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The purpose of this thesis 1s to investigate the 

characteristics of the normal mode shapes and frequencies 

associated with the general stiffness matrix for a beam­

column element, which 1s derived from the Bernoulli-Euler 

differential equation with the inclusion of the axial force 

and transverse inertial loading. The components of the 

general stiffness matrix contain hyperbolic and harmonic 

functions. 

Three separate problems are analyzed. These include 

the statical beam-column bending problem, the dynamic beam 

problem 1n free vibration, and the dynamical beam-column 

problem in free vibration, In each case, the orthogonality 

conditions of the modal shapes and frequencies are established. 

For each of the above three problems, the special case 

of rigid body motion is investigated. Each possess at most 

two rigid body modes, the re~aining two families of modes 

·shapes being associated with deformed geometry including, 

the resonant fre quency of free vibration of a free-free beam, 

and the critical buckling load of a simply supported column, 
I 

and the resonant fre quency of a free-free beam-column. 
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CHAPTER I 

INTRODUCTION 

1.1 Hi s torical Background 

The general stiffness matrix for a beam and/or 

a be am -column element is derived from the Bernoulli-Euler 

differential equation with the inclusion of the axial 

force for the beam-column. Rubenstein(l)• derived the 

re quired stiffness, mass, and axial force matrix utilizing 

sta tic dis placement functions for the beam-column element. 

Henshe11< 2 )• used the exact dynamic equations in obtaining 

the dynamic stiffness coefficients (i.e., mass matrix) 

for a beam element. Wang{ 3 )*used the "exact method" in 

deriving the geometric stiffness or axial force matrix for 
(4)* 

a beam-column element. Paz used the "exact method" 

1 

based on the corresponding differential equation for the 

vibrating beam-column which leads to transcendental components 

including both trigonom~tric and hyperbolic functions 

relating the forces (moments) and displacements {rotations) 

at the ends of beam element. 

Number in parenthe sis refer s to literat ure cited 

in the Bibliography. 



1.2 General Matrix Form 

The matrix form of the above rela tionshi ps is 

written as 

{ f ~ - [ s] 1 6 ~ (l-1a) 
where 

Y"&L fu 
L 

2 

{f \ l M,._e, \ 61 0,-.B (1-lb,lc) 
.J --

E. I &.,,., 
Ye"l L 
M,-. e .... 

The general etiffnes s matrix [5] is symmetric, but not 

nec essarily positive definite. In general, it is positive 

indefinite, that is, its eigenvalues are positive, but also 

may include zero. These particular zero eigenvalues a re 

a s soci ated with rigid body mode shape s . 

By tra ns forming this general stiffness matrix [s] 
into diagona l form (i.e., s pectral decomposition), tha t ls, 

performing the eigenvalue-eigenvector problem, a complete 

set of mode sha pes are obtainable. This process r equires the 

calculation of a matrix [u] ca lled the eigenvector matrix 

which satisfies the conditions 

(l-2a) 

and 

[ U J [ U JT = [ U JT [ U] = [ I J {l-2b) 

t hQ. t i s , [ U] i s orthonormal. The ma trix [ A] ls a di agonal 

m~trix of eigenva lues whose z e ro s are as s ocia t ed with rig id 



3 
body mod e sh3.pes. Nonzero terms of the matrix [I\] when 

e quated to zero y ield va lue s of critical buckling load and 

na tura l fre quency. Since [ 5] is a s ymmetric, it i s diagonal­

iz ed by an orthogonal matrix [u} This condition i s s hown 

in e qua tion (l-2b). 

The mod3. l s hape problem i s defined by the condition 

tha t t he force ve c tor is pro portional to the dis placementr 

ve c tor, tha t is, 

(l-3a) 

where i\. 1s are defined a s eie envalues. Equation (1-3a) is 

rewritten i n th e form 

[ 5] - A [ I J] { O 1 - \ 0 \ (1-4) 

For non-z e ro va lue of \ 6 \ , it follows that 

[s]- A[r] 0 (l-5a) 

whi c h yield s the characteristic e qua tion of this matrix [SJ 
which i s s olved directly for the eigenva lue s. The 3eneral 

form of e quation (1-Sa) become s 

4 ~ 1 

/\. - I /\.+I i\ -I i\ + I - o 
I 2 J 4 

(l-5b) 

wit h t he coefficients 1
1

, 12 , r
3

, and r 4 as the matrix 

invari ants, 

where 1 1 = trac e of the matrix [ S] (l-5c) 

I 2 = s um of a11 · (2 x 2) determi nant minors formed by 

s ucce s s ive ly elimina ting a ll pos s ible combinations 



13 = 

4 
of any t wo rows and the corresponding two 

columns (l-5d) 

sum of the (3 X 3) determinant minors of the 

principal diagonal elements {l-5e) 

14 = the determinant of [s] (l-5f) 

The roots of the equa tion (l-5b), 7\.\, 7\.1., A-3 and 7\ are the 

~i genva lues of [ S]. 
The eigenva lues of equation (l-5b) are individually substit­

uted into equa tions (1-4) and the corresponding eigenvectors 

\& J are obta ined which directly define the modal shapes . 

Th ese vectors a re then combined to form the columns of the 

modal matrix [ U} 
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CHAPTER II 

EQUATIONS OF MOTION 

2.1 Differential Equation 

The exact t eneral stiffness matrix for a beam-column 

element is derived from the Bernoulli-Euler differential 

equation with the inclusion of the axial force for the 

beam-column, the components of the general stiffness matrix 

are composed of terms containing hyperbolic and trigonometric 

functions. 

When the effect of rotary inertia and shear deformation 

are ne glected, the differential equation of motion for a 

uniform beam-col umn is e.iven as 

0 

with x 4 y - the co-ordinates axes of the beam as shown 

in Fig. I. 

P - the axial forces. 

El - the flexural stiffness. 

f A. - the mas a per unit length. 

t - the time variable. 
lY) 

------- L-------=--
v ... e. ;s,...~ "'e,,.. , s~A 

Figure (I) Positive Sign-Convention 

(2-1) 

l )(.) 



If the beam is not subjected to external forces, the assumed 

solution of equation (2-1) is a harmonic function of time: 

y (;,c.,\:) 
\.nt 

= Y<.><-) e 

where .n.. - na tural fre quency (radians/s ec.) 

Yt~)- the corresponding mode shape. 

(2-2) 

Substituting equa tion (2-2) into (2-1) yields the ordinary 

differential equa tion 

0 (2-3) 

Ass uming the solution of equation (2-3) takes the eeneral 

form 

it follows that 

where 

0 

p 
E.l 

JAn.L 
E. I 

The roots of equation (2-5) become 

where I 

·P, - [- ~• + j( ~')' t- ~•J , 
I 

i', -[+ ~· +Jl ~·)' + ~• r 

(2-4) 

(2-5) 

(2-6) 

] (2-7a) 

(2-7b) 

(2-7c) 

6 



The Eeneral solution of the differential equa tion (2-3) 1s 

with A1 , A2 . A
3 

and A4 as constants. 

2.2 Boundary Conditions 

The eight boundary conditions a ssociated with the 

be am-column are 

Y(o> - BAI!, Y< L) - 6~A 

d- d -
0e,11. . -Yeo)= e~f, - Y<L )=-

d"- - dx -

d~- y,.,'!; P e,.,e. c\3 
"j_t1..) = _ Ya,.,_ P60A 

- 3 Yeo)= 
dx - E. 1 E.1 d x3 E.1. E. 1 

c\1-dt - M,-e. Me.I\ - "/co)= -- - 'f(L)= 
E.I dx.~ - EI di<.l -

where 6 , 6 and e , 0 are res pectively the transverse 
A,!, ~A ~~ ~~ 

dis placements and angular rotations at the ends of the 

beam-column. V , Y and M , M are correspondingly 
"'" !>,b, "'~ ~~ 

shear forc es and moments at the boundaries (see Figure I). 

Subs t i tutlne th e boundary conditions given by equ~tion 

(2-9a) and (l-9b) into equa tion (2-8 ) yields re spectively 

the matrix forms. 

7 

(2-9a) 

(2-9b) 
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6 0 0 f'::;.. 
A!, I 

0M -pl 0 -p, 0 A 
l 

(2-10) -

5 t:, C A 
&11. .3 

01!,i\ -Pie --p, t, -P,C -p,5 A.d 

and 

v ... ,,. - l:. e 3 
-p~ A, "e> - H 0 0 E.1 £.I 

- M ... e, t L 

Al 0 - ·PL 0 -p, 
EI 

= (2-11) 

- \J6,._ - J:... 0e,,\ 
~ 3 

-ffc 
~ 

pi..~ - ·Re -P. 16 -RS 
El c I. 1. 

l 1 

Me.!> l. 

-p~5 -RC - -P1h - -P. <:. f:\ EI L 

For convenience purposes 

,b - .sin -f>1L 

e. =-- C05 -p~ L 

5 - $\Y"I h ·P1L 

C - co~ 'n •P1L 



9 
2.3 Stiffness Matr ix 

Performing the invers e opera tion on equation (2-10) 

gives 

A, 0.11 a,t a,?, Cl 6 
14 A~ 

Ai a~, Ou C\t~ C\24 eM, 
- (2-12) 

A~ 0?>1 0.32 an C\34 6~A 

/:\4 04 1 0 4:2. QA~ C\.,,4 0e,~ 

where 

a, .. = - -p, C -1- -p, e 

(2-13) 

0 = -..(') C<. + --C'l (hi.- e") - -0 s~ H ,L n . ,- , 



a = - -Re + -B .. C 
34 

,. ,. '"s 9s, = - -p, ·RC e + ·R ·R l ~ - e. ) ~ -p... "" 

a.,,~= - -R -p,.. e + -p, -p .. C 

q4 =- -r. h - -Pz S 

10 

Subs tituting equation (2-12) into equa tion (2-11), the final 

f orm of the general stiffnes s matrix relating and harmonic 

forces and moments to displacements and rotations is obtained 

in the dimensionless form 

where 

l 
l:1 

Vl 
A& 

VL 
&A 

s 
At 

5-YMM\:.. iR\C. 

(2-14) 

5 
53 

s 
·"· 



and 

' 522 = ~-- = B[(-p, -p: + -P,
3

) Cb - (-Rl·P, + -P:) s ~ L 

531 - - s 41 ,_ B G-R -p: + ·P. -R) ( C - C ~ C 

5 Bil( L, 4 3 t .d j~ 
.3 I = (-P. ·R - -R -P~) s - ( -p, ·R + ·P, fl) J.> L 

SAt =B [(1-Pi + 4.) s - (-P,-p: +--P,
3)h] L 

B 

subject to the condition that 

It is convenient to introduce the following change in 

notation 

Subs titutine- equa tion (2-23) in eriuation (2-15), (2-16 ), 

(2-17), (2-18 ), (2-19) and (2-20) the elements of the 

f enerar s tiffness matrix of equation (2-14) become 

11 

(2-17) 

(2-18 ) 

(2-19) 

(2-20) 

(2-21) 

(2-22) 

(2-23) 



S - 5 -
11 .5?, 

5 --s = z, 4~ 

S =-S = 
31 -41 

[ U.\1(\.l+\l)lll5~-+ \fC.ti)] 

[1u\1(l-Ce)+(LL-,/) S>->] 

L\. \T [ ( LL' -,/)( I - C ") + '2 \.\. \J sh] 

[2\..L\J'(l-Ct)+(\.I:·-/) =>~] 

[( \.L + \h ( IJ 5 - u ,. )] 
s =--=~------=--=,-] 

,it [2 L\. 'It ( \ - C 1.) -1- ( LI.\. - ...,.~) :, h 

The stiffness matrix [ S] is 

5,, s 5~, Z I 

:)t I 571 -s~I 
[s J = 

~ht -5-41 5 
'I 

541 S,z - 52, 

12 

{2-24) 

(2-25) 

{2-26) 

(2-27) 

(2-28) 

(2-29) 

s 
;.jl 

$At 

(2-30) 

- st, 

s 
Z1 



2.4 Invariant s of Stiffness Matrix 

Noting equa tions (l-5b), (l-5c), (l-5d), (l-5e) and 

(l-5f) together with equation (2-30) the four invari ant 

conditions are written as 

511 S" 511 $JI 5 5A, 
II 

I - + + 
z 

511 Su $3, S" S,, Su 

s,, - st, 511. 541 stt -SA, 
+ + + 

- SL\ Su 5,n Su -s.4, S11 

511 Sz, .:>31 5,, St, s., 

I = 51, $22 -s., + SL, Su S.u 
.3 

S.s, -5.-, 511 $41 S.ot Szi 

511 Sa, S-11 S1L -s.4 , S,11 

+ 531 511 - 511 + -s.d, s,, -51, 

S4, sll S11 S.u -511 Szz 

13 

(2-3la) 

(2-3lb) 

(2-3lc) 
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S" ~21 s~, s" 

SL, 5u - S,, 
54t 

I = (2-3ld) 
4 

sll -541 511 - 511 

SA\ $41 -511 Sa, 



CHAPTER III 

VI BRATI NG BEAM PROBLEM 

3.1 The Stiffness Matrix and its Eis envalues 

The dynamic stiff ness matrix is obtained from 

e~ua tion (2-14) by letting the axi a l force equa l zero 

(i.e. k = 0) whi ch is equivalent in the condit i on that 

'Pi - -Pt 

The dynamic s tif f nes s matri x then becomes 

3 
u. (C.b t 5e) 

'5Ytv\M'c. T~IC 
t. 

1.,L :,1.;> 

[K 0] = d~ 
_ Lr ( => 4- >.. ) - Lt c c - c.) 

~ ( C - e.) Ll ( S - 6 ) 
l. -u.s ~ \-l(.c.,.-se.) 

l,l ~L = -f>, L - -p,.L 

C - cos h Ll. 

s S\f'I h ll 

e = (.,0$ u. 

h - $\ 11 L\. 

a'l"\d c\ 

J 
w 1- Cc. 

w "it h 1-c~ ~ 0 

15 

(3-1) 

(3-2a) 

(3-2b) 

(3-3) 



The four matrix invariants of [KJ matrix in e qua tion 

(3-6 ) a re 

-2LL[s~c.,-u:) - c,.t, ... ll1J 
1

1 = ll-Cc.) 

2J[s,..(1-u·) +(1+.3C~)L~] 

(\-Cc.) 
,r "' \. 1 

2u.LSe<.1-u..)-(,q1 ... v..)J 

l\-C~) 

e 
u. 

The charact eristic e qua tion be c omes 

or in quadratic f a ctored form as 

+ I.A. [ ( Sc + h ') ( 1 - U:) - ( C1> ~ S H 1-+ ~)] 

( 1-C'-) 

with the four roots determined as 

_ - L1,.[( Sc - C,., - ,, + S ) - LC l Sc ~ (,A - 1> - 5 )] 

i\ -

2 (. \- c .. ) 

2(1-CL) 

-u.[vse-Ch+h-5) - ~( '.:><--1-C1>-'-h-1-S)] 
2(\-Ct.) 

0 

0 

16 

(3-4) 

(3-5a.) 

(3-5b) 
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The eieenvalue matrix take s the form 

/\. I 

SYMMETRIC 

0 I\. 

[nw] 
l 

-

0 0 7\. 
3 

0 0 0 7\. 
4 

3.2 The Eigenvector Matrix 

Utilizing equation (1-4), one obtains 

[ [ K.J - A [ I ] ] { 6 l {ol 
Subs tituting the four root s of A individua lly into e qua tion 

(3-6), the eigenvector matrix is constructed as 

o/c, c, o/c\t ¾~ ¼4 
¾ ¾ n/4 n,,1/c\4 

[u]=4~ d, d, 3 

¾, -¾ ¾3 -vx dl c\4 

-"')~ ¾ -n;{i h~4 dr cl~ I 

(3-Sc) 

C3-5d) 

(3-6) 

(3-6a) 



where 

YI = 
I 

n = 
t 

n = .3 

II = 
4 

h == s 

n = 
6 

d= . I 

d= 
2. 

\..L[( Se - C-!» - J.:, + S) + ~ ( St. + C '-> - h -5 )] 
2(1-Ct.) 

✓ 1 l t ,. l 
LL ( Se - Ch - h + S ) "'- \A (.Se + C » - h - :, ~ + A LL l 1- C.t.) 

u: ( $h + C. - C) 

( I - Cf..) 

'2(\- Ct.) 

LL [ ( 5 f.. - Ch+ h, - $) + \..C ( 5 t. + CA + !:) + S )1 
'2(1-C.f..) 

j J. ( ( Sc. -Ch ... ,., -5) + Ii ( Se +Ch+ J., +Sr+ 4 ~ ( 1- Ct.) t 

2(\-Cc.) 

Lt l Sh - C. + C, ) 
(\-C,c.) 

LL l ( Se - C h - J, + S ) + I..~ ( S '- + C >.. - .h - $) j 
2(t-C,c..) 

\..L [ l Sc. - C '-> ~ h - $) + LLL \ Se + C-'> + h + S ) l 
2(\-C,c.) 

J lA l ( Se - C,, - h + 5) + J:. ( ::, e. + C..,. - h - :, ) ] 

l 2t1 - Ce) 

{ 
u.(l$e-C,.>..+h-~)-\-Lt(.$0CA+h+s)] 

2( \ - Ct.) 

f u.. l ( Se -C,., - ~ + S) .. ~ l St+ c,.,, -J.i - S ) ] 1 2(1-Co.) 

+ 

18 

(3-6b) 



d= 
4 

where 

n, 
d , 

n:) 
d, 

{ 
u.t(Se-Ch+ h-$)+~l':>e.•C,. .. h .. 5)) 

1 C. ,-c .. ) 

..rb -
d.3 

, 

nA 
d4 

, 

n, r1g 

~ 
- -

c\3 

n .. n" -
d, 06 

3.3 Solutions for the Moment, Shear Forces and Variations 
of Normal Mode Shapes 

For the ei~envalue A, the normal mode shape together 
I 

with moment and shear values are E. i ven in Fie:,ure ( II A ) •. 

tyJ 

,,..__ _ ____ L _____ ,.. 

6 - 61!,A 5 rv !it l 
""-' d 

I 

e = -e = e f"v 
l"h 

"e. e, II- d, 

Fiµure (IIA) Modal Shape of the Vibrating Beam for ~, 

19 
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The va riation in the mode shape for values of the parameter 

u where 0 ~u ~4.7300405 are shown in Table (IA). 

~ 0 2 .0 40 4 5 ti .7300405 5 : 0 

5,..,/L '/2i 0-698568H, o .~95104!>B 0.f>929 311oe, Q,b91'28~83 0 (:,'oB!>30C3 

0Ae, 0 0 -109 5 '5 ':) ~6 Q. \'2<;1?3007 o. 140BE.2SB o. 14815034 0 1&186951 

6e,,. IL 1/.r; 0 .699!H,B2.6 O-lo9~\ OA:!:>S 0 6929 340e, o . 691'2 83 B!> O bB8!>3003 

0e,,._ 0 - 0. \0~555~6 - 0 . 12.91300? -O-\AOBG20~ -C>.\AB1S034 - O. \<.IS/o95? 

Table (IA) Moda l Shape Vari ~t1on for A, 

For the eigenvalue i\., the normal mode sha pe tof ether 
l 

wit h moment and shea r values are given in Figure (IIB). 

j_ 
6 

r 

6 - 6 6 n~ L V == -v /\. El 6 - ~ - 7 "'~ e,i,. dL ... ~ Bl\ ~ 

e..,l!, 0e,,- = - 0 n .. 
M ti\ e,r,, '?\ t.19 - "J -

dt Al3 '!. L 

Fi e; ure (,IIB) Moda l shape of the Vibrating Beam for ~ 
l 
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The variation in the mode shape for values of the parameter 

u where O ~ u ~ 7.8532045 are shown in Table (I B). 

~ 0 2 .0 4 .0 6 .0 7.5 7.8~~20.!!5 8 .0 

6,.,.,/L I/J10 0 . :?)2841509 0 -'=>9':l'=-487~ 0 .105~ ~ 701:, Q.702"1!,!,~9 o . 701.A 51 5~ o .1001"Ges 

e,.~ -¼io - 0 .&2"1\8?>2\ -0 ,\024 2871 o.o&S9 7o51 Q. 0791\ 10:,~ 0 -08925104 Q.094-~ 1E.52 

6r,_,"-/L - 1/Jio -Q.!>284 7!109 - 0 .~99b4e1!, -0 .'70S?t'!,10lo -O 7ov;, ?>'!> S9 ·0 -101A5\5!, -o . 7007"168!5 

e~A 2/2-- 10 -o .<o1.c:.1B'!>21 -Q. \02A 2971 0 OG.9':1105\ 0 -01.94105~ o OB92s104 Q,09AA 7&52 

Table (IB) Modal Shape Variation for ~i 

For the eieenvalue ~, the normal mode shape toeether with 
.', 

moment and shear values are e lven in Figure (IIC). 

( ;,<) 

6~~ 51'.,/.\ = 5 '"'-' 
\"Is 

\/ = ?I. El 6 - -L v,.,_," d.!> Al!> -
3 L3 

eM, e~,,_ -=---e . f"'\J 
nL 

tv\ =-M /\.~e -
cl~ 

-
f',.f>:, 11,,._ _, L 

Fifure (IIC) Modal ~hape of the Vibrating Beam for r\. 
3 
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The va riation in the mode shape for value s of the ~arameter 

u wh ere 0 ~u E 4.7300405 a r e shown in Table (IC). 

0 2. 0 A. 0 4 . ~ A. BOC>LIO.5 5 -0 

5,...,;L 0 · O A.'!>5A 2070 0 .11551&19 0 . l"l,94 !'.>9 76 0 -1497 503A O-IS9<;,&9B4 

e,..~ '/Ji: 0 . '5A09 1771. - 0 -&971o07Z4 - C-~9321783 -O-b9128~83 -0 -6B98A!IE.Z 

6M/L 0 -Q . AS54 2070 Q.\\5~1079 O.\ ~9A59 71o 0- \A87 5 0~A O. IS91oE>~84 

0e,.A. -'/Ji -0 -540~ 11H 0 - (,971>072.4 o. <i>9 3211 e ~ Q. 69 128383 O. G9S84~G2 

Table {IC) Moda l Shape Varia tion for ~ 3 

For the eie envector ~, the normal mode s hape to5ether 
4 

with moment and s he ar values a re g iven i n Figure (IID). 

e -
"" 

Fi gure (Il.Ql 

( Y) 

e_~---- -- -- -- - - -

--- - -- l -----~ 

0 - 0 'v 
&~ 

'{'\ 4 
- L 
d~ 

Modal .Shape of the Vibra ting Beam for A 
4 
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The vari ation in the mode sh~pe for value of the parameter 

u where O ~ u ~ 7853,2045 are shown in Table (ID). 

~ 0 2 .0 A.. o 6 . 0 7.5 

5,.,e,/L 2/2io Q. /o1.lol 832 I C,. IO 2 4 'Z 01 I o.OG,8970!51 o .0194105~ 

e,.," l/✓1o 0 . 3'2847309 O.f>99f>4B 7'!, -0 . 70!!>~ 310E, -o.102i;,3359 

Oe,,.,/L - 2/Ji"o -O-'-H,1832 I - Q. \02A287\ - O-Ob0970.5 I - C) .0194 10s,; 

81!,J,. '/Ko o. 31.84 730.9 o 6~9 {,48 7~ - 0 -10'5~ '!)70'=> -0-10ZG!>!>S9 

Table (ID) Modal Shape Variation for i\
4 

3.4 zeros of the Eigenvalues 

The first eigenvalue 

i\., -
-U.l(S~-C,A-h+S)-u'.°(Sc. ... (,.--'>-S)l 

1l 1- C..t.) 

when e quat ed to zero yields the condition 

u = 0 

7. 8532045 B -0 

0 -0892 5 104 0 ·09447/oSZ 

- 0 .70\ll 515~ -o. 700H,be5 

-o.oi"I t -5 I Od -0 .09,u 71,sz 

-0-7014 5'1 S:3 -0.100 76~85 

{3-7a.) 

which requires the natural fre quency to equal zero, or 

W=O {3-7b) 

For u = 0 the mode s ha pe, for the condition w = O, takes the 

s ha pe as shown in Fieure (IIE); see Table (IA). 



(Y) 

I\ 

1 j_ 
6 

T 
6 ---- ---- ----- - - - - - - --~-j~---=-- l X) 

,_ l I' 

6,._I!,= 6e,t,., = 5 'v 
L V = "~" 0 
Ji .A,1, 

e~~= 0 - e - 0 M - M - 0 
~.A, ~& ~--

Figure (IIE) Modal Shape of the Vibratine Beam for the 
Zero of 7\. 

I 

The second eigenvalue 

I\ = 
t 

-1..L.lLSe.-c,., ... ,,,_S)-JLs .... c ... ~ ,\ .. S)] 
2 I. 1 - Ct.) 

✓ill(Se.-C,. .. J.>-S)-~V~,e.--C,'; .. ,. ... S)J + 4 ttl 1-C'-)t. 

2(,-c._) 

wh en equated to zero yields the condition 

24 

u = 0 { 3-Ba) 

which re quires the natural fre quency to equal zero or 

W:O {3-Sb) 

For u = O, the mode shape takes the shape as shown in Figure 

(IIF); see Table (IB). 



(y) 

_i 
6 

T 
1-.---- L ____ ___,, 

6 = - 6 = 6 'v 
L 

V = V = 0 ,A,.~ ~A & A e, 1',A 

- e 'v ~ M =M =0 0A& = e&A 
.J10 P--, ~"' 

Figure (IIF) Modal Shape of the Vibrating Beam for the 
Zero of ?\.. 

2 

The third el[envalue 

7\. = I 

- u. l l Sc. -c b - ,.. + S) - U: ( Sc. ""C,., - ,._, -5)] 
'2(1-Cd 

when equated to zero, yields the condition 

25 

u = 4.7300405; 10.9956078;17.2787596 •.•• (3-9a) 

The mode shape at resonant fr equency takes the sha pe shown 

in Fie ure (IIG); see Figure (IIJ). 



(Y) 

l_ j_ 
6 

T 
.___...,.6 __ __,,,_ { )(. ) 

6~.,.= 6 - o ~ Cl4B150!>AL 
C \!,~ 

\J = V = 0 
>-& e, A 

E)Ae. = - E\A = 0 rv -0- b9\2838?> 

Fivure (IIG) Modal Shapes of the Vibrating Beam for the 
Third Zero of "A

5 

Notine u = ~L, it follows t ha t a natural fre ~uency is 

obta ined by equation (2-6 ) as 

26 

w = 22 .373283\ /El4 ; I/IM-· (3-9b) 

The fourth eigenvalue 

+ 

L 

'1° Cl Se_ - C f.. + !:. -s) - J: (St. +Ch -+ h + $ )J + 4 1..t ( 1 -ct.)~ 

2(1-c~) 

when equated to zero yields t he condition 

u = 7.8532045;14.1371655;20.4203523 (3-l0a) 



The mode s hape at the fundam ent al re s onant frequency takes 

the s hape s hown in Figure (IIH); see Figure (IIK). 

l y) 

J_ 
6 

r 
' L 

' 

' ' 
' 

6 = - O = 6 rv O.OB925104l 
,II.I!, ~A 

~ 

1 • (1-) 
6 

T 

V =- V =O 
M ~,. 

~ - \VI = 0 
~II !,I\ 
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Fieure (IIH) Mode shape of the Vibrating Beam for the Fourth 
Zero of i\ 

~ 

Equation (3-109 ) yields the va lues of natural frequency as 

; \99,8591..A.84/E.l • • • • • (3-l0b) 
fA~ 

3.5 Interpreta tion of Result for the Vibra ting Beam 

The four nonz ero eigenvalue s define the mode shapes with 

associated j oint moment s , shear for ces, di sp lacement s , and 

rot a tions. Equating to zero t he four nonz ero va lue ,7\ y ields 

the conditions of natural fr equency. The four conditions are 
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a) -,.,__ = O implies u = O 

I 
or w = 0 

b) A = L 
0 implies u = 0 or w = 0 

C) /\..3 = 0 implies u = 4.7300405 or w = 2 2 . ~ 7 ~ 2 8 !ii J El 
4 fA\.: 

d) }\ 
A 

= 0 implies u = 7.8532045 or w = ~I . G72B2.09 ✓ El 
fAL~ 

For condition a), the mode sh ~pe corresponds to a rigid 

body translation with zero natural fre quency, and ze ro joint 

moments and shears. 

For ~ondition b), the mode ehape corre sponds to a rigid body 

rotation with zero natural frequency, and zero moments and 

shears. 

Condition~ produces even mode shapes at natural fre quencies 

which correspond to the first mode (i.e. n = 1) and higher 

modes of a free-free beam (See Figure IIJJ. 

Condition~ ·prodticea odd mode shapes at natural frequencies 

which corres pond to the second mode (i.e. n = 2) and higher 

modes of a free-free beam (See Figure IIK). 



w = 4.noo40S 

W = 10 995€>078 io..d/,.ec. 

W = 17.2787596 ~o..J./,. .. c. 

Fieure (IIJ) Even Mode Shapes 
of the Vibrating 
Beam 

29 

W - \ll . \Y7\o5S 1 ... d /1>tc. 

Figure (IIK) Odd 1-'.ode Shapes 
of the Vibrating 
Beam 
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CHAPTER IV 

BEAM-COLUMN BENDING PROBLEM 

4.1 Equation of Static Equilibrium 

The stability stiffness matrix of a general 

beam-column is obtained from the Equation (2-3), by setting 

fi = O, that is r = O. Therefore, 

(4-1) 

where the positive sign c onvention given in Fig. 1 holds. 

Assuming the solution of the differential ~quation (4-1) is 

l)<. 

-:f._Cx) - A e m (4-2) 

it follows that 

4 kl 1.. 
'6 + ~ - 0 (4-3) 

where 

k1 p 
-

t.I 
(4-4) 

The roots of equation (4-2) become 

\1 - 0,0 

(4-5a) 

~ - :!: .i. k 
3, 4 



31 
The general solution of the differential equation (4-1) is 

-y()(..) = A coskx + A sin kx-\ Ax+ A 
I t ~ A 

where A1 , A2 , A
3 

and A4 are the constants. 

4.2 Boundary Conditions 

Substituting the boundary conditions g iven by 

Equation (2-9a) and (2-9b) into Equation (4-6) yield 

respectively the matrix forms 

5 ·\ 0 0 A, 
"e. 

0AI!> 0 K 0 Al 

= 
6e,,.. L· A3 

eM -\<.ti K~ 0 AtJ. . 

and 

v,..'P, - _f_e,.,.."' .3 
0 0 A, 0 -K 

E.I \:.1 

- M,.e. 
E.I 

-\(1. 0 0 0 A2 
-

YaA _ £_0M k.3 .3 
0 0 A3 -\(_ e. 

E.'I EI 

M.,,- t. 1. - l<.e. -K~ 0 0 A E.l 4 

where 

e. - Co5KL 

{4-6) 

{4-7), 

{4-8) 



4.3 Stiffness Matrix 

Performing the inverse operation on Equation 

(4-7) g ives 

A, Q\I 0. a 0 5Ae, It \~ 14 

A o.z., a. 
Cl-t!i 024 0AS z Zl 

=G 
A3 a~, o!,2 033 Q.3" 6(!,~ 

A1. Oot1 042 C\db a .. 4 0M 

where 

Cl =-Cl = a - a - a - kc,- e.,) 
11 I"!, .H 34 43 

0 =-0 = 
11 At 

h- 9JC 

a =-0 - C\r- b 
14 AA 

- 0 = a - \<. ~ {I n 

0 - - (-\+~ + %6) 
11. 

C\ = 
2.A 

-(1-e.) 

0 =-0 
L 

- Ko 
31 ~?> 

0 = 
4 \ 

k(l-,0-q,J.>) 

G = 
K(2-2E-9J'~) 

and q, KL 

32 

(4-9) 

(4-10) 
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Substituting Equation (4-9) into (4-8), the final form of 

the s t ability s tiffness matrix r e l a ting end forces and 

moment s to dis pl a cements and rotation t ake s the d i mens ionless 

form 

V L a; h 
A.!!I 

MAe, 
l '-

L 
q,- 9i-e 

IT = ds 
!, 

V~-.l - C\J ,b 

~\~,. 'L L 

9r 91e. 

or 

where 

C\r - KL 

e. - cos q, 

h 

and 

c\ = s 

SYMME.1RIC 

C,, "' - ~'"e. 

I l 

q,t..-9r o;h 

9r1. - °al) .. • l. cis~ -q 9r~ -i~ 

The f our m3trix invariant s of [K
5

] ma trix in Eoua tion 

(4-lla ) are 

~ . 
2((\rh- Q,e.,+ Qr))) 

(2 - 2e.-9r..c) 

6..,~ 
L 

e._" 
(4-lla.) 

6et. 
L 

(\_,_ 

(4-llb) 

(4-llc) 

(4-12) 
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,; 4L 4 d ;!, ~) 

( - 4 C'q ,. l +- 1 C1;i ,._, + B 9:! e - 8 OJ - 2 9r M. + 2. 9, 6 

('2-'le.-(¼h)l 

(4-13) 

The characteristic equation becomes 

"A -
ii 4 '- 4. d 3 ~ 

( - .00o,.e.+19sh+80;,e - e<\--'21:!5.he.+zct~) x_ 
~2- 2_e_-'\)!:,)Z 

+ 0 (4-14a) 

or in quadratic factored form as 

with the four roots determined as 

0 

l '-

( 20,ih- C\Je. - (lJ) 
(4-14c) 

lZ-f.e.-~A) 



The eigenvalue matrix t akes t he form 35 

0 

(4-14d) 

0 0 

0 0 0 /\.. 
d 

4.4 The Eigenvector Matrix 

Utilizing equation (1-4), one obtains 

[c~,J-1c crJJ l 6 l (4-15a) 

Substitutine the fo ur roots of~ individually into equation 

(4-15), the eie envector matrix is constructed as 

0 

0 

[u] = ~ (4-15b) 

0 

0 -\ 

where 

l 



Note 

l t 
4(°o - C\JC:) 

II , er -
I ' 

4.5 Solutions for the Moments, Shear Forces and 
Vibrations of Normal Mode Shapes 

The normal mode sha pes, toEether with the Joint 

moments , she~rs, displacements, and rotat ions, are given 

for the four values of 7\. in Figure (IIIA), (IIIB), (IIIC) 

and (IIID) res pectively. 

(Y) 

P-.L-~----------.---;---P t ---------L - - - - - - - - - ~1-1-.r,----->-;;, ( X) 

5 - 6 BA. = 6 "v 1.. V V - 0 
,\~ ./2 At, e,-

0= ee,I\ = e - 0 M = I'll~~ - 0 
"'" Al?, 

~ieur e (IIIA) Modal Shape of the Beam - Column for i\, 

36 

(4-15c) 



lY) 

6 =-5 = 5 
Al'o 61> 

0 e e rv _ nt 
. Al/!,-= 6A =- (j 

I 

V = -v 
,._~ ~A 

E. l = -/\ - 6 it 

- ti --'A -e 
l l 

Fl pure (IIIB) ~odal Shape of the Beam-Column for 7'., 

(y) 

p 

I 
f"v -

Jz 

p 

Fig ure ( IIIC) Modal Shape of the Beam-Column for 7'1.
3 
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(y) 

le~_-_-_-_--~_-_- -------=- -=-::::...;-;::>'-+.,---- P 

l ------41 

6,.,!, = -611,\ ..... 0 N n~ l 
a y =- -Y. .... A.~ 6 

A.~ Q~ 4 Li 

0Ae.= 

Figure (IlID) 

L 

e~~ = e rv ..!h M = Me,~ x.. De 
QL 

-
~~ 4 l 

Modal Shape of the Beam-Column for 1\. 
4 
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The characteristic shape of first and third modal shapes 

do not change geometrically as the parameter q increases. 

The variation in shape of the second and fourth modal shape 

as the parameter q increases are g iven in Table (IIA) and 

(IIB) respectively. 

~ 0 2 .o Ll. .Q 6 .0 

6,.,e,/L ¾io Q."3'3842?>39 o . &to5\ 1481 Q,10<o9 \'137 

0.-.e, -1/✓1o -o.ss,1I 738.3 - 0 -24!>5 \784 •Q .Q\G!3862<o 

6e,.,/L Yi-- '../10 - Q . '!>!:184 2 339 - Q. "'=> 3 \ I 4 8 \ -0 -10b912'!,7 

8M -1/-jio - Q. !l8A 11 !>83 - 0 -2'155\ 184 - O,O\G58BH, 

Table (IIA) l½ode Shape Variation for I\. 
l. 

21T ~ -5 

1/.[i 0-0119 ~45'2 

0 k) . 107001.2.d 

-)/fi -o .0 11 9~4S2 

0 -o. 10,oobZ.d 
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0 2 -0 4 -0 r;; .o 211 6-5 

6,1,✓L ¼Ito ose4173e.3 Q.245131784 o.o,e:,sseH, 0 0 ,10J00b2A 

9M YFo o.~9B"- 2339 0 - lo~!>\ I 481 ()10G9i'2.~7 Yrz 0 .O1\~ ~452 

6e,A/L -1/-r:o -0-5841 B 83 -0. 24SS\784 - O.QI {>S88 2 C.. 0 -C). 707001,z.,1 

eBA YJ\o o . 396A B3.9 Q,6&31lA8l 0 - 70b912.!il Y.rz O -Ol\93AS2. 

Table (IIB) Mode Shape Vari tion for A~ 

4.6 Zero of the Eigenvalues 

The first eigenvalue ~ = 0 corre sponds to a 
I 

rigid body translation as shown in Figure (IIIA). 

The second eigenvalue A, given in Equation (4-14C), 
t 

when e~uated to zero yields the condition 

q = 0 (4-16) 

which im plies the axial force P equals zero. For P = O, 

the mode shape takes the form shown in Fi[ure (IIIE)J see 

Table ( I IA). 
(Y) 

P=O 

6 ! t X) 

i 
:-,, 

6 P:O 

l 

6M,= 61',I\ ff rv L V =-V_ 0 -
$o 

-
AP., SA 

e,._"-'= E\,r,. e rv - J_ 
[lo lv\.,s .= Me.r,, - 0 

Fle:ure p I I.&; l f'i od 3. l S~ape of the Be am-Column for the 
Se cond Zero of A. 

z 
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The third eiEenvalue ~, when eq uated to ze ro yields the 
.3 

cond ition 

q = n1'f, for n = 1, 3, 5 , . . • (4-17a) 

noting q =/GL ' 
it follows that a critical value of 

axial force is obtained as 

(1) i✓,t E.l 
p - n11 -

c. • - ~ 
for n = 1, 3, 5, ••• (4-17b) 

For n = 1 a nd q = 1T, the s ame mode shape occurs as given in 

Figure (IIIC). 

The fourth eigenva lue A, when equ~ted to zero yields 
A 

the condition 

q = nii, for n = 2, 4, 6, ••• 

which y ields critical value s of buckling load a s 

c•1 1✓,'E! p = n,1 -
Cf ~ 

for n=2,4,6, ••• 

The mode shape at critical load takes the form s hown in 

Figure (IIIF) for n = 2 and q = 211; see Table (IIB) •· 
(Yl 

6.,,.B= 6e,,.. ~ 6 - 0 V = VP,A - 0 "I!, 

E:l = e = 0 rv I 
M IV\._~ = 0 -

AB, s-. ✓2 AB 

FiE_ure {IIIFl Moda l Shape of the Be arn-Colwnn for the 
Fourth Zero of A. 

A 

C4-18a) 

(4-18b) 



4.7 Interpretation of Results for the Beam-Column 

The sinEle zero eigenvalue is obtained for this 

problem which corresponds to a ri gid body transla tion. 

41 

The three nonzero eifenva lues define a pure bending mode shape 

and two additional deformed mode shapes which are associated 

with joint moments, shears, displacements, and rotations. 

Equating to zero the three nonzero values of~ yields 

the condition of critical buckling load. The three 

conditions are: 

a.) implies q = 0 or p = 0 

b) 7'.3 0 implies = 11, n=l 
{I) _, E.l 

= q or ~ = 11-c, L1 

2ll,n=2 
tt) 1. -1 

C) A = 0 implies q = or ~. - 4'11 ~ 
4 - Lt 

For condition a) , the mode shape corresponds to a rieid 

body rotation which zero joint axial force, moments and 

shear forces. 

Condition b) produces a modal shape corresponding to the odd 

buckling mode shape of a simply supported column including 

the lowest bluckling mode shape. 

Condition c) produces a mode s hape a t a critical load which 

corresponds to t he even buckling modes of a simply supported 

beam-column. 



CHAPTER V. 

VIBRATING BEAM-C:OLUMN PROBLEM 

5.1 The Eigenvalues 

For the vibrating beam-column problem, the eeneral 

stiffness matrix ls obtained by a matrix [ S] from equation 

(2-14); it follows that 

The four matrix invariants or[ S] matrix are 

I ._ t [ 3 3 ~ J. ,l IA= d l,L\,1 2(1-Ce.)\.J.\T' - ShlU.-\1'~ 

where 

d ~ ... 
_ '2LL\1"(.I-Ct-) T(LL-lt)$~ 
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(5-la) 

(5-lb) 



The characteristic equation in quadratic factored form 

becomes 

t J- \- 'l) t (Se." - I-> u. - CJ.. u.. ~ $-.,.) -(Se. u.. - '-> ,n- C,.. "° -S IA. ) u. '1' } 7\ 

c\ 

( v: ... .. /) \ ls~ -..r-+ /) v.. - c,- 1.--.- ~ '-t) - ( s '- u.. +A"'~ e,-. v -+ s u..) u. \j \ 7\.. 

cl 

0 
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(5-2a) 



with the four roots determined as 

l\ - .~[ (U:-+i) \ls.,,,. ,nu.- C,cc - $V)-lS< cc• h"' c, ,,,., s~ )'W l 

+ (u.."+,h'"\lSt.\r+hL\.-c~u.-s-r)-(Se..u..-\.J.-\,f'-1-cA-v+su...)u...\t\2. 

2 

+ ( u:-.. v)'- \cs~ 1.r _,. LL - c ~ u... 'I- s "')- cs~ u. - }.. "" .... c ... \r- ':i u...) v.. \t \ 

I\ - .~ [(Jc+ .. ·) \ ( S," + hU. -(AU. -s .. )-( S<cc• w + C•" +Su.) u." I 
... ,._ t I l 2. 

- (1.-1.+v) 1.(~'J'+~u.-Chu..-S-.,.)-(S .. l-L+J..'f"-1-(A\l'+Su.)Lw, 

44 

(5-2b) 



The eigenvalue matrix takes the form 

J\. , 
5'ilV\M\:.iA.IC, 

0 t,..L. 

[n] = 

0 0 7\.-3 

0 0 0 7\.4 

5.2 The Eigenvector Matrix 

Utilizing equation (1-4), one obtains 

Substituting the four of As individually into e quation 

(5-3 ) , the eiEenvector matrix is constructed as 

~ d, ~t % d.; %4 
~ cl, ¼t ½ d3 fa d4 

45 

(5-2c) 

(5-3) 

[ u] = 
l 

(5-4a) J2 
¾ cl, -¾ d t ~ d3 - n/44 

-~ d, ;t c\ _n/4~ n/c 
d"' 



where . 

n , _ [' u'.+,'\ \ l 5•v - • u.-C+ u. + 5-,) + ( S•u. - +'+Cw-5~) u. v \ 

- ( U: + \f'{ \ ( Se. \t - h U. - Chu.-+ '2J ._,.) - ( S ~ u.- h \t -+Ch '1' -s u..) u.. \T \ 
2 

n, - ~,,\ v·,, '">•v +hu.-C+u.-Sv) + ( s,u.+ h'>+C+v + Su.) u.v \ 

tu:.+ ..,·y , l se. ,J- + ,,. u - c .... '-'- -s \r) - ls e. u. + ,,. \t+ cl') \t + Su..) u.. .,_,. \ 2. 

n, ~ ~ u'.+i) \ ( S.v- ,rn-C+u.. "'") + l S,u.- AH c. "- Su.) u" I 
+ tu'."+ .., ... ) ,. ' ( s e.. \t -,\ 1..1... - Ch \.J.. ... s \t) - ( s e, \J.. - J., \t + C ,._, \T - s u...) v.. \J' J L 

f\ _ [ ,c.,•,1 (S,v+>u. - C+u. _ S"") ,- ( S,u. • w +C+ v • Su.) u" 1 

+ c u.:-... -i),. \ ( ':") (. \t ~ 1:o u. - c" v.. - s \t) - l Se.. u. + ~"' + c,.,"" + s '-'-) u. \t \ z. 
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] 

] (5-4b) 
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Note 

n, fl z 1h \\s-
- , -

d~ d , d!i d, 

1'"'11 = - I\ A. n .. n .. 
d, dA 

., 
~ a 

ll. 



48 
5.3 Zeros of the Eigenvalues 

The first eigenvalue 

yields the condition 

?\ when equated to zero, 
I 

It follows that, for u = O, simultaneously 

and V ~ 0 

R4 Further, it follows that~ =·o, or the natural frequency 
1 

of free vibration is zero, that is, ..0... = 0. 

(5-5) 

(5-6a) 

(5-6b) 

The mode shape is shown in Figure (IVA) which is the case of 

rigid body translational motion with arbitrary value of 

axia l force. This shape is similar to that Eiven in 

static stability problem (see Fi g . (IIIA)). The mode shape . 

re s ult is shown in Figure (IVA) for convenience. 

( )') 

p~t~---------~t_p 
6 6 r - ------------------~r--->- (X) 

----- L ____ _, 

6 -= BM= 6 rv L V - '{~ - 0 
Al!, Jz. Al', 

0 = Ae, eP.,i. = e =· 0 M - ~\~A= 0 
~e. 

Fie:ure ~IVA) Modal Shape of the Vi bra.ting Beam-Column for 
the Firs t Zero of l\., 
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The variation in the mode shape for values of the parameter 

v with u = 0 ls shown in Table (IIIA). The mode shape does 

not chan~e as v increases. 

V 01- 11 211 311 4 ii 51\ 
0 0 0 0 0 0 

6,.&/L 1/J;_ 1/fz 1/ri YJi '/-12 Yri 
e,..~ 0 0 0 0 0 0 

6r,,~/L Yrz 1/-11. 'lfi. Yn Xr2 1/~2 
e e.,., 0 0 0 0 0 0 

Table (IIIA) Mode Shape Variation for the First Zero of A 

The second eigenvalue A , when equated to zero, yields 
1 

the condition 

= 0 

It follows that, for v = O, simultaneously 

and u = 0 

Hence, the natural fre quen~y of free vlbr~tlon is zero as 

well a s the axial force P. 

I 

(5-7) 

(5-8a) 

(5-8b) 



The mode sha pe takes th3 shape shown in FiEure (IVB) which 

is the case of rigid body rot ational motion. This s hape 

is for the static stability problem and the beam vibration 

problem respectively and is identical to that g iven in 

Figure (IIF) and Figure (IIIE) • . 

<Y) 

P-= o - ~! ____ _ 
5 ._ ..... l __ ___;:>""" ( x ) 

~-i---6.;,.__ p,.o 
T ~L 

0 

Fipure (IVB) Mode Shape of the Vibrating Beam-Column for 
the Second zero of A 

l 

The mode shape for the values of the parameters v = 0 and 

u = 0 is shown in Table (IIIB). 

LL 

0 

Table (IIIB) 

\]' 6,._,/L 011.! 6&,.,/L el',,\ 

0 ¼,o - 2/.ro - 1/[lo - 1/[io 

Mode Shape Variation for the Second Zero 
of l\. · 

z. 

50 



51 

The third eie:envalue i\
3 

when equated to zero yields the 

condition in Equation (5-5). 

It follows that, 

cl 4 .. \. ~ .. 

~ ~ ~ \,\. ... 'l' )( ,- c") - u.. ,,n v- - 'IT ) s,,, •l v.. -v )( c- c.) 

with 

and 

The mode shape takes 

is identical to that 

6 -
-"11> 

e = 
M, 

{y) 

P--'--++-:: 
6 

T 

6 = 6 
&i,. 

-e = e 
""' 

"' 

rv 

u 'f 0 

V 1 0 

the shape shown 

given in Figure 

* !Isl 
d3 

n,,;: 
-
d~ 

- 0 

] 
in Figure (IVC) which 

(IIG). 

1-..-------:J!,s- {~) 

VA~ - YP>,.. =- 0 

""' M&A 0 - -... , 

Fifure (IVC) Modal Shape of the Vibrating Beam-Column 
for the Third Zero of A~ 

The variation in the mode shape for values of the 

parameter u and v are shown in Table (IIIC). 

~ See Appendix III 

(5-9) 

(5-lOa) 
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The fourth eifenvalue 7'.
4 

when equated to zero yields 

the condition in Equation (5-7). It follows that 

1'44 ~~ ~4 ~ ~\,l ... 'T)(.I-C<-)-l..l\t"(.V..-'3')$h -(LL-'.r)lC-c.) - 0 (5-11) 

with u 1 0 ] (5-12a) 
and V =/- 0 

The mode shape takes the shape shown in Figure (IVD) which 

is identical to that given in Figure (IIH). 

(Y) 

6 

T ' ' ' ' 

' ' ' ' ' 
_......_+---?>-=- ( X) 

6 --t-o--,..-P 

1-----' L -----1 

0 

Figure (IVD) Modal Shape of the Vibrating Beam-Column for 
the Fourth Zero of ~ 

4 

The variation in the mode shape s for va lues of the parameter 

u and v are shown in Table (IIID). 

~ See Appendix III 



'I" ii 

~ 0 -t 

6,._e./L 0 

8Ae, - '/J2 

6g._/L 0 

el!,,.. Y-Ii 

'-r 

~ 
6,._,_/L 

e ... " 

6._,"-/l 

e~11. 

A . 00802 5 7 4 .7!)00405 7-8":l!>2045 s .s1s1096 311 '3 S !>301 A2 10 S£lS~01B \4. \~llf,55 \A .1 \1 (oS'3'3 .511 
... .. 

3 4.7!>00A05 7.85320A5 4 0 to l0.99Sf,078 14. \ ~l I <;.S,S 8 0 

0 - \Ob762A2 Q.1.t.870374 'l.rz. 0 -08207b5Z 0 0.2'51It,A1S o .<oAOA ::,'34.9 Q.004I1\0A o .O\ 9S"0135 0 

-o.0ssooo1s -Q.f,912840I 0 -0 .702:,2135 -'/.fi. -O-lo60'38jOi -0-70A200S"z. -Q. 101094 b7 -o. 7D"B-ST84 - '/[i 

O.\OC:. 1b242 0 -I4 S70!,7A Vli. o.oe2011,sz. 0 Q. 2SIIBA1':, 0 -6404.-5':lAS Q.00411I04 O ,Ol':1'5013'5 0 

O -<o9900015 0 - '=-9I2S-,10\ 0 o.10H.21.35 '/.[i O- lo~0'38902 o. ,oti,0O51 v -1010~4.b 1 o -70~83184 1/rz. 

Table (IIIC) Mode Shape Variations for the Third Zero of "}\.~ 

4 .130~0:3 S.442'50~4 211 to .6SS'5"<1~2 l -8532045 I0 -99':56078 \\ . lo\7448 7 411 I 3 . 0l.O~ blS \4 · \ 311 6!>'5 

-t- ... 
A .1?>O0405 s 0 4 7 .85~2.0d.=, 10. 99s1oo1e, lo 0 B \4.\!>1\<.,55 

YE 0 .60'73'313 0 0 .'175A.437~ O-OBS2<; t0b 0 0.10<o<oA05D 0 0 .10411941 o.oA.9 H '6., 1 

0 -0. 31 1 ~6273 - 'j.[i. -o. Z.092 l 7 32 -o-7°\A S1H - 1/-rz. -o .0Z5eoS<;;q - '(Si. -o .ObA7\ :.18 -0 .105~4"-BS 

-tz -o . <.,0 11 3913 0 - Q. '=i7SA.A.370 0 . 08'32.SI0I. 0 -0. 70b~40:,0 0 -0 .104 1:>'341 -0.049888'31 

0 • O."!>l \ !>6273 -1/{i -O. Z092 27:, 2 -0 .701~'5!7 2 - 1/✓2 - o 02S1.8S<11 y-- Ji. -Q. O'-Ali-S,B - o.ros¼<i8S 

Table (III!1) Mode Shape Variations for the F'ourth 7:e.ro of 7\.
4 

\Jl 
I..J,j 



5.4 Interpretation of Result for the Vibrating Beam­
Column 

The four nonzero e1e envalues define the mode 

shapes with associated joint moments, shear forces, 

displacement and rotations. Equating to zero the four 

nonzero values of A, yields the condition of natural 

frequency and axial force. The four conditions are 

a) 7\.1 = 0 implies u = 0 when V I 0 

b) ?\ = 0 implies V : 0 when u = 0 

c) 7'-!, = 0 implies ~4~ .~ 44 J \.L•\1)(1-C.t.)-uv(.u.-'1) S,o, +( u..-'11)(C.-'-

when u f- 0 and v f O 

- 0 
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d) 0 implies G4 4 L ~ A 4 j 0 7\ = ( \J....,. \J" )(1- Ce.) -u. Vlu.--J') Sh - (.v..-'nl C-t. -
6 

when u f 0 and v =/= 0 

For condition a), the mode shape corresponds to a rigid 

body translation with arbitrary value of axial force, zero 

natural frequency and zero v~lues of joint moments and shear 

fore es • . 

Condition b), the mode shape corresponds to a riEid body 

rotation with zero natural frequency and zero values of 

joint moment and shear force. 

Condition c), the mode shape ls produced with a natural 

frequeney wit h corresponds to the odd modes (1.e. n = 1,3,5,7 ••• ) 

of a free-free beam-column. 

Condition d), the mode shape is produced with a natural frequency 

with corresponds to the even modes (i.e. n = 2,4,6 ••• ) of a 

free-free beam-column. 
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GHAPTER VI 

DISCUSSION AND CONCLUSION 

6.1 Discussion 

In general, four deformed mode shapes are defined 

in the vibrating beam problem, the beam-column bending 

problem and the vibrating beam-column problem, with the 

exception that in the beam-column bending problem one 

rigid body translational mode shape is present. 

The zeros of the eieenvalues of the general stiffness 

matrix produce two rigid body mode sha pes, one a rieid body 

translational mode shape and the other a rigid body 

rotational mode shape in each of the three problems. 

These zero eieenvilues produce the exact values of the 

natural frequency of free-free vibrating beam, the critical 

buckline load of a simply supported column, and the resonant 

fre quencies of a vibrating beam-column respectively. 

For the vibrating beam-column problem, the relationships 

between the parameter u and v in term of the axial force and 

natural frequency of free vibration are shown in Figures 

( VA.), (VB ,), and ( VO ) • Figures (VA ) and (VB) correspond 

to the zeros of the e1genv3.lues of J\. , ?\ and 'J\ , l\ respect-
' _J l 

ively. Figure (VC) 1s a superposition of the latter two 

fi e: ures. 

The speci3.l case of the zeros of the eigenvalues 

for the three problems, · yields the condition of natural 

fre quency, critical buckling load in terms of parameter 



u and v. The conditions are (see Figure (VO)), 

1) v 1 0 when u = 0 (i.e. the V axis) corre s pond to 

the rigid body translational modes and arbitrary 

axial compressive force. 
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2) v = 0 when u = 0 (i.e. the origin of coordinates) 

corresponds to the rigid body rotational mode with 

zero natural fre quency and zero axial force. 

3) v = 0 when u, 0 (i.e. the u axis) corresponds to 

the static column with zero naturai frequency and 

an increasing axial tension force. 

4) 
0 

u = v (i.e. 45 line) corresponds to the n~tural 

fre quencies of the vibrating beam proble~ only •. 

The shaded areas in Figure (VO) corresponds to combinations 

of the parameters u and v where stable oscillation occur for 

the vibrating beam-column. The unshaded areas correspond 

to combinations of u and v where unstable oscillations of 

the vibrating beam-column occur; stable zones above and to 
• 

the left of the 45 line define conditions of axial compression 

force. Stable zone below and to the right of the 45° 

line indicate the condition of axial tensile load. 

6.2 Conclusion 

The stiffness matrices in each of the three 

problems considered are (4x4) symmetric matrices possessing 

four eigenva lues. Only in the case of the static beam-column 



bending problem does there exist a zero ei genvalue. This 

s pecia l case produces a zero determinant of the stiffness 

matrix. Hence its inverse does not exist (i.e. the matrix 

is positive indefinite). This eigenvalue corres ponds to a 

rig id body tra nslation of beam column. In the other two 

problems, zero eigenvalues do not occur for the stiffness 

matrix which implies that their inverses exist when the 

structural member is subJected to nonzero end shear forces 

and end moments. 
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Equating to zero all nonzero eigenvalues lea ds to a 

condition of zero determinate in all three problems. All 

these resulting systems exi s t under a condition of zero end 

shear and zero end moment. Hence, the conditions of natural 

fre q uency of free vibration and critical buckling load are 

produced. 
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0 L.._-+--+--+-+---+--+-----t--t--+---+-+--+--+--+--+-----t~ ( \f) 
J 5 6 7 8 g 10 II 12 13 14 \5 IE, 

Fipure (VA) Plot of u ~s. v for the Zeros of the 
Eieenvalue- J,... 1 , i\3 
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( u.) 
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16 
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0 ~~---+----+----+---+---+-~--+--+--+--+--+----,i----t---t---t----=-(~) 
2 3 4 5 6 7 8 g 10 II 12 15 14 15 Io 

Figure (VB) Plot of u ve. v for the Zeros of the 
Eigenvalue- i\ , i\.
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APPENDIX I 

EQUATION OF THE VIBRATING BEAM PROBLEM IN HALF ANGLE FORM 
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The four roots in Equation (3-5c) are written in half 

ane:le form as 

/\., -

i\ -

where 

" c.osh t C -
,.. 

sinh I s -

" cos~ ~ -
2 

" s\n ~ f., - 2. 

The components of eigenvector matrix in Equation 

(3-6b) are written in half anele form as 

n, 

(I-1) 

(I-2) 



63 

"'"' l." j t"',. L " ,.t A.",..,.,,_ 1. 
-zu.(SJ>-l,I..C,~)- .au.(s,. .. u..Cc.) + u..lC1>-Se..) n ~ = _ ____;_ ___ _:_::::!...._-,-----.----:...__----___.:_--

( c;. - st) 

l. ,.. ,. ,.. ,... 

l-l.(4$C..hc.-2e..1.+ 2 c•) 
l c.i. + s .. )( Ch - '=> c.) 

,.. "' 1.,. J 1,. ,., ,.. \..,,.,. "I.. 4 ,. ... ,.. ,. 'L 

_-2u.(S1>-u..Ce.)+ <1u.(S1>~U.Ce.) .. v..LCh-$t.) ""' - " ... "' (CA-Se.) 

(I-3) 

d = 
4 [ 

', 1. • J L •, ~• l. A A , p. •) l J '] - 2 u. ( S 1> - u.. C c. ) + A u. ( $ " .. u.. Ct) + u.. (. Ch - ';) e. 

(c.i>-sc.) 
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APPENDIX II 

EQUATION OF THE VIBRATING BEA!v'.-COLUMN PROBLEM IN HALF ANGLE FORM 



The f our roots in Equa t i on (5 -2b) a re wri t t e n in h~lf 

ane- l e form as 

where 
" c.oe.h ~ C 

1. 

,... 

s s\nh ~ 
l. 

" e.. - cos~ 
2. 

" s·,n'.:t ~ -
2 

c1 A t '\. ,,.,...,. ..., t.. L-o /\. A 

a nd - 2 LW ( (. I> - St ) + 4 ( u.- '-t ) S C J. t-
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(II-1) 

(II-2) 



The com ponents of e1Eenvector matrix in Eq u ~t1on 
\ (5-4a) are written in half ang le form as 

d= I 

(II-3) 

d= 
.3 

+1 t . \ , . ... , L "" "L"~'"l+z.72 L 4 ( LU '1 ) s C.N ( e - " U:, ) - h e, u. ( C, - S" ) I J 
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where 

(II-4) 



APPENDIX III 

MODE SHAPE CHARAGT.ERISTIC FOR THE 

VIBRATING BEAM-COLUMN IN HALF ANGLE FORM 
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t.. ... ,.. ,. \.,, ,..'-""' 

n = 8 tu..•", c set...,. - c nu.) 
s 

[ 

\. '- ,. A ~ A'- ~ 2 
+ B ( ~ ..,. " ) ( S e, t "" - C ;. t'.. u.. )j 
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(111-1) 
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