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ABSTRACT
MODAL SHAPES AND FREQUENCIES

OF THE DYNAMIC STIFFNLS5 MATRIX OF A BEAM-COLUNN

Surasit SujjJapunro)
Master of Sclence 1n Englneering

Youngstown State University, Year 1977.

The purpose of thls thesis 1s to investlgate the
characteristics of the normal mode shapes and frequencles
assocliated with the general stiffness matrix for a beam-
column element, which 1s derived from the Bernoulli-Euler
differential equation with the inclusion of the axlial force
and transverse lnertial loading. The components of the
general stiffness matrix contain hyperbolic and harmonic
functions.

Three separate problems are analyzed. These include
the statical beam-column bending problem, the dynamic beam
problem in free vibration, and the dynamical beam-column
problem in free vibration. 1In each case, the orthogonality
conditions of the modal shapes and frequencies are established.

For each of the above three problems, the speclal case
of rigld body motlon is 1investligated. Each possess at most
two rigid body modes, the remalning two famllles of modes
shapes beling assoclated with deformed geometry 1including,
the resonant frequency of free vibration of a free-free beam,
and the critical buckling load of a simply supported column,

and the resonant frequency of a free-free beam-column.
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CHAPTER I

INTRODUCTION

1.1 Historical Background

The general stiffness matrix for a beam and/or
a beam-column element is derived from the Bernoulli-Euler
differential equation with the inclusion of the axial

*
(1) derived the

force for the beam-column. Rubenstein
requlired stiffness, mass, and axial force matrix utillizing
static displacement functions for the beam-column element.
Henshell(Z)' used the exact dynamic equations in obtaining
the dynamic stiffness coefficlents (i.e., mass matrix)

for a beam element., Wang(3)*used the "exact method" in
deriving the geometric stiffness or axial force matrix for

(4)* " n
used the "exact method

a beam-column element. Paz
based on the corresponding differential équation for the
vibrating beam-column which leads to transcendental components
including both trigonometric and hyperbolic functions

relating the forces (moments) and displacements (rotations)

at the ends of beam element.

% ‘Number in parenthesis refers to literature cited

in the Bibliography.



l.2 General Matrix Form

The matrix form of the above relationships is

written as

{+) = [s]1{s] (1-1a)

where
,VABLW f_SLAp\
{f} = LM P {8} = < Onl,  (1-1b,1c)
- Veal %"
kMBAJ LB‘A‘

The general stiffness matrix [5] is symmetric, but not
necesearily positive definite. 1In general, it 1s positive
indefinite, that is, its eigenvalues are positive, but also
may include zero. These particular zero elgenvalues are
asgsoclated with rigid body mode shapes.

By transforming thls general stiffness matrix [51
into diagonal form (i.e., spectral decomposition), £hat is,
performing the elgenvalue-eigenvector problem, a complete
get of mode shapes are obtainable. Thls process requires the

calculation of a matrix [U] called the elgenvector matrix

which satisfies the conditions

[v][8] [v] =[a]
[o] (o] = [o]'[w] = [1]

that 1s, [ll]is orthonormal. The matrix [/\]is a diagonal

and

matrix of eigenvalues whose zeros are ascociated with rigid



body mode shapes. Nonzero terms of the matrix[[&]when
equated to zero yield values of critical buckling load and
natural frecuency. Since [5] is a symmetric, it 1is diagonal-
ized by an orthogonal matrix [\J} This conditlon 1s shown
in equation (1-2Db).

The modal shape problem is defined by the condition
that the force vector 1s proportional to the displacement

vector, that is,

£} =[s]{s} = ~ {5} (1-3a)

where A’s are defined as eigenvalues. Equatlion (1-3a) 1is

rewritten in the form

[[5]—7\[1]]{5}' " {ok (1-4)

For non-zero value ofis}, it follows that

[o]-»[1]

which ylields the characteristic equation of thils matrix[g,]

@) (1-5a)

Il

which 1s solved directly for the elgenvalues. The general

form of equation (1-5a) becomes

N-IX+IX-IA+I = © (1-50)

with the coefficients I1, I 13, and I, as the matrix

2!
Invariants,

where I; = trace of the matrix [5] (1-5¢)

I, = sum of all (2 x 2) determinant minors formed by

succescively eliminating all possible combinatlions




of any two rows and the corresponding two

columns (1-54)
I3 = sum of the (3 x 3) determinant minors of the

principal diagonal elements (1-5e)
I, = the determinant of [5] (1-51)

The roots of the equation (1-5b), A, A, A, and 7\4are the
elgenvalues of[s].

The eigenvalues of ecuation (1-5b) are individually substit-
uted into equations (1-4) and the corresponding elgenvectors
56} are obtained which directly define the modal shapes.
These vectors are then combined to form the columns of the

modal matrix[\)].



CHAPTER II

EQUATIONS OF MOTION

2.1 Differential Equation

The exact general stliffness matrix for a beam-column
element 1s derived from the Bernoulli-Euler differential
equation with the inclusion of the axial force for the
beam-column, the components of the general stiffness matrix
are composed of terms contalning hyperbolic and trigonometric
functione,

When the effect of rotary inertia and shear deformation
are neglected, the differential equation of motion for a

uniform beam-column 1s glven as

1 | 4
By ., POY [ PARY _ o (2-1)
X  EI 9x* ' ETI 9t

with x 4y - the co-ordinates axes of the beam as shown

in Fig. I.

P - the axial forces.

EI - the flexural stiffness.
fA - the mass per unit length.
{ - the time variable.
()
M () M %)
A% 3 TAR BA 9 TBA
P—e\ G (%)
i 1/
L
Via 3 Ban Von ’SBA

Figure (I) Positive Sign-Convention



If the beam 1s not subjected to external forces, the assumed

golution of equation (2-1) is a harmonic function of time:

il

Y in,k) =z(x) e (2-2)

where £ - natural frequency (radians/sec.)

Yy = the corresponding mode shape.

Substituting equation (2-2) into (2-1) yilelds the ordinary
differential equation

d17+3¢7—“n‘:7 - O (2-3)

ax EI ax*< EI

Assuming the solution of equation (2-3) takes the general

form
. %
Yx)y = Ane (2-4)
it follows that
el -0 = 0 (2-5)
where
s o
R (2-6)
4 SAa
P = g
The roots of equation (2-5) become
K\,! = i —p‘
(2-Ta)
B0 = = P

where

Nl

po= |-+ JE a4

P = L‘z‘:‘r (5)+ @ Ll

. |
~|-
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The general solution of the differential equation (2-3) is

Z(x) = A‘s\n.gxi-Alc,os-pzx +A35ihhip‘x +AACOSh.Rx (2-8)

with Al’ A2. A, and A4 as constants.

3

2.2 Boundary Conditlions

The elght boundary conditions associated with the

beam~-column are

2(0) = Bus Yiry = B, }
(2-9a)
C%Yco)= Ong c?—x}’?w- Oan | i
(2-9b)
d:l Yer= ’E\TM di\:i“’_ EﬂxﬁA

where § , 6§ and O , B are respectlvely the transverse
A% BA A BA

displacements and angular rotations at the ends of the

beam-column. V , V and M»’ M

” o are correspondingly

8n
shear forces and moments at the boundaries (see Figure I).
Substituting the boundary conditions given by equation

(2-9a) and (1-9b) into equation (2-8) ylelds respectively

the matrix forms.




( ) B ) A
s, o \ o) \ A
O £ 0 p O A, _
ﬁ = { Th (2-10)
SM 5 c S C Aj‘
0 - -pd A
\ 51\) : (SX £ C P SJ %)
and
r 3 - " 1T 3
A 3
Me_Po | g o g oA
- Mo o - o P|IA
{ > = 4 > (2-11)
\V/ P o 3 3 : 3 3
R sl - pe P PC  RS| | A
“é\;“ - ‘P:b ——P:c 'P‘LS rC A,
\ ) _ - X J

For convenience purposes
4 = s5in pL
e = CO03 PpL
S = sinhpt

C = coshpL




2.3 Stiffness Matrix

Performing the inverse operation on eguation (2-10)

éives
[ B A
A\ 1 Q. Q. O\b C‘u SAB
Al 0\1‘ Oll C\!S C\ld AB
% ¥ = J > (2-12)
As " Os Q,, O, Oul|| &,
L A4J LC\A‘ 042 C\45 C\AA—-J L ebA)
where

o)
I

w=-PpCs-PSe

a,= P-PCe-pSs

Q.= LS+ PP

aQ = =30+ e

A= ~PR(5+C)-PRCe-p!Ss
a,= PCas - pSe

a,= “PRC * PRe

Q,= BS-p» (2-13)

03\-=. P‘-PLSQ “- focé

ou= —-PLC<' # 'R(AL" ) - T S




a,= -Pr-PAS
q,= -pe+ RC
Q= -PRCe+rppis-e)+ B, S»

Q = -ﬂSt - 'RCA:

G,=-RPe+ ppc
G.= P PS5

10

substituting equation (2-12) into equation (2-11), the final

form of the general stiffness matrix relating and harmonic

forces and moments to dlsplacements and rotations 1s
in the dimensionless form
- 1
rVLW Sn ib
AB L
SYMMETRIC
MAB Sr.\ 511 eAB
L
AR . e
BA 31 SM 33 TQ.A
L MMJ Ls“ 54.2 545 Su_ L Oan

where

Sy = 55 = B[('p:"i"é'P,)Sc + (-p,p:+-p?p:)Ch

Sl\ =T SAB =B|:(‘P"pi__P3“PL) +('P?'Pz--P|-P;.5)CC' o 2[3\‘-?:5,"

obtained

} (2-14)

¢ (2-15)

¢ (2-16)



S, = S, =B[RRI "(-P.l-P.*Pf)SJL
3, == 8, =b (ﬂpﬁ-p’,m(c-m]\_‘

Sy =BllpP-pp)S-(Op+ -P.P':V-»Jf

S, =B L(‘Pl.-P,"-Pf)S . c-ppiwo.’)b]l-

and

I
B = Zpnzppcc T R5

gubject to the condition that

2RP-2RPCe+(P-PIS» # O

It 1s convenient to introduce the following change in

notation

L

Il

P and

N

P.L

Substituting eguation (2-23) in equation (2-15), (2-16),
(2-17), (2-12), (2-19) and (2-20) the elements of the

general stiffness matrix of equation (2-14) become

i1

(2-17)

(2-18)

(2-19)

(2-20)

(2-21)

(2-22)

(2-23)
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it [uv(d+\r')LuSc+vc,a)J (2-24)

i = [Zu\](l-f;e)+(u:- v 5&]

L\\r[—(LLt-Vt)(\- Ce) +2 \.\VSA]

‘ (2-25)
=-5 = L
5“ 43 [2 WY (1-Ce) + (W-V) SA:I
5o 8w [(LC~\;)(L\CA-V5L)] (2-26)
1 44 |:2 UV (i-Ce) + (\-\‘-'VL) Sb]
S uv[(d»v‘)(c-e)] (2-27)
32 4 I:qu(\- Ce)+ (- VL)SI{I
o -Lw[(u‘w‘)(us % vn‘)] (2-28)
31 % - e -
[QLLV(\ Ce)* (0 ‘”5’5}
5 = [(\Cw")ws-ub)] (2-29)
it [zu\r(\-cqﬂu”-\f\Sb:l
The stiffness matrix [5} 1g
- 7
= 3, 8., 5,
51\ 511 *54\ SA!
[5] ” (2-30)
551 . -SA\ S” —51\
S“ 512 ’Su 511.
L n
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2.4 Invariants of Stiffness Matrix

Noting equations (1-5b), (1-5¢), (1-5d4), (1-5e) and
(1-5f) together with equation (2-30) the four invariant

conditions are written as

I = 2[s: Sn] (2-31a)
Su S Sy S_u 5“ 51'
I, = + -
- 2 Su Sa, S Sa, S
(2-31b)
Sy - Su Sn Sq S" 3 Su
+ + -+
-SL\ 51.1 542 Stz ~SA\ 5”
S|| Sz‘ 53 1 5” Sl.\ 54\
:[5 e Sl! Szz —54\ + Su Szz 542
5.5\ "54; 5,, S“ SA!. Su
(2-31¢)
Su Sm 54! S b P SA "
+ 53| Sn N Su 4 '54\ S "5“
Sa Su i Su - Sy Si2




SA\

Sai

~ Sui

Su

= Szl

14

(2-31a)



CHAPTER III

VIBRATING BEAM PROBLEM

3.1 The Stiffness Matrix and its Eigenvalues

The dynamic stiffness matrix is obtained from

equation (2-14) by letting the axial force equal zero

(1.e. k = 0) which 1s equivalent in the condition that

Po= £

The dynamic stiffness matrix then becomes

WL Ch+5e)
b B
w Sa

S (S+a)

Lf(C-e)
Ly

and

with

|-Ce 2 O

SYMMETARIC
w(Cr-9e)

AL L C~e) W(CarSe)

w(s-4) -LtSb W(Car-Se)

g

gl b
cos h w
= sinh w

C0OS W

SN W

.
w

\=Ce

15

(3-1)

(3-2a)

(3-2b)

(3-3)
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The four matrix invariants of[y(J matrix in equation

(3-€) are
0 3]
1. = -2LL_S¢.(\-L\'.'\-CA(\+LC)]
1 - (1-Ce)
I = zﬁ_shu-u‘n(uscdd]
2 o (\-CC) (3_4)
I = 2u_6e(\-uC)-C»u*vf):|
37 (1~ Ce)
)
14 = W
w
The characteristic equation becomes
A 2u[se 1m0y catiw) x4 zd[sm-utwmscad] x
(\=Ce) (1- Ce)
5 * *
2LL[S¢(\'\-‘-)‘CA(\+L\.):I &
- - LL = -oa
G-co) A+ O (3-5a)
or in quadratic factored form as
L L‘-[(Sf‘b)(\‘Lc)‘(CA-S)(H—L\\:)] 4
A ¥ L. N - AL |
R Cs)
s \,\.[(Sc'rb)(\‘l-t) ~(CarB)(1+ u‘_')] a
A+ - W = -
G-co) A O (3-5D)
with the four roots determined as
A —Lk[(Se-C;s-b«-s) -—LC( Se +CA-A~S)] T
v =
2 (1-Ce)
3 \/uf[(50.-CA-A+$)—\L‘(S¢-CA—’>-S)1L+A\E(\-CL)L
2(1-Ce)

_ "U-[(Sc-Cb*\-b-S)—\,C.(S¢_+Ch;54.5)]
z T 2(i=-Ce)
2 = 2 4 2
L \/"‘{(Se'Cb*h-S)-u(5c+CA+A~5)] +AW(-Ce)
2(\-Ce)




-uﬂfm-Ch-b*S)-kt(6e+Cb-b‘5ﬂ

Ay = 2G-Ce)
1 1 A L
\/u‘[(se-c»-fs*&-MS:*«CA-A-S)} +4Uu(1-Ce)
h 2(1-Ce)
. I —\-\-I__(Sc-CA+b~5) - (Se+Chs b+ 5)]
4 2 (v -Ce) :
n \/u' [(so.—Cub-S)~ W(Se+Cr A*Sﬂl*»u&(\-c;)"
2(1-Ce)

The elgenvalue matrix takes the form

7\ |
SYMMETRIC
0 N,
5] =
o o A,
e 0 O A,
- wd

3.2 The Eigenvector Matrix

Utilizing equation (1-4), one obtalns

[x] - ~[1]}{e ] - {o

17

Substituting the four roots of A indivldually into equation

(3-6), the eigenvector matrix 1s constructed as
ﬁVQL nd, @7ég '}VQLT
ng M. Vo, WA,
T o T -icli - e,

155 -

thi-

o]

(3-5¢)

(3-54)

(3-6)

(2-6a)
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U-[(Se-Cb- A+S)+W(Se+Chr- 6—5)]
i 2(1-Ce)

2 4
=% \/\ll[(S:-Cb-A-\-S)#\A‘:LS;-\-CA-/:.-S)-} +4u("Cc_)L
2(\~Ce)

N = K(Ss+re-C)

z (\‘Cc)
n ""[(SL-C)N-A-S)*U‘:(SQ.*-CA+A*‘5)]
37 2\ -Ce)
_ Jl(Se-Cara-9) 4 (e +Crrnrs) v ad (imce)
2(1-Ce)
N = W(Sa-e+ C)
4 (A= )
\-\\:(St"CA-/:*S)#\.\'.-(Sq_+c,s-),-s))
h5= 2 (1-Ce) %
+ J\f((Se-CA-A+S)+¢(5HC»~A~5)] F 4w (1-Ce)t
2(1-Ce) 6-6b)
e \.L[(Se—Cb*b-5)+LLL(5L+CA+b+5)]
® 2(\-Ce)
e - 3 4a 2
+\/uL(S£'CA+A‘S)+LL($C+CA*'A-\—S)} + 4G (1-Ce)

Z{v=Ce)

Q. e "L['(SC'C”'/’*5)*‘-{(52‘*(,15-);-5)]
S 2(\-Ce)

1y I T)2 (1 2\
_ \/“L(Se-CA-Ms)Jv&(SuCA-b-S)]*Auk\-cc) g +{M5U<-C)}
2(1-Ce) (i-co)

d =/{ “((S“'CA*‘A’S)*\‘\':lSeA-CA*AA-s)]

2 2(1-Ce)
1 v t 4 2 & LY
_\/‘-‘-[(Se-CA~A+S)+\,L(.$Q.~C.A~A+S ﬂ +auw(1-Ce) +{u\5¢~e+6)}
2(\-Ce) (1~Ce)

2(v~Ce)

d =/ {\‘L[(SC'C”';*‘S)*\:(SQ‘\'CA-');-S)}

"N 2\
\/L,LL[LSe—C.A-A+5)+\,CL6e+CA—A-5)]l+auf(.—c._)’" } +{M
" - -Ce)
2(+-Cu) (1~-Ce




4 2Ci=Ce)

d =\/{ \,L{(Sc-C}n h-5)+\;(5¢~C~‘A~5)]

1 ~ l 2\
3 \/L\l-KSe—CMA—S)*u(Sc~Ch*h~5ﬂl+A¢L\-cc) }+{\:(SA-C.+C)}

2(\=Ce) (\=Ce)
where

b LI N . Ns
g, dy I 3, d,
Ns = Na L) Na — e
d, d, d, a,

3«3 HSolutions for the Moment, Shear Forces and Variations

of Normal Mode Shapes

For the elgenvalue A , the normal mode shape together

with moment and shear values are given in Figure (IIA ).

(y)

(x)
AR SA ~ 'a: L VA% VBA 7\| 3 5
—y— - ALY - T -
Gn’— eaA S a, Mms— Man =2, L ©

Flgure (I1IA) Modal Shape of the Vibrating Beam for A,
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The variation in the mode shape for values of the parameter

u where O0s<u<4.7300405 are shown in Table (IA).

5 2 o 2.0 40 A5 47300405 | 5.0
Bra /L i 069856826 [0 63510438 |0.69233408 |0.69128383 |0 68833003
Ous @) 010855536 [0.12973007 [0.14086288 [0 14875034 (016186357
B /i i 0.698%6826 |0-635) 0438 |0 63293408 [0.6912838% |0 68833003
Dean O -0.10955536 |-0:12973007 |-0:14086288 |-0.14875034 |-0.16186857

Table (IA)

Modal Shape Variatlon for A,

For the elgenvalue 7\2, the normal mode shape together

with moment and shear values are given in Figure (I1B).

Figure (11B)

BA=8’\/
Oga- =0 o

= (X))
b N B
BA il
gl

Modal shape of the Vibrating Beam for A,
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The variatlion in the mode shape for values of the parameter

u where O <= u =< 7.8532045 are shown in Table (IB).

8 W 0 2.0 4.0 6.0 7.5 78532085 | 8.0
Bye /L I | 032847309 |0.69964873(0.10533706 (070263353 [0.70145153 |0.70076685
Oan "2/176 -0.6261832) |-0.1024 2871 |0.0683 705! (0.07341053 [0.08925104|0.0944 7652
Saa/L -—‘/J\';, -0.32847309(-0.68364® 13 |- 0.70533706 (-0.70263359 |-0.70145153 [-0.70076685
Ban -2/J75 -0.6261832) |-0.10242871 |0.06837051 |0.07941053[0.08925104(0.0344 7652

Table (IB)

Modal Shape Variation for A,

For the eigenvalue A the normal mode shape together with

moment

Figure (IIC) Modal Shape

and shear values are given in Figure (IIC).

I

)

\

-8, =6

DA

~ D5,
db
n,
nu
ad

Vl\s= V%A
M = -M
AR

of the Vibrating Beam

»A

(x)
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The variation in the mode shape for values of the parameter

u where 0 =u = 4.7300405 are shown in Table (IC).

) by o 2.0 4.0 4.5 4.1300405 | 5.0
Eﬁ./L e) -0.4854 2070 |0.\1551679 |[0.13945976 [0.1487 5034 [0.1596 69384
CINY yin 0.5408 1772 |-0.69760724 |-0.69321783 |-0.69128%85 |-0-68884362
SEA/L O -0.45542070|0:\\1551679 |0.13%945976 |0.14875034 [0.15966384
Osa i -0.54081772 |0.6876072a |0.63321783 |0.69128383 |0.60884562

Table (IC) MNodal Shape Varlation for A,

For the elgenvector A , the normal mode shape together

with moment and shear values are given in Figure (1ID).

(D]

= (x)
R .
\/Ag - BA - 7\4 L} 5
— = &
MAQ MBA 7\A L, 0

Figure (I1D) Nodal Shape of the Vibrating Beam for A,
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The variation in the mode shape for value of the parameter

u where 0 =u = 7353,2045 are shown in Table (ID).

5 oy o 2.6 A0 6.0 7.5 18532045 8.0
R 2/js  |0-62618321 [0.10242871 [0.06B37051 [0.079410653 008925104 |0.08447652
em ‘/Jﬁ 0.32847309 |0.69964873(-0.70833706|-0.702633593|-07014 5153 (-0-T0076685
65"/&. 'z/ﬁ"o -0.6261832| |-0-10242B87| [-0.068937051 |~ .071941053 |-0.08925(04 (-0.0944 7652
Oep ‘/f\?) 0-32847309 |0.69964873|-0.10533706(-0.70263353(-0.70145153 (-0.70076685

Table (ID) Modal Shape Variation for Ay

Z.4 Zeros of the Eigenvalues

The first elgenvalue
% -ul(5e-Ca-A+5)-uW (S +Ca-2-5)
i 22 Ce)
_ NAf(tSe-Ch'**sw-dlge«CA—&-Sjy'+d¢(PC¢f
2y~ Ce)
when equated to zero yields the condition
u=2~0 (3-Ta)
which requires the natural frequency to egual zero, or
v =20
(3-7b)

For u = O the mode shape, for the condition w = O, takes the

share as shown in Figure (I1E); see Table (IA).
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5 6
_____________________ > (x)
T [
L
6“’: 55A= &5 ~ % Vis Vou = o
Ore= §,= 6 =0 Mo W= O

Figure (IIE) Modal Shape of the Vibrating Beam for the
Zero of N

The second elgenvalue

) _.-uhS"Cb*h'S)‘JKSe*CA*A*Sﬂ
: ZW\-Ce)

C St l(sercrrn-gy-wisercarnra) vado-coy
2(1=Ce)

when equated to zero ylelds the condition

u=2~0 (3-8a)

which requires the natural frequency to equal zero or

w=0 (3-8b)

For u = 0, the mode shape takes the shape as shown in Figure

(IIF); see Table (IB).




25
(y)

(%)
_ L
—— — _,-‘2 —_— S
GAB eBA - e i kh-é MAQ— MQA — 1 O

Flgure (IIF) Modal Shape of the Vibrating Beam for the
Zero of 7\2

The third elgenvalue

_ -u‘_(Sc-Cb-k‘\-S)—U’:(Seécb‘b-S)}
7\\ = 2(1-Ce)

1 n 1 A >
S [(Be-Carrg)-u (SerCa-A-S)|+ A (1-Ce)
2(v-Ce)

+

when equated to zero, ylelds the condition
u = 4.7300405; 10.9956078;17.2787596 «.. (3-9a)

The mode shape at resonant freguency takes the shape shown

in Figure (1IG); see Figure (IIJ).
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> (X)
o= 8 = 6~ olaer50saL M= N ™ O
= - = -0. = —_—
8= "G = 6 " 069128383 M=M=0

Figure (IIG) Modal Shapes of the Vibrating Beam for the
Third Zero of As

Noting u = BL, it follows that a natural frequency 1is

obtained by equation (2-€) as

EI . Ex.
W =22.373283| i a\zasoibsosJ};@ . Fin (3-9p)

The fourth elgenvalue

—u[(Be-Caen-5)- U(SesCarrsd))

A 2(\-Ce)

L a kS
\/‘*“{(S@-CA* r-S) —\l‘(Sz+C4-A+S)} +4\WL(\-Ce)
* 2(1-Ce)

when equated to zero ylelds the condition

u = 7.3532045314.1371655;20.4203523 ., . . (3-10a)
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The mode shape at the fundamental resonant frequency takes

the shape shown in Figure (IIH); see Figure (IIK).

)

> (x)
8, = -6,= 6 n oosazsioal y v, = V,=0
e% = 6, = 6 ~v-07015153 s M“= MM= (@)

Figure (IIH) Mode shape of the Vibrating Beam for the Fourth
Zero of A

Equation (3-109) yields the values of natural frequency as

W = 61.6728092 55, ; 199.g502404 [EL ..., (2-10Db)
v JAL pAL

3.5 Interpretation of Result for the Vibrating Beam

The four nonzero eigenvalues define the mode shapes with
assoclated joint moments, shear forces, displacements, and
rotations. Equating to zero the four nonzero value A ylelds

the conditions of natural frequency. The four conditions are
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a) A =0 implies u =0 or W =20
b) A, =0 1implies u =0 or w =20
¢) A, =0 implies u = 4.7300405 or w = 22.375283! %_‘

d) A =0 implies u = 7.8532045 or w

[EX
ke 61.6728209 (AL

For condition a), the mode shape corresponds to a rigid

]

body translation with zero natural frequency, and zero joint

moments and shears.

For zondition b), the mode shape corresponds to a rigid body
rotation with zero natural frequency, and zero moments and

shears.

Condition @ produces even mode shapes at natural freguencles
which correspond to the first mode (i.e. n = 1) and higher

modee of a free-free beam (See Figure I1I1J).

Conditiond) produces odd mode shapes at natural frequencles
which correspond to the second mode (i.e. n = 2) and higher

modes of a free-free beam (See Figure IIK).
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W = 4.7300405 wd/s“

W =

7.8532045  Vedfi.c

(W = 10.9956078 tad[ye

W = 14a.1371635 ‘h».é/)uc

W =17.2787596 vad(,..

Fipure (I11J) Even Mode Shapes

of the Vibrating
Beam

W = 204203823  vad/xec

Figure (IIK) 0d4d Mode Shapes

of the Vibrating
Beam
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CHAPTER IV

BEAM~-COLUMN BENDING PROBLEM

4.1 Equation of Static Equilibrium

The stability stiffness matrix of a general
beam~-column is obtained from the Equation (2-3), by setting
£ =0, that 1s P = 0. Therefore,

cl’

rp A = 0 (4-1)

~

~<

EN

$ 29

ET dx
where the positive sign convention given in Fig. 1 holds.

Assuming the solution of the differential Equation (4-1) is

—_— IR

Yoy = A e (4-2)
it follows that
4 a
¥+ Ky - O (4-3)
where
SR 4-1)
b EX (

The roots of equation (4-2) become

(4-5a)




i
The general solution of the differential eguation (4-1) is

Yooy = A coskx + A sinkx + Ax + A (4-6)

where Al, A2, A3 and A4 are the constants.

4,2 Boundary Conditions

Substituting the boundary conditions given by
Equation (2-9a) and (2-9b) into Equation (4-6) yield

reepectively the matrix forms

4 W I = W w
5,0 ! 0 0 \ A,
Ope 0 K I 6] A,
e $p e
N ¢ ) L. \ A,
= -K» ke \ 0 A,
\ J L oo \ J
and
BT T P 700
A PO
Eb— EL B O -K O o AI
S -k o o o A,
I T ﬁ L (48)
F_;.A -E—IBA K -Ke O O AS
Maa “ch “KlA o o A
L el J o~ e L H o
where 5 = sinkL
e = CosSkL
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4,3 gtiffness Matrix

Performing the inverse operation on Equation

(4-7) glves

1 — i I 9 3
Ay S S <’ Gs a, be
Az Qq sz C\cs Qe eAB
4 \ 6 )
A, Qy (CPY) Qs Qe e
a
A ALJ s 4l Qa2 CQy T L SSAJ
where
Q,=-Q = Q- C\M-—- q5= Ki{r=e)
Ou =-OAL: b— q’c
Q,=-0q,= &-»
- Ou = Glb = Kb
o ol (4-10
A = -(\re+qs) )

C\u= -(1-¢)

O, = KU-2-g54)

G \

T K(z-2e-GA)

and qj — KL




2
Substituting Equation (4-9) into (4-8), the final form of

the stablility stiffness matrix relating end forces and

moments to displacements and rotation takes the dimensionless

form
- 1 ., — DN
\{‘BL q; A { Bas
SYMMETRIC L
Mag q;- UUBC G» -q;c Oan
={ bmd, ¢ \(a-11a)
3
Vaal -q, b ot 3 5
b % Ge-% g, A 9%
Mga qy- ge g~ g Ope -9 GA-ge 8,4
W | R
or
) =[xl o
where L
g = KL
C = COS g (4=11c)
A = S\ g
and
d, = Q-QC-%b (4-12)

The four matrix invariants of (Ks] matrix in Eouation

(4-11a) are

I. = 2(a»-aje+ as)
17 T(2e-qgb)
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S 4 v ] a 3 " Eb)
val (FaqgAe +705h +BYE-B G ~2q AL+ 2G
a " (2-2e-Ggh)?
(4-13)
13 b 2 b 5 s 5 3
1. = (29 A-84re+*BH-8BYL ~\6GA+ 6 Ae+B G A )
3 - (2-20-gA)3
The characteristic equation becomes
4 ' ik oA A ‘h\.*'BQ:C‘Sq;A"Zq?AC‘\‘ZQ?’A) 2
7\4_ 2(% A -age + qh) 7\3+ (-a9Ae + 70 : e
(2-2e-gA) (2-2e-gA)
(265-qe - &) | (2qre-2%54- 40 4+ B B e ) A (4-14a)
L U.-ze-o“h) B (2_-2_?_-%%)2 - O ~-l1l4a

or in quadratic factored form as

(294-Ge-a)
AA T (2-2e-gA)

v L > 5 e 4 4
Ao QEA-gera),  (re-2da-aast8q-ese) |y (414
(2-2€-qA) (2-re-ga)t

with the four roots determined as

A, = O

A (Zq,sA-q,Lg»,q;)—cbl\/4q;i+4q3)s(c_-n+|7(e,-\)"

L 2(2-2¢-GA)
) 3 (4=14c)
. (294 - Ge-q)
5 (2-te-gA)
(285-d+ ) + g\ 4+ aqh(e-1)*11Ce-1)"
A, = 2(2-2¢-qh)
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The eigenvalue matrix takes the form

7\1
SYMMETRI\C
(@] %q
- 4-144

[A] ( )

@] @) )3

O O (@) lz

-~ -

4.4 Agbe Eigenvector Matrix

Utilizing equation (1-4), one obtains

o] - o] e

Substituting the four roots of A individually into equation

(4-15), the eilgenvector matrix 1is constructed as

_n Ns
| d| @) dz
Ny n
o -5 | ey
[U] sl b (4-15b)
V2

\ '1% 0 ik
C\ dl
nt - n

& - q, : Hi_j

where

3 2 + 1 [ ®
N = (29 4 +ge +q,)-q;\/4qm ragA(C-1)+17(C-1V)




- A(q-%c)

= (244 +qge -q,t)+q;\/4q;"$+4%b(c_-\)+\7(c-\)t
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(4-15c)

z z 1
) =\/[(zq,’“<$e,-qf)—qfqu,”au4%(0\)“7(@-\) Vrietg-yey

] .
g e [(2001‘)3"’%“6°q)})*%’L\/ACHLA\-£40°A(C-\)+\‘I(e—\)l }ﬂ@(q-qﬂ_)z

Note

d, ? d,

4.5 Solutions for the Moments, Shear Forces and
Vibrations of Normal Mode Shapes

The normal mode chapes, together with the Jjoint
momente, shears, displacements, and rotations, are given

for the four values of A in Figure (II1IA), (IIIB), (IIIC)

and (IIID) respectively.

y)
A

L >
AR BA Jz An BA
e/"‘: GBA = e [—— O MAB= MBA == O

Filgure (IIIA) Nodal Shape of the Beam-Column for A
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> (X)
P
Vap
S g AT _ . _ £l
8= =8, g C\.L \{\%— e _"7\1?
B = _— _ N — 1
Ope= Bon =70 ™ a, M%— L ™ A L 0
Figure (IIIB) Modal Shape of the Beam-Column for A,
(y)
/N
()
6AB=-6§A=6=O Y T =0
A = = p— 1 - PRI 54
6‘“— Byn ) Nﬁ V\Ab— M%A = 7&5—\_ 0

Figure (I1IC) Modal Shape of the Beam-Column for Ay




> (X)

Figure (I1ID) Modal Shape of the Beam-Column for A,
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The characteristic shape of first and third modal shapes

do not change geometrically as the parameter q increases.

The variation in shape of the second and fourth modal shape

as the parameter q increases are glven in Table (IIA) and

(I1IB) respectively.

6 % o) 2.0 4.0 6.0 21 6.5
aAe./L Wi 0.33842339 |0.66311481 [0.70681237 Az 0.0119 3452
O S} 5 e -0.58417383 |-0.24551784 [-0.0163 8826 o) 10.70700624
5%/,_ A -0.33842339 |-0.66311481 [-0.70681237| ~ 47 -0.0M19 3452
QBA - 2/\[\‘6 ~0.%841138% |-0.24551784 |- 0 01658826 O -0.70700624

Table (IIA) lNode Shape Variation for A1
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& % © 2.0 4.0 6.0 2Tl 6.5
5Ae,/L ZK{TO 0.58417383 | 0.24531784 |0.01658826 0 010700624
Ons Yo 0.3384 2338 |0.6631(481 |0.7063 (237 Az 0.011Q 3452
Ben/L - Y -0.58411383[-06.24551784 |-0.016588 2L 0o -06.707100624
Oan Mo |o-398a2333|0.06301481 070681237 | U 0.01193452

4,6 2zZero of the Elgenvalues

Table (IIA).

g,=

Flpgure (II1lk)

q=0

)

Table (IIB) Mode Shape Varlation for 7\

when equated to zero ylelds the condition

which implies the axial force P equals zero.

The first elgenvalue A = O corresponds to a

rigid body translation as shown in Figure (IIIA).

The second eigenvalue Al, given in Equation (4-14C),

(4-16)

the mode shape takes the form shown in Figure (IIIE)j see

= (X)

6Ag= By, = & v Jo

2
8y = 6 N_JT—B

Modal Shape of

the
Second Zero of A}

O

Beam-Column for the




40
The third eigenvalue 45, when equated to zero ylelds the

condition
q = nﬁ, fOI‘ n = 1’ 3, 5,ooo‘ (4-17&)

noting q =V€%?L , 1t follows that a critical value of

axial force is obtalned as

oy

F§)=«4ﬁl%% for n = Ly 35 Hieas (4-17b)

For n = 1 and q =1, the same mode shape occurs as given in
Figure (IIIC).
The fourth eigenvalue d , when equated to zero ylelds

the condition
q — nﬂ, for n b= 2’ 4’ 6,.00 (4-18&)
which ylelds critical values of buckling load as

ﬁ“=r¢ﬁl%; for ne=2; 4, 6,0 (4-18b)

ct

The mode shape at critical load takes the form shown in

Figure (IIIF) for n = 2 and q = 2T see Table (IIB)..

y)
A

(1)

6A5= 651\
= B = 8 nv 2 MAB Mu &

Flgure (I1IIF) Modal Shape of the Beam-Jolumn for the
Fourth Zero of %u
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4.7 Interpretation of Results for the Beam-Column ’

The single zero eligenvalue 1is obtained for this
problem which corresponds to a rigid body translation.
The three nonzero eigenvalues define a pure bending mode shape
and two additional deformed mode shapes which are assoclated
with Jjoint moments, shears, displacements, and rotations.
Equating to zero the three nonzero values of A ylelds
the condition of critical buckling load. The three

conditlons are:

a) A

I
o
]
(@)

0 implies q or -4

1

(S5

b) N, 0 implies q &Ti,n=l or B =T E\_‘l

(2)
2T,n=2 or R, =atEL
L

c) N O 1implies q
For condition a), the mode shape correcponds to a rigid
body rotation which zero joint axlal force, moments and

shear forces.

Condition b) produces a modal shape corresponding to the odd
buckling mode shape of a simply supported column including

the lowesgt bluckling mode shape.

Condition c¢) produces a mode shape at a critical load which
corresponds to the even buckling modes of a eimply supported

beam~-column.
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CHAPTER V.

VIBRATING BEAM-COLUMN PROBLEM

5.1 The Eigenvalues

For the vibrating beam-column problem, the general
stiffness matrix is obtained by a matrix[-s] from equation
(2-14); 1t follows that

1] -[s]hel

The four matrix invariants of[Sj] matrix are

I = dL['—Q(U:'*\T‘.)] [sgv(\-u‘) -Ca \,L(u\r’)]

& L 3 rw LSS
: I:sb(u:.\r)’(\—tfv)+4(|*3C¢)uf\r+2{2Ce(l»-\r)+54‘~w}\l"(‘&‘\7’)jl

J =

&

| . v - * 4 V(\r 4
| =— 12UV (L+V)| |Se(n-\r)-Ca v u)

e
sy d

I

I

wy [2(|-c=)u’v’— séuﬁ—\r‘)‘-]

where

d = 2uv(1-Ce) +(LW-v)SA (5-1b)
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The characteristic equation in quadratic factored form

becomes

7\1 4 (u'.'*\rb){(Se\f—bu--CAU\.+5\r)-(5u&—b\r¥ Chv—su.)u\r} ~
d
A a v ot L L 4 a }
{\LV(\L*\T)(\'CQ.)-U-V(\A--V)SA UV (K-VY)(C-e) _ O
d
7\?-_\_ (\f~vt)\(5ur+/>u~CM.x.—5\r)-(5<u+A\r+C5v+Suqu~\rk A
a
_ {uvui*va)(\-c@)-\l'\r“(uf-\f)ga-u\ru‘t—\?)(c-c)\ -0
d
-

(5-2a)
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with the four roots determined as

A ={:I [-(ULL* Vb){(So.\r—hhl*CA\.L*' SV)-(SQ.U\~AV+CAV-SU.)LLV}

—/(uhf \rt)l {(So.\r—)su-CA WSV )-(Seu-~Av+Cav-5Su) u.\r}z

.,
+ A {2uv(1-Coy+(W-v) 5 fuv () (- Ce) - UV V) 9a s w (- (e )]

A =2Ld - (W) {(Sev e Can-SY)-(SeurAvaCavr Su)uv]

-\-\/(\,\L+\r‘)"{(‘5<v+bu-c,su -3W)-(Sew+Av+CavsSw) u.\r}z

g
+4 { 2Uv(1-Ce) * (W) Sa} | W (K x F)(-Co) - Wirguv) Sa-uv (o)
(5-2b)

2 =l—d -(ufqv“)‘QSev-Au-CAuw Sv)-(Sew-Avy CA\}‘-SU.)\LVk
3 ?

o 7
t/(ui‘a\r) “S;\r-hu.-c»uuc S\y)-(%cu.-é\r+c‘,a\y-5u.)u\r“

L opow . \
T4 Kzuv(vcc_) »,(d'—v") s,s“mr(\f*e \?)u-c;)-u\r(u,—\r YSA +uv(\ﬁ—\?)tc-c)\ ‘l

N =2‘—d ‘(\bv‘) %(50_\74 AU -CAu-S9)-(Sew+ AV +Cav + Su)uy }

-\/(\,C:.\;")l \(S._v»f AU=-CAu-5¢)~(Seur+Av+Cav+Su)uy }l

\
+ 4 \m\r(\—cc)*-(u”-v")s;.g{u.\r(\ﬁu?)(\-ce_) -uf\rt(ubv") 54—uv(\£-v‘)(c-c)} 1

—
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The elgenvalue matrix takes the form
ity
SYMMETRIC

0 N,

[A-l . (5-2c)
) o) O A,
0 O O n,
L d

5.2 The Eigenvector Matrix

Utllizing equation (1-4), one obtains

10 fo} - o} e

Substltuting the four of A’s individually into equation

(5-3), the eilgenvector matrix is constructed as

- .
) n/dl n/d/‘ %5 %4

[Uj| - & (5-4a)
n'c\, B n/d %6 ) n/é,,

B %‘ mc\l - %5 h% #y




where. 5

T (u'_'+v\'3{(se,v-/su~C).u--5v) *(SQ,LA.-AV-Q—C&\Y-s‘L)U“\rk

1

-\/(ufuf‘)lﬂ (Sev-AU-Cau*rOv) - ([eu-Av+Cav-Su)uy ]S 2

L\ L L b
t4 iZUW(\-C'-) (w-v SAH uv(éw‘x\-c..) SUV WSV Sa 4 u\r(\i-\fd)(c-ﬂ

n =2uyv \-(u.‘-v“)u-cc) F2UN Sp 4 (utw“)(c-c)k

N e (¢+\r°)§($o.\r~hu~CAu—5\r) +(Sew+Av+Cav+SwW) u.\rS
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| I 8 - 2 “
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TR
+ 4 Slzu\r(\-cq +(U-v)Sal {uv (e P)(-Co)- Wy (u- \r“) A + uvgu‘.-\?)(c-g)ﬁ }
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5.3 Zeros of the Elgenvalues

The first eligenvalue Awwhen equated to zero,

yilelds the condition
uv {(\:“?)U—C:.)-&V(u:—‘f)Sb +(¢~\r‘)(c~c)] =0 (5-5)

It follows that, for u = O, simultaneously

h\iuﬁ)(l-c._)-u\r(&vh)sa * (\i‘—\r‘)(C-U} = () (5-6a)

and v #£0 (5-6Db)

Further, it follows that 54 = 0, or the natural frequency

of free vibration is zero, that is,.ff = 0.

The mode shape 1s shown in Figure (IVA) which 1s the case of
rigid body translational motlion with arbitrary value of
axial force. This shape 1s similar to that given in

static stability problem (see Fig. (IIIA)). The mode shape

result 1s shown in Figure (IVA) for convenience.

)
I\
P.i’ i <i P
__________________ > (x)
& £ !
C L >|
6= B, =6 ~ = Yo M. = O
B,= Ou=9 =0 M,= M, = O

Figure (IVA) NModal Shape of the Vibrating Beam-Column for
the First Zero of Aw
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The varlation in the mode shape for values of the parameter

v with u = O is shown in Table (IIIA). The mode shape does

not change as v increases.

v o' 1 211 a1 atl 51

6 i 0 o) 0) o o) @)
Sup /1 /f R Ve /z i Ve
Ons o) 0 0 O (@) e}
Sun /L & /G iz VAR Az iz
Oan 0 o o o) o o

Table (IIIA) Mode Shape Variation for the First Zero of A,

The second eigenvalue %}, when equated to zero, ylelds

the condition
UN[(\fﬂr‘)(\-('.o.)—uv(\f-\f)sas—(\f-\?)(C-c.)] = 0 (5-7)
It follows that, for v = O, simultaneously
[(tfﬂf‘)(\-&)-u\r(\f-v“)s/s—(&-\?)(c-e—)l = 0 (5-8a)
and =0 (5-8b)

Hence, the natural freguency of free vibration is zero as

well as the axial force P.




The mode shape takes the shape shown in Figure (IVB) which
1s the case of rigid body rotational motion. This shape
is for the static stability problem and the beam vibratlion
problem respectively and 1s 1ldentical to that given in
Figure (IIF) and Figure (IIIE).

)

Gpe _5“=6,\,\/l\-_._- Ve = Ve = O
8,= Oan= 0 m(f——g M= My, = O

Fisure (IVB) Mode Shape of the Vibrating Beam-Column for
the Second Zero of n,

The mode shape for the values of the parameters v = O and

u =0 is shown in Table (IIIB).

Ly N 6”/1_ Oas 65A /L Opa
o o Yire - - Yo - %%

Table (IIIB) Mode Shape Variation for the Second Zero
of A
Z
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The third eigenvalue lajwhen eauated to zero ylelds the
condition in Equation (5-5).
It follows that,

(ufw‘)(\-cc)—uvuf-vL)SA%\i-V‘)(cM] = 0 (5-9)
with u#o0
(5-10a)
and v # 0

The mode shape takes the shape shown in Figure (IVC) which
is identical to that given in Figure (I11IG).

(y)

> (X)
hs*
AR GsA 6 ~ C\&L A Vﬁ“
n,* M o)
g B .- O Eb Wy, iy W

Figure (IVC) Modal Shape of the Vibrating Beam-Column
for the Third Zero of A,

The variation in the mode shape for values of the

parameter u and v are shown in Table (IIIC).

% See Appendix III
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The fourth elgenvalue A, when equated to zero ylelds

the condition in Equation (5-7). It follows that

’—(\.C»«v‘)(\-cn-u\r(&-w")sh—(uf-\i’)tc-ezl = 0 (5-11)

with uz 0
(5-12a)

and vz0

The mode shape takes the shape shown in Figure (IVD) which
1s identical to that given in Figure (IIH).

)

A

= (X)

Figure (IVD) Modal Shape of the Vibrating Beam-Column for
the Fourth Zero of N

The varliation 1in the mode shapes for values of the parameter

u and v are shown in Table (IIID).

% See Appendix III
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5.4 Interpretation of Result for the Vibrating Beam-
golumn

The four nonzero eigenvalues deflne the mode
shapes with assocliated Jjoint moments, shear forces,

displacement and rotations. Equating to zero the four

nonzero values of A, ylelds the condition of natural

frequency and axial force. The four conditions are

a) A, =0 implies u=0 when Vv £0
b) A =0 implies v =0 when u=20

c) implies Euf*\;)(l-Ce)—uvch-V‘)SA+(Lf—\;)(C-'] =0

o
]
o

when u f O and v # 0

d) A =0 implies [(\I‘»\rn)(vcg)—uw\f-\f')S/x—(uﬁ—\?)(c-tj =0
when u # O and v #0

For condition a), the mode tshape corresponds to a rigid
body translation with arbitrary value of axial force, zero
natural frequency and zero values of Jjoint moments and shear

forces.

Condition b), the mode shape corresponds to a rigid body
rotation with zero natural freguency and zero values of

joint moment and shear force.

Condition c¢), the mode shape 1s produced with a natural
frequency with corresponds to the odd modes (i.e. n = 1,3,5,7«..)

of a free-free beam=-column.

Condition d), the mode shape is produced with a natural frequency
with corresponds to the even modes (i.e. n = 2,4,6...) of a

free-free beam-column.




55
CHAPTER VI

DISCUSSION AND CONCLUSION

6.1 Discussion
In general, four deformed mode shapes are deflned
in the vibrating beam problem, the beam-column bending
problem and the vibrating beam-column problem, with the
exception that in the beam-column bending problem one
rigid body translational mode shape 1s present.

The zeros of the elgenvalues of the general stiffness
matrix produce two rigid body mode shares, one a rigid body
translational mode shape and the other a rigid body
rotational mode shape 1n each of the three problems.

These zero elgenvalues produce the exact values of the
natural frequency of free-free vibrating beam, the critical
buckling load of a simply supported column, and the resonant
frequenclies of a vibrating beam-column respectively.

For the vibrating beam-column problem, the relationships
between the parameter u and v in term of the axial force and
natural frequency of free vibration are shown in Flgures
( VA), (VB)), and (VC )., Figures (VA ) and (VB) correspond
to the zeros of the elgenvalues of A) Ab and A, , A, respect-
ively. Figure (VC ) is a superposition of the latter two
figures.

The special case of the zeros of the elgenvalues
for the three problems, yields the condition of natural

freguency, critical buckling load in terms of parameter
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u and v. The conditions are (see Figure (VC)),
1) v # 0O when u = O (1.e. the V axls) correspond to
the rigid body translational modes and arbitrary

axial compressive force.

2) v = 0 when u = 0 (1.e. the origin of coordinates)
corresponds to the rigid body rotational mode with

zero natural frequency and zero axial force.

3) v =0 when u # O (1.e. the u axis) corresponds to
the static column with zero natural frequency and

an increasing axial tension force.

-]
4) u v (1.e. 45 1ine) corresponds to the natural

frequencies of the vibrating beam problem only..

The shaded areas 1in Figure (VC ) corresponds to combinations

of the parameters u and v where stable oscillatlion occur for
the vibrating beam-column. The unshaded areas correspond

to combinations of u and v where unstable oscillatlons of

the vibrating beam-column occur; stable zones above and to

the left of the 45. line define conditlions of axial compression

force. Stable zone below and to the right of the 45°

line indicate the condition of axial tensile load.

€.2 Conclusion

The stiffness matrices in each of the three
probleme considered are (4x4) symmetric matrices poscessing

four eigenvalues, Only in the case of the static beam-column
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bending problem does there exist a zero eigenvalue. This
special case produces a zero determinant of the stiffness
matrix. Hence 1its inverse does not exist (1.e. the matr;x
is positive indefinite). This eigenvalue corresponds to a
rigid body translation of beam column. In the other two
problems, zero eigenvalues do not occur for the stiffness
matrix which implies that their inverses exist when the
structural member is subjected to nonzero end shear forces
and end moments.

Equating to zero all nonzero elgenvalues leads to a
condition of zero determinate in all three problems. All
these resulting systems exist under a condition of zero end
shear and zero end moment. Hence, the conditions of natural
frequency of free vibration and critical buckling load are

produced.
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(w

Figure (VA) Flot of u vs. v for the Zeros of the
Elgenvalue=- A A,
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Figure (VB) Plot of u ve. v for the Zeros of the
Elgenvalue- A | A
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AFPENDIX I

EQUATION OF THE VIBRATING BEAM FROBLEM IN HALF ANGLE FORM
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(1-2)

The four roots in Equation (3-5c¢) are written in half

angle form as
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APPENDIX I1I

EQUATION OF THE VIBRATING BEANM-COLUMN PROBLEM IN HALF ANGLE FORM
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The four roots in Equation (5-2b) are written in half

angle form as
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The components of elgenvector matrix in Equation

(5-4a) are written in half angle form as
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where
—
LY A" A L z
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= A R z N
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| +2uyN \uv(C;‘_gi. y+2 (=) Sfmc} {(ufw‘)(cn -5;_‘)_ m"(ur‘T)SC/'buz(&-\r)(’é-é,)}
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% Nl AA Y W¥ s A& Al Ay o 2
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Y Ve dan A A AN AN, AR L, " AV - O
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AFPPENDIX III

MODE SHAPE CHARASTERISTIC FOR THE
VIBRATING BEAM-COLUMN IN HALF ANGLE FORM
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