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ABSTRACT 

OP11 IMUIY.£ DESIGN OF STATICALLY I NDETERMI NA'rE 

COMPOSITE STRUCTURES 

F:uank F. Lam 

Master of Science in Engineering 

Youngstown State University, 1976 

This study was primarily concerned with a systematic 

approach for determining an optimum design for an indetermi-

nate composite structureo In this case, an optimum design 

was taken to mean a minimum in the total structural weight 

. while conforming to the AISC design specifications. Matrix 

techniques were adopted for solving the reactions, moments 

and stresses in the indeterminate structure. The cutting 

plane method was used for converting the resultant nonlinear ·· 

problem into a linear programming problem. The simplex method, 

an effecient and rapid algorithm, was then utilized to obtain 

the optimum solution. Finally, computer programs were pre- · 

sented along with nwnerous optimum design examples. 

RV 
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CHAPTER I 

THE SYSTEM APPROACH 

1-1. Introduction 

In order to understand the nature of a problem, the 

engineer alvvays approached the question with a model or hy

potheses. A model can be an ooject, an event, a process, an 

operation, a system or a mathematical expression (or mathe

matical mode l) that represents the reality of the engineering 

concept . Based on the problem model, the engineer must de

velop an analysis and design procedure that wj_J. l enable him 

to define the problem and select the best solu tion. This is 

the fundamenta l concept of the system approach . 

A complex problem can be handled with suc cess when 

the system approach i s effectively applied . Cost effective

ness is one of the devices for measuring success . Cost ef

fectiveness wa s applied to this study with tne end result to 

obtained a minimum weight design for a sta tically indetermi

nate composite structure . 

1-2. J!'ormula t ing the pr o bl em and mo de l 

Beginning wi th t b :. basic conc ept, i. e ., to devel op a 
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mi nimLua v1e i ght des i gn for a simple system, a si17lple cant ilever 

beam will be initially considered . 1\.. concentrate d load P w:Ul 

be placed a t t he span center as i l l ustrated in Fig . 1-1. The 

maximum mmnen-r; is -PL/2 and will occur a t the fixed end. 

p 

b 

. I 

t 

Figur e 1-1 Cantilever beam 

Secondly, consider a simple roller support placed at 

the fre e end b of the previou s struc t ure mode l (see Fig . 1-2). 

This model be c omes a statically i n de t erminate to the first 

degree , tha t is to say , there is one re dundant reaction . The 

beam in Fig . 1- 2 can be r endered statically determina te by re

pla cing the fixed ~upport with a hinged support. In a ddition 

t o t he or i ginal concentrated loa di ng , a re dundant moment M . is 
a 

t hen a ppl ied to t he primary s t ructure , a l so illustrated in 

Pi g . 1-2 . The unknown moment Ma can be solve d by applying Eq. 

1-1. ( 4 ) 
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( 1-1 ) 

where 

~ = b/L 

For b is fa- L and ~ i s l , the moment Ma at t he fixed end clue to 

the load P is -3PL/ 16. 

1 L - 2 L - b -·t 
0 ii I 

r 
+ 

(Ma such t hfl t ea = 0 ) 

Figure 1-2 Statically indeterrninat e structure 

Finally , consider a circular t i e rod provid ing the 

vertical support at point b with the tie rod hinged at point 

c , as illustrated in Fig . 1- 3 . By t he statics , the mo ment at 

t h e f ixed end is PL/2 - RL. Note tha t R can b e solved by the 

principle of superposit ion, which denot ed by Eq . 1-2 i s 
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c 

Ip I 
a t L b = t L L1 -

I t a b 

L >I 
Ill 

p 

v . . ------ =t,6,· 
. --- lO --

--

Figure 1-3 Simple composit struct ure 

[);. _ = [);. · + ~ - .x. 
l lO lJ l ( 1-2 ) 

where 

A = f i nal defle c tion in direction of relea se at point i i 

on prima ry structure 



5 

Lio = deflec tion of point i on prima r y struc ture , due only 

to the applie d l oads (X . = 0) 
l 

6 ij = deflection a t po i n t i due to unit action at j, all 

other points being a s sumed unloaded ( c a lled flexi -

bility coefficient ) 

X. = redunda nt a ction at point i 
l 

Note t hat L\_
0 

and &ij in Eq . 1-2 a re the elast i c 

deformations of the structure and t hese two t erms must be 

found in order to solve the superposition equation. The 

method of virtua l work (unit-load meth o d ) ca n b e used for 

this l ntent ion. Thus 

6 = 1/EI SL M m dx 

where 

6 = /:). _ or & . . 
lO lJ 

( 1-3) 

1\1 = t he moment at any po i nt on the structure cause d by the 

actual loa d 

m = t he moment a t any point on the struc t ure caused by the 

unit-load 

E =modulus of e l asticity 

I = moment of inertia of the c r oss- sectiona l area 

The valu es of the product integral SL NI m dx ca n b e 

obtained graphically by matching the a ppropria t e moment d i a -
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grams using th table in Appendix C. I n this case , ~ . i s 
lO 

- 5PL3/48EI and 5ij is L3/3EI . The tie ro d support at b is 

elastic and will yie l d a t k , per unit force . The f i nal de 

flec t ion ~. i n t he direction of release at po int b on pr i mary 
l 

structure c aused by the concent rate d load P plus re dun dant X . 
l 

is not 0 but i s equal to - kXi as illustrate d in Fig . 1-4 . By 

subst i tution, Xi is 15PAL1/ 48 (AL3 + 3IL1) which is i dentica l 

to R . 

t---
1. 

l_ b 

-ik 
L 

Ill r . -- ==r ----...._...._ A -- ~ 
--- i o 

1.X1 J __ 
d ---~- f ~ · .x. 
4------~-;o._---'~-----_-____ y lJ l 

+ 

Ill 

r ---- ~ ---- k•X. 
-- ............ l 

Figure 1-4 Superposition Me tho d 
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The beam sec tion for design of all models can be 

solved by applying the fle xure formul a r 

crb = M c I r ( 1-4) 

Where 

* ' (fb = maximum a llowable flexural stress in the beam which 

will be t aken as 0~ 60 F (F i s the yield stress for y y . 

the beam material ) 

M = maximum bending moment 

c = the distance from the neutral axis to the extreme 

tension or compression fiber 

I = moment of inertia of the cross-sectional area of the 

beam 

* It must be note d here that it will be assumed that the beam 

is both compact and adequately braced about t he weak axis, 

The stress in the cir cular tie rod section can be 

obtained by applying the stress formular 

Yvhcre 

= R/ A r ( 1-5 ) 

= maximum a llowable norma l stress which is 0. 60 I!' (F 
y y 

is the yiel c. stress f or the tie ro d material ) 

Wf LU 
YOUN GS 

359987 
'F. ~"l R 
••· .. i:. 1 'IVERSLTY 
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R = axial load in the tie rod 

Ar = the cross-sectional area of the tie rod 

The beam section for all mo de l s will be H-shaped and 

the modulus of elasticity E will be t aken t he same for both 

the beam and the tie rod . Figure 1-5 shows t;ypical sections 

for both the bem~ and the tie rod . 

Ar = Area 

c = J~d + 
2 w tf TIE ROD SECTION 

t d 3 
d + tf 2 

I w vr + 2bf tf (..:!!_-) = 12 2 

Vol. = AIJ 
I - BEAM SECTION 

Fi gure 1-5 Typical sections 

1-3 • Summary 

The results of the various s ystem are tabulated in 

Table 1-1. In t he firs t model, the fixed-end ha s the l arges t 

moment M and t hus require s the l arges t I t o resi s t the dis -

t ree s . In the s e cond mode l , the simple support r equires the 

t h e l a r gest tie ro d area (s uc h as column or large pier ) to 



1 ,----

Ii.~ 

111 

9 

-·--

Model IVI A Ib r 
~--

1 ~ 
tp 

- p L I 2 0 La r gest 

2 ~ 
tP 

A 3 p L I 16 ro Sill.alle · t 

3 ~ 
!p r p L I 2 - R L A I 

---
• Table 1- 1 The s ystem results 

support the structure . These two models are , therefore, not 

an optimum system . In the l ast model the advantages of the 

t wo previous models a re utilized·. The systematic approach 

wj_ll now be success fully developed to obta in a minimum weight 

design for this sys tem. 

t. 
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CHAP~Pmi II 

T·1 ATRIX T:2:CHNI QUES 

2-1 . Ge neral 

Eq. 1-2 ca.n be w:titten in m2.trix form as 

( 2-1) 

vvhere 

D = c olumn matrix of t he final deflec tions or t he ori g ina l 

structure in direction of releases 

S = colmnn r.J.atrix representing the defl ec t ions due to t he 

loads on release structure in the direction of t he re -

leases 

F = flexib i lity matrix of t he structure , i . e ., the total 

defle ctions in t he direction of the re l eases caused by 

only unit actions in the di rection of the releases 

X column m2.t rix of redun<lant reo.ctions 

A third order matrix has the eeneral form of 

D s f f ab f 

rx a a aa ac a 

Db = s + f f bb f xb (2-2 ) b ba be 

D c• f f cb f lx IJ 
c c ca cc c 
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2- 2 . Applications of matrix techni ques 

Consider a statically i n determinate composite struc -

ture with three redundants , n2.mely iila , Rb . and Rc , as i.llus 

trated i n Fig . 2-1 . The column m2.trix of redundant r eactions 

X i s obtained 

.x M a a 

x b = Rb (2- 3 ) 

x R c c 

e f 
it/,'°.,' .' 

A A2 ·t 
b1 Jp2 L1 

Primary c i 
L/ 6 I L/ 6 . L/6 L/ 6 

L 

I p1 lp2 r3 d Released a y y 
4 ~ 

Fi gure 2-1 Third de gr ee compos ite structure 

The fina l displacement , i . e ., at point a is zero as 

evi ,·ence d by t h e fixed- end sup port . Point b and point c are 

elas tic sup}.Jorts n.n d ultimatel v yield at kb a n d kc , per unit 
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force , res pectively . The f ina l def l e ction at point b in the 

* direction of t he release is e q ual to - k bRb. Us ing the same 

a pproach, the fina l deflection at point c i s equal to -k R • c c 

The colwnn matrix J5 which re presen t s t he fj_nal displacements 

in t he direction of the relea ses i s 

D 0 0 
a 

Db = -kb Rb = -RbL1/EA1 

DC - k R - RcL1/ EA2 c c 

where 

k = L/EA 

By sub s tituting Eqs. 2-3 and 2-4 into Eq . 2-2 the 

following is obtained 

0 s a 

- RbL1/ EA 1 
1 

Sb 
1 

= EI + EI 

- RcL1/ EA2 s c 

multiplied EI for both side a n d obtained 

0 

- RbL1I/A1 

- Rc L1I/A2 

= 

s a 

+ 

f aa 

f ba 

f ca 

fab 

f bb 

f cb 

f ac 

f cc 

f ac 

f bc 

f cc 

M a 

M a 

Rb 

R c 

->=- The n egative sign indicates a displa c ement in a direction 
o _ posit e to t he direction of the u n it act ions ( se e Fig . 2-2) . 
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or 

-S 0 f _c. f M .i 2.b a aa a c a 

-S b = RbL1I/A1 + f b a f bb f bc Rb 

-S RcL1I/A2 f f cb f RC c ca cc 

(2- 5 ) 

~p1 
p2 P3 

Primary b c 

k 
~c 

p1 p3 

Relea sed 

---

Fi gur 2- 2 Organizati on of ana lys i s b y s u per position equations 
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As illustrat ed in Fig . 2-2, t he principle of super-

position, discusse d earlier in Chapter I, may be now used to 

solve the thi rd degree indetermina te structure . In which 

Si = JL M m dx (2-6) 

f . . =JT m. m . dx ' (2-7) 
lJ .u l J 

By applying Eq . 1-1 and using the table in Appendix C, the 

fol lowing results are obta ined 

s 2 + 81P2 + 35P3 )/12 96 - · -L • (55P1 a 

Sb - -L3 • ( 114P 1 
+ 207P2 + 93P3 )/11 664 

s = -L3 ·(93P1 + 207P2 + 114P3 )/11664 
c 

and 

f = L/3 aa 

f ab = f ba = 30L2/486 

f ac = f ca = 12L2/243 

f bb = f = 413/243 cc 

f bc = f cb = 2113/1458 

Noting t hat in Eq. 2-5 the first term can be conveniently 

written as 

0 

RbL1I/A1 

RcI ,1 I/A2 

= 

0 0 

0 0 

M a 

(2-6a) 

(2-7a) 

(2-5a ) 
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Subs tituting Eq . 2-5a , Eq . 2-ba a nd Eq . 2-7a into Eq . 2-5 and 

factoring out the common terms the follow:Lng is obtained 

M 
a 

= 

L 
3 

30L
2 

486 ' 

1211
2 

243 

30L2 

486 

4J) L1 I 
243+~ 

21L3 
1458 

2 12L 
243 

21L3 
1458 

' 413 L1I 
243 + A

2 

2 
L (55P1+81P2+35P

3
) 

1296 

L3 ( 114P 1 +2D7P2+93P
3

) 
11664 . 

L3. (93P 1 +207P2+l14P
3

) 
. 116b4 -

-1 

As illustrated in Fig .. 2-3 a nd us i ng nm.v known redun-

dants Ma' Rb a nd Rc' the rema ining reactions Ra and Rd can be 

easily solved by applying the simple static techniques. 

I 

f 

p1 p2 p3 

M ( Jl'A-a---L-----+--b _ ____._ ___ _._c __ L---.... 
a ,,,,. 

h 
Figure 2-3 Reactions of t he composite structure 

In order to design t he cross-se ctional area of the 

beam, the maximum moment must be obta. ine d . Eq . 2-8 expresses 

the matrix form for t h is intention 

M. = FI. -,- m . . R . 
l lO lJ l 

(2-8 ) 



where 

M. = the fina l moment at point i 
l 

16 

TI. = the moment a t point i due only to the applied loads 
10 

m .. =moment at point i due to r eac tion at j, all other lJ 
points be ing assumed unload 

R. = r eaction force at i 
l 

I n this case , i i s equal to points a , b and c. For 

which 

TvI = -P1L/6 - P2L/ 2 - 5P
3
L/6 ao 

rl[, = -P2L/6 - P
3

L/ 2 
00 

1¥1 co = -P3Ii/6 (2-9 ) 

and 

Ill = mbb = m = L/ 3 aa c c 

mab = mbc = 2L/3 

mac = L 

mba = m = m cb = 0 (2-1 0 ) c a 

Substituting Eq. 2-9 and Eq •. 2-10 into Eq . 2- 8 

Ni -P1L P2Ii 5P3L L 2L L Rb a -r--2--~ 3 3 

Mb 
- P2L p L 

0 L 211 R = 3 + 
-6---y- 3 3 c 

M -P3L 0 0 L Rd c -6- 3 (2-11 ) 
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By using basic matrix opera tions, I!Ia ' Mb and Mc in 

Eq . 2-1 1 can be easi ly obtaine d and the largest of these 

moments can be used in de t ermining the required moment of 

inertia :for t he beam or r e calling 

M c max. 
I b 
• 

1 (req' d ) = 
(Ma or Mb or Mc )· c 

0. 60 }!' y 

For the tie rods 

tr r - 0.60 F = Rb 
A1 y 

A1 

and 

0-r 0.60 F R 
A2 = = -C y 

A2 

= 

= 

Rb 
0.60 F y 

R 
c 

O.bO F y 
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CHAI>TER III 

CU'~~T I NG PLANE METHOD 

3-1. General 

In general, nonlinear programming problems are quite 

difficult to solvB . There has been relatively little previous 

work devoted to finding general computational techniques for 

handling them. However, useful techniques has heen developed 

for certain problems. '11he cutting plane method applied by 

F. l'iloses ( 1 O) is very helpful in this matter. 

A close examina tion of the cutting plane method re~ 

veals that it actua:Lly utilizes piecewise linearization of non-

linear terms through first-order Taylor series transformations. 

The nonlinear program.ming problem is then effectively converted 

into a linear programming probl em which is easily solved by .the 

simplex algorithms. 

For every optimization problem, linear or nonlinear , 

t wo considerations must be formed i n order to organize the 

mode l such as that discussed in Chapter I. The first consid-

eration is the objective function which describes the de s i gn 

parameters of a given f unction. An objective func tion can be 

a co0t function, a weight funct ion (which can be expressed in 
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terr.is of d i_mens i ons ), etc ., Sec ondly , cons ideration mus t be 

-g i ven to t he const r a ints v1hich c ontrolled t he design of t he 

model such as t h os e i mposed by the AISC Spec ifica tions . 

A nonlinear pr ogr amming problem may be r e pr e sented 

by t he following genera l form 

Iliinimize f (xi) i = 1 to n 

Subject to g j(xi) 
< 0 j 1 to = = m 

L. < .<: u. (3-1) = x. 
l l l 

where 

f (xi ) - the objective function 

g. (x.) --J l 
the constra ints ·which controlled the de s i gn 

pa r amet er s of the problem 

x. = the de s i gn pa rameters which must be positive 
l 

quant i ties 

L. 
l = the lovver limits of the des ign pa rameters 

u. = the up per limits of t he des ign parameters 
l 

The linea r tra ns f or mation of t he firs t-order Taylor 

series f or the obj e ctive fun c t ion and constraints a re 

Mini.rni ze [ 
n ~f(x?) 

f ( x~ ) + _2
1 

e(x~ · (xi - x~)J 
l = l 

(3-1a) 

Jg . (x?) J -" 
O).J 1 

• (x. - x?) 0 x . l l 
l 

(3-1b ) Subj ect t o 



20 

mh · O · ti m 1 · · th 1 L ~ e expansion xi in - ~e iay or series is e so u~ion to the 

linear programming problem which obtained in the previous 

iterat ion" The expansion in the f irs t itera tion is the trial 

design set by the designer . 

3-2. Applications of the Cutting Plane Method 

The solution of a third degree indeterminate composite 

structure were discussed in Chapter II , see Fig . 2-3. It will 

be assLuned that the structure ha s sufficient l ateral support 

and the density of the rolled steel can be taken as 490 lbs/ 

1728 in3. The objective function to be minimized in this 

problem is the weight function (which expressed in terms of 

the dimensions of the H-shaped beam and the cross~sectional 

area of the t ie rods) may be represented by the following 

mathematical expression (mathematical model ) 

where x . is equal to six parameters as following 
i 

x2 = t . 
f 

X3 = d 
w 

X4 = \v 
X5 - A1 

X5 = A2 
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All of this six parameters ii1USt be non- negative variables . 

Eq . 3-2 i s n onlinear s i nc e t he expression contains t erms con-

s i s ting of product s of t h e var i abl es , i . e. , x 1 . x2 , x
3

. x
4

, etc .• 

Appl y ing t he l i neariza tion shown in Eq . 3-1 a t he fo l l owing 

l inea r equa tion i s obt a ine d 

Eq. 3- 2a i s applied onl y i n t he s ol ut ion for the simpl ex alga-

ri tr11n . . The a c tual weight of the '°'truc t u r e i s comput e d fr om 

Eq . 3-2. 

The cons t raints which control led t h e design variables 

of t he pr obl em a re 

M· c <( 
-I- = 0-b 

(3- 4 ) 

(3-5) 

Fr om AISC Spe c:Lf i ca tion Section 1. 5 .1. 4 .1-b, the wid t h-thiclmess 

rati o f or an unstiffened e l ement s uch a s a proj e cting compres-

sion f l ange 

(3-6) 
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From AISC Specificat ion Section 1 . 10 . 2, the minimum thickness 

of we b 

(3- 7 ) 

From the AISC han dbook smallest thickness tabulated for either 

a fl a nge or web or a rolled sect ion is 0 . 25 inches . There-
' 

f ore, 

t f ~ 0 . 25 

> t = 0.25 w 

(3-8) 

(3- 9) 

Although not required by the specifications , but it has been 

common for the good engineering practice to t ake 

bf ?. 10 tf 

als o 

where dL is a lower limit on dw which is provide d by the 

designer .: t o say , meet architectural considerations . 

As the express ion i n Eq . 3-1, let 

d w t ) NI · (2 + f - er; < 0 g1 = 
t d 3 b 

d + tf 2 w w + 2bf,tf . ( w 2 12 ) 

g2 = (Rb/ A1 ) - <Jr 5 0 

g3 (Rc/ A2 ) a; < 0 = -

g4 = bf - 2tf · (52.2/ J Fy ) ~ 0 

(3 - 10 ) 

( 3-11) 

(3-12 ) 

(3-1 3) 

(3- 14) 

(3-1 5) 
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14x 103 . t 
~ d w 0 (3-1 6 ) g5 = w jF (1 6 .5+F ) y y 

g6 = - t + 0.25 ~ 0 (3-1-7) f 

g7 = -t + vr 0.25 ~ 0 (3-1 8 ) 

g8 = -b + 10tf ~ 0 (3-1 9) f 

gg = -d + dL ~ · O (3-20 ) w 

Not e that . i n Eq . 3-17 to Eq . 3- 20, some design parameters are 

ne gative which seem to violate the r equirements stated in Eq ~ 

3-1. However , for the time being the linear transformation 

·will be continued and an explaination for the negative va lues 

will be provided l ater . 

Apply the linearizat ion shown in Eq . 3-1b, the fol-

lmNing linear e q uat ions for the constra ints are obtained 

(Io)2 

I ( d
o ) M-L~o - co• Gb~t~ (d~ ; t~) + t~/~ 2J}.(d - do ) 

g 1 w = ~~~~--~~~~-~~~~--~~~~~- w w 

(Io)2 

p· I (tO) = 
0 1 w 



Therefore, 

and where 

0 c 
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Taking the next c ons traint f unc tions g2 through g9 subject to 

Eq . 3-1b 

g2 = (-Hb/ A~ 2). (A1 - Ao) = 0 1 

g ' = (-R / Ao 2) • (A2 Ao) = 0 3 c 2 - 2 

g4( b~ ) - 1· (bf - b~ ) 

g4( t~ ) = .(-1 04 . 4/JFy ) . (tf - t~ ) 

g4 ::: g4(b~ ) + g4 ( t~ ) = 0 

'( do ) = 1 • ( d do) g5 w w w 

'( to ) = -14x1o3 ·( t - t 0
) g5 w w w 

J}i'y ( 16 . 5 
-

+ F ) y 

g ' 
5 = I ( ' 0) g? °-w + g ' ( to ) 

5 w = 0 

g6 = -1·( tf t o ) - f = 0 

g7 = -1·( t - t o) = 0 w w 
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g8(b~) = -1. (b f 
- bo) 

f 

g8 (t~) = 10• (t f - to) 
f 

g8 = g8 (b~) + g8 (-t~) = 0 

g' = -1•(d - do) = 0 (3-21) 9 w w 

3.- 3 • Summary 

After transforming the nonlinear problem into the 

linear prograrruning problem ( see linear Eqs. 3-2a and 3-21 ), 

the optimiza tion is ready for the simplex algorithms . Each 

iteration of t he simplex me t hod conta ins t he linear expres-

sions of the obj ective function and cons tra ints, i.e., Eq . 

3-1a and Eq . 3-1b . The following steps will be followed in 

t he solution(?): 

0 1. The expansion x. , in the Taylor series , in the first 
1 

iterations will be the tria l selections set by the designer 

which , in general , sat i sfy the boundary conditions Li ~ x i 

~ U . (see Eqs . 3-3 to 3-11). 
l 

2. The linear programming problem i s then so lved by the 

simplex method us ing the i nitial assumed values , 0 x., to 
1 

de termine a new set of de s i gn parame t ers , x .. The solution 
1 

xi will satisfy Eq . 3-1 a but may not satisfy, in general , 

t he cons traints equat ion Eq . 3-1b . 

3 . If any of the x. values viola te the constraint equations , 
1 



.• 
26 

the variable s wil l be unif onnl y adjusted until a ll viola

tions are.eliminated . 

4. Steps 2 and 3 will be repe a ted until a specified accuracy 

is achieve cl . 'l'he approximate "optima l" s olution will be 

obtained when successive designs approach a constant valu e 

of the obj ective function . 
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CHAPTER IV 

1rHE SIMPLEX ME1'HOD 

4-1 . General 

Linear programming problems are characterized by a 

linea r objective function subject to a set of linear cons- ' 

traints . An a l g orithm is no~hing more than a set of computa-

tions which c an be performed repeatedly followj.ng a cyclic 

pattern . Because of its repetitive nature it can be readily 

programmed and proceeding using electronic computation. The 

simplex algorithm provides the most general an an effecient 

method for solving the linea r prograrruning problems. 

A linear programming problem may be repre sente d by 

the following general form 

n 
f (x1 ) = L. c .x . 

i=1 1. l 
i == 1 to n 

subject to 

a .. x. s b . 
Jl l J 

j == 1 to m 

and L. < < U. x. 
l l l 

and where (with a spect to t h e problem at hand ) 

f (x.) == t he linear object ive function . l 

( 4-1) 



a . . 
Jl 
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~ .. , c ) is the weight coeff icients of the n 

desi gn parameter and is a row vector 

•.. , x ) is the structural design parameters n 

and i s a column vector 

. . . . . . . . . . ' 
... ' am~ ) is the structural form coeff i-

cie nt s ; and is a r ecta ngular matrix 

bj = (b 1 , b 2 , •.• , bm) is the stipulations and is a c olumn 

vecto r 

L. and U. are the lower and upper limits of t h e design 
l l 

parameters as s pec ified in Chapter I II . 

In most cases , t he nwnber of constr aints m are not 

equal to the numbe r of design variables n . The structural 

form (or proportions ) c oefficients aji are , therefore, gener

ally in rectangular form. The values of x
1 

and bj are c onven

tionally n on- negative and c. a nd a . . are unrestricted in sign. 
l J l 

The method of the artificial basis ( 3 ) is a satisfac-

tory way to sta rt the simplex process . This procedure is 

known as an advanced s t art( 8 ), and is designed to re duce the 

number of iterations required. It also determines whether or 

not the probl em has any feasible solutions . As the name 

i mplie s , t i e artifical b~s is does not possess any physical 

meaning and must b e elimina ted as soon a s possible . This c a n 
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be accomplished by introducing a~t ifical variables into the 

obj ective function with l a r ge posit ive coefficients (mini-

mization case ). The general form is as follows 

n Ill 

f (x. ) = x. c .n. + f'~ x x n+j l i= 1 l l j=1 
( 4- 2 ) 

subject to 

+ 1·x < b . ajixi n+j J (4-3 ) 

where M is l arge positive coeff"icients and 1 · x . is the unit 
n+J 

v e c tor basis or an artificial basis . 

There are a few general rules for operat ing the sim-

plex algorithm 

1 . The formulat ion expressed as the objective function in Eq . 

4-1 is set u p to maximize r ather than minimize . Minimizing 

t he linear function can be accomplished by minimizing its 

negat ive or 

. minimize f (x. ) 
l 

~ minimi ze [ c.x.J l l 
( 4-4 ) 

2 . The artificial bas is method i s us ed to c reate an initial 

solution . This basis must t hen be g iven large negative 

c oefficients in the objective function a s fo l lows 

n 
minimize f (x. ) = 

l L 
i=1 . 

c.x. 
l l 

- f;I 
m 
E 
j=1 

x . 
n+J (4- 5) 
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3. Det ermi ne t h e coeff icients of the objective function a nd 

choose the vari a bl e s which yields the largest value as the 

p i vot column in the simplex t a blea u. 

4. Compute t h e rat i os of t he s t ipula t i on s (bj) in the right-. 

h a nd column of t h e s implex t a blea u to the cor responding 

coefficients in t h e pivot colUinn a nd choose the smallest 
I 

positive, nonzero r a tio as the pivot row. 

The simplex computa tiona l procedure is then followed 

(utilizing t a blea us ) until the coeff icients in ·t h e objective 

function are a ll re duced to zero or n egative values, which 

indicates tha t an o ptimal s olution ha s been obt a i n A ~ 

4-2. Appli c a tion of simplex method 

As indicated in Cha pter III, Eq . 3-17 to Eq . 3-20 

are in viol a tion of the requirement s specified by Eq. 3-1, 

i.e., the following design par~neters h a ve the n egative values 

-tf = -0.25 

-t = - 0 .25 w 

-bf = -10·tf 

- d = -dL w 

This situa tion can be re s olved by a dd ing a positive constant 

whic h is l a r g e enough to form a non-negative value on the 

r ight-ha n d side (bj v a lues ). This pr oce dur e takes the fo l

lowing for .11 
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~'F tf = TF 0 . 25 = positive value 

TW t = TW 
vV 

0.25 = positive value 

BF bf = B:E' 10tf = posj_tive value 

DW clw = DW dL = positive valu~ 

Where TF , TW, BE', rnv are positive constants, more generally 

named Ci . Recalled that tf' \v' bf ' dw are xi varialbes . 

Letting the lef t-hand side be XXi the following general form 

is obta ined 

xx. = c. - x. 
l l l 

(4-6) 

In order to obtain consistent solution for the vvhole 

problem, xxi has to be transformed in all t he design parame

ters used in the objective functi on and in the constraint 

equa tions . The linear programming problem then yields the 

new variable XXi . After obta ining the optimal s olution from 

the simplex algorithm the XX . va l ues can be deducted from C. 
l l 

to ge t xi' the f inal desired optimal solution . 

It is interesting the note f rom Eq . 4-6 tha. t because 

of the transformation to positive values, t he bj values on 

the right-hand side of the cons traint equations affords the 

designer t he convenien t capability of settinr t he desired 

upper 1 irn:L t va lues 0n any designed parameter o 
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Applying Eq. 4- 6 and Eq . 3-1 a to objectiv e function 

Eq. 3-2, reveals that the devia tlve of the positive valu es C. 
l 

are ze ro and hence , the term -xi is a gain i ntrocluced as a 

n egati e result for Eq . 3-2a . In e qu a tion f orm this becomes 

f (x 1 ) = -2Lt~ bf -2Lb~ tf -Lt~ dw -Ld~ tw - L1 A1 - L1 A2 ' 

(4-7) 

By the same procedure , applying Eq . 4- 6 and Eq . 3-1 b 

to the cons t raints equations , Eq. 3- 12 to Eq . 3- 20, the same 

ne gative result is obt a ined for Eq . 3-21 . Notic e that Eq. 3-

21 contains the following structural form coeffic ients aji 

do 3 
M· co (_w_ ) 

12 
a 14 = 

( I o) 2 

a1 5 = 0 

a 16 = 0 

= 0 



33 

a22 = 0 

c 
~ 3 = 0 

a24 = 0 

a2 5 
I o 2 = Rb A1 

a26 = 0 

a3 1 = 0 

a32 = 0 

a33 = 0 

a34 = 0 

a35 = 0 

3 36 = Re/A~ 2 

a4 1 = -1 

a42 = 104 . 4/ .j FY 

a43 = 0 

a44 = 0 

a45 = 0 

a46 ·- 0 

a5 1 = 0 

a52 =0 

a53 = -1 

a54 = 1 4x 1 o3 / J FY ( 1 6 • 5 + F ) y 

a55 = 0 

a56 = 0 



a61 = 0 

a62 = 1 

a63 = 0 

a64 = 0 

a65 = 0 

a66 = 0 

a71 = 0 

a72 = 0 

a73 = 0 

a74 = 1 

a75 = 0 

a76 = 0 

a81 = 1 

a82 = -10 

a83 = 0 

a8 4 = 0 

a85 = 0 

a86 = 0 

a91 = 0 

8.92 = 0 

a93 = 1 

a 94 = 0 

a95 = 0 

a96 = 0 

34 

(4-8) 
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The stipulations bj appe aring in t he lin ear cons

traint equations are obtaine d from Eq . 3- 3 to Eq . 3-11 plus 

the remainders from Eq . 3-21. In equat ion form 

b4 = a 41 (-BF ) + a42 (-TF) 

b5 = a
53

(-DW ) + a
54

(-TW) 

b6 = TF - 0.25 

b7 = TW - 0.25 

b8 = BF - 10•TF 

b9 = DV/ - dL (4-9) 

After all t hj.s necessity linearizat ion , the simplex 

a l gori th can be n ow applied. Eq o 4-5 v1ill be use d to obta in 

the objective function and will be listed i n the last row of 

Tableau 4- ·1 • The gener al form f or iteration of t he s i mplex 

algorithm is pres entecl in 1rableau 4-1. The comput er program 

will be util ized to solve t he problem . 



BF Tl" 

all a12 

0 0 

0 0 

8.41 a.42 

I 
(1 0 

0 a62 I 

0 0 

a 81 . 
3·s2 

0 0 

0 0 
2Ltf 2Lbf 

DW TW Al A2 x? Xg x9 xl O x11 x1 2 

a13 a14 0 0 1 0 0 0 0 0 

0 0 a25 0 0 1 0 0 0 0 

0 0 0 a36 0 0 1 0 0 0 

I 

0 () 0 0 0 0 0 1 0 0 
ft 

a53 c.54 0 0 0 0 0 I 0 1 0 

0 0 0 0 0 0 0 0 0 • l. 

I 

0 a .. 74 0 0 0 0 0 0 0 0 

0 0 0 0 . 0 0 0 0 0 0 

I f 
a93 0 0 0 0 0 0 0 I 0 0 

0 0 
Lt w Ldw 1 1 11 . - f·; -M -~1 - M -M -M 

I 

Tc~bleau 4 - 1 Gene r a. l form f or s i mpl ex me t hod 

(No tice t ha t x7 tax . .. a.re t he a rt i ficial bas es from Eq . 4-3) 
l.) 

X:lJ x14 

0 0 

0 0 

0 0 

0 0 

I 
0 0 

0 0 

1 0 

0 1 

0 0 

-M -M 

y 

' ·15 

0 

0 

0 

0 

0 

0 

0 

0 

1 

I - M 

l 

b1 

b?. 

'cJ I 
~ 

b5 

b6 

b7 

bs 

b9 

\..N 
0\ 
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CHAP'rER V 

I NTERACTIVE COJ.VlPU'rER PHOGHAM 

5-1. Program descripti on 

The program presented her e in ha s been written in the 

BASIC language. A knowledge of t he BASIC language is, there 

fore, useful, but not necessa ry to design us i ng the minimum 

weight criteria for statically indeterminate c01:1posi te struc

tures . Th e user can simply intera ct with the computer by sup

plying the input clata a t t he terminal as i:called for " by the 

compute r . 

The ma in program handles all input and output. The 

11 INDETEHMI NA11E AUALYSIS 11 subr outine program carries out an in

determinate analysis using t he flexibility method fo~ the maxi

mum beam moment, reactions and stress es. The 11 COEF.FICIENT" 

subroutine program generat es the co ffi cients for t he linear 

programming problem. Finally , the 11 SII,1PLEX AJJGORITHIVI" subrou

tine program i s the simplex routine calculation which was used 

to solve the linear programming as formulated in Eq . 4-1. 

The dimens ions fo r the H-shaped beam are in inches 

and the tie-rod areas are in inches square . The concentrated 

loa ds on t he structure a re in kips and E and FY are in kips per 
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square inch. The design weight of the whole s tructure is in 

pounds . 

The designer int er a ts with t he computer by i nputt ing 

t he f ollowing input-data: first , the load magnitudes for P
1

, P
2 

and P
3

; the l ength of the span L ; the length of the tie rods L
1 

' and t he modulus of elas ticity E of the steel . Secondly, the 

yield stress of steel for the beam and tie ro ds must be in

putted . Finally entered · are the upper limit dimens1.ons of the 

H-shaped beam, namely, BF , TF, DW and TW; the upper limit of 

t he tie-rod areas A 1 a nd A2 and the lower limit of the depth of 

the beam dL. 

A flow diagram has been constructed to better illus-

tra te the significant fe a ture of t he iteration routine of the 

computer program (see Fig . 5-1). 

yes 

Input data 

Print 
res ults 

..---------
Ir.crease we b 
epth ar:d/ or 

tie-ro.d areas 

analysis 

yes 

.::>imp lex 
algorithm 

.--~~~ for linear 
program 

no 
Flexibili y 
method for 

structure 
analysis 

l' i gure 5-1 Compute r flow diagr am 

no 
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5-2 . .Summary and unknown 

A systemat ic ap proa c h has been develop ed f or obtain

ing a n optimum des ign :f:'or an indetero ina te c omposite struc t ure . 

The design para met e rs in the obje c tive func ti on a n d the behav

io r vari a bles of t he constraint equa tions are t reated a s un

knowm quantit ies . .A trial Cles i gn is chosen and anal y zed. The 

nonlinear equations, both the obj ect i ve funct ion a n d the con

straints, are t hen approximat~d by the first - order Taylor se

ries linearization. Using the simplex metho d , ~ Golution is 

obtained t hat min imize s the obj ec tive function s ubject to the 

c ons traints. 

The iterative appr oach use d in the computer program 

and des cribed in Append i x A, yiel ds success result s . The tota l 

struc tural weight obtained in the f i r st itera t i on was 3515 .07 

lbs. compared to 2665.27 lbs. obtained in the f ifth iteration, 

i.e., the optimum solution . Not only do es this amount to a 24% 

sav i n gs in materia l weight but t h i s i s a l s o a cc omplished by 

reachin g the u pper limits of the permis sible stresses in both 

t h e b eams a n d rods . Such a n optimum solution, i.e., minimum 

struc tura l weig h t v1ith limiting stress l eve l s , woul d. be next to 

i mp ossible to ac h ieve by conventiona l tr i a l-and- error ha nd cal

cul a tion technique s . With the ever pr e sent problem of ris ing 

mat erial cos ts , op t imum des i gn t echnique s s u ch as t h e . one pre

sent e d he re in will continue to pla y a n eve r incre a s i n g rol e in 
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structural design techniques. 



APPE ND IX A 

Exam12le : Optimum Design of Statically Indeterminate 

Example Problem 

Composite Structures 

by Computer Solution 

e 
'/.I//, 

f 

T r 
L 1=48" . I . 
t 

41 

T 
=zL 
I beam 

(!/j) 

A1 & A2 

Given: As shmvn. in diagram above ; E = 29x1 o3 ksi and F = 36 ksi y 

Find : 1. Solve for rea ctions using flexibility method 

2. Maximum beam moment is dete rmined along with tie rod 

f orce in t erms of Ib . , A and A2 earn 1 

Utilize simplex method to find I . , A
1 min . min. 

A2 . . for be am geon1etry and l oading shovr.o. 
min . 

and 
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Exampl R Probl em (co0 tinued ). 

Example calcula tions : 

G1v£N': f} =t.Po K.1;:>., 13 ::: 20 K1?S.1 F}; -= .30 K1p.s j L:: 720'
1
./· L;:: 4J'' 

E:: 29X/o 3;.:..s;.: ry::: .31PK.S/ . 

.Br=/7 11
" TF=/·7

11

) JJJ'./::=24
11

.1T~::.0•5'~ .IJL =/0
11 

Al=.3"~ A2=.3": · 
Lfo 5 11 to " -' o A" + o " t£/AL ./)/NE#5/c:>NS: P = ,, f,::: o·5 J aw.:: 2-r,, vw:: o-S ; 

. R. 

A 0 I 7 I( . A 0 II 2. 
1 ::: • /S j z :; /1 5 . 

~,eo14 ..Styv~t~'/'"e A#4Ly£1.5 : /.{AJ:: f 2. 78· 9'2. ,t;?-)N,,' 

,Rb = .3.S-·/ B 9 ~ J;P 

_ SoLL/r/oA..l.s: 

CC I) == - 2. L if. 
cc~):: - 2L.hi 
c (..3) :!! - L t°w 
C C4) :: - l d°vJ. 

c (5);:: -LI 

c C 6J = - L, 

£c ::27·9:?J k:.,J,P. 

= -7.zo 
::: -J2_t.>O 

:: -.31Po 

;;: -17Z80 

= -4a 
:: -4g 



( Ir:o) J3y Ef!g. 4-4 fatJR. 1\fh</. f (X.t,')::; 14/N. - f (Xi)), 

T/IB£E ,Co,e € . 

c l!J .:: 7~0 

c {.~) .~ 7goo 

c (. 3) = .3 {po 

ct4) = 17ggo 

C(.S)= 48 · 
c (6,):. 48 

tt,, :: z' ¢3 

a.m = 2.S,29 
'"' 

tt.13 :: f ·IS8 

/A..;4 = !B· tpSS 

a 1s::: o 
~1u = o 

a.41 :: -/ 
tl..4 t. = I 7·4-

a.43 :::. 0 

Cl44 :! 0 

a4s.::. o 

~4(p = 0 

ttz4.:: o 

CL i. !i::. 11·49 
a 2·(p :: o 

tls1 :: o 

as~:: o 
t?.53 :: -I 
t'l54 :: 3 2. ~. 0.3 

tlss:: o 
tls&:: o 

t,t3 / ::. 0 

tl.3~:::0 

tl.J3 -::.Q 

a 34 == o 
~SS' ::a 

tt.3{p -:./Z· 41 

tt,lft I ::: a 

tl6 ~ ::: I 
tl&3 ::: CJ 

tt64 = a 
a~5 :: o 
a&ri, = o 

43 



a11 = 0 

Cl.7~ ::: D 

tl.73 =6 

tt. 74 .:: I 

tJ..7s = o 

a7&=o 

(JJI/ .B · Co£F. -EQ.. 4-9 
b/ = 59 159 

"1. = is.as 
b.J ;.! 21· /.tJ 

/J4 ::: 12 . s 8 

bs == 137,o'l. 

iJ~ = ;,4s 
07 ~ t). 2.S" 

h8 =- o 
1'9 :: 1~/. 

44 

aa1:: I tip; ::: 0 

tl82 = -10 afi ~ o 

a.83 ::: 0 tlf3:::/ 

ttg4 = 0 a14 ::. t> 

(,la.r ~ o tlf.> :::o 

Ct 80 ;:! 0 tlf{p =- 0 
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(If!/ r£tJM C.ALt:.-~1L.;;.r10A/s~;:: A1 El A#l/ c.. Co Er-, AAJD 

L/SJA!q 'TABLEAL/ 4 -/. 
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~~ 
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Q () 0 
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~ 
cy... 

~ Q 0 
~ -= 
0 0 0 

<:) () 

~ () () 
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Q () -' 

v, IT - 0 Q . ~ " ~ -
~~ . ":I 

(N \.n \I) 

~ <> 

"'"'" 
c:-i Q ..:. 

~ - 0 
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' 
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' 
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\ 
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~ 
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.. :. /llEY W1LL. 8€ C.4/1/C- ELLE.l> IN /!IE roLLt?W/~/q 
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Br IF J)vJ rvvW AZ 
RAT I O 
Co/'YJfLITATION 

:-:::: 

i.43 ~S· 2 9 2./SB 0 0 a 5'4·93 S4 ·9"f~S· Z'I:: z, 17 
!-·--

0 0 0 0 11·49 (J 1S: 8S" 
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APPENDIX B 

Computer Program Lis t ing 

tynr cnnth~'i h~si~ 
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C C C' .---1 r-1 ,.-- : c- .: I"' .::! If\ U U . U:. l!. lL lL U . t-- t- - 0.:: C C: C C C C C: rl C- . 11"\ - If\ Lr, l: lL l.L 
c- : c- : c- · c-~ c-: C' : c- C-J C'.J C'~ c- ~ c- .; C-~ C-.J C---: C' .J c- : c-· c- . c- : C' ~ t-r' ti", r-r-, I I"\ ti", t-r ,.,-, t-r'. l'f'\ ti"\ tr~ tr. tr. ti". 
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13h':) PRl~'T 'STRFSS F0n RF/\r' IS';''7i;'l<SI' 
J 3 r: r ~ n r. I t I T ' s Tr.. F: S c: r. r r. !\ 1 I S ' ; '·' 1 ; ' r. S I ' 
13F5 rRP!T 'STr..r=ss r:crn /\'}_ IS';'.'!;'KSI' 
i:;r:r- rr1nr 
1)7(1 PP.P 1

T 
1 T0T/\I 1·1Flr-HT IS'; H(IC'l,H'); '!.F~S.' 

p:~r r>RP'T 
J)f:1. r>Rlll": 'r1.c:/\~F. r:~ 1 Tr~ (1) FOR rNJTl~!l'F: f\~lr" (()) r:0r STnr 1 

13f'!.. P'P!'T rn 
13R3 IF pn=l THn! l 'H) 

:i.-:; "1! rr 1 ~IT 
J.7inr. r.nTO 7i3"n 
11~ n o r; F: r 1 

ll1lfl r..n1 - PlrFTJ::l"lt '1f~l/\TI=" M'f\LVSIS SllliPOllTP'F PrrrinMA 
J 1i 2 n r F.r' 
11:3n Lf:'.T PJ.::r"P,/'}_ + rri 
11ir1n t F.T f"1l=(f"l8+rn)/" 
llt50 J_ET f"l2=(l · 'l*r8**7i)/l~ 
Jl!~I) LFT n3='.'*\''*f"H1*nl**7 
1!~70 L~T rrn=r)+n:_ 
J. r! !' o Lr:: T !< ,_ = Z 2*f"I"I .fl.1 
1 lt ci f) L E T . K 7. = 7. ·2 * n o / .!\ ? 
1s0n Ll="T R(l,1)=71**2*(55*Pl+R1*"2+35*r3)/:'.'.nr-
1c;1n LFT R('.',1)=7.1**7i*(ll' f*P1+2n7*r'.'.+"3*r;;)/i_:_r-r-11 
lc;"n 1 i:-T r.(1£J):-:Zl**3*(ri-:i;*n1+'.'07*r>'.'.+1~l!*n;;)/,lr-r-r. 
Jt;)I) t1!\Tl=r! 
15lfn LF.: ncl,l)=Zl/3 
15 5 o L F. T r c l , '.' ) = 3 n * z 1 * * 21 ri ?. r-
1 c:; F n 1.F.T O(l,7i)=:!..'.'*7.l**//'.'.1~3 
J.570. I.FT '"'(",,)=nr:..,'.'.) 
l 5 P (; I_ ET (l ( '.' , '.'. ) = ( l~ * 7.1**3 /'."I: 3) + ~ l 
15"r Lt=T 0(2,7i)=<'l*Zl**3/:1.h58 
1000 LF:T 0(3,l)=0(1,7i) 
Jl-:1. 0 l_r.T 0(),'.')=n(;i,·q 
1~" 8 I c:; f"l(:i, -Z):-:(/1*7l+.-+.-7i/"l•.7i) +Y.~ 

p:7ic ''tiT r=n 
1r::1: n ''f1,T F=-=P'''(\) 

\J1 
\.!) 



lf-50 ~ 1 AT V=f:r.f 
Jr: r- n r qA 
lF70 LF.! ri=v('.'.,1) 
Jh?.O LF.T r'.'.="(3,1) 
H ;nn I.ET !;'.'.=Pl*7'.l/r, + P'.'*Zl/'.'. + P3*S*Z1/r: 
170n LF:'T r)=f"1*71/'i + r'l2*71*'.'./3 + Y(l,1_) 
17Jn LFT Rl=(r'.'-R3)/Zl 
17~n LET V(l,l)=Zl/3 
1730 LFT V(l,'.')='.'*Zl/3 
'.1. 71; 0 I.FT '.'(l,?i):c:ZJ. 
11~n 1 FT vc:,!)=n 
1 7 r: 0 LET '/ ( '.'. , '.' ) =\I ( 1, 1 ) 
J. 7 7 0 L FT ,, ( '.' , ~ ) = ,, ( 1, '.'. ) 
1 7 P n L F. T 'I 0 , 1 ) = 0 
17nr1 LFT "f3, '.")=f) 

: 
0 n n L F T ' ·' C ~ , ·;; ) = '' ( l , 1 ) 

l"ln LF: Rli=P'.'.*Zl/G + P3*Zl/'.'. 
1°~0 I ET f'.5=f'3*Zl/h 
1°3n fHY 
J.Pl!n f_FT l".(1,1)=1"'1 
l~Sn LET f-:(2,l)d''.'. 
lPr-n LET Y-(3,l)=rl 
1"7n LF.T 1"'(1,1)=-R'.'. 
1 P r n 1 r-T r r : , l ) = - r 11 
:._nnn LF.T f"(),l)=-r.5 
inoo tAAT F=\l*f': 
1"10 Pl\T 0=E+r 
in:n LFT r•n=n 
1nv1 Frn I= J Tr"~ 

1n1; n IFT R<"J=f"\(f,l) 
1 11 ~n LET r.P =~P.S(P.~) 
1nr.;n Jr: (R:.'-1 ' '1)(=() Tl-!FM 1nP.n 
F"n LF.! r·n=R R 
1n<-'n n ;:-~T 1 

] n n n I.. F T 1.1 l = !"' 1 / .r\ ~

~ n r, n, LET '''.'=r'.'./A: 

O"I 
0 



'.'f)l() I ET ,,.~=t l ci*~!l/nci 

?0'.'11 P..F'Tt 1!'HI 
:n<n RF.I' 
'."f'll1() rn~ - rm 1 PttTF 1\,13,r COF.:P=lrli::MT Sl'f1P.f'\f 1Tl'·'I=" nnnr-P..M' 
., ns n r. Er ~ 

'.'OFn r-nr ,l=l Tn r·1 
:n7ri r r:T r(.l)=lE!n 
:orn ~'r::vr ,J 
:nnn LFT r(l)=-2*~~*Zl 
'.'100 LFT C.(2)=-?*' - ~ *Zl 
"1.:!.n 1 F: rc:n=-1·'1*7'.l 
'." 1 '.' 0 LET r. ( 11 ) = - r P * Z 1 
'.'130 LF.T C.(5)=-Z'.' 
'.'1 4 0 Ll="T r. ( F)=-Z'.' 
':'.150 f"!='H 

;ir.n f"UT - /\ r.ni:-r.r:1r1F~ITS 

" l F J rn:: t~ 

"!Pn r-n~ 1,.,1 rn r 
" 1. nn I FT P,( ! )=") 

"'.'no r-nr .1=1 Tn r·' 
.,'.':1..0 LFT l\(J,,J):d) 
"'."20 ~'F:''T ,J 
'.''.'30 tJFYT I 
., ? 11 O r F ~,. 
'.'"Sn I ET /\(J.,J.),.,(-t'ri* ! ~~- *n3)/(l·!*f'l~*nn) 
"'.'Fn LET /1.(l,'..')=r·n*(l/nn-(Hl*(n3;r ri +n;;n1)/(01'1*nn))) 
., ., 7 0 I. t:' T I\ ( 1 , ~ ) ::-: I' n "' ( 1 I ( '.' * n n ) - ( H 1 * ( n 3 I ('\ 1+ 1·11 * r ·" * * ?_ I I• ) I ( f"\ ri * ('\ C'1 ) ) ) 

'.'" -"0 LF:T /\(l,1~)=(-r 111*!-l1*n'.')/C"'l*0'1*nn) 
"?no I .FT /\('.",~)=-r1/(l\l*l\l) 
:;nn LFT 1\(3,r.)=-r'.'/(l\'.?*/\2) 
"-:.; l fl I_ FT ,\ ( 11 , 1 ) = 1 
:-:;0n I F.T l\(li,?)=-:i..n11.lt/SnP..(V7) 
.,~~n f FT Af~,~)=! 

"-:;I·. fl I.FT /\ ( r;, I• ) :: - ! 11 Pi/ :i ('H~ ( v 7 *fl F • 5 + ':' 7) ) 
.,~so L~ T ~(F,:)=-1 

., °' h n f ET /\ ( 7, I ~ ) = - 1. 

? 3 7n [l="T /\( 8,1)=-! 

m 
~ 



?.:'iPO LF.T l\(P,?.)=10 
:3no LFT f\(n, :'i) =-1 
/11. on ~:'FT Fl=~A<'l*H!/f"'l1 - yn 
'.' 111 n L FT F '.? = r 1 I I\:!. - Y 8 
"li'.'!1 r.i:-T r--i..=r':/I\':'. - Y'>' 
'.' !; ') n r FT 
'.'l ~ ld) r..c-~ ., - r.rt ·'PllTI= n roEFFlrlP 'TS 
"1 ~ 5 n r..n~ 

" ii F n r. FT f"I ( 1 ) = - r= 1 + .1\ ( ~- , 1 ) * C 1·1- l' 1 ) + !\ C 1 , : ) * ( r n - 112 ) +I\ ( 1, 3 ) * ( r?. - t' 3 ) + f\ ( 1, h ) * ( ':' :!. - l' 1'. ) 
:11:n 1 FT nr:)=-f='.'+l\f?.,5 )*(A1-11r;) 
~ 11? f'J L F. T R ( 3 ) = - r. 3+1\ 0, F ) * ( I\'.'. - ! 'F ) 
/[1no LrT R(l1)=1\(l>,'.')*(-U2)-t'l 
" 5 n 0 L 1: T R ( 5 ) = ,!\ ( 5 , Ii ) * ( - !11 ~ ) -U 3 
'.'51n Li:T ~(F)=ll'.'-n.'.'5 

'.'5'."0 I.FT FH7)=!'h-n..'.'5 
'.'530 rr: (t!l-JO*t l?. )>=O PJFM 2550 
"5 1'.. 0 L~T \IP.=Pl/J.0 
'."550 LET R(P)=t'l-lO*l'R 
: sr:n l F.T ~(n)=t'3-r5 

~570 r:-nR l=l TO t' 
'." 5 R 0 i:nr.. ,J =1 TO ~' 
'.'5l1f'J LET /\( l ,.J ):-: -/\( l ,.1) 
"r-:no ~IF VT ,f 
::r:J n r 1 F. ~T 1 
?F?.O r.F:Tt 1 r..~1 
"'-:'i ri ru=y 
'."F 40 r.n ·~ - s1r ~ r1 . r-y 1\1.r.rRrTHr~ 

:r-5n i:rr l==l TO r.1 
'.'F Ff1 LET PCl'='1 
: F 7 n L F. T r_ 1 c r ) = n 
'.' F ?. 0 Fr r. ,J = l T 0 P l 
'1Fnn J.FT T( ',,f):-:n 
'.' 70(1 ~!f.V T ,I 
'.'7J.fl ~'FYT l 
'." 7 '.' n r- n r. I ,.., :i. T n ~' 
..,., .. n 
•I ), . r.r.() ,J:} T(I ~I 

O'I 
I\) 

• 



2 7 11:: L =: T T ( I , J ) = .~ ( I , ,J ) 
2 7 5 ':' ~J-:. ~ '. ; J 
2 7 G '.' L ~ T I 1 = ~: + I 
277':' L?T T(l,11)=1 
~72r L~T T(l,~l)=~(l) 
27~r. L-:'.T P(I )= (! +! 
~I') -~. 'E: xT 1 
~<:'}'. FC1R ,J=l TO rn 
?n2[ LET T(Cl,J)=-C(Jl 
283~ ~· 1 '.:X T J 
2 P 11 C ~EI i - P I '/ 0 T C 0 L !_! r ~ ~- ! 

2rs~ L:T Z=T(Cl,1) 
2 8G:~ L:T KCJ =l 
2S7~' F G~ J=2 TO rn 
2~q~ L~T C?=T(Cl, J l- Z 
2 8 ·F I F C 2 < = ,..., T!~.:: ~·J 2 CJ 2 J 

2 9 C• " L :: T Z = T ( C 1 , ,J ) 
LET i<'.Ci=.I 
; J C: :~ T , I 

!'.1L: 
20 2 } 
2'13 .. ' 
2 IJ lt .-. 

IF n n TW:: n 2qCJ" 
FOR I =1 TO 11 

') 0 c; .~ L::T 0r l=r1( I) 
2 9 \) ':; 
') ll ~ -
'- . I 

L:'.T IJ( rn )=T( I, il! l) 
\i ':~<T I 

? r; .~ .... RF:TllK'I 
2 q lJ ' t L':'. T I =1 
:F '· r I C: T ( I / I'() ) ) ' ' T l I '.7 ' 1 ) .", 7 r 

-:; r - 5 L ~· T '- ? = l 
3 - 1 ' ' I F ( l -1 ~ ) > = :; TH;:'~ 3 ., : 5 
~"2r LC: T l=l+l. 
1 ~: 3r ~1T'J 3r' ~ . . -
3-'i5 °:::> ! :!T 
<~ I;. ...., ~ ! :,JT L ~ ; 

~-r:; ,. 1:'-'"f! 'P i : 

I'(' . . ) , 

)'r.~· : ~ ;~ 1 1 Pl''J T ·R:;1 ·1 

' ~ f"' d ::. c T I . If F II:; r, T I .")'~ I" ~ !"l ~ r ! ' : r _·: r I 

-:; · 7 - L = r s =Tc ! , ·.1 1 l /Tc ! , ,, : l 

(j'\ 

VJ 

• 
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APPE!l1DIX C 

Values of J
1 

r. m dx 

L ! I I : a, t ! : z.~ l L : ' 
.,..,, "- , MD 0

M,L::::,.,. [ L'.'.:JM, ~ LS::sr, ' &S_1>11 fl>f.,--iM,: ffiM'i ,?'(JM, ~.or, :'"~,.,,, m,C0~ 

I /It,., ~ I L I L ' L L L I L i L i L ' L-

D
L i i _L j J- : J_ i i ~ 77t Ll 1_ , ;rf, 1 i ! .L - - -- -~~~-~~z j ~·-"1-?Z_L_(;._~~ 

Im j 7nlr1 l l Z 77lft1o L\ z m~1,L ; z m M, L: !(Mc+ Mi) i
3 ~~--' '"" ! J 3 :rll Ml JZ 2 ; 1,,-Jl1,)(: 4 C+l>~~~ 

I I j I I I . ..L L . I I 1 -1.. i ....L. I I 
~ ! J. L 1-f:. i..L 1..L Li l (0 m~ I l L ~ 1..L M l Ll1z 1iloL ' (p lllo - I 

Ina~ ;zm 0 rr! '. ~7ri .. o!i'lol :wi1Lc!'lftl ;471lo!l/i ~ 1(z1t1.+M,) i37Jt,Jr1, : 
1

1z 1710 i(5/f1.-l!!,' '(/i!o+ZC.) ; 
'- ' : I I) I I I I 0 I I · I 

; ; ·1 ; ·..L ' I l ...L i ' 
I I ' I : I I i (,p 7n,1 l : I ! ' I i 4 '?Tl/ L i ; 

~m. ! z. m,Ml ;~ JT~,rrtol J31n,1/t!1l i4 7Jl,tl/, L: : (ZM,+!Y/.)'°3 71l,M1L j i4 7lldr1, L!(rrr, -M,); i 
L 11 ' ' I ' ' I () ' ! I 0 i i 

~~---- - ----- - -··--.- -··- - ' ~--r---r·---·· : I 
: • • • ; 1 l t I I i : 

~· I r ' 1 : 1 l 1 1 ,4 m 1 L · 5 I i 1 , 

~1n.,1 zm,tr!L i 47n,fYloL : 411l,IY11L l 3;n,rr11L 1 l(!rf. +-M)Iz m,fJ1,l i i h; 
L l I ! i . i •O I i - . 

a.. t i : · 1 i - -~ ·7--~m,LCMo ;~ ,....flry-- M i ' 
J1',,-.. l i i ! - M ' I . M I .5 7.1,,1 !'i/ 1/2. '77'i.1 fl/1 I ' • ' 

Llf:"~.7'1 ! i I ; ! 37n 1 1•r1L :~~~~J' j U-tev.t) iL(3~+t) ! ! i l 
t
. E !YI L i ~Mc L ·~M~l -flJ-;11 l --:-117P !fliLC7110!lPL[1110 (z·1 S ;71; l--1~ Jrltl -- ~~ /rf;L -- '. 1~LGn.(S ! "JL Cm 0 {r11) 

'1ll.c:J1n, ! : . ) ,U-rt-J-r7ll1i!Ylo+rr11)-fm.1( )' I· . )l ( )· /Yfo-IY11)-t3_.+zc)+71l., 
l ' j h~o"!._!!Li) : (Zm.+7'!}f!__m,+77lo)/ l!z,,+ 7~, ,(!fa,)] \(c/11;+Mc)J+ 1?to-t7it,, j<.i'llo·•-.S7Jl, ; 71lo-+.3/4i '.7tl,(/rl,,-/>'fi)J.( zc+M,))~ 

z(; , I • ..L ...L . , , I I : ! I 5 ; 3 l!L,/if, L . 3 /Ill L 'A. . : J.. ! '1 L2s'/(,' i i iiz 111.,17" l ; (/+a, J) '( /li+fll) :1s 11r.,rr1,l [.S nt,fl1rl ! 1 ~ 
L ! . : ' ' v- : 0 I i ' ! -----.·------+-- _____ _ ______________ .....,._ -+--.,.- .,.. 
L ! ' J.. : I I I 
~ i j i JZ. 71tJr1,l /z ili 1 l :_L j .. L L l z0

"J?1l..,1 - - ! . I· i (3~+.t/)(fr1a+3/11,)57ll1frftl 1S1Jl,!fl1 ! 
j . I . I ' ' : 

1---L-~ i I I i l ~ol!L/Yfrl To 71l, L j 

~"l'I I 1 i (J+P.,)(1+ c~2> {/rfo+4Mi) 1 
I I ' 

i 

I 
·l 

l I 
I 

I ' 
! 

3° /': I I l~ ,_j_ . ...1- I -r 
~1n,I j ! i~om,ir/, \(poJJl,l ! 1 

1 

L I ! j(t+-aj(7-J1}/7!r/0 +8/rfi) ; I j 
: I : i I I 
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