INVESTIGATION OF THE AIRY STRESS FUNCTION FOR THE W=22
COORDINATE SYSTEM.

| by
ISHWARLAL R. DAVE

Submitted in Partial Fulfillment of the Requirements
for the Degree of
MASTER OF SCIENCE IN ENGINEERING

in the

MECHANICAL ENGINEERING

Program

,/<7”2v4;~(:zZ;Z::iZE;;<7\_ )ZZéQ/47;3

/E»&E/K\M 9//3/13

Dean] " Date

YOUNGSTOWN STATE UNIVERSITY
June, 1973,



ii

ABSTRACT

2
INVESTIGATION OF THE AIRY STRESS FUNCTION FOR THE W=2Z

/ COORDINATE SYSTEM,

TSHWARLAL R. DAVE
MASTER OF SCIFNCE TN FENGINFERING

Youngstown State University, 1973

At the graduate level in Applied Flasticity, we have developed the
expressions for stress equations in Cartesian, Polar, Spherical,
Cylindrical and Bipolar coordinate systems.

Here in this thesis, an attempt is made to develop various
expressions for stress equations by solving Biharmonic Equation for
w=Z2 coordinate system ané then to find suitable applications to match
our Airy stress function and corresponding stress equations., W and Z

are complex numbers, defined as W=U+iV and Z=X+iY,
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Tuv Shear Stress TForce/Init area,
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CHAPTER I

STATEMENT: Investigation of the Airy Stress function for the

w=22 coordinate system.

INTRODUCTION: W and Z are defined as follows,
W=U+iVv,
Z2=X+iY,
So ultimately we get U=Xx2-Y2 and V=2XY,

If we plot U and V, by choosing values of X and Y we get
a system of coordinates as shown in fig. 1 on page 2,

For above coordinate system, solving Biharmonic equation,
we get various expressions for Airy stress function, and from
that we can get corresponding sets of stress equations., After
that for certain set of stress equation we try to match with
a real problem with that stress conditions.

A very effective way of proceeding with the simultaneous
solving of compatibility equation and the equilibrium equations
was first suggested by the English mathematician George Piddel
Airy (1801-1992) 1862", a stress function called an Airy
stress function, is defined so as to satisfy the equilibrium
equations and thereby reduce the number of partial
differential equations from three to one.

In our case, it is assumed that the body forces are zero.

* G.B. Airy, Brit. Assoc, Advan. Sci. Rept., 1862,
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Set of Coordinates,

V-'-""lj V=)
V=2 =2
U=0
—
u=l u=|
u=2
V=0
=2,
cV=o (V=0
v=~[
u=z U=
V=-2
V=0
=-Z.
B s
u=l v=|
U%Z ‘#

Figure 1,




CHAPTER TI

4
DEVELOPMENT OF V¢ AND STRESS EOQUATTIONS:

P dx A B

Figure 2.
We have

X=§FCuN), and Y=9CU,\)

nde =% g+ X Ay = PB-AB.
TR Vv

. Ay =2 du+2 gy =Ac+cP
Al oV

coscxeu)=E.f.3.=§.§_..ou,_. ! o o
l PD Suw hoe e hw A
B AB  3x | e ANRE-
it i ek Y T B
& | |3
Ac 3y A . g
COSCY, M) = o = e LL - = .
R PD - Al ha it hw S
D )
coscy) = SB. LD ay ‘ - Ve

P N Thv. d.r YEEY,



Then 2 Q 2
2 < | y
coscex,uy+cosey, ) =—[2X &2 1| _|
it , hul aw ~ au

e s

cofC ) + cosCY, )=

hv?
2 &
Therefore hua= 2% 4 - - D SRR RS
aun. oL
hvie 2%, 292
v av
Necessary condition is
3y
g ok alacly) |/ s
oOR 4L AX Ay ay /ax
Al 5;[']\! av/ av
Thus Sy Oy _ _3x  ox
au AV awn oV

EQUILTBRTUM FENUATTONS:

Figure' 3,

2
axa+ 32. =
AV v

ooooo

hud.u.«—‘:’ 2&3—4—-‘0 dv

hvay 4 ¢ hvdvzdu
\ du

Su+¢ 26ue dig
o

uv+ b-__.T“\.'.Ja
e

N



U

S Fu = —aw hv-dv — Tuv-hu- du +(6w+ %—6—&-‘“ due ) %
x(hv.dv +a-5-gl’--—:-M- du)cosB
+(Tuv +-a—31;‘:‘y--c‘-u-)(hv&\l + é—%%if!—'y)- J.LL) sinB.
+(Tav +--asr\;—*-‘-’-- dv)Chudu + ég‘a%.‘i‘:‘.‘)-d.v) cos@'
—CEV+ .i.s.i.&v)c huiu-«-é!_%&\:f‘!‘_")-ciu)shars' e

From figure 2 on page 3, following are defined as focllows,

sl X SChu.du) ocl./hv-;tv+ aChV'J.V)‘CLLL-
aV BL.L J

[}
cosB & | ; cos®@ 2 |,

s B' =2 WAV gy Shudu+ QShadw) oy
S SV

< Plugging above values in ecuation for &em, we got
EFw = — uwhv-dv — Tuv-hw- die
6. S chv-dv)
w+ 285 Q) hv-dv + 28282
e AL )C Sl )
LTIJ.\I+ SLL )--.._—.-———-av J.U
+ CTly +%%L ey ) Chuda +2Chudtt) g )

AV
- S6v gy)achvdy) ),
(6v+E2 dv) o dw =0,



C FiL = ~ 6l hv.dv-Tuv-hw - dw + 6-hv-dv+ 60 %’K Av. i

6 . 26w dhv . 4. .
+ 22 hy.duedy 4 S22 SEE - dLv- cduw)

Shu, _ 2Tuv, 3h . 4, ~du)?
+Tuv-—é~\7-.c0.u&v+au = Av. chu)

-+ Tuv-hu-dw + Tuv.%%‘*- A dv + ?—g%y- hue-dv. Lt

QTuv  dhu 4, A e e Q_h}i dv-du
+av oV St " Bu.

_o6v_ 3hv 4, z _
S Au- cdwv)

Dividing by dudv and eliminating differentials of higher

order than one,

Shy  26u . Qhu , 9Ty dhv _
ZFu=6u st hv + 2 Tuy v oV hu-6vigr EyTaiale

Similarly summing forces in V direction we get,

dhu | 2év. Shv, [ dTuv. Shu, __
EFv= 6V-57 = hu+2TuvaLL Sn W-euSH=0

These above two equations are satisfied by an Airy Stress

function defined as follows,

| 'a"’rb+l BV | 3a® dhv

Sl = hyvz ‘vz hu = hv 'BL.L BIJ- hL.L3 a\/ AV Ry 2




6v =

| % | @ dhu _ | 98  Shu

T hu? Aud +yw,;;w3'av Y, hae® oW o'

g 5 T ORI, 3% | 2@ Shv , | 3d Shu,

ehy. SV b heE BV 3L hEhy ik

STRATNS IN CURVTILINEAR bGUHDTNATES:

Let M be displacement in U direction,

N be displacement in V direction,

Figure |,

Case: 1 When N=0,

e = 2¢hadw) ),
3V

AB = 'a—c—h;ft';',ﬁj' i WT—»&'
WUNGSTWWN STAYE LINIV/EDC T

<7'7C86



Fa = hv.dy + 2Shvdv) 4,
S

BD = hvidv+ 2chvdv) 4 - ™

. A
AC = %L\;‘""LV
B0y 4 L ¥ 3
A hwde  hu S
i BT‘;-'Z;'CLV = S ~ 7l h\./-aLv
e buThv' i'x

Yuy = Tame() — Tamet; = i AB

hvdv  hv.dv
-'-V'uv:-%—h:‘-—-al.v- | _achudw) 4, ™ |
av hv.dv EW, P TT
Vuye .8M M " Shu

hv  Sv hwhy 9V

In a simil {
2 ar ma 3 Yo anzy € 7
anner, for Casc 2, When M=0,

0 -
Y hy oV
En N Shu y

" hwhvy OV




vl .AN S = Shv
Yw’hu SLL hw-hy U

For a general casej M40, NiJkO, the strains are added,

| oM N  dhu
Eu = ho. oW ¥ R Y

ud N . M dhy
B S b Bl

Y; Vgt - om o oha ot oW N oy
LFV:W‘ ov hehy OV hw Sl hwhy W

Eliminating M and N results in the compatibility equation, as follow

_@__[hv O&v , € 2hv _ €u Dhv _ vuy _ahu.:\
awlhw 8w hw Su  hw A hw OV

+_§_[hu Jfbu , Eu Shu _ Ev  hu vuv Shv =§§L1V
v L hy Sv hv JSv hy  Sv hv  ouw - oV

Expressing this in terms of the Airy stress function qb for the case

of plane stress or for the case of plane strain gives, ¥

[l _92+ | _ohu 8 _ |  2hu o o DA
hu? Suz Wiha 9V v hu® 2w du = e dve
2
| S & _ _t 3dhy 3 ]G’-”"O
hEh Su A hvd 3v  3v o2 o

*Through the use of Hook's law.
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Given equations for our coordinate system:

2 2

U.:_. zxy..onotocnlaoocaotlOncttlnou-vt-tni'l\.coo..nl-ooo.»cuu.u..(?)

From equation (2) we get

x = U- and plugging this in equation (1) we pet
2y
=M 2

4Y*

. 2

Sadu =vi 4yt

0 4 Z a % o . .

S 4Y + 4Y - =O. Solving this equation we get,

/
Yoo oM, ‘_".Cleu.z+|6va)'2'
I 8

|
nyi —4ut acuih®
&

I
- BT R T R e
y= - :

y,Y
.'.H:-_I;['LL tcuz+vz)/"—] £y 0 VL e CRER IR vy S G IRI
2

and similarly from equation (2) we have

(6

NE— and plugging back in equation (1) we get,
Zx
&
= = 2 5
4 x

NP e e :
S4X -4xU-V» =0O. Solving this equation we get,
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v
o +cleulrie)’?

8
)
g -0 u_-_i_-cu.2+\)-aJ/Z
£
)
N PTG e
Dl a PR EOOR LN ESLEIVELIS Soinls s v sosbises '..B.()')
Now hu= (2= ARG 5
(au)+(30~) .................... iy
\
Take eqn. & wcudnde
=
3 1 2 2"’&
Zxd‘x:.-a-tz-cu.w) ji= 7%

|
- Llias ]v‘ cufnde 2 1t
ou 4 [+ usevd)2 culevy /e

|
: av—x. 2:-. Zui Ua:t 2 uCLLz+ ua) /1 L L ) (6 )
Ul BLut+vIHCUVIE )

and similarly we have

Vi o kcude vyt
2

[
_ Y
" 2y-3y =-§Z.‘!-_ + é..cu2+u‘z).zu-9u
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cu.+u‘)V2

T D o Y AL ]
w4y T v

| Y
Sy =4 _1.[ 2 ]fz -ucuaw‘)";;ft]
o 4 [t cusruvd 2

2 Vo
[ ZU-+*>+2LLCU-+W Qe A i e T

V) e u? )

Adding eéquations (6) and (7) we get equation (5)

hl‘-a i -!— a' '/' --------- PR I R N R I R R Y . (8)
4 U+
e 2
And also, h\’-a‘—'-(’gf_') _'_(23-) ............................. (9)
z + D
Take equation xo e +v)
A

: ! 2,
. 2x-8x = 'z'[o t—é—(u_"q.u-) .Z'zu-,Ju.]

+ U oW ]

\
Lt -ﬁ
L7 cutvh2

[3== M __.\f__
au- Isz‘ uipt
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it

1_34;] R e PRI I Gt M R @ L)
vl 8k l*)[u+(u+u)]

and take equation

)
yi-ut Ty
A

L2y ey = [o cu.+u) “ 2. au-]

R T iR
v 4y (U.Z-H)L}la
l

[gﬂ-] Ié_y uu;-v-’-

. [3Y1Z T e AR Ry MOV N NN L (11)
~[2)2 gy e 1

8ca +u-)[-u,+ca ATy, ]

Adding equations (10) and (11) we get equation (9),

We have the biharmonic equation as follows,

|\ ohu o | _2hu 2 | o2
ki :["uz. 3U-a+hv"‘hu. v du hud ou ou 5 het 2u>

e
| 2hu @ \ She o N
hu.lhu o ow T hu?’. oL a"'] ¢ 3R



Where function qb is the Airy stress function and, since hu=hv

above equation becomes

bhio® IF 4 @t
2 2 e R Ry =0
M u?- e vl 2u?  ha au—
Plugging value of hu and hv above equation becomes
[4(u+u_)"az +4Cu+u-) 4 s

= O,

16 Celer v )"-[__. A 4 "2[
dut 2ut cu%v) 3u.+au- =0

552 2
B]—{cu. l}) au2+—é—z;z}¢ 3 iassiaas ab e 10

Equation (13) is the biharmonic differential equation for our

coordinate system, Now we find solutions to above differential

equation,




CHAPTYFR ITT

» E :
SOLUTTIONS TO V¢ FOQUATTON AND EXPRESSTONS FOR STRESS EQUATIONS,
Refer Appendix section for satisfaction of V4¢ equation and derivation
of stress equations,

(1). p = €, sivrhki: siakV,

o
2rZ 2 ) . .
6u= 2¢, cubv? "'[—ZKcua+vz)-5|a1hku-smr<v—Ku.cax}mu.ﬂm KV

+ KVeixnhki: cos KV},

Y
& 2,4 < “ AL : :
EV=-2¢,CP+V) [~ 2 KUV sinh kit siakv- KiLcos i SiaKY

4+ RVstmhKuw cos |<v] :

I
P 2 27%pr 2
Tuv=-2¢,c12\H [2 KBV coshkie cos kv + KL Sim bW cos kY

+ KV thShKLL-simKV].

(2}, ch= <y SiahKWw cosKV,

J
éu.:. b < 2-/2 &
2Cu3v) [-ZK Cu.a-tvz) SivhkL- COERV = K- cos hKLL: caskV
- KVShKW g/ K\/J :
[}
L AR R
Evs= 2CHCuVe) [-ZK cu +v)5mhf<u.-cusm/—-r:ucashku-cmm/
—KVsinhkw s.'vaJ :
|
Tav= 2¢, 002 2-/2[ -
TR L ;
2 ) 2K SV coshkiL sin KV + Kl Siah Ke si'1 KY

- KV coshku cos KvJ,
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). @ = c3 coshku. coskV,

)
2, A7 2
El= 2C3Cu+V) -"[—2 K‘—”cuz+V) c63 hkw: cosKV - K sinhku-casky

- kveosshkw: sfmeJ )

’ -7 %
2 R 2 e 3
éV=—2C3cu. 3V - F. 7K Cu‘)?evzjcashtcu-casmf—h‘LLsi'nthL cuskV

— KV cashku.-simkv] '

|
L & 272 2 1 i
Tuv= 26'3 cu+v) . [zrc caﬁvz)s:‘mhf(u-.ﬂwcv—K,-u_ws hKUs1akY

- kv .ss‘mhku.-ca'sKV] ,

). P = c4 coshkw simky,

-y
ot 2 2’2 2/,2 2 . .
&4, = 2C4CUL V) EZK CLL V) c s hKiL CosK V= KL STah K -SIsK Y

+ KV coshKu cmcv] :

|
-/
2 ¢ 2 2
EN=-2C4CU+Y) EZK CetBV)coshku. cosky -k sinhrisimky

+ KV cssShku: cos KV”[ ;

1
-7
7 o I %
UV==2C4 (LY - !ZK Cu%W)smhKu-co'skv-ﬂuLccrshrw.-ccskv

+ KV Siahk W Sralk Y]



6LL= it
Ev= O,
Tqu—O,
(6)e @= CglL ‘,,
~12.
2ev%)
L CaaSev
Eu = -2cC¢
2 25"&
v
= Ce e QAL+
EN 2z | a-'z_
L4V
= -2Vt
Tuv = -2

(). @P= CyV
[
../z
G = 2CN cuz+\/7“) ,
"/2_
-
GV = ~ZCIV i 4-\/2),

"’/2.
Tuv ==z ucuv’y

17



(8)., Pp= cglVv

:
Tuv= - 6Cgcuiv’y™2

(9). @= cgcu*v?
6u= -1z Cq cuv?y 2

y: z 2V
6v = IZCqCLL +V) !

Tuv = O

(10). b = Cro th

Lev®
5
6u= 6CoUC3VELcuiVY, %
-S/_

v =-6c,oucaviudcuteH,?

Tuv= -6 CloV C SM{ VZJ CLLz*f'V%)-./Z'

(1), ¢= -—C-—'l—y-—:-
ULEN <

-5
6u= Gc,N CvEaudcuivy

Ev= ~covevEsudcu® v)-:?Z

Tuv =-6C) thc3viadculny 72
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(12). @G= C;zCSU-ZV—-\/S)
y
6u=-30CzV cutv¥?

Y
Ev= 30C);Veuind?

,
Tuv =~30 CIzu CLLZ—i- V‘J_//'

(13). p= 3 ¢ aavi,u.j)
/
Gu = 3OC/3UC1—LZ+VZ),/Z

Y
6v=-30C)3ML (u.2-+v2) ,2'

2 Y
Tuy = 30C;3 YCulrv) -

(14). @D = Cl4 C 6u2v2‘—u4—- V4)
-,
Eu= S6CCUs v -'?'CU-f Vj,
-,
6V= -56 C,4CLL2+V2) -ZCu_‘/tVﬁ'

]
/"
Tuy = - :2_c/‘!‘/,u/cz,czﬂL ok

(15). @P=cys ¢ v5+v3- 1o v‘?a.a- 3 vuﬁ-su"'v)

)
2 274 3 :
i = F0C)s CL*VD *(aviv-ou + u¥ -6

}
o 2 2-% 3 5
&V = —-306,5-C11. +Y) s (3\/5:,.\/ —91_1_4\/-#&2\/-60;2\7_-3)

Y & |
& 2 S 32
luv = 30¢1s eV -3 P By v BiL V).
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(16). @= Qg Cu’+ u? 10 PvE 30vE s viu)

-, 5 4- 2 32
6= 3OC,6CLLZ+V3 -&CB.U-*LL.;" SUV + LV - GLLV),

- 4 2 -
EV=-30C16 cV) 34532 gty Ly — V),

-y : 23
Tuv= 30C16 CUBVI 23V Vs 94 + W2 + €2P)

2 'zl
(17)e D= C7 ULCTFV)?
eu = O,

TLIV: —GC,-; V.

|
(18). @p= Cigr V cu‘a»rvz)/z
6w = 12C,¢ V,
&ev= o

TL(V : - 66/8““

)
(19). P= <9 cué vz) Cu.?irva) /2.
22, 2
b= —10C1qC3vu®),

&v = |0 C,7 215 vZ),

Tav.—: 5 ¥,

20



ly
(20). p= a6 cuBvy’z

éu= ZCyp,
ev= 2Cyp,
Tuv="0;

2Ly
(22)s . P = Cyy LLVCLLZ—H/_) Z‘
éﬂ—L= IOCZ\ U-V.
Ev = locy, v,

7 4
Tuv = =106, c2ev),

- l/
3
El= -56C,; V7
2 -
eV = 2¥Cry CBMY V)
2
Tuv = ~42C55 u.c,u.z«\-v),
2 Y
(23). b = Cza ¢ sv%x.-—u.s)ucz-rv,) -~

% o

Cu=2¥Cpra (30y + LD
3

Ev= -5g Cra L’

Tuv= 42 Caveuf).

21




(24). P =Czyq Log CUE+VD)

-3/,
6u= 4Cyy (u.—V) [@7] +VJ

2.-3/5
Ev= 4C24 CV a.)(u. V_)

3
Tuv= a4 LY CU +VZ) /2

(25). @ = CZS cu t -'-1:‘- - Logc.ua-V))
- v "
Eu= -2G5 Cbv® “CaY +aL T+ % Log By,
-y -
Cv=2Cs Cusv Zrav+ LL—fwﬁ'—\'l—J‘/- + i‘i log cu.z-rvﬁ).

Y ”
Tuv==2Co5 € U2V (=34 + Ve 45 = % Log cule/S)).

2 2
(26). B= Cyg (V+m4’y‘z e % Log Cu-%rV)).

l
~. i
Gus=-2¢¢ cu’V) -2‘(3/.:. + v+am'~4yl + —‘é Loy cuﬁ-v%)),

.
- 2. v%y & al y o 2, /%

J
e a—-/ ~l Z 2
Tuv=-2C2¢ Cudev®) 2C-2v + pdam Y- - 2 Aoy cul).

A

|
(27). ¢:: C7 (LLZ+VZ)/.?‘ [o3 CU-Z+V3
Gir= 2037 (4 +2 cvEuI UV 4 Logcuind) ol
&v= 2C27C 4 + ZCu?.v?‘)cu.z-‘th)—l—r dog (u.z«-v?'))_

-l
Tuvz - Czy ULV Cuz—wz) :

22



CHAPTER IV

APPLICATIOCONS:

(1).Consider a bridge like member subjected to load as shown
in figure 5. P is load in 1lbs and b is width of member.
Superimpose solution #13, #14 and #20 from Chapter III
and obtain a ¢ function as following, adjust constants
Ci13= B30, Ci4= A/S€E; Cr0= C/z so following are, ¢ function
and stress expressions.

P = Alse ceudiud vt + Biaocauvi 2y + 5 cuz.wa)"z-
Eu= A Cu2'+\/2)"? cuz_vz) + B CUZ vz)'lz- +<

) )
EJ =-A (uz-nlz)l.zcuz_\/z) - Bl CU-Z'-%-VE) L4 <,
I > 1)
Tuv=-2AuV cu2+vz)/""+ BVCusz,) £

Boundry conditions are as follows,

At N=0O,/ Tuv= O,
M= Uo, T = 0,
Applying above conditions we get,
O=C-2AUc+B) VCLLZ+V2J”2

B 2AUO-

A R LB~ ogin
Thus Gu= ACKSV ) "CUZVE 2uo) + C,

]
ev = —AwF VI P vEe 240l ) 4 C.,



In following figure, the &v; Tuv

2l

stresses are shown,

on next page 6. stress is shown which is perpendicular to

&V

and also lies in the plane of page.

AR
Thv=b4ahth
P
0+304 —;
T N s R
0o L"::nz Tuy= 06N b,lhb‘ bl ®
P
o 304, L—L—l;(lz ‘ L 6‘ 6V
WU=-2 Uy
N
P L= -U N Tuv=
0412 Tila—| S /7&\ - i
=U
i \\ 4 v=lig
|
(=YY}
o304 2 % bur.
.___Tj?———~4’ o-0lg P
o T
U=uUg -
‘ &v
.L-V:O
&v -
V=—=1
P
o.
Ry g H=-Ug c>
VY
uu-zqo
0. 3064 P —
] L X eV eV
by’
o.61l fi_
0.0b5FP_ bude
ev blo & 3

Figure 5




0 304__‘1,,
bUs %
o 08"1__8,'. <=0
bltp”
G
V=0
o 3°4P/Ulol [
WS cu=o o017 F’Ibuo‘lz-
V=0
w=Mo
o089 pb”:l . K’M'uﬁ &-—éu:o
=Moo
“—
Y u=-2
0304 %” Uo

X
<« 0. 61 P/blls &

™~
© 3479l

{
0-546 P/bu.,’z

Figure 6.




v
Wbuve 2RANEIREY) TC Lo~ i)

At =D

éu= Au.aCu.+2uo) + C

év=-AucuU+ 2Ue) + C.

At LL::LLO
. 2
éu= AcCuE+vd2c3ui-v) + ¢

2 Y i~ 2
Eu= -~ ACUSH V) 23— V) + C.

We require the condition

Gu=0. at v=LUp

. Y
< O= AC2UE)FzuS +

= -203 AL,

Then at V=0 ; Tuv= O

Eu=ACUP+ zuo P 2VE L)

Ev= AC-AL>- 200t % 2VE uf)

26



And at w=Uo; Tuv=o0O.
Y

- 6= Alen eV “caus-vY - 2z 1l ]
' 2 A -y 3
 Gvz AU ) F3US V) - 2T 16 |
Mso at V= Mo

|
6u = A[cua+u¢f)/? cut-us+ zu,u.)-zfz,uf]

\
Ev= A [— Culv us )’-?‘Cuz- UL+ 2Molt )+ 2VZ us ]

Y.
Tuv = 2AM00( U-Z-t-Uoz) - )
Study &V along VY=O.

Ev= Al-L3- 2u0u®- 2V U, )

A U= O &v = -2VZ Al
=-Uo. Ev= ACUS- 21~ 2V3 )
= AUSC~| - 212)
W= -2Uo Gu= ACEUS - qud-27EUS)

= -2VZ Alde"
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Study & along V=O

3
eum= AU+ 2uo U 2VZ Us )

3
At W= O, éu=-2VZAlls
R T E= ACUC+2US— 203 ud)
3
=AC-2V2) Uo.
: 3 3 3
At o i 6= AC-BUS + BMo- 2V2U5)
¥ 3
= “ZJ-Z-AMO.
Study &V along L= Uo

Y
ey = Ac—- CLIoZ-t-Vz) ZC '3Llo?-Vz) -2V2 Llf)

At Y=0 Ev= AU-SC—S-Z\E’-)

V= Alo &= -AlSC 4Vyz)
Study functions along V=UW0e
=T 2 2 l/z 2 2 N 3
AU+ Uo) "(M = Mo+ 2 Lokt ) -2V2 15 |.
At P=-2Uo eu= Auﬂa[‘{g‘ Zﬁ]
i L SRS Cu= AUG [-21Z-2% |

At w= o cu= ALS [—-\—Z_\JT'Z]
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At U= MNo 6'u7= s

\ i
EN= A[— Cuz.;.uoz)l.zcuz_uoz'-o-zuou_)" 2\[2“0 ]

3

At A=-2MUo 6v= Als (V5 -2V2)
A= —MUo EV= O
3
= o Ev= Cl-Zﬁ)/\uo
T Eva (-2V3 - 2V2 ) AlUS
2t 2%
Tuv= 2 Alo ClUL™ Lo ) T M- Uo)
' =
At W= -2Ue Tuv= - Vs Ales
w= -Uo AuN = -4&/\“55
w= o Tuv = - 2 AlG
Lz Ho Tuv= O.
Along =-2Uo

b

G = A [(4uoz+ vz) -Zc~v2) - 2V2 uo‘%}
i )/.

Ev= Al- C4uleV®) e - zv’éuo3J

1%
Tuv= 2 AVC 4U"+ V) 2 3 410,



At V=0 Gu=-2Vz Allg
Ev=-2V3 AlIS
= ©.
V=1Us 6u=Auo3[~J§—2{E]

Ev= Auosf\/g‘- lﬁ]
Tuv= éAMos'\ré:

+2lo
Total load P= 2 fév.b.hu.d;p.
; o

2Uo

3 |
P=2(a cu’ zuouf- 2Valla) b7 du
o

7. 5, 3
=% Ab[% W % %uou /Z__ 472 Uo L

7/ /-
= Ab[[gd’écé——g i 8] He® e 9.293b- A lo =

P
A=z - oy .
9.293 b L >

20 leo ‘/
By 0 ey o z
thuolu. = zfz.u"zdu 2V2 Uo
o o

- Fave. = . i

2 ﬁ u\ﬁ- &

3
= - 3.29 Abllo.

2Uy

12
L ZJ
o

30
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7 )

Now let us find out that how much total force is acting at WMU=WUg

The total force can be summed up as follows, Let P' be that force,

L
S P'=2(6ub hvdv. coscxiv)

o]

A

% 2 2l 277w
=2 cub. dv__ VB [cuiv® 4u0 ]
) ZUJo-*'V) ‘}B(Moa-\b 4'__(1«&»4-»') -+uq]

"j Su by.dv.
(/Uo"‘V.)

Y
Fo) CM Z*‘V) %

4

|

|25 Abuo‘- ©.25 Aon4+ 2Vz Ablo

= l-23A5M04

|

" p'= 123 Ablle!

.=--| 23 E 7/' buol‘.
9.293b U,

|
P's —0uUB4P U ®



(2)s Consider a long plate with thickness b unifs. loaded
with triangular load uniformly increasing, zero at center
o of the plate., Refer figure 7,

Take ¢ function and corresponding stress equations from

result (9) from chapter III.

B= Cg caz— V;f)

2 2%
Gu=—-l2eq cuv?);

I
Ev = 12Cq cu’+v¥) ,Z Tuv= o©.

Then at top of plate we V=0, U=anything,

So we have Ga= -12Cgq w,

which is a compressive stress.

Shear stress Lauv is zero on boundry and anywhere in the

plate.

eu l Gu=-12¢cq WL,

V=0 V=0

Figure 7.




33

(3)e Consider a wedge having 90 corner with thickness b
units loaded with triangular load uniformly increasing,
zero at center 0 of the wedge. Refer figure 8.

Take @ function and corresponding stress equations

from result (9) from chapter III,
P= C9 cuiv®
Gu=-12C¢q CU-Z-*'VZ)'/,Z
Cv= 12C9 CLLZ'—a-vZ)"’?-

Tuv = O,

Then at surface of the wedge we have U=0, V=anything.
So we have &= -12C9V which is a compressive stress.

Shear stress LTuv is zero on surface and anywhere in wedge.

eu

= Y:njja

L=o

G

Fizure 8.



CHAPTER V

CONCLUSTON AND RECOMMENDAT TON ¢

After studying all possible ¢ functions and corresponding
stress equations related to our coordinate system we can conclude
that one'can solve a real problem related to aforesaid coordinate
system, but we might as well say that this coordinate system is
not usable very much for practical purposes due to complexity which
we have experienced while working on it and developing all ¢b

functions and stress equations.
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APPENDIX

In this section, it is shown that for particular chosen gb

function, it satisfies the !7155 equation and then a detailed

:

derivation of stress equations are given,

35
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(1). ry =G sinthic. simkv

. 2D _ C K- SinkV. coshiuL,
DL

. 2%

du*

=g K?'si—nkv-.sinhxu..

© 22— oKk coskY- sinhku,
oV

A 3
.a.zg. =—C- SInkKY. sn'llﬂKLL,

o2 = K" cosrtv cashkLL.
oudv

2 _ % %
TP = i -+ SvZ

<. ;
C, K-ZsimKV-sithu - K-s1arKV s:whku_

- m 4 . . . s
= O. Therefore <7 ¢b equation is satisfied,

Now take the expressions for stress equations from page 6 and 7,

_ 0 R 1 D Shv | ¢ Bhy
éu—hva' dve +hu.;,W U Ol hy3 °ov 3V

-/
hu_zz hvz.—: -—L-CU..?'-!-VZJ %

4 Substituting this in above equation,
_ 2 aacp S o
L OM= 2 (Vo) z'[ZU—L V) bt 7T - 8
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Goe Lo SR 1 Dk ag 1 B  Shu
h 2u®  hy&ha SV oV hu ol ow

2l 2
Be. 404 2 2=/ 2 2 % 23 28
L EV= 2CUHY) [2(“~4V) 302 vav uDlL]

e d o U | _ o2& 2hv. | _ 39 Ohu
e hi  Budv MTRETE N

v 2
4 - i 2:7%2 V2) 2@ 2% v adJ]
Tuv = —2cleV?) ¢ lecls )a T il

o
Gu.= 20 v ¢ |-2xcuVd sinhkwsinky - kiLcos hka sinkV

+ KV sinhkuw cos KV] :
/ " AUEE I .
6V=-2C| Cil V) [ 2K CLL+V): simhklL- sinkV - KiLcsshkW: sinky

4+ KV simh kL. cos KV]-

I
2. & “/2. 2
Tuv = —-ZC\(U. -+ V) [ZK cu_a+v"f) csshkucos KV 4+l sinhkw-coskY

+ KV coshka simKV].
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{2)e:  ‘Tow b= Cp sinhkl. cosKV,

2D C; K-coshku. coskyV,
ou

2% :—Czka-casht(u-si'n&v,
ILLAV
2 & 5 uy
o3 =xd = CZK' Sl?lhKLL-CO'SKV,
aus
I . .
;2P — _ Kk simhkL sinky,
oV 2
Q% 2.
= -C . S E
) >, K-simhku cos KV,

2 2.
C, K~ sinhkl-coskV - G k- simhki-coskY

It

= ) Therefore i uati i
fore <'gh equation is satisfied,

-y 2
& 2 2.2l 2 9  , 9¢ . 3¢
b= 2cu=+v) [zcu+v) v a7 av],

\
; -7 2 :
16 =26, (WYY ‘}'[—ZK e V) sinhku-coskV -k coshikit: cosky

~-KV sinhkuw sin Kv] .
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-J>
eV = 2CM.2+\Ia [2 CU. +V ——— -V L 22
) ) duf AV +u£)u g

/ 2 24 :
SN =-2C, CHY) © [-2 K u&v? sinhicit-cos KV - KKk coshkl coskv

—kvsinhkw. sin Kv] ]

s yoe | 0 o0
Tuv ZCu+v) [ZCLL v) o u.av +Vau.

y
. AR < < . . .
~ Ty = 26 (W) [aK L’V coshru. sinkv + ki simhku sinkv

—chashnu-cosmv].



Lo

(3). ¢:: C3 COShKU-'COSKV. Similarly it can be shown
that it satisfies the <7tp equation and corresponding stress

equations are as follows.

-Y 2 ~
e =2GC3 s va) Z[—ZK Cua+va) coshku-coskv -k sinhki coskV
—KV coshku.: sin KV] .

=Y

2 .

6v =-2C5 cu+v) [-z Ky coshkt cosky — kit simhkit coskv
— KV coshkw sin KV] ,

-V i b p
Ty = 2C3 Cu"-\-vz) "'[2 Kacu"-\-vz) sinhkW. sinkY-KL coshkw. simkV

—KkV simhm-co-skv]_
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(4y)., Similarly ¢= C_4_ COShKU.-Si)‘lKV also satisfies the <74'¢

equation and corresponding stress equations are as follows,

) :
Eu=2Cy cLlev) G [—2 Kk°culv®) coshku coskv —ku sinhkiw sinkv
+ KV CoShKU.-COSKV].
2 Z'l/p_ & 2 2 . ;
6V =-2Cy (™Y ) [—ZK W+ V) coshkiLcos kv - KL sinhKLL SimKY

+Kv coshku-cos K v] ,

2-Y
Tuv = ~2C4 CUV) Z[ZKZCMZW"') simhkit coskV + ki coshku cosky

+Kvsi'nht<u-simnv] :



(S)a When ¢= CS,

Since €& is a constant, differentiation of ¢ with respect
to L and" WV will be zero and so it is obvious that all

stress expressions will be as follows:

L2



o , 2%

= O. Therefore v4¢ equation is satisfied,

-y 2
_ 2. 272 2 2% _, 28 an
Eu= 2CUNT) 2cu+v)avz U‘au. S g §

|
-7
e 6U.= -2 C6 u.CuZ+V2) ’Z

% o S
au |’

myj

95 IR 2 290

Ev = e e, oL
2CU+V) 2CLL+*V) R S + L

-/,
6vs 2Cgh Cua_wz) =

43



4
Tuv= —2ciV)© [2 sV 2% +u 22 Lyl
O BY AV g 1’

Y
< Tuv= =2Cg V- cule vZ) _a



2 2 2
St oy

-8 L)

= ¢©. Therefore v+¢ equation is satisfied,

-. 2 i nd
6u= 2cin’) featn) €2 — 22 Ly 22
= 2cudev®) | A Bt B N ]

-Y
5B = 2C7V-CU.2+VZ) i

| _Y
GV = 2V Z[zafwz) -?%-Z ~N ’3% AL %& ] .

1
_ -y
LBV = -2V cuE YY) e

L5




oy 2
Tuy = -2 WiV zEzcuﬁ-v‘) 28 i
oV

A
S Ty = - 2C7ll- CU-Z+V2) ./2'

P

-+

vacb

ov

o |’

L6




(8). Try ¢: CS“LLV

Su* ov*
o B
= ¢©. Therefore v4¢5 equation is satisfied,

Y.
AR 2 2, 0% P acb}
o —_— =A== 4+ =,
6L= 2CUFV) |ZUHV) == 43 e v

LGl O

au% 5 oV oL

b =Y -o-uad’J,

¥
Ev=2 cu_z+v2) g [Z cu’e vz)

L ev= O,



A,
Tuvs= ~2Cterv) z[ZCU.Z-t-

[}
d -y
 Tuv= —gcg cisah) =

vz) -a-z‘?— -+ L
SUIV

==

3V

..t-

o
Ok

|

48




(9). Try gD:CqCU."V)
. P
SE=== 2CqlL
DAL T
.
L= = 2C
ou? 1
2% _
Bun.
-1
"“\"/‘—-—'ZCQV:
:éﬁz‘i = -2C9q
oVZ
2 2
2, _ 3% | S
— 2C7—2C7

i\

C Therefore v“ét

2%

equation is satisfied.

ol oV

60 = ZCLL-&-V) [ZCLL-»V)—"“—MBd, V‘a'g‘l.

|
“6us -2 Cq CU-Z-!-Vz)/?‘

-V

o¢

6v= 2cu. +V) /Z[Z u +VJ §z¢

o
av ik e

W




Y
 Ev= 12Cq culvD 2

¥,
Tuv= —2cu03V [zcu.ﬁ-vz) 2% + 1L

. fuv: M

Ay

od

3¢

—— o N

3V

OLL

|

50




Cio b
(10).. Try P= 0=
werv®

ad i CloCViUf) .
Sl CUSY T

2% _ c:.oczua—euvl)'
au_z cuz+v2)3

.20 _ _2CilV
ov cuzevy®

2% _ cocéuvia)
av* Cu.z+v2)3

< a"d — Sio Cél.‘-z\/--z.‘;)J
BLLBV QJ_Z+ Vz) 3

L2, o
Rkaiat b

3 3
& cnoczu-éuVS . c,oceuvézu)
Cuiv> Cusvd>

= . Therefore v“éS equation is satisfied.

=) Z¢
6= 2usHV* &[ SAEE L, 90  yBd,
) ZCLL-t-\})avz_ U +ves

2

.

Lew = 6C) ol c3vELY Ly

51
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Z

4 - ¢
&6v= ZCu.-o-vs [ZCU.+V) 91 vav 'H""du
.7."5/2

nEv= —6C)0 LLC%V%-,U-Z)CU-Z-FV) '

‘/ Z
Tu.v-'—ZCu.—o-v) 2cu.+v) 2L,
SudV

od o
+LLaV +V BU-]

; 2=
“Tuv= —6 v ca3u®v) cund) .
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(11). Similarly b= E%X_Z__ also satisfies the v4¢
“+V
equation and corresponding stress equations are as follows,

-8
U= &V C\l%-.a,tf) cu.z+vz) ,/2'

-5
6v=—-6C VCve s,u.z)cu.aa-vz)‘/2

s
Tuv= —6c) L C 3vaud (u2d . %



(12). Try

(=l
i e = SC v
a“ e IZ {

N

v
-'-g—\-,—z=—ec,z\/
-a?iéa_v: &6C)p L
A % |
au: OV

Il

= ).  Therefore V4'¢

6 = 2cu.+v) [Zcu-w)-a

)
J.Eeum = ~-30 <V CLI.Z—{-VZ)/,‘2

4
B=C C3uV-v?)

equation is satisfied.

% _ o

Y §ioo s
g c‘au. Vv

54



-V 2 2% o )
év_.2cu.+v 2cuev —_—V 2 ==
) ) ou? v A
; 2 2 '/a
.6V = 30C,2VCU.+V) 3
2% 2 2.2% ad
Tuv= -—dcu.-w [zcu. v)——-- <+ L == W

2 Y
o Tuv: -30 C’ZLL CUZ-J-V) Z

sl

v o9,
311-

1

55
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&
(13). Similarly ¢b= Cj3 cauv—u.if). also satisfies the
-4 3 )
v @ equation and corresponding stress equations are as

follows,

)
6= 30C)3 e '2

2
&V =-30 CglL CL 2-+Vz) €

Z
Tuv=30¢aV it S



(1“’)0 Tr‘y

.22

£ .2
BIL 14C12 LV 4l ),

. 2 2,2
e 12CaC VL),

-
& %% - C,4C IZ.LLZV—4V ),

- I
_a_.z@- = 12C)4 CL-V J,
ov®

2
2D - 24C)4 LLV,
auav

2, 2 , 2w

¢= C,4C6U-ZVZ—LL4:— V4)‘

2
= 12C,4CN2 LD +12 Cra CLEVD

= ¢. Therefore v"{p equation is satisfied.,

=Y.
Gz 2cuBeVvS 2 [2 C,u.2+v2) %2-?2 —4iL
Y

oy
%

e =56C4 Cu.z—:-vz) : CLL4—V4)

)
: 7-
“éu= 56 C)y cuz-wz) "‘C us Vz),

o

A

+y 22

av A’

i



2% ad b

..é'v-ZCu.-n-v) [ZCU--\-V) PR s TR THES
=Y 4
Lev=s -560)4 e ZCU-l"'V)
2 272 2 2
LEVE—SEC) 4 CULTHVD) UV ).

2% 2 2% p=172) b

Tuv= -2cuV) Zc“'*“aua Sl T

.
5 2
S Tuvz =112 Cpge LV LSV &

5



i
(15)s Try @db=Cis CV +V5—iOV'?u.Z—3V,U.Z—.S‘M4V).

3
%ﬁ. = C1s C-20 Vit — 61V + 20L0V),

3
._gaf_w__z;_ Cis C- 20— &V + 6o LY,
&L

v s LoV B 2 +
'-'é—g“:' CrsCsV +3V—3OLL2V2_“'3M +su),

. 2%

3
: 572—_: cissC20V + Gv—-éou.zv).

. D%

< 3
» = Ci5l~EOILY - gil
T +204L7),

2 2% 2%
9D =
5 Du* it ov&

ot = <
=C)sC-20VZ ev+GouN) + oy C 20Vt ey -souzv),

= . Therefore v‘&'s equation is satisfied.

N 2 :
Eu= - Z[ 222 _ 22 D
2cutVy lacunVh S —u 22 Ly £2. 1

. -, 3
6wz 30 CISCU.Z-I-VZ) L o éu.z\/‘?f-u.%/— 9u.4\/ +3Vs-f~ v,
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: -Y, 2 =%
&ev= ZC‘u.d_..vz‘ < ZCLLZV =Bty _Vg_f.‘i. é@.
) + )3 $ By +LL3LL .

l
2-/.

Z 3 S 3
L EBV= -30C)s CLHV ) - C—Gu"‘v +u.zv—.9u.‘f/ +3YV +V)).

=Y.
Tuv:—ZCua+vz o 2 uZ vl 9_%?; +U_é_?i.+v.éf.b__
: 4t %4 )a.uav av au |’

¥

‘ - g ot 1 - P-4 3 2
= Tuvs 30 s e vy 2c- a0+ P 9 Vs uvr 663°),



61

SR s 3 2 2 -
(16).Similarly @=CjgCU + U —10LUY =3 UV = s VL)
also satisfies the v"q'b equation and corresponding stress

equations are as follows.

/. 32

- 4
&u= 30C)¢ Cu.a—rvz) -zcsu.s;u‘a—su_v +u.v2— auLy),

Y.
i 2 s . .= 4 2

&v=-30cigcuv) “r3uru suviiuv? 643,
Y

¥ 2 2°-'2 s
TUV— 3oCgcu +V ) (-3Y +v3+3u4v +U.Z\/ +6u.2\/39.
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)
/
{17). Try ¢.=. C’7LLCLLZ+VZ) 2

- a(t l/ _’/
Sl | C”[C“ZWZ) 2+ ucule v "‘} .

- C / 3/‘_
“au.z'-. 17[.-5LLCLL+\/) u_Cu__,.v) '

a¢ 2 Z'yz_
Sla . S “v L
oV Iz S el b

.3‘¢ -3

e

! 2=/ -3
& i Z.

2 2% 2%
VP = +
aou& Ve

wl
=3¢y vy &

32 2
p [.au?. avz [Cu +V.) Z d)} {S‘;" ¥ %‘){3C)7L—L} = O

Therefore v4'¢ equation is satisfied.

-y
eu=2 Cuz—t-vz) 2 culey 2) 2% - L 2] £
g SV L Vv

CBl= O,



2
&V = ZCLLZ-O-V) * 2CLL2+V —_— =V 4 -

-, o%s o 3
oué  ov Ey ] :

SLEy= 1209 L.

4 2% 3 =
Tuv = --ZC_LJ.Z—#Va z[zcuz+vz)__@_ 4= LL—-Q -+ Vg@‘ ]
J AUV AV AL

“Tav= —acyV.



SR | : :
(18). Similarly ¢=C;5VCLLZ-+\/‘J/Z also satisfies
the sf%b equation and corresponding stress equations

are as follows,
ey = O.

Tuv= - eCglt.
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l
(19). Try P=Cg cuivf)cu_a_,.v_z)/?.

- .éaﬁ= Crgtt ctlvieulivy 2y zequculv? 2

,-,.é_._ qcsu._v)cu.-a-v) 2 o9 Ul V)cu.w‘) +zc,.,cu+\f)
au?

Y
: %%- =gV iAW 2 2¢,qvcui A

.::f"chu- svicut A crqvicutVaivy ‘zc”w‘*v)

% -3

&b 2 2 2 2~/
N— =—C w-y)cuwv
UV i kel 2,

- 2 2
¢‘a 2V vz

o
=s5e,9cuivd.cuvy %

)
Cu.z-wz LV¢ 5&/:,(14, V)

2
aauz BVJ_ (CU- -*V) V%’) = IDC17 - 10 Cl7 =,

Therefore v4¢ equation is satisfied.

Z

6u=2cu‘+v2j'/az 2 290 _,,2¢ _ 3
B T T

26z -10C9 €3VE LD,



. %p
2 . 2°% 2 2. O S o
- 1 —_— = N e ),
EV = 24V cuw)az_ " ,U-a s

L évN= |locy C3u%pv),

Todt oa cuﬁv‘“"’-[ 2eliBB 2% + 1 B O
— e et u
: ) UV oV bt SIL

_EUV =0

|
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2y

(20). Try D= CpoClAVv)'®

22 _ V)./Z"
W cLe *

S - e

.3/ ‘/—

.:_a@_i%-_-_cmu S Czo cusd =
. oD 2 2V
= CooV Clt >
. 2% _ =2
. V2 B "czoV cu +‘;) + CZOCALZ-Q-VZ)I
) 2 2-%,

' S 2 o o LAV A SN

ouadv Sl

2
v@ = é— 4 a% )
u: ov2

ly
. Cu?‘-i-\;‘) ?-'VZGD = Co0.

-_[2214- ][CLL+V) chj [—gﬂ +-5—v-2-_][ 20| =

4 A AR
Therefore <w¢ equation is satisfied.

aza

" + V

Yo o ]
oM oV

Eu = 2cu.+v3 [Zcu. v)



LEemw= 2 Czo,

Y
6N = ZCLLa+VZ)2'2C.LLZ+VL)aZ¢ -vee 22|,
U= oV DL
R AN ZCZO,
o 2.
2 27t 2 o oY) S
= - Vv Shobreits
Tuv 2 CUu™V) Zcu+VL)auav+U~av —*\Jau .

S Tuv= O.
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)
(217, Ty @B = Cauvcuind =

]
.o _ [ 2 - /2.]
A R e Y CLL+V +U..C *V)
Y 21 ) (7}

2. =3/

-'-:z‘” 3C,, v cu +v7) e ey
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Therefore v4¢ equation is satisfied.
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Therefore V4¢ equation is satisfied.
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(23). Similarly ¢=Czac3vil-—ua_)cu-z+v2)/2-
also satisfies the <f%b equation and following are the

corresponding stress equations.
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Therefore v4¢ equation is satisfied.
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(26)e Similarly D= CZGQV'{'Q. — -———Log(u.—i-vz))
also satisfies the vqs equation and follow:mg are the
corresponding stress equations.

/
cu=-2 Czé,cu+v ) 5| 3L+ vtan 1!i+ - Logcu -ufva)}-

EVv= 2C¢ CL.L+V) [BLL+ V-}am-ﬂ_ + —" L03 Cu +V )]

-l °
Tuv=-2 Coe Cu.2+\lz) 2 [— 2V + Litas _A\.LL o —%— Log CLLZ—*-V.{J] -



79
)
(27)s Try ¢ = C29 CLLZ—(- VZJ {Z l.Oj (UZ—PVZ_).

'.g—‘a-_.cz—, ucu+v) [ZLOSCuw) 4—I]

-,

o Bt Logcu-+v) vy L Cu.+v7‘) 'los(uz-qr\})

anr

-l
+ ) 2

oo S b AT WA
. 27 C_L—L"'\/z) [z o9 +V7) —J

S ——

¥4 -
Zz\i Czq[- Logcu. +V) C/.L+\7“ é-V (u+V) ‘/zl_ogcuz-o-\}‘)

% -3
.' : b ‘L—;_‘ cu2vd) % leg V),
15y
0 T % . 2%
o= ave
5% Ay

= Llog cu®v). enan® C cuB VY . 2L05(u+v)

+2cuivy 2
2 K 2 L"/z 2 2=l
=L log cuSev) cu4v) + 2 cuF v 2

s
2

y
L OB UV L = "Z Log c®av®) + 2.



-'[auz"‘ B\Il]Lv¢ UV =

2 &
-—a——-"é——-w{—'-l.oacuz-\-\;')&-z]_—_ o
a“l avz | 2. .

Therefore the v4¢ equation is satisfied.
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