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ii 

At the graduate level in Applied Elasticity, we have clevelored the 

expressions for stress equations in Cartesion, Polar, Spherical, 

Cylindrical and Bipolar coordinate systems. 

Here in this thesis, an attempt is m11de to develop various 

expressions for stress equations by solving Biharmonic Equation for 

W=Z 2 coordinate system and then to find suitable applications to match 

our Airy stress function and correspondint; stress equations.Wand Z 

are complex numbers, defined as W=U+iV and Z=X+iY. 
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CHAP'rER I 

STATEMENT1 Investigation of the Airy Stress function for the 

W=Z 2 coordinate system. 

INTRODUCTION, Wand Z are defined as follows, 

W=U+iV, 

Z=X+iY • 

So ultimately we get U=X2-Y2 and V=2XY. 

If we plot U and v, by choosing values of X and Y we get 

a system of coordinates as shown in fig. 1 on page 2. 

For above coordinate system, solving Biharmonic equation, 

we get various expressions for Airy stress function, and from 

that we can get corresponding sets of stress equations. After 

that for certain set of stress equation we try to match wjth 

a real problem with that stress conditions. 

1 

A very effective way of proceeding with the simultaneous 

solving of compatibility equation and the equilibrium equations 

was first suggested by the English mathematician George Pi ddel 

Airy (1801-1 9)2 ) 1862*, a str ess function called an Airy 

stress function, is defined so as to satisfy the equilibrium 

equations and thereby reduce the number of partial 

differential equations from three to one. 

In our case, it is assumed that the body farces are zero. 

* G.B. Airy, Brit. Assoc. Advan. Sci. Rept,, 1862. 
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Set of Coordinates. 

y 
V:-1 V:.l 

V=o 

Figure 1. 
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CI!.APTEH II 

4 
DEVELOPMENT OF V¢ AND S1'RE,'3S E()lJAT IONS : 

y 

Fit;u.re 2 . 

We have 

X = 5'CU.,VJJ and 

:. d.:x:. = ~')( -d.u. + dx .J.v ::; PB-AB. 
a.u. av 

.. c:lj =~·d.U.+~·d.V =AC-+c~• au. av 

e pa ax. 1 1 ax 
COSCX,U.J=- = - -d.LJ..--- - =-·-· 

PD au.. hu.- c::tu.. ~u aJ.J.. 

¢, AB ~')( I dX 
cosc.x.v-J =-- = .!:!..--d.v----=.:-v ·~v · p'o av hv-d..v n o 

I d~ 
= ---. -------h.u.. au.. 



Then 
z z I dl. ~-2 

C:OSC')(,LJ-J+c:osc~,LL) =7[-L + _l...J = I 
hu oLL au. 

'Therefore hu. 2. = a~
2 

+ a~ ~ ........................ ......... .... ( 5) 
au. 2>u.. 

z. a')( 2.. ay z. hv = ~ + ~ .................. _ ........... ~ ... ., ........ c 6) 
av av · 

Necessary condition js 

I =----

Thus 

F,QUIL TRRTUM rnUA'f'IONS : 

y 

d>' J 
ax v 

h tt ® + ~i ~ c:luJ JV 

h"J.\I + ~c 11vJ:v~ Ju 
au 

.. 6U..-f~d.L( 

6v-t~d.v- ~ clu 
2JV 

-r- ., cl-ruv , 1 ' WI+~'-' -clu 
'-"Y-t 7Fr«'t/ I ', ..1u 

~B, 

~ 



· )((hv.d.v +.?idw-d.vJ_ J.u.J c.os.8 
<JU-

+(Tuv +c>d~\} -d.LL)(nvJ..v + d~:J...vJ. &.L0 si:tt.8. 

+(Tuv + dT.u.v. c:lv )( hu.J.LL + d(hu.-d.uJ. J...v) c.Ds a' 
av dV 

Fr om figure 2 on page J , followi.n g ar e defined '.ls fol low:, , 

:si.')1. 8 rv acn.u..c:iluJ .c!.v /hv-J.v+ acJ-w.J.vJ .J.u. 
av / · ~~ ' 

c.os B "-' I · I 
'"' I cosB = ; 

:. Plup,gin g above values in fiouation for (°F.U., vrn r:ct 

cF,u. = - 6.u.-hv-d.v - Tu.v-hu.-du. 

+ (6u+ at;;u.. J.u.)( hv-J.v-+ d chv-cl.vJ. J..u) 
2JJ..Jw au.. 

+ (Tuv +°dt°Llv .J.u..) acJu.t-cl..LtJ.J.v 
au.. av 

+ C. Tuv + °d~- -.J.v)C h.u.-d.u. +;;:)C.hu-J,0,J • J.v) 
av d V 

_ (bV + c;:) 6v . ..Lv, c)C hv ,cl\lJ. J.LL = 0 av J c":)u_ · 

5 



6 

CF..u. = -6u.-hv.c4.\I- Tuv-hu.-c:4.u.-+ 6.L&.-hv-d.v-1- 6u..• ahv · eJ.v. J.u. . a~ 

c)6U. .hv.J..u.-&.v + dG½ akv. d.v- c.J..u.J z.. + au.. 8JJ.. au 

+ l!u.v- ah.u...c:A_u..-~v + d-ruv. ahu. . d..v-cclu)2.. 
av au. av 

+ t,uv.h.u-J.u. + LU-V· ah-<6 -c::Lu-~V + ';)Tuv. hu.,J.v.c:1.u.. 
ov av 

+'cfD..t_!. -a hu .J..u.-cd."J ~ Gv- ohv .cJ..v-d..u. 
av av a~ 

_d6V . ahv .&.u• cd..v) 2.. =C'>. 
~v o/J.. 

Dividing by dudv and eliminating differentials of higher 

order than one, 

~hv ~6u h 2 c,hu.. dTuv h dhv -o ~F..u- 6u-2-- +£_. v+ t'J..J.v· --+--· u.-Gv--- . - c>J.L au. av av a,u. 

Similarly summing forces in V direction we get, 

ahu. deN h ah v dT,4 'I , ahu. EFv= 6\/·- + -· u+ 2 T.uV·-- + --- ·r\V-6.u.----::::.o av av a.u.. a.u. av 
These above two equations are satisfied by an Airy Stress 

function defined as follows, 

a<t> ahv 
-+---·-· --- -hu.'2· hv o.u. c).LJ. 



STRATNS IlJ ClffiV TT,IlJEAR COOHD TNAT ES: 

Let M be displacement in lJ direction, 

N be displacement in V direction. 

Figure 1..i. 

Case : 1 Wh en N::0 0 

Ae = acnu-J..u.J. c:J.v. M 
. dV V'W.. c:ilLL 

7 
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FG = hv-d.v-+ Jckv.J.vJ. J..u... 
c';).u.. 

AC. -;:: E.M.. . c:l V 
av 

Ev = so-hv. d.v = J chv.c!vJ_ d.LL M . _ 1_ 
li\v. d.v au. nu. . .J...u. hv.J.v 

M ahv :.t:v=-- .... It 

h.U.: hV OM-

"lr -r rv AC. AB , u.v = , aM. o<.1 - TOMo<z = -
hv.c:l..v hv.J..v 

.: Ylc.v =- dM . cLv. _L - c3Chu.-c:l..u.J -cl..v- M 
av riv.d.v av ha-J..u. hv-d.v 

:. Y".uv = _L. dM _ M 
r1v av hLt.: nv 

anLL 
av 

In a s i milar w-mncr, f or Cas e 2 , \rlh en M::cO . 

Ev= _L. dN 
hv av 

~ N ;;Jhu .. 
ell.= 11LL- 1-lV . av 1 

8 



-Y-u.v=~-dN _ N 
hu. c";LL hu.-hv 

dhV ·----· au... 

For a general case ; M,n,o, N,IJ,o, the strains are added. 

N +---
nu.-hv 

I dN M dl,w Ev=---+ I 

hv av hu-hv au 

I dM "" ahLL I dN 
'fL.L.v--·- - +-· '9.lL . - "1v av viu.• hv .av hLL 

N dhV 
':'111 J hu-hv oM.. 

Eljminating M and N results in the compatibility equstion, as fol1ows 

Expressing this in terms of t he Airy stress functjon ¢ for the case 

of plane stress or for the case of plane strain gjyes , * 

2 
}¢ =O. 

*Through the use of Hook's law. 

y 
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Given equations for our coordinate system: 

2 2. 
"-l.:.X.-~ ···········•·······•······· .. ···•··•····· ................. (1) 

'-'"= z:x:.~··· .. ........ .... ........ ................................ (2) 

From equation (2) we ~et 

and plugginv this i_n equat.fon (1) we get 

u-2 2. 
.U.=- -Y 

4:J2 

. 4u4 2. 2. 
• , .J -+ 4 y u. - V- = o. Solving this equation we get , 

z ~ 11 
• 2 -J.J.±cu.+vJ2. 
··Y = Z 

2 ~~J~z... .·. Y. =-± (-.<..L ±C~ +VJ" .......................................... (3) 

and similarly from equation (2) we have 

\.)­
~ = - . z.x. 

and pl ur,ginr: back in equation (1) we get, 

a v-2. .u.:::. .x. - --
4 :x:. a 

·44 2. 2 
•, .:X.- 4::X:..U.-V- :::. 0, Solving this equation we get, 
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~ ~ ~z 
:.x.=:.t[..u±c~~v-J 2] ·· ······· ·································(l~) 

Now h z. ;JJ:r.. a :;)~ 2.. ( ~) u.. -= ( a.u. ) + ( .8u.. ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . • 5 

a .z. ,, 
Take eqn . :X:.~ U ±(u: :+VJ z. 

2. 

. Ju. .L. e ,-~z. 
.. 2 :.x:.-Jx. = 2 ± 2 cu.. +v J . .u..-clu.. 

:. a)( :. _I_[• -+ Lt.. ] 
o.u.. 4:x:. - (u.'+v)''z. 

,? ~ 2 c! ~ ~2. .:[a-,,.1 _ 2Ll V- ±2UCLL+U-::J _ •...••.........•.•.....•.•••••.••. (6) 
- au. - 8 CLl· + v-')( u... ± .J.u. z+ I>') 

and simjlarly we have 

~Z.= -.U. + (U ~ U-~ ~, 

2. 
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;;; 2 , 2 ~ ~ Yl.. :. [2-] - 2U.+U- +2U.CU.+U-) ..........................•. (7) 

aJ.J.. - 8cu.¾-u.)(-LJ..-t✓ u.. ~+ u.a J 

Adding equaUons (6) and (7) we v,et equation (5) 

hu.z.=-¼- ~. (U.~+u-'/~ ·········································(8) 

And also, a '6 ~ d~ 2. h'-'" =- ( a~) -+-( ov- ) ........... .................. ( 9) 

Take equation 2 
e z •t 

:x = .lt. ±cu+ V-J z 
2 

'"I -- t [ ' 2. 2. -!I~ 1 .·. 2.:x:.-cu;. = z: o ± 2 cu.. +v-J . 2t>-.Jt>-J 
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and take equation 

Addin g e quations (10 ) and (11) we get equation (9) • 

. h z. ' ' •• \L - + ---
V- - - 4 ' Z, l, IJ. 

(u + t>-J l. 

We have the biharmonic equation as follows, 



Where function ¢ is the Airy stress function and, s.iince hu==hv 

above equation becomes 

Plugginr, value of hu and lw above equation becomes 

= 0. 

14 

· [ 02. ~2.J{ z i '12.[ d2. a2..Jr .. - + (LL +I.>-] - . +- l"'li ::::: 0 ........... (13) aa z a1>-' 'JJJ. 2 au-2. 't' 

Equatjon (lJ) js the bjh;-irmonic djfferentiul equ;,tion ror our 

coordfoate systPm. Now we ffod solutions to above differential 

equation. 
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CJIA PJ'!iJl ITT 

SOLtfrTONS TO -q4¢ F.OUAT TON t.ND EXPRESSIONS FOR STR.RSS EQUATTONS . 

Refer Appendix section for satisfaction of 'IQ""tt, equation and derhation 

of stress equations . 

2 .J/ 2. ,2 l. 1 ' V 6u.= 2c, c u.2+v :, z.. [-2 t< cu +vJ·s i·c,·di><u•-s ,·711KV - KLL c6.!:,1 Kus,.,, 1< 

+ 1<Vs1'irll-1Ku..c~tc:.Vj, 

~~ Z 2 · 6v= -2c1cu2+vJ · [-z "'cu¾v')-si,1Jt1<UJ s,~Kv- i<u.c~ ~u,us,~•KV 

-+ \( V .$\~ h KU.· CU'S l<V] I 

-n 2 z-½.[ 2 z .z • 
L.u.v=-2c,c.u -tvJ • 21< Cu.-+vJccrsh~u-c:as><V+ 1-<u.s1-a1ht{LJ:cd"St<V 

-t l<V (<r.ShKU..·Sid'll<V]. 

6J..L - 2 C C Z .2('l2r: 2 z. 2 
- 2 ,u. +v./ c2K cu ·tV:J .si~h k'.U.· ((S'!;l(V- k.u..cc.rs hr.LJ..· C(J'JKV 

- KVS171hKu..·s,·')1 KV' J, 
/' 2 2 2 - ~2.f z 2 2 0 

V = - C 2 C LL -+ v :J -2 K C ll + vJ :5i't)l h l(U,, c..as K v - Kil cas l, KU. C.<JH.'. v' 

-kv:siYJHk'U .. · "S',·.,,1<v J, 
-'I Tuv: 2C C.u. ~v:J 2

[ 2 2. 2. • 
2 2 I<. Cu.. --+VJ c.CS"Sh1<u..- s1"11 KV+ K~t.si1r1h K4.·.:s,·,,1 KV 

- KV c.crs h K.U..· c..as KV] . 
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2. z-~2.[ 4 z. z. h . 6.U.= 2C3 CU :+V.J · -2K.C:LL+V) C63 KLL•c.<J"SKV-KLLS1.t1ht<Ll·CcS:SkV 

- KVC.C5Sht<u.· .si-;nKY] ' 

-'t 2..22. 2 '2.2 . 
(;.v =-2c3 c u -tV.J · [=- 2 K cu +VJ c.6Sht<u.• c.a::Hcv-t..;Lt::;1 ·;11h•(LL c<TSKV 

-l<V C.O'ShKLL• :Si~t<\I J I 
"'T" ti. z-~z.r; i. 2. 2. • 
Luv~ 2 c3 Cll.. -tV .J . L 21< ca +vJs1·,11 h J{u.-.s/-,11<V- 1<,,u_ c..r:rs hKllsn1K.V 

-l<.V.S17Y1hk.U.·C051<V}. 

(4). cp = c 4 ccsshitu ... si71t<Y. 

_ ,, 
z. , 12.r 2 2. z 6.u. = 2 C4 C. LL -t VJ · C 21< (tL +VJ c crs h1<.LL.· casK. V- KU..51'..11h1<J..L·S1·"if K. V 

+ ~V c.c.rs n Kil· c(fS KV J . 

-+ kV C:..<:5~ h KLJ.· C.l5S l<V] ' 



bJ.L= e>, 

Luv=- o, 

'°2.-'12... 
b\/ ::. 2 C£ J..L c..u. 2-+ v j 

. <-- 'lz. 
-C,u" = - 2 C(;, \/cu. 2-t vJ . · 

17 



(8). ¢ .= cg J..J.V 

6u= o, 

'°" == o, 

2 2.. 
(9). ¢= c9cu..-vJ 

z z 'lz 
6.u. = - I 2 CC/ C' .lL + V :J . 

z !I 
6v = 12 c9 C/.J... 

2+vJ ~ 

T~v::: o. 

-~ 
6u. = 6 c,o u C 3 v ~ t.l') C ll 2+ v ~, 2 

2 2. 2. 2. - 3/z. 6\J = -6 c,0 LLC 3V-.LLJCLL +VJ, 

z. 2. 2 2. -5iz.. 
Tt-,PI == -6 c,0 V C 3tlL-VJCtL -rvJ. 

(11). ¢ = c,, V 
.lJ_ '+ \/ 2. 

2. c2. 2 2 --Sj'z. 
61..J..-:::: (;, c11 \J C V-3,LLJ CLL +VJ, 

6v .= - ~ ell V C v '?= 3µ_ 2.Jc .ll z + v]-S";z 
J 

18 



:3 3 
(1.3). c/) = C13 C 3 lt.V - ,l£.J 

2 2. 1/2 
~;LL::: 30 c13 LJ. Cu + v:;, 

(l!i). ¢ = CJ4 C 6LL<v2-__,a4_ v4J 

2. z • Y2. 4 4-
C'-'- == s6 c14 c u +vJ . C u-v.:J, 

2-Yz 4 ~ 
&V: -S6C14ClL2+V] ·(LL-VJ, 

(15). ¢==- c,s- cvs+v 3
- 10 v3n 2

- 3 vu2-sa4v) 

Z z.-~ S" 3 4 2. 2 .:31 
Gu== 3CJq5CI.J.. +VJ · (3\/ + V -SLL V + LLV- 6uv J, 

2 2 -1/2. S' .3 :4 ~ 2. 3 6v.::: -3oc,sCLL +Yj . (3V +V -SLLv -t-lLv-6.uvJ 
I 

-r 2 < - 1/2 ~- 3 4 2- · .3 2 
LLLV = 3CJC15 CU -+V] · (-31.L +,LJ. + ;3.U.V + lLV -I- 6.ll VJ. 

19 



z. 2.-t. 5 3 4- 2.. .3 .z. 
bu..= 3 o c16 cu + v J . ca u -+ ,u_ - s u v + l)..V - 6 LL v J, 

z ~-~2. s- .3 4- 2.. 3 .2 
b\/=-3oc1"c,u.-+v.J. C3u +/41.-.:3µ.v +LLV-6uv"-), 

2 2. -~ . 5 3 4 z. 2 3 , T~v= 3oc,6 cu +vJ ,z.(-3V •+ v -1- SLL v + u v-+ 61.J. VJ. 

z. Z 112, 
(17). ¢::. C17 UCU-+V] 

. z. 2 y. 
(18). ¢:::. C.t'f1' V (Lt +V) 2 

2 2 z. 2. 1/. < 19 ) • (/J = c I Cf ca - v J c u -r v J z.. 

~ Z 2 
to.U. = - IO C /9 C 3 Y -+ ,u_ ) , 

Gv = IOC1'7C3LLz.-+v), 

TIA\/::= 0. 

20 
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Gv = 2 Cz.o, 

z. z. Yz_ 
(21). ¢, == Cz., LLV cu :+V.) , 

,.., 2 2. 
Lu\/= -I oc21 CJ.J.. +v), 

2. 3 z. 2 1/z. (22). ¢= Czz(3!...l.V-V:}(t..L+VJ. 

2 3 2 2 !/. (23). ~:: C2~(3YAL- ,LC_)(U-+VJ 2.. 

2... 3 b..U.== 2'if Cz 3 C 3LJ..V -+ ,u:J, 

bV = -SE, C23µ_~ 

T.uv = -42 Cz-3" cµ 2:+/-J. 



(24). ¢ = Cz+ Los cu.2+v~. 

6it.1..= 4Cz4 (Lt~V)C.ll~v5
31

z. 
I 

(;" = 4Cz4 C v;.a~ cu~ v~/~12 

T,0v:: 'S'C24JJ. v cu ~v2J~12 

(26). ¢ = c26 ( V tom' l -~ lo3 cu~vj )· 

bl..J..c -2 Cz" cu.. ~v:i~z_( .3,u_ ... V ~ ~ + 1 &>:; cuZ:+v~J. 
2 -'lz. 1 1 _ 2. 2. \ ~ 

bV= 2 Cz.(. e,u. '-tVJ. (:3µ.+v ~ :J.. + % ,U)j GU ~v J_.1. 

,.. Z 2.. -'l2. - 1 V V - '.) , ' 
I..M.Y=-2C2,6,().1.. --4-VJ. (-3v ·t.U'id.lin J-L - Z tLoj (l..l'¾.v)_,1. 

2. Z .Yz. 2. 2 
(27). <:/> = C27 (LL -tV] . lo.3 c_LJ.. +V) 

b,L.L= 2C27( 4 +2CV~,lL~(.LJ.'-t~-,+.lOj(.U~V~ ). 

2. 2. 2.-I 
-bV= 2C27( 4 + 2(/.J..-VJ(t.J.. ~VJ+ A.Oj(LJ.~rv2.J). 

2. -I 
T.uv= - g c27 /.1.V cu 2-+v). 

22 
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CHAPTER IV 

APPLICATIONS: 

(!}.Consider a bridge like member subjected to load as shown 

in figure 5. Pis load in lbs and bis width of member. 

Superimpose solution #13, #1 4 and #20 from Chapter III 

and obtain a¢ function as following, adjust constants 

C1.3= B/30; C14= A/S6; C20= C''2 so following are ,; ¢ function 

and stress expressions. 

¢ = A/sb c bL1~2-JlLv4.J ~ B/30 c auv~ .lf) 4- ½ ().J.¾.v2J'12. 

2. . 2 ,, 2 2 2 ~ ,, 
bu.= AC u -+-v ) ~ c J.J. -v J + P-»il Cu + v J z. + G. , 

b\l == -A cµ.2-+,l}'.2 (1.l·- J-J - BU. cJ..J.¾. '1-J'12-+ c.., 

Boundry conditions are as follows. 

At \/ = C, ""C'..t.n/.:::; 0, 

).J_-=... J...lo l "Cu\/ -=::. 0 
I 

Applying above conditions we get, 

8=2AUo-

Thus 2. 2. ''2 <! 2. Gu= Acu -+VJ· Cu-v + 2.1..fo uJ + c., 

'2 2. ''2. 2. 2. 
G.'1 = -A CU+ \J J · Cil-V -t- 2MolL) -l- C., 



In following figure, the 6v i '"t'u.v stresses are shown, 

on next page G..u.. stress is shown which is perpendicular to 

G\J and also lies in the plane of page. 

p 
O • +12 bU~z.- J....' ----~,,, 

6v 

6v 

\/=-JJ. 

=-U. 

O,ol.S p -I I Ii_ 
u.Llo 

F.iF;ure 5 

Y=o 

p 
0,611 -

6 'h .. .Uo 



Figure 6. 

V= o 

..f:.- o, ,11 P/bu~1L 

" C. 34-7. 'P / l,(l~lt 

0·546 P/bJJ.?l. 
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, Z 1/z_ 
.·. -C.uv= 2 AV(U +VJ· C ilo-/J.) 

At V-=- 0 

6v = -Au..2cu + 2.ltoJ + c. 

At .tl= ilo 

2. 2 ''2. 2. 2 6~:: -A(Lt.o + VJ · ( 3)-J.o - V) + C.. 

We requirP- th e concHtion 

at "'= J1.o 

. ' ~2. 2 · · 0 = AC 2 Uo ') · Z .LJ.0 + C 

Then at V=O. 
,I L.UV= 0 



And at U=- .ilo i 'T.Ltv'-= 0 · 

. r- A [ z z. 1/z a z. .r::- 3] 
· · oU= CJ.J.o + YJ C 3£10 -VJ - 2 v Z /.J.o . 

. /" [ i. l ~2. 2 ~ r::; 3 J 
· · b'J = A c(Uo +V] · (3L1o-VJ - 2v2 /..1..o 

Also at Y= .Llo 

Study b'V along v= 0. 

At .U.= 0 

LJ.=-Uo. 

.U..= - 2.ilo 

3 
6v = -2fzAilo 

b\/= ACuJ-21.J .. (,3-2.fz.JJ.;) 

== Auzrc-1-212) 

.:3 3 r:::,.:3, 
6v::::: AC '3'.Uo - '6",llo - 2 v2.u.o...., 
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Study 6LL along 'I= 0 

At 

At 

At 

Study 

At 

.u. = o. 6/..L = - 2 vi. Au/' 

U.=-.Uo 
3 3 r.: 3 6"u.= AG-Llo + 2Uo -2v2 I.lo) 

= AC 1- 2'12.)ll.o~ 

a 3 3 
6u. = A (- 8.Uo -+- 8,Lto- z.Jz..Uo J . 

= -2vz,A.u;. 

6\/ a1ong U-==-.Uo 

b'.J= A~C-3-2vi) 

bv-==- -AUc;C 4\fi) 

Study f1mctions alon f y = Ll.o 

At .U..=-2U.o 6.u: Aug [-rs- zfz]. 
At U.== -J.lo 3 1 bJJ.=- ALJ.o [-2fz- 2Jz. 

At U.=- 0 3 ] b.U = A.Uo [-l - 2. fz 
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At .lt= ilo 

/\.t .U.=-2.llo 

,U.-::: -.Uo 

Ll =- 0 

Ll-=- .Uo 

6u=- 0. 

3 
£" = C l- 2 vz) ALlo 

-r . 2. 2. '12. 
lUV ==- 2 AUo ( U. + Uo) . (_ LJ.- Uo) 

At U.= - 2lio 

U.. = -.Uo 

Ll.= Lto 

. 3 
T.uv-= - Gvs /..\ 4o 

-ruv = -4-Jz ALJ.e.? 

3 
Tuv = -2A-Uo 

l'uv::: o. 

Along U.== - 2.U.o 

[ z 2 Yz. i 31 bil= A (4.lio +v:,) · (-VJ- 2V2Lto 
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-
At V=o 

\/=lto 

bil= -Zn Aug 

Gv = -2vz A Lt; 

T..uv= o. 

6u= AUo
3 [-fs-z{z] 

b\J = Allo
3[ vs- 2vz] 

+2.Uo 

Total load P == 2 f b\J· h-hu-d.u. 
0 

2.Uo 3 I 
P =- 2 fA Cu3

- 2 u.ou.2- 2 vi..Uo J h- -i;l c:lu 
' 2.Lt. 

0 

I ·2J.lo 

[ 
2 7i2 4 512. 3 YzJ = Ab - ll... - - Lto LL - 4uz .Uo.lL 
7 S · o 

·A P . . = - --=- - .---:::7/2 ' 
'7· Z 9 3 b- I-Jo 

2Uo 2.llo 

2 [ h.uclu. = 2 fj__". cJ.Lt. = 2 vz LJ;"L 
2· ,LL 12 

0 0 

- ·. PAYE.. = p ,, -::-:. - 3·29A6ilt'. 
2fi. /Ao 2 

JO 



Now let us find . out that how much total force is acting at U =U.o 

The t otal force can be summe.d up as follows, Let P 1 be thaL force. 

Lle, 

,· ·. P
1= 2 J 6'.u.- b. hvd.v. c= as c "K, VJ 

0 I 

Ll [ 2 l. 
1
1, '] 

1
'l.... 

- 2 Jo r b J..v V. V8 (.Uo +v J +Llo 
- bLl• •--- \J I I/ I; 

0 2 (J,to'+lJ It- vs (Ma2+./J ~4 [(.L{Z>'Z.-4-\I) l:..tJ~ L 

.Uo 
=f ~,u.. b.v.Jv. -'-

2 2 
., 

o (J.-«o +v:> z. 

bo/ 2. ~ 3fUo v dv = J A( 3Uo-VJ\/ dv - 2. VZ. Abtlo 4 i. 'Ji. 
o tJ (.Uo +v'") 

= 1·2S Ab,u/"-o,zs Ahl-Jo'- +-2.Jz AhJJ.o4 

4 = 1· 2 3 Ab l.{o 

I II 4 .·. p = 1·'2 3 AbMo 

.·.p'=-1·23 P ·bUo 4 

Cf· 293 bJ..-'/12. 
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J2 
(2). Consider a long plate with thickness b units, loaded 

with triangular load uniformly increasing , zero at center 

o of the plate . Refer figure 7. 

Take ¢ function and corresponding stress equations from 

result (9) from chapter III. 

Then at top of plate we V=O, U=anything , 

So we have 6.L.L= -12.c1 U..i 

which is a compressive stress. 

Shear stress Tuv is zero on boundry and anywhere in the 

plate. 

G'u.. 

Figure 7,. 



(J). Consider a wedge having 90 corner with thickness b 

units loaded with triangular load uniformly increasing, 

zero at center O of the wedge. Refer fi gure 8. 

Take¢ function and corresponding stress equations 

from result (9) from chapter III. 

cp = C1 CLL~V:) 

Z Z 112 
6u.:: - 1zc1 CL.J. +v), 

LLlV= d. 

Then at surface of the wedge we have U=O, V=anything . 

33 

So we have G.L.L= -I 2c1 V which is a compressive stress. 

Shear stress Tuv is zero on surface and anywhere in wedge. 

0 

Figure 8. 



-
CHA. Pr F.FI. V 

CONCLUSION AND RT•~CO:MMENDA1'ION : 

After studying all possible ¢, functions and correspondinr, 

stress equations re1;:iterl to our coordinat0. system we crin conc]urle 

that one can solve a real prohlem re] ated to aforesairl coordinate 

system, hut we rni.r'.ht as well say that. this coordinate system ·j s 

not usable very much for practical p11rposes due to cornplex.ity which 

we have experiencerl while worki.nr, on j t and developjng al1 ¢ 

functions and stress equations. 
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APPENDIX 

In this section, it is shown that for particular chosen c::p 

function, it satisfies the 'Q~ eq11ati.on and then a detailed 

derivation of stn1ss oquati.ons are Eivcn. 
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(1). Try ¢= C, 5in.hl(J.,t., Si'11J<Y 

d <i> = c 1 K . .Si :n 1< y'. C trS h. l-< LL , 
oJ.J-

. a¼ z. . . h,,,.. ·· - = c 1 I<· ~171/<V,s,n "/..L. 
oLL2. 

· a(Z) · L · · --= C'1 K ccss KV· Sl'in nt<.:..U.., av 

:::: 0 . Thorefore ~"4¢ equation is satisfierl . 

Now take the exprossions for stress equations from page 6 and 7. 

I 
+---

hu~hv 
I d'<t> ahv --·-· hv3 av av 

36 

h 2. h 2. I 2. 2 -1/2 
LL = V == 4 · CU. +VJ Substituting thh, in above equation , 
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Jnu. . 
hu3 Ju... 

!I. z .z-2.[ a z. z . h . h . 6JJ..= 2c,-c.u. -+V ') [2K cu+v),s1n ~Ll·Sl'nKV- KLlcc:rs Kil·'51l1KV 

!I. 
6 -::i C C 2. z.')- 2 [ < 2 z) . h . ,. . V=.-c; ,. LL+V -2K(.U.:+V ·srn KU.•!31'llli:V-"'Uc.c:5'Sr1KLJ.·.Sl'>1KV 

+Kvcoshk.u.-si~t<V]. 
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( 2). Try ¢= Ce si~hKLl• cosKV. 

. de/) K . h ' \/ .. - == - c2 • s,.,, acu- s,11 t< , 
av 

== 0. Therefore ,/4¢ equation is satisfir:u . 

,, . 

• Z ,-,2. [ 2. 2. Z. L .. 6..u. == 2 Cz (il+V) -2K cu +V) si11hKU· COS 'KV-KUC6'SnK,U: CO'SKY 
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-'I . -r -:, ( z .z. '21 2. 2 z. L • • h . ·· Luv= c:..C2 .u.+v) LcKru+vJccsr,1<.u-s1l11<V+Kus111 KU·5tnl<V 

-1<vcc:rs h K:U· co-s K v J . 
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(3). q:, = c3 COSr!l<il·COSKV. Similarly it can be shown 

that it satisfies the q+ct, equation and cor:r:_esponding stre::;s 

equations are as follows. 

c z-~ [ 2 z z. h 64 = 2C3 cu.+ v J c2K (LJ.+VJ cos l(LJ.•COSl<V-K.U. si-1hk'U· COSl<V 

-KV coshjl;;u- si-riKV]. 

- KV c0"5hKu• si11 t<V] , 

1'41.V = zc3 C L,,.Z.+v't_f Yz [ z tlcu.'=+v2J si11 htm• si711<V-1<ucashKLJ.,si-n1<V 
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( 4). Similarly Cf= c4 cosnl~LL· Si)1KV also satisfies the ~:i4¢· 
I 

equation and corresponding str ess equat ions are as follows . 

2 .? -x f. 2 .? Z 6..u.= 2C4Cu+v) 2 cZK CU..+V) coshtcU-COSKV-K.Ush1hKU·Sil1tcV 

+t<v cosh1c:u-cos1<V J. 
z. z. -~z r. :z. z z . . 

6v = -2 C4 CA.1 -1- v J c2K cu.+" )cos hKil·COS KV ·- KLlSl l lhKil•Sl'l'IKV 
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( 5 ) • When ¢ : CS . 

Sin ce C5 is a con stant , difforentiatfon of ¢ with respect 

to .U and V will be zero and so it is obvious that all 

str ess expressions will be as follows : 

6.u.= CJ. 

L,UV =D. 



(6) . Try 

.: a~= o, 
o/.J.z 

- o+ o. 

0 Therefore ...,4,,1.. t. . t. i'. ,.J - . v ~ equa ·1on 1s sa 1s 1 e ,1. 
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( 7) . Try 

. o¢, - C ··-- 7· o\/ 

.: c:}¢ = 0 
8LJ- I 

,', c/cb = 0. 
'c)).)..r!JV 

-=.. 0 + o . 

=- O. Therefor e q+¢ equation is satisfierl. 

45 



46 

-r.u.v = -c CJ.J. +v) 2 zcu+v )- + LL~ + v ~ l ,l -~ G z .z azd> . ,,., a -~ ] 
au.av av aLJ.. I 
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Try ¢ = CcgJJ..V 

. 0~ -··-- o. ou..' 

- O+ 0, 

- O . Thcref'ore v4¢ equation is satisfied. 

2 2 -Yz.[ z z a½ 2J<tJ adJ ] 
6u. = 2 cu-+ v J z cu+ v J av 2 -.u. Ju. -+ v av , 

:. 6/J.. =- 0. 

6 Z 2 -~z. [ 2. 2 2fr/:> 3(/;J -adJ J 
\J= c.(LL+V) 2.(LL-+V)-- -v-a +LJ..- ' 

aLL2. v au 

-'· 6" == o. 
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( 9). Try 

:. cl-ct> .::::. z CCI au. z. ' . 

. -a2d:i 
.. ---- ::: C), au.;;v 

==- 2 c1 - 2 c1 

T f ~~ -:=. O hF.!re ore v..,,. equation is satisfied. 

2 2. 'J 
:. 6J.J. : - 12 C 'f C LL __., V ) 2. 



z z .,, 
. : 6 V :: 12 C Cf ('.U. +VJ 

50 



( 10). Try 

. a¢ 2C,ol.J.V 
··----=- ' av cu.'+v~2 

2. 3 
c,o (6U..v- 2).1.."J =---------, 

( u. a...v~3 

2. ~ 3 \ · o 'i:t> _ Cio C6JJ.V-2.V ...1 .. - _.:.:;._;_---,----, 

au.av (J.J.. ~ v~ 3 

.: v-¢ = a2tP + o~ 
au 2. av2. 

3 l.,. ;a 3 
::. .c,oC2ll.-6LJ.V) + c,oC6l1v-2U"J 

(LL '¼-v"J 3 (LL '7+vj3 

=- O. Therefore v-'¢ 

51 

equation is satisfied-



52 

., ,2 

,, 2 i. -,,[ 2. ~ o'rt> cJciJ d dJ ] t..J.J.V::::.-2(U.+V) 2(LL+V)- +J..L-- +V---
. 8LJ..c)V dV oLL 
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( 11). Similarly cp = Cu'\/ 
"J.-z.+ V 2. 

equation and corresponding stress equations are as follows. 

also satisfies the 
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( 12). Try 
ol 3 

¢= c 12 C3uv-vJ 

· c>dJ ,..C lL'' .. -==- b JZ v, 
C)LJ.. 

. a¢ z; 2 
· · - :. :3C12,CLL-V) av ' 

· 0 ~ ,,,...c V .. - =-o /2 av2 . 

. a¼ .. -a.u.-av- 6C1zLL, 

:::. o. 'rherefore v¢ equation is satisfied. 

. 2. y 
. ·. 6.u. = - 30 c, 2 'I c u2-+vJ :2-



2. 2 !I 
. ·. 6v == 30 c12 v cu. +v) ~ 

2 2Y .·. -Cuv= - .30 c,2 LL cu. +v) .2 
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(1J). Similarly¢=- C13C3uv2-a3-J. also satisfies the 

v¢ equation and corresponding stress equations are as 

follows. 



(14). Try 

• ad> z. .3) 
•• - :=: C14Cl2U..V-4U. au. , 

a~ . ~ 3J 
.·. - :=. c, ... c 12..U.V-4-V av -r ' 

z4c14 uv, 

:::. 0. Therefore ~"rp equation is satisfied . 



'I z. 2.- 2 [ ~ 2. -a~ a<b ach J .• . .t:;...,== 2Cu..+v) 2(.u.+vJ-- -v- +u.-o/.J..~ av aµ_ , 

. /' 2 2 12 2 2 
· · t> V :: - 5 6 CJ 4 C .LL -+ VJ C LJ. - V ). 

I/ 
.·.-cuv== -112c14.,uvcu2+v2.J .2 
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(15). Try S- .3 32 2.. 4-) ¢ = C1s- CV + V -JOV .LI. -.3V.lL - S).J. V . 

c)0 3 .3 ) .·. a.u. = c,s- c-20 v.LL - 6uv + 20.u v , 

f¢ . 3 Z 
:.£._= c 1sC-2ov -6V +6ou.v), 

ou' 

. act> 4- . 2. ~ 2. z. 4-J ··av = c,scsv +av - 3ou.v -.3~ + s-.u , 

. a~ C z. .3 ·, -- = C1s - 60U.V - 6"-l. + 20,LL ') ouav . 

4 = o. Therefore v¢ equation is satisfied. 
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6v =- 2 c..u. -:..v2:) 2 2 C.LL+v)- -v - + /.J.. - , - -Y. [ z. ~ a~ act, a¢ J 
oJJ. z. 8 V .:3µ_ 

2 z. -Yz. z. 3 < 4 s .3 
. ·. 6v = -30CJS' cu +VJ . (:6u V +,u. V- SLLV +.3Y +V ). 

T' ~ 2. -1/2. [ 2 Z. o~ oclJ cJ</J ] 
LLJ.V = -zc..u +VJ 2(.LJ.+VJ - --+ U - + V d"LL , 

a.uav av • 

2 2. -Y2. G' .3 4- z 3 < · ·. Luv= 30 c,scu + v J. C-.:JJ.L +a + 9 u.v -1-.Lt v + 61..J. v:J. 



S- .3 32. 2. 4 
(16).Similarly ¢=..Cu0 Cu. +u -,ouv-.auv -svu). 

also satisfies the v"tD equation and corresponding stress 

equations are as follows. 

z z - ~z s .3 4 2 .3 2 
6'.u..= .30CJ6 CLL-+VJ • C3LL +u -9.LL.V +,u.,v -GU.VJ. 
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( 17). Try 

. art> [ z. z. 11 z.. z -Y. ] . · 8.U.. == Cr; CLI. -+V) z. + J..J- CLL2-r V) z. , 

. a¼> r- z. z.. -'lz. 3 z. z. -31z.J ·· - = C17 31-1.. Cil +VJ -.LL Cu.. -rV] • au..z.. 

. d<t, , 2. -Yz. · , -- = Cl 7 LJ. V ( u. + V J av · 

d¼, 
oJ.J..cN 

Therefore v4¢ equation is satisfied. 

,,.- a ,-'lz[ 2. , a~ 2xtJ Bcb] 
o.U:. 2CU-+V) Z(LJ..-+V]-- -LJ. - +V-d 

av)_ a.u V 

. ·. bLL -= Cl . 
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z. '-.l'z.[ z. ~ a¼ od> ddJ ] Gv = 2 c..u +v) 2CLJ. +VJ CJJ.J.2. -V av + LJ- aµ. 1 

.·. Lu\/= -6c17 v. 



( 18). Similarly ¢= c,a v CLt.z-+v~·_}'z also satisfies 

the v4 ¢ equation and corresponding stress equations 

are as follows. 

6v =- o. 
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( 19) • Try 

Therefore tt::1
44' equation is satisfied. 

•/" 2. 2. 
· • o.U: - I O CI 43 C. 3 V + U :). 
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···Luv= o. 



( 20). Try 

2. Z. -'lz_ 
.·. ~ = C20 u.. cu. +VJ oLJ-

··· [~:,. + ;~][cut//~~7t>J ==[!~+ ~:] [ C2o] =- o. 

4 
Therefore v¢> equation is satisfied. 
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.·. 6u = 2 C20 , 

Luv:::: -2 cu.2:.-vJ 2. 2(J.J..2..+.v J - + J.J----+ V - , r z.-'.I. [ ~ a2w 2J(/) a¢ J 
ouav av au 

:,tuv== 0. 



( 21) • Try 

.-. ""~ = a~ + a<dJ , 
8.u. z. avz. 

. z 2.-1/2. 
::: SC:.21 UV CU.. +VJ 

Therefore ,q-➔¢ equation is satisfied. 
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.·. -blL= 10 C2I LLV. 



(22). Try r+.. .a 3 z. z. Yz.. 
....,.,,=C22 (31.J.. v-vJ cu. +v J 

'o2rp 2 '2. IJ. 2. 3 2. 2. - 1/ · .-: - = -6Czz" cu +v J z. + c.22 C9Ltv-7VJCu. +VJ z... 
ov2. 

2 2 3 2 2. - 312. 
-c22'-' C3u..v-vJ<u +vJ, 

. c1r:J, 2 Z 
112. 2. 3 z. < -3/2.. ··- = 9Czz.U.(U+VJ - C.z2ilVC3.U.v-VJ(.u.+vJ eua~ I 

_ 2. ~-Yz. . 2 3 
- C22. cu. -tVJ . C 21/J.. v-7 vJ. 

, 2 2. ~2. 2. ,:! 3 
•· C/..J..-+V"J · '1?°b== 7CzzC.3uv-vJ 

I 

Therefore v4cp equation is ·satisfied. 
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2. z:'l2. [ 2 z_ '2,,~ 2xiJ a<:h ] Gu.=. 2 c..u.+v J 2 (LL +VJ - -.u. -- +· V ----
av1.. o,LI.. av · 

. 6 .,.~ 2 3 
.. v= 2-o C22. C3J..-tV +vJ, 



( 23) • Similarly ¢ = C 23 C 3 vit.-.u.3) C LL~ V~ 11
2. 

also satisfies the "'14¢ equation and following are the 

corresponding stress equations. 

3 bV .= -Sri, C.2,3 U.. , 
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( 24) • Try 

.·. att, - Cz.4· 2.U . 
a.u. - u ~v z.' 

'Q~ = d~ + d~ 
oJ.J.." 8v z.. 

v 2 2. u.~v2.. = 2Cz4 -J..L -t- 2C.24 --
(u. s,. J-J 2- Cu. ~J-J '2.. 

::::::. 0. 

Therefore -v4¢ equation is satisfied • 

. ·. 6~= 4Cz.4 c.u~v½ 
Cu 2...tv~ 01 2- ; 
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Tuv = -2c.u.¾v2-/1z.[zc.u..Z.....-l-J a¼ --t u.dcb + v ~1 · o.uav ov o).J.. , 

:,Tuv::. 'i{C2.4 UV 
cu '2..~v½ 31

2-
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( 25) • Try . 

. a2t:t> - c2.s-V .. ---au2.. j 
LJ. '-+V~ 

. a¼_ .. --- - Cz.s•V . 

/.J. Z.-" V 'Z. ' oVZ. 

... o2¢ =. _ Cz.s-, U. i 

oua\J u ~-+ v 2. 

.-.~~== a¼ a¼ 
--+ 

OV' I oµ2.. 

C.2.sV - -+ -t:.zsV 
u 'l._..v""L u.. -z.+vz.. 

-=.O. 

4 Therefore -v¢ equation is satisfied. 

'I ¼ 
G.u.:::: zc..u¾.v'5 2.[2cu'--+v½ e__ -u...~ +V o</:,J, 

oV 'L c)J.)... 8V 
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, z -'11.. [ , ~ a'tt, a c1J 2'm ] 6v=.2c.u+vJ 2cu-..+vJ--v-+u.- · 
CJJ.J.' av a.u. · 



( 26). Similarly ¢ = c2 "- c_ V ·k1:l1
1
.: - t lo9 cuS+v½). 

also satisfies the .,.,tp equation and following are the 

corresponding s tress equations. 
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(27). Try 

+ cu¾J-j 2 
· 'I] 

-q~ = a¼ + 2i¼> 
ou'Z.. ov2... 

2. 2. 2. '2.. - Yz. 2.. , - 11, I a < = Lo.9 cu. +v )· CU. +\J) - cu. +VJ. 2 Lo9 (IJ. +V'") 

+ 2 c.u "Z..+ "2.J-'12. 

2. 2.. 2. 'l.. -'I, '2. '2. -'/. = ~ Lo9 CU +VJ· (U +V ) + 2 CU+ V J 2. 

2.. 2.. '2. ''2. I L 2. < ••• -.:::1 '?/>· CU.+V J = 2 05 CU 4V J + 2. 



Therefore the "'14¢ equation is satisfied. 

r-.. 2. , -
11

2 [ 2. "l. d2a, act> · adJJ 
O,A..t..: 2 (U.. -+VJ 2(U. -+V )- - U. - + V --

oV2 o.LJ.. ov 

6v=- 2cu ~v J 2 2cu:+ ) -- -v - +u- , z ~ -1
1 [ 2. J a¼> acb act) ] 

0 u...'2- ov o.4 

b\J= C~7 [ 4 + 2 (Vz. u½ c.u2+vzs'+ Lc:::,3 c.u¼J-J], 

L.uv = - 2 c.u..2.+v'"Lj''2-[2. (u¼J-J o2<b + Lt. 2:id +v _am ] 
B1--tav av au , 
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