2 and. k 1 in Eq_uatjon (2.22) was o'btained 

by writing a computer program and are shm·m in Figure 2. 3 to 

Figure 2.6. For designing, the relation between P/L2 nnd 

k 1 of Equation (2.22) is plotted in more accurate scale 

shmm in F'igure 2. 7 to Figure 2e 10 • 



lbs./in~ 

2. 5 . _ e/L = 0.01 

1.3 

t. 0 .____ ___ -+-------+-------+------------+--

• 78 .88 .98 1.08 1.,18 1.28 

Fig. 2.7 Relation between P/L2 and k1 in Equation (2.22) 

,,,hen SA = Sy • 
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2.5 e/L::: 0.05 

2.1 

P/L2 

1.7 

1.3 

0.9 

0.5 

0,1 

.4 .5 .7 .8 

Pig. 2.8 Relation betw·een P/IP and k
1 

in Equation (2.22) 



lbs.(i.n~ 

.6 

.5 

.4 

.1 

0 

.35 

38 

e/L:: 0.10 

.45 .50 .55 .60 

Fig. 2.9 Relation between P/L2 and k 1 in Equation (2.22) 

when SA= Sy,, 
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lbs./in7 

.6 

.5 

.3 

.1 

0 

• 20 2
, • 

• :J 

e/L = 0.20 

.40 .45 

Fig. 2.10 Rel a tion between P/L2 and k
1 

in Equation (2.22) 

when sA::: sy. 



From Equation (2.20) ; 

---------* 

From Equation (2.21) ; 

---------* 

In this case Fc5 is passive constraint since optimum 

design stressed less than yield strength. Thus ; 

= = 1 ------* 

Subs ti tu ting sA = q.; s into Equation ( 2 .12) and Equc:i,tion yy 

(2.16) and then equating; 

123/ 2s1 {1+2k1k 2 ) 2 

--·--------~ -----------

Simplifying the above equation 

= --~------~ ( 2. 23) 
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The relation between sA and 1.:1 ·in Equation (2.23) is shown 

in Figure 2.11. Substituting the values of sA and k1from 

Equation (2.23) into Equation (2.12), or Equation (2.16), 

can yield the relationship between P/L2 , sA, and k1 • 
C) 

The relation between P/L'"" and sA is shmm in Figures 

2.12 and 2.13. The relation between P/L2 and k1 is shmm 

in Figure 2.14 to Figure 2.17. 

From Equation (2.10) . 
' 

1 1 

topt 
122 LsA ( 1+2Jrtlc2 f

2 

= 
J__ 1 

kp TIE ( 1+6Ic
1 

k
2 
ril 

-----------(2.24) 

From Equation (2.11) . 
' 

.1. 1 1 
12 2 s2L (1+2k1k 2 ) 2 

h A 
opt == 

.1. 1 
1TE2 ( 1+6k1k 2 f

2 

-----------(2.25) 



lbs./in~ x 103 

tsA 

32 
I 

<:>l• - "' + 

SA I 

16 

8 

0 0.2 

, 
Fig~ 2.11 

- s = 36,ooo psi. y . 

i I 

( I "' 
I 

""' 

0. '* o.6 

I 
c/L = 

= 0.05 
I 
I = 0.10 

= 0.20 

o.s 1.0 
kl 

Relation between sA an~ k1 in Equation (2.19) 

1.2 

• .::-
~ 



lbs.fin; x ]03 

32 ' 

SA 

24 

16 

8 

0 0.2 

/ 

\ 
\ 

.-- - SA 
I 
! 

'\ 

0 • l-1 

s y 36,000 pgi~ 

e/L = 0.01 

= 0805 

o.6 o.s 

P/L2 in lbs./in7 

1.0 1.2 

<) 

Fig. 2.12 Relation between P/L .... and Optimum Design Stress. .i::-
1..J;i 



2 3 lbs./;in. x 10 

32 I 
SA 

24 

16 

s -.I 

~ 

I I 

0 2 

Fig. 2~13 

,---SA 

i 
:::: ~ -~y - 36,000 psi. 

e/L = 0.10 

= 0.20 

4 6 8 10 

P/L2 in lbs./in~ ..... , ,,.-2 
.,,... .LV 

Relation bet,-reen P /L 2 and Optimum Design Stress. 

~ 
~ 



1.0 

0.8 

P/L2 

o.6 

0.4 

o.o 
V 1.00 

I 

e/L = 0.01 

1.06 1.12 1.18 1.24 J.30 

/ 
2 Relation between -PL and k 1 when Optimum 

Design Stress less than Yield Strength. 



46 

2 -2 lbs./·.n. x 10 

15 

12 e/L = 0.05 

9 

6 

3 . 

0 

0.60 o.6s 0.76 o.so 

Fig. 2.15 
() 

Relation between P/L,., and k1 when Optimum 

Design Stress less than Yield Strength. 
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I -3 lbs. ·n. 

60 

48 

e/L = 0.10 

24 

12 

0 

0.38 0 • 112 0.50 0.54 0.58 

Fig. 2 .16 
9 

Relation between P/L- and k 1 ,vhen Optimum 

Design Stress less than Yield Strength. 
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lb / . 2 ~ 10-3 S • 1n • X 

20 

16 

e/L = 0.20 

12 

8 

4 

--0 b:::======+=------+-----+-----l-------+-----

0.30 

Fig. 2 ~ 1 7 

0.32 0.38 

Relation between P/L2 and k 1 when Op~imum 

Desi gn Stress less than Yield Strength. 
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. _!..~ample· 2. 1 Design a simply supported II-section beam-column as 

shmm in Figure 2.18 for the following environment factors 

and material variables: 

p = 15,000 lbs. 

e = 1 in. 

L = 100 in. 

E = 30 X 106 psi. 

s = 36,000 psi. y y 

r---a 
p 

-i 
h 

t 
L 

a 

Fig. 2.18 
Solution 

e/L :: 0.01 

P/L2 = 

Since the value of P/L2 is above point 0 in Figure 2.3; 

then SA= s • y 

From Figure 2.7 

lei = :1.04 

k2 = 1.89k1 

= 1.96 
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From Equation (2.20) 

= ( 6x15000 )¼( 5.47 6 )1/8(100 )½ 1 
-~ 36000x30x10 · 3. 1z1 1. 04JJ'1; 

= 3.1 in. 

: From Equation (2.21) ; 

t = opt 

S 1 

( lcp~ f 2 
hopt 

= ( 36000 & )½ X 3.i 
5.47x30x10 

= 0.046 in. 

Check 

From Equation (2.6); 

= 
15000 90000 
o-:-7 2'"5' + (. 046) ( 3. 1) 2 ( 1+6x1. 04x1. 96) 

= 20600 + 15400 

36000 psi. -------------0.K. 
From Equation (2.3) . 

' 
.. · .. 
9Ex = 

2 6 2 
3 • 111: X '")Ox 10 X 3 .J:....x: .!_3 • ~ 

'.1-0000 12 - s":o7 

= 61500 psi. 36000 ~~ psi. --------0. I{. 
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From Equation (2.4) 

= 20600 psi. 

= P/A ----------0.K. 

From Equation (2.1) ; 

= 

A = 

= 

From Figure 4.2: 

A/L2 = 

A = 

36000 psi. ----------0. I{. 

.046 x 3.1 (1+2x1.04x1.96) 

0.725 . 2 in. 

-4 0.725 X 10 

0.725 in7 

------------* 

----------0.K. 
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Example 2.2 Design a simply supported I-I-section beam-colunm as 

Solution 

From Figure 

From Figure 

From Figure 

shm·m in Figure 2 .18 for the follmving environment 

factors and material variables 

p = 1000 lbs. 

e = 5 in. 

L = 100 in. 

E = 30 X 106 psi .• 

s = 36000 psi. y 

e/L = 0.05 

P/L2 
= 0.1 lbs./in: 

2 • l:1 . 
' 

SA s y 

2.12 . 
' 

s ft = 31300 psi. 
'opt 

2.15 . 
' 

k1 = 0.73 

k2 = 2.22 k1 

= 1.61 

From Equation (2.24) 
1 1 

12~ X 100 X 31300 L i + 2x. 73~::1. 61 )2 
-• l 

( 1 + 6x.73X 1.6j)~ 

= 0.027 in. -----------* 
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From Equation (2.25) ; 

h t :: op 

= 

Check 

= 

From Fi-gure 

A/L2 
= 

A = 

4.3 

1 6 1 ( 12 X 313~0 ) 3 X .!QQ X ( 1 + 2 X .73 X 1. 1)3 
30 X 10 3.14 1 ❖ 6 X .73 X 1.61 

2.3 in. ----------* 

0.027 X 2.3 X ( 1 + 2 X 0 73 X 1.61) 

0.208 . 2 
in. ----------* 

. 
' 

0.207 X 10-4 

') 

0.207 in; --------0.K. 



CHAPTER III 

RECTANGULAR SECTION 

y 

p p 

e 1 1,._I _____ +--_____ __. 

I 
L 

I r---kifi---. 

Fig. 3.1 a - a 

For the rectangular shaped beam-column shown in Figure 3.1 ; 

I th3 
( 1 + 3k1k 2 ) = 7> xx ----------* 

I th3 
( 3 

3ki) = 7> klk2 + yy ----------* 

A = 2th ( 1 + klk2) ----------* 

2 h2 ( 1 + 3k1k2 ) 
rx = 12 ( 1 + 1r1k 2 J ----------* 

2 2 ( 3 · 2) 
r = h k 1k 2+ 3k1 y 12 ( 1 + kl~ 

----------* 



Ixx ~ Iyy 

1 + 3k1k 2 
~ 3 3k2 --------* k1lr2+ 1 

M :::: Pe --------* 
The failure constraints applied to the rectRngular 

shaped se~tion shm•m in Figure 3.1 as follows: 

t-there 

FC
1

, local bucking in flange;(l) 

s Lf 

3.62 E ( 
k

2
t 

)2 
Ic

1 
h 

k t 
)2 4'Lf 3.62 E ( 

2 

k
1

h 
--------(3.1) 

sA is design stress 

sLf is local buckling failure stress in flange 

k1 , k 2 , t and hare proportional variahles shown in 

Figure 3. 1 

'ij,f is slaclc variable 

FC
2

, local buckling in wcb;( 4 )(5) 

s 
A 

= 

s Lw 

1 T; k E ( t /h ) 2 
1 Lw p --------(3.2) 

55 
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where · 

where 

where 

sLw· is local buckling failure stress in web 

kp is buckling coefficient 

FC
3

, Euler buckling in bending a..""'i::is; {I-!) (5) 

= 

2 11 E 

c2L2 

( 1+3Ic
1 

Ic
2

) 

( l+lr.1 k 2 ) 

(1+3k1lc2 ) 

(l+k1k 2 ) 

sEx is buckling stress in bending axis 

___ ,;.. ____ (3.3) 

c is factor which depends on end conditions 

FC 
11

, Euler buckling in lateral direction·(l)( 4 ) 
' 

(Ii:ik2+3ki) __ .. , _____ _ 
--------- ( 3 .1¼) 

(l+k1k2 ) 

sAl is compressive stress c1ue to axial load only 

sE is buckling stress in lateral direction 1,y 

Fc
5

, design stress can not be more than yield strength; 
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= ---------(3.5) 

For linear materials which the applied stress in not 

more than yield strength, the formula for combined axial 

and bending stress ts; 

= Mc 

~ 

= 

+ 

3Pe 

p 
X 

---(3.6) 

By the same procedure that has been used previously, 

the procedure proceeds indirectly by optimizing the design 

stress. 

FC1 , FC 2 , Fc 3, and FC 5 are active constraints, since 

there are only 4 proportional variables t, h, k1 , k2 • 

Hence, FC4 is a passive constraints. 

By equating Equations (3.1) and (3.2) ; 

= 

Letting = 

= 

') 

tT.rL k E( t/h )'-' 
11 W p 

tT.rL by S.M.D. 11 W 

k 
k

1 
( __r_ )½ ------:..(3.7) 

3.62 



By equating Equations (3.5) & (3.6); 

3Pe p 

= +-----
2th(1+k1k2) 

Multiplying Equation (3.2) by Equation (3.3); 

= 

From Equation (3.5); 

'f2S2 
k E2n 2 (1+3k1k 2 ) 

= '-k 'ft p y y Lw Ex 12c2L2 (1+ k 1k2 ) 

t2 
12c

2
L 

2'-k2s
2 ( 1+Ic

1
1c2 ) 

' y ;y: = '¥, \fl k 1T2E2 · ( 1+3k1 k 2 ) 
L'w Exp 

1.. 1 

12 2 cL '-f; s (1+ k
1

lc2 ) 2 

t + y = X .£. = 1 

'f-2 ~ k 2 1TE (1+3k1k 2 )2 
Lw Exp 

By equating Equations (3.3) & (3.5); 

= 

h 

n 2E h 2 (1+3k1k 2 ) 
lft - ----

Ex c 2 L2 12 (1+ li:
1

k
2

) 

2 2 
12c L 'ts 
-· YJ 

,r, rr2E 
iEx 

(1+ k 1k 2 ) ---~--
(1+3k1k2) 

1 
(i+ ktlc

2
) :.f 

0

( 1+3k1k 2 )"} 

t2 
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----------(3.8) 

----------(3.9) 

----------(3.10) 

----------(3.11) 

----------(3.12) 
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Substituting the value oft and h from Equations (3.10) and 

(3.12) into Equation (3.s); 

t, s = yy 

3 Pe 

I 1 1 1 
, T ,,.- , L,, ''1T 'f·- ,r7- k- I E Lw Exp 

p 

+ ------------------

Simplifing the above equation and letting \I; '1Lw 

for the simple support end condition, c = 1. Thus; 

1 and 

~![3·\e/1)n3E2 ( 1+3k1k 2.) ½ ( l+k1 k2 ) ½+11 2E3/ 2 ( 1+3k1k 2 hp; s;] 

--------(3.13) 

Letting 4'y in Equation ( 3 .13) be equal to unity; 

2{rn 3 ( l+lc
1 

k
2

) 2 
y 

k! [·f~-(efL)TT3E2 ( 1+3k1 k2 )"fr ( l+k1 k;)·~-+~E3/ 2 ( 1+3lc1 k 2 ) s;] 

--------(3.14) 
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From BUCKLING STRENGrrn df }rnTAL STRUCTURES b Bl i . Y(S) Y · e C 1 ·_ 

e/L = o.oo, kp = 3.62 

e/L = 0.01, kp = 
e/L = 0.05, = 10.30 

7.54 l 
kp 

Approximate Values 
14,10 j e/L = 0.10, kp = 

e/L > 0.10, k = 21.70 p 

From Equation (3.7) . 
' 

k2 = kl ( kp/3.62 )½ -------* 
e/L = o.oo, k2 = kl 

e/L = 0.01, k2 = 1.45 kl 

e/L = 0.05, k2 = 1.71 kl 

e/L = 0.10, k2 = 2.00 lr1 

e/L > 0.10, k2 = 2.49 k 1 

Using AISI 1025 steel 

E = 30 X 106 psi. 

= 36,000 psi. 

Substituting the above value into Equation (3.14), the 

relation bet1veen P/L2 and k 1 is shmm in Figures 3.2 to 

3a6 for each value of e/L. 
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These procedures are the same as in Chapter 2. The 

next step is to check whether FC 4 is satisfied or not. 

From Equation (3.4) ; 

~ 
TT 2E h2 (kfk2+3ki) 

sAl ~ c L 12 (1+Ic1k2 ) 

11 2E h2 
3 9 

p 
4'Ey 

(k1k 2+3k1) 
---(3.15) 

2th(l+k1k 2 ) = V C . 12 (1+k1k2 ) 

where 'fEy ~ 1 

Substituting the values oft and h from Equation (3.10) and 

Equation (3.12) into Equation (3.15); Simplifying the equation, 

letting \f'L,v = ½-k = %y = l , and for the simple support end 

condition, c = 1. Thus; 

p 

L2 
= 

Letting ~r in Equation ( 3 .16) be equal to unity 

p 

L2 
= ---(3.17) 
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As in Chapter 2, Equation (3.17) does not 

satisfied Equation (3.s). The relation between P/L
2 

and 

k 1 of Equation (3.17) is shmm in Figures 3.2 to 3.6 • 

Since Ixx ~ I yy 

1 3k1k 2 
~ 3 3k

2 ------* + klk2 + 1 

For e/L = o.oo . 
' 

1 3k
2 

= 
4 

3ki + 1 Ic1 + 

kl ~ 1 ------* 

For e/L =.,0.01 . 
' 

1 + 
2 

4.35k1 
~ 

11 
l.45k1 + 3k

2 
1 

kl 6 1.18 ------* 

For e/L = o.os . 
' 

2 
= 

4 2 
1 + 5.13k1 l.7lk1 + 3k1 

kl 6 1.26 ------* 

For e/L = 0.10 

6k2 = 2k1
! 2 

1 ... 
1 1 + 3k1 

kl 6 1.32 -------* 

For e/L ·- 0.02 

1 + 
2 7.47k1 • = 11 

2.119k1 + 
2 

3k1 

l{l ~ 1.40 --------* 
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Fig. 3. 2 

\_ 

0.4 
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\ 

e/L = o.oo 

(3.14) 

o.s 1.2 2.0 

Point O is the only deR:ign point ·when s A = 

region which violates FC 1 is shown by_ 
.l 

crosshatching. 
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e/L = 0.01 

(3.14) 

0.4 o.s 1.6 . 2.0 

Curve on is design curve when sA = s • . . y 



0.5 R 

0 • 11 

/ 
P/L

2 

0.3 

0.1 

0 

e/L = 0.05 . 

- Eq. 

Eq. 

o.s 

(3.22) 

(3.17) 

( 3. 111) ------

k 
1 

Curve OR is desi gn curve when s A -- s • y 
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lbs./in:-

e/L = 0.10 

.30 R 

./ 

/ -- Eq. (3.22) 

• 211 
Eq. (3.1.7) 

P/L2 

Eq. ( 3 .14 )---------, 
' 

.18 

• _1.2 

-0 

0 0.4 0.8 
k1 

1.2 1..6 2.0 

Fig . 3~5 Curve on is desi gn curve wh en s == s • A y 
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lbs./in: 

e/L = 0.20 

.12 ~Eq. (3.22) 
R 

/ 

PIL2 
✓--- Eq. (3.1.7) , 

,/ 
/ , 

oq Eq. ( 3 • 11¼) . - \ 
\ 

\ 

.06 

0 0 .11 0.8 k1 1.2 1. 6 2.0 

Fi g. 3.6 Curve OR is design curve when s -- s • A y 



? 
The relation between P/L·- and k 1 shown in Fi gures 3.2 

to 3.6 is similar to Figures 2.2 to 2.6 respectively. 

From these graphs the optimum design stressed can be 

classified into t,rn cases as follow: 

1. SA = 

2. SA< 

1. 

s y 

s y 

s y 

' 

' 

when the value of P/L
2 is alJOVC 

1vhen the value of P/L
2 is below 

point 

point 

In this case if FC4 is passive constraint it will not 

provide the optimum area (The same as in .Chapter II). 

Letting FC 3 be passive constraint; 
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o. 

o. 

= 1 -----* 

From Equation (3.2) and letting 

t = -------(3.18) 

From Equation (3.15) and letting tT, - 1 and for simple 'fEy -

support end condition, c = 1. Thus; 

p -------(3.19) 

Substituting value oft from Equation (3.18) into Equation 

(3.19) and simplifying; 

h 
..;;.; _____ ( 3. 20) 
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Substituting value of h from Equation {3.20) into Equation 

(3.18) 
1 

t = (s /k E)~ ------(3.21) y p . 

Substituting values oft and h from Equations (3.20) and 

(3.21) into Equation (3.6) and simplifying; 

= 
( 2 i 3/4( 3 2)i ~ P/L ) :!E k 1lr2+3k1 =~ 11Jcp 

1 1 

24-2s; {1+k1k2 ) 

3 (P /L 2 y¼ ( e/L) E? /f3 (k Jr +3k ) 3/ 4 TT3/2ki/S p 

<) 

The relation between P/L- and k1 in Equation (3.22) was 

obtained by writing a computer program {See Appendix A) and 

are shmm in Figures 3.3 to 3.6. For designing the relation 

2 between P/L and 1c1 is plotted on more accurate scale shown 

in Figures 3.7 to 3.10. 

From 

-------------* 

From Equation (3.21) ; 

t = opt -------------* 
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lbs,/in~ 

1.7 e/L = 0,01 

1.5 

1. 3 

\ 
1.1 

0.9 

0,5 

.35 ,40 ,50 .55 

Fig. 3, 7 Relation betH·een P/L2and k 1 in Equation (3.22) 

when sA == s • 
H y 
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lbs./in~ 

1.2 e/L = o.05 

1.0 

0.2 

0 

.12 .t4 .16 .18 .20 

Fig. 3.8 nelation between P/L2 and k
1 

in Equation (3.22) 

when sA -- sy • 



2 
lbs./in. 

.5 

"'.3 

.2 

.1 

0 

.11 

72 

e/L:: 0.10 

.12 .13 .15 

() 

Fig. 3.9 Relation between P/L- and k1 in Equation (3.22) 

when sA = s • 
h. y 
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lbs./in~ 

.5 e/L = 0.20 

C) 

P/L'-

.3 

C) ·-

0 

.06 .os .10 

Fig. 3.to Relation bet,rnen P/L2 and k
1 

in Equation (3.22) 

when SA -- Sy • 



2·. s A " Sy 

In this case FC
5 

is passive constrain~ the other 

constraints are active constraints 
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4if = lYvw = 'f'Ex = '!'Ey = 1 ------* 

Substituting SA= lfySy into Equations (3.16) and (3.13) then 

equating 

= -------(3.23) 

Simplifying Equation (3.23) ; 

= 
3(e/L)

2n2E(k1k2+3k:)
2

(1+k1k2 ) __________________ ,_ -------( 3. 2li) 

(1+3k1k 2 )(1+3k1k 2-k~k2-3k~)
2 

The relation between sA and k 1 in Equation (3.24) is shmm 

in Figure 3.11. 



- . 2 3 
lbs./1.n. x 10-

30 

SA 

24 

18 -

12 

6 

0 

I 

- s 
A 

e/L 

=Sy= 36,000 psi. 

= 0.01 
~ 

= 0.05 
,, 

-= 0.10 I 

.5 

Fig. 3.11 Relation between sA and k 1 in Equation (3.24) • 
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Substituting the values of sA and k1 from Equa tion (3.24) 

into Equation (3.13) or Equation (3.16), will yield the 

2 relationship between P /L , s A and k 1 • The relation bet1veen k 1 , 

P/IJ
2 1 . h . F. 3 12 t 3 16 anc sA is s mm 1n i gures • o • • 

From Equation (3.10) 

t = opt 

From Equation (3.12) ; 
.1. 1 

12 j Ls1 
fw 

1TE2 

1 

( 1+k1k 2 r2 

1 

(1+3k1k 2 r~ --------(3.25) 

1 

(1+k
1
k

2
):f 

1 
(1+31{

1
k

2
):T 

--------(3.26) 



lbs./int x 103 

t ' SA= s = 36,000 psi. r-- r-· y 

~ 
32 - · 

SA 

24 

16 e/L = 0.01 

8 +( 

0 0.1 0.2 0.3 0.4 0.5 o.6 
P/L2 in 2'"' lbs. /in_"-

Fig. 3.12 Relation between P/L2 and Optimum Design Stress. -..J 
-..J 

F 



C) 3 Ii - X 10 • 
lbs., n. 36 000 psJ. . :::::;--

s - s ' CA y 

32 

24 

\ 

\ 
16 e/L = 0.05 

= 0.10 

8 

0 0.02 0.04 0.06 0.08 0.10 0.12 

P/L2 in lbs./in~ 

Fig. 3.13 Relation between P/L2 and Optimum Design Stress. 
-...J 
00 



lbs./In~ 

.6 

.5 

.4 

.3 

0 

e/L = 0.01 

.39 .49 .59 

f<'j_g . 3.14 Relation bet,veen P/L2 and k 1 when Optimum 

Design Stress less than Yield Stfength. 
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lbs./in~ 

.125 

.100 

.075 

.050 

.025 

0 

e/L = 0.05 

• :1.2 .14 ,.16 ,.18 .20 

Fig. 3 .15 Relation between P /L2 and k 1 1vh<m Optimum 

Design Stress less than Yielrl Strength. 
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.10 

.os 

.06 

.02 
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. e/L = 0.10 

.10 .11 .12 .13 .14 

Fir-;. 3.,16 Relation between P/L and k when Optimum Design 

Stress less than Yield Strength. 
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Example 3.1 Design a simply supported rectangular tube 

beam-column as shown in Figure 3.1 for the 

following environment factors ann material 

variables 

Solution 

p 

e 

L 

E 

= 

= 

= 

= 

= 

e/L = 

P/L2 = 

From Figure 3.4 ; 

SA 

From Figure 3.13; 

SA 

From Figure 3.15 ; 

= 

= 

= 

1000 lbs. 

5 in. 

100 in. 

30 X 106 psi. 

36000 psi. 

o.o5 

Oo1 lbs./in~ 

32800 psi. 

.215 

= • 368 

From Equation 

t = opt 

_:I,_ 

12 ~LsA 
--:r---
Tik-:! E 

p 

1 
( 1 + le 

1
1{ 

2 
) :r 

1 

(1+3k1k 2 f Y 

82 

= 

· 1 

12 ·,, 32soo 100 1,0 91,- .. ~·o 7 68 -1-c~) - . X . 6 ( ~ - • - °J -'- • .> ) :! 

10.3 3.14x30x10 1+3x.215x.368 

= • 0352 in. 
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From Equation (3.26) ; 
.1. .1. 1 

= 

= 

12 :! Ls J 
A 

( 1+k
1

k
2

) "I!-

1 
{1+3k1k 2 )~ 

(12x32800)"~ 100 (1~-0-!_g).5x0.168r½ 

30x106 3.14 1T3x.215x.368 

= 3.42 in. 

Check 

From Figure 3.1; 

A = 

= 

From Figure 4.2; 

= 

= 

From Equation (3.1) 

= 

= 

= 

2th(1+k
1

Ir2 ) 

2x0.0352x3.42(1+0.215x0.368) 
. 2 
in. 

6 
-11 0.2 0x10 

0.260 in~ 

k2t 2 
3.62E( ir1h ) 

---------0.I<:. 

----------* 

3.62x30x106 (0.368x0.0)~)2 
0. 215x3 .112 

33000 psi. ---------0.K. 
FroN Equation (3.3) and for simple support end condition, 

C =: 1; 

SE _,x 
TT 2E 112 , (1-~2ktk2) 
~ -

L 12 _ (1+k1k 2 ) 

(3.14x3. 112) 2_-:3ox106 

4 ~ 10 x12 

33000 psi. 

----------* 

---------0.K. 
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From E·quation (3.4} and for simple support end condition, 

C = 1 ; 2 2 ( 3 2) n~E h kik2+3k1 -----------* L 2 12 ( 1 + Ir 
1 

k 
2 

) 

= (3.14x3.42) 2
x30xi06 (.2153x.368+Jx.2152) 

104x12 - 1.079 

= 3780 psi. 

P/A -

= 

1000 
.• 262 

3800 psi. ----------0.K. 
From Equation (3.6) ; 

= 3Pe + P 

th2 (1+3k1k 2 ) 2th(1+k1k 2 ) 

= 

= 29200 + 3800 

= 33000 psi. -----------0.K. 



.... 

CHAPTER IV 

COMPARISON OF RESULTS 

Circular Tube Section 

From Figure 1.1; 

.A = TTDt --------(4.1) 

When the optimum design stress is less than the yield 

strength, Dopt and topt are obtained from Equations (1.17) 

and (1.18). 

§_ ( 'fySy )2 
TTK E · --------(4.2) 
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Using the relation between~ and P/L2 from Equation (1.16) 

* as data in running the computer program for Equat1'on ( 4. 2 ), 

the relation between P/L2 and A/L2 were obtained and are 

shown in Figure (4.1) to Figure (4.11). 

When the optimum design stress equals the yield strength, 

Dopt and topt are obtained from Equations (1.19) and (1.20). 

From Equation (1.19) ; 

t = --------(4.3) 

From Equation (1.20) ; 

= ----------* 

* See computer program in Appendix A 
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Substituting the value oft from Equation (4.3) into this 

equation and rearranging; 

11s2 (D/L) 3 

= 
KE(4e/L + D/L) 

---------( lt • 4) 

Substituting the value of t from Equation (4.3) into Equation 
(4.1); 

nsy D2 
A = KE -

A/L2 TIS (D/L) 2 
y 

--------- ( /¼. 5) - KE 

From Equations (4.l!) and (4.5) the relation between P/L2 , 

D/L and A/L2 is obtained by running the computer program. 

'11he relation bet·ween P /IP and A/L2 is shown in Figure ( l1: .1) 

to Figure (4.4) • 

II - Section 

From Figure 2.1 ; 

A = --------- ( l1: • 6) 

1\Then the optimum design stress :ls less than the yield strenght, 

topt and hopt are obtained from Equations (2e2h) and(2.25) • 

Substituting values oft t and h t into Equation (4.6) and op, op 

simplifying; 

(A/L2)opt 
12 s3/ 2 

A 
-r-2 3/2 k :! TT E-" 

p 

(1+2k1k 2 ) 2 

( 1+6k
1 

k
2

) 
-------(4.7) 

Using the relation between P/L2 and 1{
1 

shoi;·m in Figures 2. il1 

to 2.16 as clata in running the computer program for EC?_uation 



( 1.1:.7) the relation bet1veen P/L2 and A/L2 ·were obtained and 

are sho1--m in Figures 4. 1 to 4. Li • 
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When the optimum design stress equals the yield strength, 

t t and h tare obtained from Equations (2.20) and (2.21). op op 

Substituting values of topt and hopt into Equation (4.6) 

~.nd simplifying 

The relation between P/L2 and k1 from Equation (2.22) was use~ 

to obtain* relation between A/L2 and P/L2 in Equation (11.8). 

The results are shmm in Fi~ure 4.1 to Figure 4.4. 

In this case if Fc
3 

is the acttve constraint and FC
1

1: is the 

passive constraint the relation between P/L2 and A/L2 will 

BJ obtained as follo~·:s: 

From Er:ruation ( 2 .1~) and letting \fv = lf'Ex = 4'L,v = 1 and for 
., 

simple support end condition,c = 1. Thus 

t 

From Equa tion 

h 

= J:.. 
Jc ::! TIE 

p 

1 
( 1+2ktk

2
) ·:~-

--------r-
( 1+6Ir

1
k

2
) -::r 

1 
( 1+2kt lr

2 
) -:f 

---r 
( 1+6k

1
k

2 
) -:i-

---------( 11. 9) 

----·----( 4. 10) 

Substituting values oft and h from Equations (4.9) and (4.10) 

into Equation ( !1. 6) and s impli :fyj_ng 

------* A See computer program in Appendix 



::: 

12s3/ 2 
y (:t+2k1k2)2 -

(1+6k1Jc2 ) 
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--------- ( l:1: • 11) 

Using the relati.on between P/L2 and k 1 from Equation (2.13) 

to obtain the relation between A/L2 -and P/L2 in Equation 

(4.11), the relations between P/L2 and A/L2 in Equations ( 11.8) 

and {4.11) are plotted on s ame figure for comparision, Figure 

11.5 and Figure 1-1.6 for e/L equal to 0.01 and 0.05 • It 1vill 

be seen that if Fc 3 is an active constraint, optimum area 

will not be obtained. 

From Figure 3.1; 

A = --------(4.12) 

lvhen optimum design stressed is less than yield strength, 

topt and hopt are obtained from Equations (3.25) and (3~26). 

Substituting values oft t and h t into Equation (4.12) op op 

and simplifying; 

(A/L2) t= op 

Using the relation between P/L2 and k 1 shown in Fi~urcs 3.14 

to 3.16 us dnta in running the computer program for Equation 

( 4. 13) the relation lrntween P /L 2 and A/L 2 was obtained and • 

is shown in Figures 4~1 to 4.11 • 

When the optimum stress equals the yield strength, 

topt and hopt are obtained from Equations (3.20) and (3.21) 



Then, substituting values of topt and hopt into E<]_uation 

(4.12) and simplifying; 
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Using the relation between P/L2 
rund k1 from Equation (3.22) 

for running the computer program (see Appendix A), the relation 

was obtained between P/L2 and A/L2 in Equation (4.11) and 

is shown in Figure 11:. l to 4.4 • 
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.6 e/L == 0.01 

.5 

A/L2 

0 

.1 

0 0.2 0.4 o.6 o.s 1.0 

P/L2 in /' 2 lbs. 1n. 

Ftgure 11. 1 Form compnrison of cross sectional area 



-4 
X 1.0 

1.0 

0.9 

A/L2 

0.8 

0.7 

o.6 

1 .o 

e/L = 0.01 (cont.) 

1.2 2.0 

l:>/L2 . lb /· 2 
J. Il S. lll. 

Flgure •~1. 2 Form comparlson of cross sectional area 
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-4 
X 10 . 

.6 

2 A/L 

.2 

.1 

0 

e/L = 0.05 

.1 .5 

Figure 4.3 Form comparison of cross sectional area 
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/ 
2 
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.3 

. 1 

0 

93 

e/L = 0.10 

□~ 

0 

.10 .15 .20 () 2 
P/L '- in lbs./i no 

.25 

Figure 4.4 Form comparison of cross Rectjonal area 



1.0 

0.9 

A/L2 

0.7 

o.6 

0.5 

:!.0 

e/L - 0.01 

FC is passive cons t raint ~ 
11 

/ 

FC
3 

is pa s s ive constraint 

Fi gure 4.5 The proof that FC~ is active constraint 
.., 

optimum cross secti.onaJ area wtll not be 

olJtatned. 



.5 

.3 

• 1 

o. 

e/L = 0.05 

FG4 is passive constraint 

is passive constraint 

• i .4 .5 

P/L2 in lbs./in~ 

Figure 4.6 The proof that FS is active constraint 

optimum cross sectional area will not be 

obtained. 
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\. 

CONCLUSION 

In this study, the equati ans for optit1.um design of 

specific forms of simply supported beam-column s have been 

presented along with appropriate design chnrts. In 

Chapter IV the optimum desi gn s of various forms have been 

compared. Wjth the aid of the design charts, it is 

possible to design simply supported beam-colnmns optimumly 

without trial and error procedures. These equation can be 

adapted for use with different end conditions. 
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Techniques which lead to fully stressed solutions are 

employed. The difficulty in the use of these techniques 

arises when trying to find ,-rhich constraints are the active 

constraints. A set of active constraints must be assumed 

and then compared with the other set of active constraints. 

However, it is believed that this approach yields time 

saving economic designs. 

In further studies, it is recommended different types 

of stress conditions should be investi gated such as torsion, 

combined bending and torsion, and combined a x ial stress and 

torsion. P, combina tion of all three, i.e., fL"'\:ial stress, 

torsion, and lrnnding would probably involvc} a too complicated 

procedure and other optimum techni<J.ues would need to JJe 

employed. 
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APPENDIX A 

FOTITAN COMPUTER PROGUAM 

The symbols use in the computer program are as following: 

AL2 = A/L2 

<) 

c, PL2 = P/L'-' 

CK1 = ]{1 

CK2 :: k2/k1 

CKP = k p 

DL = D/L 

s = e/L 

SA = SA 

X = o/ 



l rr{,\N rv c LE.VEL 20 

1) 01 
002 
03 

0:, 
OGb 
oo 7 
J08 

C O P TT M lJ '1 S 1 '{ UC T LH A l CF S I r; f\1 

C C I R C U L A 1{ S l C T I U ~J 5 f. C R [ L A T I O N S H I P 
.DO 20 K= ld S ,1 
P=K 
C=Oo 0005~,r 
S= (l. 0-3 . 04*C l/ 388 . 0 / C 

100 FOP~AT(2F l 5 . j } 
20 ~R IT E( 6 , lOO ) C, S 

STOP 
END 
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DA TE= 7209 1 

FOR X= l 



co(; I 

cc(' 
()0 I I 

oo: 
00'.' 
Cl• t'' 
nr' ) 

co J 

) 1)(1 

I v 

1) \ I'.: = li t Jl 

r ;.> r i r I I,' > I ..,_I: (, I l ! : \ L l, L :, I r ' 

\, 1 :_, l L \, t \ i~ I • i ·; I t C K ,_ L ;, I I ) J '> 11 I P 1d 1 1:..: 'i ) = 0 
L t c.\1 ~ =Lt J.., , L 
I-'== V 

C =v . ,, l '~1 1 

X = ( j • f \ '• , •• ,, ) ,:- ~ l • ) I { ~ 

f • ' 1 1 ; f I '.i • '; l 
'r,,t ( I ! ( (, , 1;,, ) ~, , < 
S T· .-> 
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~TKAN IVG LFV[L 20 

JOO 1 
jJ 02 
iooi 
~o0 4 
,oo 5 
J006 
1oo7 
1008 
JOOq 
jl) J. l) 

JO 11 

C 
C 

□ PTIMU~ STRUCruqAL OESICN 
CIRCUL~ R SECTI ON X & C RELATIONSHIP 

100 ·FORMAT(3FIS.51 
C=O.Ol 

101 UO 20 K=lrlOO,l 
P=K 
X=O.Ol*P 
A=X**3.5-3.04*C*X**0.5-3.88*C 

20 WRITE(6,100)C,X,A 
C=C·•0.01 
IF { C-0. 3 S) l O l , L 02 , l 02 

102 STOP 
H~D 

100 

DATE::: 72091 l 

FCR S=.01 



TRAN IV G LEVEL 20 

Jl. 
02 
03 
O't 
05 
06 
07 
08 
oq 
10 
11 

C 
r, 

100 

tOl 

20 

102 

orTI~U~ STRUCTURAL DfSIGN 
CIRCULAR SFCTIC~ X & C RE LATI ONSHIP 

_FrJr<'-1AT(':\Fl5.5) 
C=0.01 
00 20 K=l,100,l 
P=K 
X=O.Oi*P 

wR IT E( 6 ,lO OIC,X,A 
C=C+0.01 
lFIC-O.15)1O1,102,1O2 
STOP 
END 

101. 

l 5, 

S=.05 



~TRhN IV ~ l[VlL 20 M.h. TN 

JOl 
JO? 
1)0~ 

o:J4 
JJ 5 
0011 
OJ 7 
oJB 
009 
O l 0 
J 11 

C OPTl~UM STRUCTU~AL DESIGN 
C CTPCULAR S[CT!UN X & C RELATIONSHIP 

100 .FGR~AT{3Fl5.5) 
C=0.01 

101 no ?O ~=l,iOO,l 
P=K 
X=O.Ol*P 
A=X**3.5-3.04*C*X**0.5-38.8*C 

2 0 WP Ir E ( 6, l OJ l C , X, /l. 
C ;;;( .-o. 0 1 
IF(C-0. 35) 101,102,102 

J 02 STDP 
FND 

102 

DA T E - 7 2 O'-J 1 

FOR S=.l 



_r ______ D,_~L '_"'.: ! J:~. L •.: J :-__:: ..:,1 __ '"-li.:. __ _::I?.1_2_\· • .!::~~'.-.S L .. C ~_-y_ _____ . 
(' ''')Tf '.'.! f',• ·-;T.!)( .. r • 1::>_ L L f"\F(' Tr •,j ~rt'('U f \ -< T!J. ' r ,.,,-~T r :, ·•~ 

f-'. r~ ;~_1·"\ .4 T ~; ~=.1 '..J • £·) ) 

" r !'. :' ( '· • 1 ('. ·, r t ,· · rJ = ·1 q. l c; , n L .., , X 
\ L -~ = .-:' • J -:: ( X -·~ ·~ CJ J: :: . J ) ;;: :-:-:_2 . J / !. 0 . ;. \' ~. 1 ~J ·J J DO • · J ·:: ~:: 2 _ _. J ~:~ .3 ~ 1 \ j ·': _!_ ·--': _:_J • 
, i•' T T c. ( c· , 1 "l ,) , , PL :> , ' L ::' 

_ GC .. .!'U _l ,..'l 
·r () ~ 1 r• p 

~ \ '] -

------- -----.-----··-----

-------·----------
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C L ;.:.VE L 20 'Ji\T[ = 7.?23 1 

r 
C 

l JO 
l J l 

_J!-JfT r• UM Sf'.:ILJ(T'P. \ L rH·srr:•, r Tf! f Ul'1'{ 
~FL1\TLJ'· R'- 1 >:i-: f::1 .\ ft[. ~, f.f1L? \Ir+" S~ = 
C '"1 R 1.1 .i T { S F- l ', • "l ) 
'U A .) ( :, , l O :~ , r ~: ') = 1 ,, I S 
D l J .7 0 K = 1 0 , 2 ') O , ? 
p =-K 

TU PF 
SY 

r)l. = 0 • J Cl 1 \:;) 
PL2=3hJ J~ . : ~*2 . D*~ . 14*0 L**l . O/( J . ~*~ noaooo o . 1l )/( 4 . 0*S + 0 L ) 
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