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ABSTRACT 

MODAL SHAPES OF THE GENERAL 

STIFFNESS MATRIX 

Nivat Paranapi t i 

Master of Science in Engineering 

Youngstown State University, 1976 

The purpose of this thesis is to investigate the 

characteristics of the normal mode shapes associated with 

ii 

the general stiffness matrix of a long s lender beam including 

the effects of axial force and transverse i nertia loading. 

Four separate problems are analyzed. These include 

the statical beam bending probl em, t he statical beam-column. 

bending problem, the dynamical beam problem in free vibra­

tion, and the dynamical beam-column problem in free vibrati on. 

In each case, the orthogonality conditions of the modal 

shapes are established. Also, the existence of rigid body 

motions as nossible modal shapes are investigated. 

In general, it is found that each of the above 

four problems possesses two rigid body modal shapes, a trans­

lational and a rotational form. The remaining two deformed 

modal shapes are associated wi th t he resonant frequency of 

free vibration of a beam , the critical buckling load of a 

column, and the resonant frequency of a beam-column. 
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CHAPTER I 

INTRODUCTION 

1.1 Equations of Motion 

The general stiffness matrix for a beam and /or a 

beam-column element is derived from the Bernoulli-Euler 

differential e uation with 't he inclusion of the axial force 

for the beam-column. Rubenstein( 1 )* derived the required 

1 

stiffness, mass, and axial force matrix utilizing tatic 

displacement functions for the beam-column element. Henshell( 2 ) 

used the exact dynamic equations in obtaining the dynamic 

stiffness coefficients (i.e., mass matrix) for a beam element. 

Wang( 3 ) used the 'exact' equation in deriving the geometric 

stiffness or axial force matrix for a beam-column element. 

The resulting matrix series allows for an efficient procedure 

for computer operations. 

The general stiffness matrix takes the form 

[ S ]-[ K ]-P[ G.]-sc'[ M.J ( 1-1 ) 

where[ K ]is the elast ic bending stiffness matrix,[ G
0

] is the 

geometrical stiffness matrix associated with the compressive 

axial force (P), and[ M
0

] is the mass matrix with .fl. the 

natural frequency of free vibration. The stiffness matrix [s] 

* Number in parenthesis refers to literature cited 

in the Bibliography. 



is symmetric , but n t necess ri ' t ive de ini t e . In 

gener a l, it i s itive indefi ni t e , t hat is , i ts eigenvalues 

are positive, but also may include zero. These particular 

zero eigenvalues are a ssocia ted with rigi d body modal shapes. 

By transforming t h i s general s tiffnes s matrix [ S J 
into diagonal form (i.e., s ectral decomposition), t hat is, 

performing t he eigenvalue-eigenvector problem, a complete 

s e t of modal shapes including both rigid body and deformable 

mode shapes are obtainable. Thi s proces s requires th~ 

calculation of a mat rix [u] called the eigenvector matrix 

which satisfies the conditions 

2 

[uJ[s] [u] - [A] (1-2a) 

and 

T i 
[U][U] = [u] [u] = [I] ( 1-2b) 

that is, [ U] is orthonormal. The matrix [A] i s a diagonal 

matrix of eigenvalues whose zeros are associated with rigid 

body mode s hapes. Nonzero ter ms of the matrix [.J\.]when equated 

to zero yield values of critical buckling l oad and natural 

frequency. Si nce [ s ] is a symmetric, i t is diagonalized by 

an orthogonal ma tr ix [ U] 

equation (1-2b). 

This condition is shown in 
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1.2 Form of the General Stiffness Matrix 

The algebraic components of the $tiffness matrix [ s] 
take the form 

[KJ 

[ GJ 

[MJ 

ET 
=z L: 

-

=/AL 
420 

12. 

6L 
-12. 

6L 

6 
Sl 

I 
lo 

-6 
5L 
J_ 
(0 

156 

22L 

54 

-13L 

Symmetric 

4t 
-ol 1e. 

'2L -6L 

Symmetric 

eL 
15 _, 

6 
10 :SL 

-.!:. _, 
30 10 

Symmetric 

4~ 
13l 156 

-3L -2.2L 

(1-3a ) 

( 1-3b ) 

2L 
iS 

(1-3c) 

41.! 

The moments, shear forces, displacement, and rotations are 

related by the matrix equation (see Figure (I.)). 

\F\ = [s]~6) (1-4a) 

where 

"· w. 

lF~ 
M, a. 

= and {6) = Vt w1 
( 1-4b, c )' . 

M, et 
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with v1 and V2, the joint shear forces 

M1 and M2, the j oint bending moments 

w1 and W2, the joint displacements and 

91 and 92, the j oint rotations 

The positive sign convention for M1 , M2, V1, V2 , 91' 92, w1 

and w2 used consistently throughout this work is shown in 

Figure (I). 
( \j) 

M,, 9, 

L 

"· , w, 

Figure (I) Problem Parameters and Sign Convention 

For convenience , the equations (3a), (3b), and (3c) 

are recast in dimensionless form as 

12 Symmetric 

[f<J 6 4 
- 12. (1-5a ) 

-12 -6 

6 2. -6 4 

36cP Symmetric 

[e,J 3</> 4cP 
- ( 1-5b) 

-36c/> -3 c/> 36 ct> 

3</> -ct> -3 <P 4cp 
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156 'f Symmetric 

[AJ z~ 'Y 4 \y ( 1-5c) -
16, 'Y ~4 o/ l::S 'Y 

-13 ~ - '3 'i' -2.'l 'r 4o/ 

where 

pc 
30EI 

, (1-6a,6b) 

' Equations (1-4a) , (1-4b), and (1-4c) are also written in 

dimensionless form as 

{ f } [s] {~ 1 (1-7a) 

where 
V.L W1/L 

{ f ~ 
M, tS\ --

e, 
_. L 

' w,/L EI v,L 
(1-7b ·,7c) 

M, 92 
The modal shape problem is defined by the condition 

that t he force vector is proportional to the displacement 

vector , that is, 

{f} - [s]{S! (1-8a) 

where Xs are defined as eigenvalues. Equation (1-8a) is 

rewritten in the form 

(1-9) 



For non-zero value of{~\ , it follows t hat 

[s]- \[I] 0 ( 1 -1 Oa ) 

which yields the characteristi c equation of this matri x [s] 
which is solved directly for the eigenvalues. The general 

form of equation (1-10a) becomes 

4 3 2 

)\ - 1, A+ 12 /\ ' - I A +I - 0 
' 3 4 

(1-10b) 

where r1 =trace of the matrix [s] ( 1-1 Oc) 

r 2 = sum of all (2 x 2) determinant minors formed by 

successively eliminating all possible combinations 

of any two rows and the corresponding two columns 

(1-10d) 

6 

r
3 

= sum of the (3 x 3) determinant minors of the prin-

cipal diagonal elements (1-10e) 

r4 =the determinant of [5] (1-10f) 

The roots of the equation (1-10b),)... 1 , A2 , ,>.. 3 , andA 4 , are 

the eigenvalues . of [SJ 

The eigenvalues of equation (1-10b) are individually 

substituted into equation (1-9 ) and the corresponding eigen­

vectors l~l are obtained which directly define the modal shapes. 

These vectors are then combined to form the columns of the 

modal matrix [ U J. 
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1.3 Four Special Cases of the Stiffness Matrix 

thesis: 

The following four cases are investigated in this 

Case. I - Beam Bending Problem (Statical) 

(1-11a) 

Case II - Beam-Cqlumn Bending Problem (Statical) 

(1-11b) 

Case III - Vibrating Beam Problem (Dynamical) 

(1-11c) 

Case IV - Vibrating Beam-Column Problem (Dynamica.l) 

(1-11d) 

38GG3G 
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CHAPTE II 

BEAM BENDI NG PROBLEM 

2.1 Eigenvalue Matrix 

For t he statical beam bending problems, it follows 

that 

l t 1 [K]l&) ( 2-1 a) 

or 

V1L I '2 Symmetric 

l M, 6 4 
EI -

12 V2.l -12. -6 (2-1b) 

M2 6 '2. -6 4 

The four matrix invariants of t he matrix in equation (2-1 b) 

are 

The chara~teristic equation becomes 

/\f (.A.-2 )(A-3o) = o 

with the four roots determined as 

(I)\ ( fl \ 

A1= /\l - 0 
( 1) \ (•»:. 
/\ = 2 /\. = .3 0 

' 3 ) .. 

The ei genvalue atrix takes t he fo rm 

O Symmehic. 

0 

0 

0 

0 

0 

0 0 30 

(2-2) 

(2-3b) 

(2- 3c) 

( 2- 3d ) 
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It should be noted that the f our i nvariant properties of 

the lat ter matrix are identical to t hose given i n equation (2-2) 

for the matrix ["K] 

2.2 The Eigenvector Matrix 

Utilizing equation (1-9 ) , one obtains 

(2- 4 ) Substituting tJ ~:L-ro:I ~~ { ~ L;ivi~~Ly into equa-

tion (2-4), the eigenvector matrix is constructed as 

'/tfr '/~ 0 o/~ 

[ u~] 0 -2/Fo 'I~ '/& 
- y~ - 1/1ia -~.;.& (2-5) 0 

0 
- e;, ..fiO -yifr Yrio 

It should be noted that the eigenvector associated with the 

second zero value of ).. is obtained by using the orthogonality 

equation (1-2b). 

2.3 Solutions of the Moments, Shear Forces, and Normal 
Mode Shapes 

The normal mode shapes, together with the joint 

moments, shears, displacements, and rotations values, are given 

for the four values of 1' in Figure (IIA), (IIB), (IIC), and 

(IID) respectively 

l [ __________________ _ 
T 

w 
j_ 

l 

W, = W2 = W Pl> L/,/2' v, Vz -

9, - Ele. - 9 - 0 M, - Mt= 

Figure (IIA) Modal Shape of the Beam f or 

(x) 

0 

0 

(11 \ /\. = 0 
I 



w 
_j_ 

T 

Figure (IIB) 

Figure (IIC) 

Q 

w,= 
e -I 

Figure (IID) 

( 14) 

t l{_- -_-:. -- .. ~~1 _____ --~~- -~~------.. ('ll) 

(~) 

IJ) 

-We 

ee. 

Modal Sqape of the Beam for the Second 

Root ''~z. = o 

Modal Shape of the Beam for ,,,.._ """ 
.J 

2. 

"" 
( x) 

L 
T 

=W ~ ey& v .... -Ve.= 3 o E:r w 
I I! 

- e ~ /'{tO' M - M'l.-=- ~o Et e 
I L 

Modal Shape of the Beam for '
11>-. = 30 

4 

2.4 Int erpretation of Result 

The two zero eigenvalues define two rigid body mode 

shapes, one a rigid body translation, the other a rigid body 

rotation. In both cases , the associated joint moments and 

shear forces are all zero. The two nonzero eigenvalues 

define a pure bendi ng mode sha e ( i. e . ''\
3 

= 2 ) and a combined 

bending and shear force mode sha _ e (i . e . ' '~• - .!.C ) • 

10 



CHAPTER III 

BEAM-COLUMN BENDING PROBLEM 

or 
v,L 12(1-3~) S 'I rn Metric. w'{ 

l 
~. .3 ('l-3f) 4(1-4>) e, 

--
E1 Vrl 

- It ( I - .3 4>) -~(2-$) 12 (1- i<P) w1L 
Mt ~ ( z-cp) (<z.+4>) _45(2-cp) 4( 1-4>) er 

where t 
cp PL 

:!>OE! 

The four matrix invariants of the [[K] - [G.J] 
( 3-1 b) equation are 

l 
, Ti .. Is ( 4 - 4.l!- <P +- 31 cP ) 

The characteristic equation becomes 

or in quadratic factored form as 

.. 0 

11 

( 3-1a) 

( 3-1b) 

matrix in 

(3-2) 

(3- 3a ) 

(3-3b) 



with the four roots determined as 

l~ (5¢-z.)-/[ ~ (5<f>-f)r- liQ <Pc~-2) 
(£-5<t» 

~(s~-•)+/[ 'f(S<H)r- l'O~(~->) I 

The eigenvalue matrix takes . the form 

(l)A., Symmetric 

[A~]= 
0 '°.A.2 
0 0 l2~3 

0 0 0 ''j\4 

3.2 The Eigenvector Matrix 

Utilizing equation (1-9), one obtains 

l[[KJ-[G.]- A[rJj U\ ~ {o\ 

3-3c ) 

(3-3d) 

( 3- 4) 

Substituting the four roots of A individually into equation 

(3-4), the eigenvector matrix is constructed as 

(ti 

<•1yi~CC1t - "fliitJ.., 0 

[u~l~J 
0 - <•Jn2/'/:J., ~r'n2/"da 

-1 (•) 

-
00nator 

(3- 5 ) 
(i1 'fl1/"/j I 0 

- <•>n2fll, 
(•> 

0 
_, "\/'·~,, 

12 



where 

Note 

(l) 
Tl,= 

(!) 
n~= 

(6- z.3cf>)-/ s\ sct>-d- 1ocf><¢-t) 

1 

'\-(~-¢) 

c6 -.'2.3¢)-tj s\s~-'i./- 'il'o¢ccp-z) 
/ 

l ( .-.,$)- 1 •"5~-·i·- •o ~( ~ -t) ·r + •• ( ·- ~)· 

(l) n, 
(l)d, ' 

(l)r1 
i 

''H I 

+ lfi(t-¢) 
L 

(3- 5b ) 

3.3 Solutions for the Moments, Shear Forces and Varia­
tions of Normal Mode Shapes 

The normal mode shapes, together with the joint 

moments, shears, displacements, and rotations, are given for. 

the four values of A in Figure (IIIA), (IIIB), (IIIC), and 

(IIID), respectively. 
(~) 

p ___._•~--~~~~~~~~~~~~· i p .. 
T 

Figure (IIIA) 

(Z) t\ 
i 11, 1:1 

<~ 
t 

.. -- ----- -- -__ L ___ --- - ---r--.----- ex> 

0 

Modal Shape of the Beam-Column for <•>\ 
(Y) 

13 



w, - -'Nr - w ~ 
_:·~1 L 

v1 - -Vt. - -"~z El: W "l:i I LJ 

(11 

e- e - g IV - Y\z 

~'\, I r «'d Ml - M2• l!'r e 
I L 

Figure (IIIB) I (l) \ 

Modal Shape of the Beam-Column for At 

( !:ll 

9 ... -e -I 

Figure (IIIC) Modal Shape 
(~l 

M, 

(>) e 
2. rt .3 

(~ 
t 

L 

"• 
w,_ 

-'N - w r 
"

1
n l ~ ~J 

'"l:ii 

e- 9 - 9 ~ "1r, t 
I l (•U: 

Figure (IIID) Modal Shape 

6 

of 

of 

(ll \ 
M = -M - /\ 

2 3 

the Beam-Column for ui.A 

Vt 

(x) 

"" p 

<z>A E1 w v, - -vr- .,.. 
L~ 

M,= M (L~ 
,- 4 n e 

l 
Beam-Column for (t~ 

4 

.J 

14 



The first and third modal shapes do not change 

geometrically as the parameter ¢ increases. The variation 

in shape of the second and fourth modal shape as the para­

meter~ increases are given in Table (IA), and (IB), 

respectively. 

sl q, 
0 0.1 0.2 Q.3 0.4 o.s 1.0 1.9 ~.o 

.,.A i; .fiO 
0.3 74-9 o. 44-91 o.s317 O.t>0\.5 o. 6'tlt 0 . 1023 o.-ro-ro 1,rz' 

- "lfiO' ' G, -0.51352 -0.5456 -o.+"'o -0,3117 - o. t941 -o.0~1s -0.00~7 - 0 

"N'/L - YFo - Q, 314'3 -0. 44-97 -o. sa11 - 0,(.015 - 0.61f72 - o.-rotJ - o. 1070 - '/R 
ez - 2/-rio -Q,5g52 t--0.545' -o.4uo - 0 .3117 -0.2'141 -0 .O'l\~ -o.oc;n 0 

Table (IA) Mode Shape Variation for 

1~ 0 . 0.1 c.2 O . .l o.+ 0.5 1.0 1.9 'l.0 

""•/L 2/~ O.S'lSt . 0.54-5" o. 4- ""o o. 3717 o. 2~1n 0,0915 0 . 00.37 0 

9, '/~ o. 3749 o.4+'3-r o. 5~17 o.,01s o.,41t Q. "IOt3 0. 7 070 '(R 

W1/L - 2/& - o.ss.st - 0.5456 - o. 46(,Q - o. 3717 - o. !.t4-7 - 0.09 1.5 -0.0031 0 

ez y{id 0 . 3749 0. 4497 0 ,5317 0 . ,015 o.,47t 0 .10 t3 o . ,0"10 '/([ 
Table (IB) Mode Shape Variation for (&~ 4 

3.4 Zero of the Eigenvalues 
(I.)\ The first eigenvalue ;\1 "' o corresponds to a rigid 

body translation as sho"\'ffi in Figure (IIIA). 

15 

z.1 

0.10'10 

+0 .0033 

- o. 7010 

t 0 . OOJJ 

2, \ 

o. 0033 

- 0 .'1010 

- 0 . 0033 

-o . "7010 

(t.) \ I [ ~ 2. ' The second eigenvalue l 'r. -=-l_fts<f>-t)-1 '1(:5~-r.)J -1-aotC~-t), 

when equated to zero yields the condi tion 

0 (3- 6) 

which implies the axial force P equals zero. 
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For ~ - o, the mode shape takes the form shown in Figure ( IIIE). 
un 

p.o J_ 
'N e -r I~ ----- --

l 

w 
-~t---· ('l() 

~-~Pao 

w, - w1 - w ~ LI .[IO' V - -v - 0 I ! 

e - e - e ~ - Z/,fib 
I t M,- M, - o 

Figure (IIIE) Modal Sliape of Beam-Column for the Second 
lt) \ Zero of /\

2 

The third eigenvalue lrlA 
3
= ( z. - s <P) when equated to 

zero yields the condition 

Noting ¢ PC 
= 3oEI 

force is obtained as 

£ 
5 (3-7a ) 

it follows that a critical value of axial 

(1) 

Pcr = 12. EI 
L2 ( 3- 7b) 

(ll\ 
The value /"\.3 corresponds to a pure bending mode shape as 

shown in Figure (IIIC). The exact Euler-Bernoulli theory 

yields a value of critical buckling for a simply-supported 

column as 
2 

If EI 
Lz ( 3-7c) 

The value of Pcr by the matrix formulation given by equation 

(3-7b) is greater by 21.86%. For <P- t, the same mode shape 
5 

occurs as given in Figure (IIIC). 



17 

(•)\ j[ ~l , The fourth eigenvalue A ... - 1~ ( s~ -2) + ~ (sct>-1) - 110 ~ ( ~-L) 
1\- 2 i ) 

when equated to zero yields the condition 

¢ = '2..0 (3-8a ) 

which yields a critical value of buckling load. 

Pc«i _ 60 EI 
er -

~ 
(3- 8b ) 

The mode shane at critical load takes the form shown in 

Figure ( IIIF). 

e<t) 
'·f~ ____ -.,,.,::-_ - - - -

l 

w, - 'N! = w - 0 

Figure (IIIF) Modal Shape of the Beam-Column for the 

Fourth Zero of <rJA 
4 

The exact Euler-Bernoulli theory yields a value of 

critical buckling for the second mode shape of a simply 

supported col umn as 
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2. 

4 lf tI 
L: (3-8c ) 

The value of Pc.r by the matrix formulation given by equation 

(3-8b) is greater by 52%. 

3.5 Interpretation of Results for the Beam-Column 

The single zero eigenvalue is obtained for this 

problem which corresponds to a rigid body translation~ The 

three nonzero eigenvalues define a pure bending mode shape 

and two additional deformed mode shapes with associated joint 

moments, shears, displacements, and rotations. 

Equating to zero the three nonzero values of A 

yields t he condition of critical buckling load. The three 

conditions are: 

a) '''.>--. 
1 0 implies <i> 0 or p 0 

'o> 
1'1' 3 0 implie5 ¢ '2/s or Pcr 12. EI 

Lll. 
(Z)A 

0 imp\ie.s ~ 2..0 or Pc .. 60 EI 
C) 4- = 

I! 

For condition a),the mode shape corres onds to a rigid body 

rotation with zero joint axial force, moments, and shear forces. 

Condition b) produces a modal shape corresponding to the 

first buckling mode shape of a simply supported column. 

Condition c) produces a mode shape at critical load which 

corresponds to the second buckling mode (i.e. n=2) of a 

simply supported column. 
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CHAPTER IV 

VIBRATING BEAM PROBLEM 

4.1 Eigenvalue Matrix 

For the dynamical vibrating beam problem, it follows 

that 

\fl ~ [[K ]'-[Mal] fb] ( 4-1 a) 

or 

il 12.'(1- l~'f') ymmetric W1/L 

L M, i(3 - 11111) 4(HY) GI 
EI -

V2L - 6 (2.+0'1) --(6+13o/) 12. (I- ric,/J 
Wz /L 

(4-1b ) 

t.\ (6+1it) ~2-+3o/) -2. ( 3- ll'r) 4( 1-o/) e2. 

where y = 
420 ~T 

The four matrix invariants of the [ [K J - [ M.JJ matrix i n equa-

tion (4-1b) are 

T, 32.(1-10¥) 

T2. 
z 

(60 - 7!SS6 'f + 226171-r) 

T.J - 4- 4- s Y c 6 o - 6 3 3 y + 13 ~ Y) (4-2) 

t 
14 - 735 ~ ( "l/-'-20) (7o/-1~) 



The characteristic equation becomes 

4- ~ l \2 t \ ,>-. _ 32c1-10 'Y) .A + c t>o - 7 s s 6 'r + u 6 11 lf' ) " + 4 4 e 'V ( 6 o - 6 J 3 'V +, 33 IV) I\ 

t (4-3a ) 
+7.35"o/('V-£0)(71V-1z.) = 0 

or in quadratic factored form as 

[ /+(1o:so/-30),A+211/'('r-to~[ ,\l-r(t1"1"!.f/-2),A. + 3SY(7lv-12~ = C{ 4- 3b) 

with the four roots determined as 

(,~\ - ( ~J] o/-1) - I ( '2tY-1)t - 3.S o/(11./'-12) 
2. 

(l~t -('~Y-1s)-
2. 

j< 1 ~3 tv-l!! ) 1 - ti~( 'f'-Lo) 

20 

(~'.Al - ( 2.~7'f-1) J ( lf 'r-d - 2 s 1r ( 7 Y- I l.) 7 
(4- 3c) 

+ 

+J 2 I l~~4- - ( 103 'V -1.S) ( 103 y-1s) _ 21 1V ( o/- 2.0) 
2. 2. 

The eigenvalue matrix takes the form 

(•)'/\ 
I Symmetric 

[Ad~] 0 (3),\2 

(4-3d) -
(>~ 0 0 3 

0 0 0 (31A4-

4.2 The Ei genvector Matrix 

Utilizing equation (1-9), one obtains 

(4-4) 
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Substituting the four roots of A. individually int o equation 

( 4-4) t the eigenvector matrix is constructed as 

t11n f l•h.J /'8, 
(.sl 

('1n,f'8+ , a. Yls/'dJ 
(•) l•v..,.;l,JB. ''hz/'d.J "h•f'a. [ 1dJ na/·a, ub =J.. t 

(4-5a) .[2' \J\,'h:I, 
t.J y, ~hsfaJ ~\,,/~d. 

J f'd, 
(., 

ntf~. 
l~l 

ri+ /(J~t 
(!h 

t /<''d J 
l.J'n4l~. 

where 

<Jl'Y'\1 { (1+ '2~'f')+ j (t17'jJ-l)l - 3So/(7o/-1t) 1 
z t 

. 35°ty 

{ (-6 + ,~, 'Y) + / c 1or1+'- IO)r - e: vc 'Y- to) 

(4-5b) 



(Jld-
4--

Ndk 
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(.ll (JJ 
(»..,, i <•> 111 Y12 - .,,, 

. (•)d, - {a) ' d.J (2) d. <aid~ 

l•> (.>) (~) (•> 
Yla -l14 Y'l4 Y1" - ' <•T = <•i(j l.>ld <•>d 

2 + t .... 

4.3 Solutions for the Moment, Shear Forces and Variations 
of Normal Mode Shapes 

(:ll\ 
For the eigenvalue "'' , the normal mode shape 

together with moment and shear values are given in Figure (IVA). 

l 
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(•) 

v - (~1,\ ET w WI =- 'N, = 'N ~ ,,, L V, (o)d, I I t: 
e - -e = 

(3ln (i\ 
EI e e ~ M

1 
= - M2 I I l 

- I (:Old L 
I 

Figure (IVA). Modal Shape of the Vibrating Beam for (3~ 
I 

The variation in the mode shape for values of the 

parameter 'Y where 04. "tv ' 2. are shown in Table (IIA) 

~ 0 0.001 0.005 0.0092 
0 ·' 

1. 0 I·~ "·/7 2 

'N1/L ~£ O.i070 o. 705'3 0.7040 o. 6'3'il9 Q.6'3753 0 . 6'37.5 o. '9 74 0 . 6~13, 

9, 0 0.01122 0 . 0400 Q.0582. o. 1 o-n o. 11.!!B 
Q . ""'' 

o. 11' f.4 0 . ,, , 33 

""'/L Y-R Q . 7070 o. 70sq o. "1040 o. 6909 o. 691'.Sl o. "915 Q . ~'374 0.(.91H. 

el 0 - 0·0112l -0 . 04-0S - O.OSB2. - 0 . 10;1 -o.11se -O,llcol<O -0.11'1'4 - 0 -11433 

Table (IIA) Modal Shape Variation for (a~ 
I 

(3)\ For the eigenvalue /\
2 

, the normal mode shape 

together with moment and shear values are given in Figure (IVB) • . 

(~) 

'2.~3e 
(•t,;-4 

j_ 
w 

T 

Figure (IVB) 

(~ ~ 

Modal Shape of the Vibrating Beam for c~)\e 
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The variation in t he mode shape for values of the parameter "r 

where O '\fl ~ z.1.0 ar e shown in Table ( I IB ). 

~ 0 o . 001 

""•/L Q . 3\l)f O • .JI 4 g 

e, -0.6 H'r - O. <.Hog 

wz/L t- O. J 162 - O . Sl69 

e, -Q.(,32.4 - Q. {,3EO& 

Tabl e (I IB ) 

0 . 1 0 . 3 1.0 10 . 0 1.5. 0 2.0,0 

o . fo,o;'~ O. (,tt& 0 . 70'6 o. '701,.~ 0 . 101,.7 0 .10 4 "' 

- 0 . 5'1'1'1' -0.334~ -o.<HSS o. 0 sso o . O:!iS O . OSSit 

-o.+o;' - o . ,tt6 -o. 'TO'& - 0 . 701-~ - o.::704-1 -0 . 70"'" 

-fi),S7'J'I' - ; O' 3 i~I -o.ot•s 0 - 0•SO 0 .0•1!1 0 . 05'111 

(~l 

Modal Shape Variation f or At 

'Z I. 0 

o . 104, 

o. 0$0~ 

- O· '704, 

Q . Oj;lt'3 

For the eigenvaluel~~3 , the normal mode shape 

together with moment and shear values are given in Figure (IVC). 
(~l 

j_ 
w ., 

L 

v, "'l. 
<» 

w, - wi- 'N ~ --n,J/<!(i v, = V= (3~ Uw i f .3 
L~ 

(JI 

e,= -9,= 9 ~ -Ylr/J.d Mc= -M <.J~ Sf 9 ~ I 2 - 3 
L.. 

Figure (IVC) Modal Shape of the Vi brat i ng Beam for <a~ 3 

The variation in the mode shape for values of the 

parameter r where o 4 1r 4 i are shown in Table ( IIC). 
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~ 0 0 . 001 o . 005 o.oocar 0.1 1.0 .. ~ Ith '2 . 0 

'N1/L 0 0. 0 Iii o .04os o.osscz 0 . 1011 O . llS8 o. ""' o. l\{,t4 O . \l,3J 

Q, - '/.w - 0 . 1010 -0.70.59 -0.7040 - O.E.'38'3 -0.6915 -0.f.915 - 0 , ,'37+ - 0 . ,.,,,+ 
'Nr/L 0 0 .o Iii. 0.0401!. o . O~IU 0.101\ o. 1156 Q.11/01 0.llH4 o . l\&33 

Sr V.ff o . 10-ro Q.105'3 0 .,1040 o. 698'3 Q . (,'3iS Q. 6975 0 . (,'314 o.,'374-

Table (IIC) (;s)1 Modal Shape Variation for /\
3 

1 (ll\ For the eigenva ue ~4 , the normal mode shape 

together with moment and shear values are given in Figure (IVD). 

() -I 

Figure (IVD) 

M.· 

1v1 ( 31 \ e. I n 
l"lt == /\i - \J 

L 

Modal Shape of the Vibrating Beam for <~~ 
4 

The variation in the mode shape for value of the 

parameter 1f! where o ~ o/ ~ 21.0 are shown in Table ( IID). 
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~ 0 0 . 001 0 . 1 o. 3 1,0 10.0 15 . 0 'ZO . O ~ 1.0 

'No/L o .c;:u._s o. ,Jz.og 0.5711 o . :13 +"' 0 . 01.Si O . Oc iO o . osis o. 05112 0 · OS &IJ 

9, 0,3\(, ti o. ll,Q1t o. ~01,1 O. '-U'14 0 .'TO 44 - o. '70'1-'\ -0 . -roq.1 - 0 . '70 +'6 - O . "TOH 

Wz/L -Q.(>3t4~ -o .4:itoa -o . Ji'7"7"7 -o . :ni,114 - o. o, .. , -c).osioo -o .os15 -O . Oil1 - o . on' 

et 0.3\(,ti o. Ji' 9•t 0. 407,7 o.,u ''~ o . -ro'' - o. io,..., -0 . "1011--r -o . ICl+H -o.1o<t' 

Table (IID) 
; (~)\ 

Modal Shape Variation for "'~ 

4.4 Zeros of the Eigenvalues 
) J t I The first eigenvalue t

3
).. 1 =-(2..!J1r-1)- (zJ.J't'-1)-3so/(7't'-1t) 

~ z 

when equated to zero yields the condition 

(4-6a ) 

which requires the natural frequency to equal zero, or 

0 (4-6b ) 

For"Y=o the mode shape, for the condition~=O, takes the shape 

as shown ~n Figure (IVE). 
(~) 

J_ j_ 
w 

T 

w, = wr = "" ~ l/ff v, = Ve= 0 

e, e= e 0 M, ... M1= Cl 
l 

Fi~re {IVE } Modal Shape of t he Vi brating Beam for the 

First Zero of (:l)A 

I 
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(~) 'i. The second eigenvalue , /~ r , when equated to zero, 

yields the condition 

1¥ = a (4-7a ) 

which requires . the natural frequency to equal zero or 

U) = 0 (4- 7b) 

For ~ = o the mode shape takes the shape as shown in Figure ( IVF). 
(~) 

--~--('() 

"' T 

V, - V1 - o 

Figure (IVF) Modal Shape of the Vibrating Beam for the 

Second Zero Of 
(J)l 

/\t 

(J)\. The third eigenvalue, A , when equated to zero, 
3 

yields the condition 

'lf - 12 
7 

( 3- 8a ) 

The mode shape at resonant frequency takes the shape shown 

in Figure (IVG). 

l_ 
w 
t 

(~) 

w 
-.,....--- ----- (x) 



e, - e1 - e /\:: -o.69'4-

V, = Ve= o 

M
1 
= M~= o 

Figure (IVG) Modal Shape of the Vibrating Beam for the 
(3\\. Third Zero of A

3 

y = 
f AL\.;/ 

Noting 
420 EI 

is obtained as 

, it follows that a natural frequency 

26.ejE! ' 
f A~ 

(3-Bb) 

the exact Euler-Bernoulli theory yields the lowest value of 

natural fre uency for a free-free beam as 

22. 37'9J E! I 
f Al4- (4-Bc) 

The value of w obtained from the matrix formulation given by 

e uation (4-Bb) is greater by 19.93% than the exact value 

given in equation (4-8c). 

The fourth eigenvalue, (l~ 4 , when equated to zero, 

yields the condition 

<-r == 2.0.0 (4-9a) 

28 

The mode shape at resonant frequency takes the shape shown in 

Figure ( IVH). 



(tj) 

' ' 
J_ 

' ~ ~ (~1 
w 

' T 
o.16,6 e 

' L 
' ' 

w, = -'Nl = "" ~ o.ose"71L \/, - Vz. o 

e = I e, = e ~ -0. "70+.r.' M,:::: Mt= o 

Figure {IVH} Mode Shape of the Vibrating Beam for the 

Fourth Zero of (l)>, 
4 

Equation (4-ga) yields the value of natural frequency as 

W - 9t.6S [ffi' (4-9b) 

The exact Euler-Bernoulli theory yields a value of natural 

frequency for a free-free in its second mode as 

61. 66 ffi:7 A f AL4-
(4-9c) 

The value of c.u obtained from the matrix formulation given by 

equation (4-9b) is greater by 48.61% than the exact value 

given in equation (4-9c). 

4.5 Interpretation of Result for the Vibrating Beam 

The four nonzero eigenvalues define the mode shapes 

with associated joint moments, shear forces, displacements, 

and rotations. Equating to zero the four nonzero value )... 

29 
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yields the conditions of natural frequency. The four condi-

tions are 

0 implies 'f' ,... 0 OY 
(JJ - a 

b) lJlA_ 
I t 0 imF\ies \.y 0 OY w - 0 

C) (31A3 0 i mphe.s ~ 12. OY VJ ffe; -::; - '26.8.3 

d) l"A"" - 0 ·, mpLes 'lj-1 - 2. o.o or (;j Q\.65 !if.' 
For condition a), the mode shape corresponds to a rigid body 

translation with zero natural frequency, and zero joint moments 

and shears. In condition b), the mode shape corresponds to 

a rigid body rotation with zero natural frequency, and zero 

moments and shears. Condition c) produces a mode shape at 

natural frequency which corresponds to the first mode (i.e. n=1) 

of a free-free beam. Condition d) produces a mode shape at 

natural frequency which corresponds to t he s econd mode (i.e. n=2) 

of a free-free beam. 



CHAPTER V 

VIBRATING BEAM-COLUMN PROB.LEM: 

5.1 Eigenvalue Matrix 

For t he vibrating beam-column problem, it fol l ows 

that \ J) [[K J .-[ G.J-[ M0 J] i ~) (5-1a) 

V,l 12(1- Jq>-13>y) S'<mme+ric. 

l M, (6-~<f' - tt't') 4-(1-4>-o/) 
-E! Vtl -6('1.-6</l-t 9 \ii) -(IO- .?.cpt-\3't') 12( 1- ~<f>-1ll.f/) 

Mt ( 6 - 3 cp + I 3 ") o+<t>+~'+' > - ( E>-3cb - u 'i') 4(1-¢-'V) 

with cf> PC 
3oEI 

and 
4-f.O EI 

The f our matrix i nvariants of t he [U~] -[ G. J-[ M.J] matrix i n 
equation (5-1b) are 

(32.-SOcP-320\y) 

Tl c 6 o - 6 6 o <P - 7 ~ s 6 'V + s s s <P z + 1 ir , , a 4> r + e. 2 ~,, \/ 

I -4 

(-720~-1344-0°lf'+f.160 ~f+ 14 3760</>'¥+1417921.f'f 

.l l l .l 
-'3oa ¢ -119160 ~ '+'- 1~s220 ~y -2.9192'o/) 

.3 J t f 3 

- 117!0 't'+ 18'3000 <f> r + 3f.760o <1>lfl + 8?.footr 

4 + .!5\4s 't' 

31 

'NA 
e, 

(5-
w,/L 

B1 

(5-2) 



32 

The characteristic equation in quadratic factored form becomes 

lA\ (211<v+s</>-2.)A + ;;s\j'(30~-ti+1o/)J [ >-.
2
+(103'f+7s<b-.;o')A 

+ J t -rtr\10( 9~-t4-)f + Go¢c¢-r.)~J = o 
(5-3a) 

with the four roots determined as 

- ( I~ \y + 72 <P -15)-
2 2. 

(5-3b) 

I+~ = 
4 . 

The eigenvalue matrix takes the form 

(5-3c) 

5.2 The Eigenvector Matrix 

Utilizing equation (1-9 ) , one obtains 

(5-4) 



Substituting the four of A individually into equation (5-4), 

the eigenvector matrix is constructed as 

[ «l>J I Ub, -K 

where 

(41n 
I 

, <•iy, 
2 

••Vi,/'"H 
I 

14\"I /4' 
I ·d, 

1+1r1 1j<'d,, 

(+'n2/•g, 

\~3/1"d1 
\+\ 

(~,~·& ns f~l 
4-

1%4/'dL 14ln f1d 
l 3 

14lfl_,. /!'8 
4 

l+\nJ f~t (%,.,~3 l"h,/~8 
4-

(4-\n4 /+1d. 
l 

t4ln2 frd. 3 1%4 f''H+ 

2 t } 
(~4>+t_!]o/-1)-(1oso<j>ly-4-20o/+t4.!1o/) . 

i r 

(5-5a) 

33 

(5-5b) 
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. (41.1 ... 
04 

Note 

(4-)Y) {+)tit (~)(\ (4)1') 
I 

' f. - 5 

( 4 )d1 (+)cl 
~ 

('1-)d 
I 

(4)d3 

(+lri (4)Y'l (+h (4)() (. 
3 - _,,. ) 4 

(~)d 
(\ti (+ld2 (~d 

L 
4 + 

5.3 Zeros of the Eigenvalues 

·The first eigenvalue 

when equated to zero, yields the condition 

either 1r = 0 (5-6a) 

or (5-6b) 

together with the constraints that if <4A~O, then 



(5-6c) 

Thus, as cp increases over the range o' qi 4 ~ , it follows 
!S 

that V decreases. It is determined, by direct substitution, 

that equation (5-6a) satisfies equation (5-6c), and (5-6d) 

simultaneously and thus satisfies the condition <4A 1 ~ o • It 

is further determined that equation (5-6b) does not satisfy 

the inequality of equation (5-6c) and hence does not yield 

the condition c•;>._ 1 = o • Thus, only the root't'·o is applicable 

in this case. 

The mode shape takes the shape shown in Figure (VA) 

which is identical t .o that given in Figure (IVE). 

(~) 

p ~·---!~~~~~~----« t [m_u_n:uurn-1 -~f --(lC) 

p 

El "' 0 

Figure (VA) Modal Shape of the Vibrating Beam-Column for 

the First Zero of <+>,>._ 
I 
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The variation in the mode shape for values of the parameter ~ 

where o £. ~ ~ !. in condition f .. o shown in Table ( IIIA) 
.s 

shows that the mode shape does not change as ¢ increases. 

~ 0 1/10 2/10 3
/10 4-/10 

(~ 0 0 0 0 0 

w,/L '/if[ '/.rr '/ ,rz '/.rL 1hr 
e, 0 0 0 0 0 

W1/L. '/ff '/ .R 'Irr 'la 1;rz 

e1 a 0 c 0 0 

Table (IIIA) Modal Shape Variation for the First· Zero 

of (4-~ 
I 

when 

or 

The second eigenvalue 

equated to zero yields the conditions that 

1f - -~(g¢-14)+j[~C<3~-11,-)} 2- ~¢ccp-t) 7 

7 

together with the constraints 

( IS 

either 

(5-7a) 

(5-7b) 

(5-7c) 

Thus, as <P increases over the range o 4 <P ~ !. , it follows that 
s 

r decreases. (5-7d) 

• 



It is determined by direct substitution that equation (5-7b) 

satisfies equation (5-7c), and (5-7d) simultaneously only 

when ~ "" 'f' .. o and t hus sati sfies the condi tion (4~ 2 = o 

37 

It is further determined that equation (5-7a ) does not satisfy 

the inequality of equation (5-7c) and hence does not yield 
(41\ 

the condition /\ 2 = o • Thus, only the root yielding 'V .. ¢ • o 

is applicable in this case. 

The mode shape takes the shape shmm in Figure (VB) 

which is identical to that given in Figure (IIB), Figure (IIIE), 

and Figure (IVF). 

(!ti) 

P·o l ... 
J ... 

T .. ("') ... 
p "'0 ~ t 

Figure (VB) Mode Shape of the Vibrating Beam-Column for 

and 'tf! = o 

the Second Zero of (4-)A_ 
t 

The mode shape for the values of the parameters ¢=o 

is shown in Table (IIIB). 



' 

y 

0 

Table (IIIB) 

cf> W1/1.. e, W1/1.. Ql 

0 '/ i[i(, - '/tf!O - l/.rio -'/t{iJ 

Mode Shape Variation for the Second Zero 

of <4))... 
2 

The third eigenvalue 

when equated to zero yields the condition 

either y = 0 

or 

( 5-8a) 

(5-8b) 

(5-8c) 

38 

together with the constraints 

(!'21111+~<?) ~I 
Thus, as ~ increases over the range o £,. c:f> < g_ , it follows that 

5 

Y decreases. (5-8d) 

It is determined by direct substitution that equation (5-8b) 

satisfies equation (5-8c) and (5-8d) simultaneously and thus 

satisfies the condition <'-~ 3 :: o . It is further determined that 

equation (5-8a) does not satisfy the inequality of equation 

(5-8c) and hence does not yield the condition <'"~ 3 ~o • Thus, 

only the root y = 1'l- 304> 

7 
is applicable in this case. 

The mode shape takes the shape shown in Figure (VC) 

Which is identical to that given in Figure (IVF). 
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l'A) 

'N 

T 

,,_ ... ~+-p 

~ -_---~ _-i -_-~ =: .1-~""--- (i<) 
...... ... ,,.,.....,,., 

------- L 
w, = w, .. 'N ~ o . "'3l v, "Vr. = o 

e, • - 0 L • 8 :t. - o . {.q1'T M,= t'11=0 

Figure ~vc~ Mode Shape · of t he Vibrating Beam-Column for 

t he Third Zer o of c+)>-. 
:5 

The variat ion i n the mode shape for values of the 

parameter ~ where in condition y.,. 1e.-3ocf> 

are shown in Table (IIIC) which shows that the mode shape 

changes proportionately as ¢ increases 

cp 

~ 
""'/L 

e, 

"N~/L 

et 

Table (IIIC) 

0 1/10 £/10 3/10 "'/10 

lf/7 gh 6(7 3/ 7 0 

o . II "f.4 o. 011111 o. Qiitl~ o. Ol '305 0 

-o. "q14 - 0.10 111 -0.10~11 -0.10,s - 0 . 1011 

0.11 {. tLt 0. 0. "Tl 9 Q,CSBI~ o. 0£ qo5 0 

o. '-'314 O . iOli I 0·10411 0 . 10 's 0.10-71 

Mode Shape Variations for t he Third Zero 

of c"'~ 
3 
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The fourth eigenvalue 
14)A - - ( 1~ 'Y + ~ 4> - 1 s) + ( 103 o/ + ~ 4> - 15)t - .3 {; 11'

1
+10 ( Q lj>- 1 +) lf1 + {, o cp ( ~ - !) 

+ t l t I ' when equated to zero yields the conditions 

either (5-9a) 

or (5-9b) 

together with the constra+nts 

( I O'l.3 1f + 17 cP) ) I 5 ( 5-9C ) 

Thus, as <P increases over the r ange o < <P < 'Z.o, i t follows that 

1+' decreases. (5-9d) 

It is determined by· direct substitution that equation 

(5-9a) satisfies equation (5-9c), and (5-8d) simultaneously 

and thus satisfies the condition ( ~~~:o. It is further 

determined that equation (5-9b) does not satisfy the inequaiity 

of equation (5-9c), and hence does not yield the condition 

(.~)\ J\ -- 0 • I f I 
/\-r Thus, only the root 'r== -~C9¢-14)+v[~cc:i<1>-1~)J-"-:¥¢cc1>-t) 

is applicable in this case. 

The mode shape takes the shape shown in Figure (VD). 

(~) 

' ' 

_-..J~L-----. .. - (x) 

' L ___ __,_ 

' 



R. c;in, l/1•ll v == V1 • O + I 

t•l 
~ n.., /'•J. M .. Mt .. o 

... I 

Figure (VD) Mode Shape of the Vibrating Beam-Column for 

the Fourth Zero of (+:A 
+ 

The variation in the mode shape for values of the 

parameter <t> where o £... ~ ~ 'l.o are shown in Table (IIID). 

cp 0 0.1 o.s 1.0 '· s I. g '1. 0 

~ .. 2.0. 0 - 1e.&00131 14.0l<H.4-! 8.18'34-~IH i.911035 0.3414-20 

""•{ L . O. 0.H1L -0. 0 & 8 SOI Q.0S1f73q' O.OS4-034i o : 04-30IU ·Q.Ol\tij.1'i -
'. e, - 0.(046~ - Q.704-C.&U -0.70Jt7'l34 - 0, 70l;OH - 0 . 7057% - o . 107001i; -

V'olz/L -0.0.5t7 - 0.058501 - 0 . 0 5 1 t 131' -o.os~oJq - 0.04-30\h -O . Oll8Jtl'8 -

e. -c./.04-f> - ().70468t' -0.10'!-113't -0.'JOSOJ' -0.1057q(, -o. 101007, -

Table (IIID) Mode Shape Variations for the Fourth Zero 

of 

5.4 Interpretation of Result for the Beam-Column 

The four nonzero eigenvalues define the mode shapes 

with associated joint moments, shear forces, displacement and 

rotations. Equating to zero t he four nonzer o value of )... 

yields the condition of natural frequency as a function of 

axial force. The four conditions are 

0 

0 

I/ff 

0 

'/.fl 



Q) . (4-l \. 
Al • 0 o/ :: 0 

=O 'Y = 0 

'fl= 12-30~ - 7 

d) (~~\ 
. tr = 0 imp\ie s 

when 

For condition a), the mode shape corresponds to a rigid body 

translation with zero natural frequency and zero values of 

joint moments and shear forces ·with the pararneter variation 

This condition is the same as in Cases I, 

II and III previously investigated. For condition b), the 

mode shape corresponds to a rigid body rotation with zero natural 

frequency and zero values of joint moments and shear forces 

with the value of cp = o only. This condition is the same for 

Cases I, II and III previously investigated. Condition c), 

the mode shape is produced with a -natural frequency which 

corresponds to the first mode (i.e. n=1) of a free-free beam­

column. For this condition, the mode shape chang~s propor-

tionately as <I> increases over the range , with a 

simultaneous decrease in natural frequency. For ~ = o 



this case simplifies to that of Case III, Condition c), 

Chapter IV. For o/: o , this case simplifies to that of 

Case II, Condition b), Chapter III. For condition d), the 

mode shape is produced with a natural frequency which 

corresponds to the second mode (i.e. n=2) of a free-free 

beam-column. For this condition, the mode shape changes 

as ~ increases with a simultaneous decrease in natural 

frequency. For ~~o, this case simplifies to that of Case III, 

Condition d), Chapter IV. For ~= 0 , the case simplifies 

to that of Case II, Condition c), Chapter III. 
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CHAPTER VI 

DI SCU SI ON AND CONCLUSION 

6.1 Discuss ion 

A summary of the normal mode shapes for Cases I, II, 

III,and IV for L= t,2.,•,4 are shown in Figure (VIA). 

In general, four deformed mode shapes are defined for each 

case except for the beam-bending problem wi t h one rigid body 

translational mode shape, and one rigid body rotational mode 

shape, and the beam-column bending problem with one rigid 

body transla tional mode shape. 

The zeros of the .(, - I n 3 lJ._ produce . mode , .. , ,. 
shapes for the four cases as summarized i n Figure (VIB). · For 

all four cases, two rigid body mode shapes exist for each case, 

one a rigid body t ranslational mode shaue and the other a 

rigid body rotational mode shape. 

The zeros of the eigenvalues in Cases II, III and IV 

produce approximate values of critical buckling load of column, 

natural frequency of beam and resonant frequency of a beam­

column, respectively. These values are compared with the 

theoretical values as given by the exact Euler-Bernoulli 

theory in Table (IVA). 
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Boundary (ritico\ Buckling loo cl 
Ex.act Approximate Diff e.rerice 

Condition 
Theory 

Mat ri .,c. •/o Solution 

S imp\9 supportC?.d p(l) 2 
lfEI 1'2. EI + '2.1, 86 er 

~ bo1h ends, TI•' L2. 

' 
Simpl~ sur ported p(1) 

2 
41f H 60 EI. +52.0 

er l! i: bo1h end,n-2. 

B oundcH'')' Ndtuva\ Fre.<:\uencies 
Di ff e.ren ce 

Con cliti on E~oct Approx im O:fe 
fvfohi X '/o Theory Sol 1.d ·1ori 

Free-free 'l.Z.31. EI 
1 2f..83) E1 I 

both e.nds, n= 1 
w, 

JAL4 fAL4 
4' 19.9:!> 

F'Yee-free 61.l,v EI I 91. r.s[!J; + 48.61 
bo1h ends -n•'l w~ jAL't fAL4 

J 

Table (IVA) Summary of Numerical Results for 
Critical Buckling Loads and Natural 
Frequencies 

For the vibrating beam-column, the relationships 

between the natural frequency of free vibration and the axial 

force are shown in Figure (VIC). The end points of the two 

curves shown in Figure (VIC) correspond to the summary condi­

tions of Table (IVA). It should be noted that all values of 

critical buckling load and natural frequency obtained using 

the stiffness matrix approach are greater than those given by 

the exact theory. 
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Fi gure (VIA) Surnn r y of the Normal Mode Shapes 
for .A i. =/<o ~ a1 ,1J.1,• 
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'ty - l'L - 3 0 ~ 
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· 

1.0 2..0 

o.2. o.~ YI • I 

P ot of natural Fre uency versus 
Axi al Force fo r a Free- Fr ee Beam- Column 
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6.2 Concl sion 

The form of the ener a l stiffness matri x relating 

end harmonic forces and moments t o displacements and rotat ions 

is shoi..m in Appendix I. The exac t theory yields a stiffness 

matrix with trigonometric elements which lead to r ather 

inef1'icient computer operat ional rocedures . This stiffness 

matrix, when exnanded in infinite series form becomes 

- The convenience of the l atter form is that trigonometric 

components are r eplaced by numerica l components. However, 

in doing so, the solutions utilizing this form become a proximate. 

It i s further assumed for simplicity that 

(6-2) 

that, is the fi rst three terms of the series are utilized. 

-If this method is used to deter mine critical buckl ing 

loads , an error of a t least 22% s "ould be ex ected for the 

lowest cri t ica l buckling load; 

For the cas e of vibrating beams, a mi n i mum error of 

20% for the firs t natural frequency should be expect ed and a 

minimum error of 49% for the second natural frequency. 

If the ercentage error obtained by the approximation· 

of equation (6-2) is too large, the higher order form of the 

s eri es given by equation ( 6-1) should be utilized . 
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The form of the general stiffness matrix relating 

end harmonic forces .and moments to displacements and rotations 
is 

v, S11 Svm-rne.tr i c. w, 
M, sl, sll e, 

(A-1) Y2 s~. .s .. r :s W2 
.Jl 

M2 -S,., , SH SH ,SH gt 
where 

511- s - B [ C P~P! + P: P1) s c + ( p, p: + p~ P! ) C ,s] 
(A- 2) 

.3 ~ 

(A-3) 

(A - 4) 

b = -$ = 
.32 +• (A-5) 

$_., = [ t .l 4- <: .3 f + ] B (- p, Pt - p, Pt) iJ - C p. p, -t p, p
1 

) s (A-6) 

(A - 7) 

B · EI 
(A- 8) 
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subject to the condition that 

(A-9) 

[ 
k! j £ 2 4 I ] 

1
/'I_ -p, - - - + c ~ ) + )\ 

l I. 
(A-10) 

P, ~ [ k' ! - + 
t (A-11) 

(A-12) 

(A-13) 

s = Sin r,l 
(A-14) 

(A-15) 

(A-16) 

( - (osh p.L 
(A-17) 
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3,1!10 S'JTnme.tric. 

L L' 
i 1;t"'o 

["'J = ~~~ 
3,ISO 

(A-18) 
I L I 

- r,Tio 1~to 3
1
1110 

- J:. c L Lt 
Ii 4 to 3,00 I t.,o 3,150 

' ) 

L .s 1.J~l'IO ehi c 
TOQ 

ll 11 l 

[ G,J = 
I 

1,400 4,300 
(A-19) 

EI L' L L - 700 - ,,,,.oo -roo 

L' 
J 

13 L Lt II~ 
1400 lt

1
,0o lt,.00 ", .500 ) , 

sq .Sl.Jmme.tric. 
'"..., , 

ttJl 
l 

ill 

2 t ,, 10(, 4S
1 
"sq 

[ M J = (fA)L (A-20) 
I IOOE! 1·1n 1a1L s~ 

..L--

3', 'ilO& tlZ/lo\-t ~"i 

l,U IL 1o•nl
1 tuL "1 l L' 

- -- ---
l5t1 l'ti "q', •'t't z•1,10' •P, uq 
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