
TWO-DIMENSIONAL NONLINEAR ANISOTROPIC ELASTIC AND 

IN-VIVO PHYSIOLOGIC PROPERTIES OF THE STEER 

THORACIC AORTA E~\SED ON IN-VITRO BIAXIAL TESTING 

By 

Joseph J. Hanak 

Sub~itted in Partial Fulfillment of the Requirements 

for the Degree of 

Advisot; 

Haster of Science in Engineering 

in the 

Mechanical Engineering 

Program 

YOUNGSTOWN STATE UNIVERSITY 

June, 1977 

4-//-77 
Date 



ABSTRACT 

1WO-DIMENSIONAL NONLINEAR ANISOTROPIC ELASTIC AND 

IN-VIVO PHYSIOLOGIC PROPERTIES OF THE STEER 

THORACIC AORTA BASED ON IN-VITRO BIAXIAL TESTING 

Joseph J. Manak 

Master of Science in Engineering 

Youngstown State University, 1977 

A Biaxial Test Program was conducted for the purpose of 

determining the in-vitro stress-strain-elasticity relationships 

of the steer thoracic aorta blood vessel material under the con­

dition of plane stress (two-dimensional) loading. The non-linear 

anisotropic properties of the incompressible material are descri­

bed in Chapter VI. Applying the in-vitro properties of the ma­

terial to the in-vivo or physiologic condition of normal blood 

vessel pulsatile pressure and longitudinal tethering loadings, 

the functional characteristics of the blood vessel are deter­

mined for the in-vivo state. Physiologic predictions of vessel 

wall distensibility, wall stresses and strains, modulus of elas­

ticity, and hemodynamic characteristics, are made based on the 

in-vitro properties of the aorta material. These analytical 

predictions are compared with the in-vitro and in-vivo experi­

mental findings of other investigators and are found to be in 

good agreement. 
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CHAPTER I 

INTRODUCTION 

In the past thirty years the application of engineering 

principals to the understanding of the human body and to the de­

sign of artificial limbs and organs has been dramatic. In this 

time period much research and experimental work has focused on 

t he basic principals underlying muscle mechanics(stratified and 

cardiac), the biological tissue material properties of skin and 

smooth membrane muscle, including the major blood vessels of the 

venous, pulmonary, and arterial systems. The principals of fluid 

mechanics have been used to determine preliminary flow character­

istics through tapered vessels of both large and blood cell size 

vessels, through bifurcations, and even within the major organs 

such as the ventricles and valves of the heart, chambers of the 

lungs, and the functioning of the kidneys. The results of such 

research are contained in the writings of Fung2 , Berge1 3, and 

Mirsky8• 

During this period, most of the work conducted in the area 

of determining basic material properties and characteristics has 

been limited to uniaxial type of testing. It has long been 

realized that the two or three-dimensional material properties 

of biological tissues under conditions of normal physiologic load­

ing strains must eventually be defined. The non-linear and 

viscoelastic natur e of biological materials under the influence 
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of natural state{pre-stress) and physiologic pressure loading 

results in finite or large deformations(20 to 70% elongations) 

under normal physiological conditions. The effects of hyper­

tension, hypertrophy, drugs, disease, and nervous system activity 

cannot be assessed until the normal state of the tissue, muscle, 

or blood vessel material is accurately defined. The determination 

of the two or three-dimensional material properties of the major 

blood vessels will lead to: 

1. An improved understanding of the static and dynamic 
properties and characteristics of the material in­
volved under the influence of interacting stresses 
and deformations in the in-vivo state. 

2. The design and development of improved materials 
for prosthesis or artificial organs which more close­
ly simulates the in-vivo or natural state of the organ 
or tissue. 

3. A more accurate description of the fluid flow static 
and dynamic boundary conditions to be used in the 
solution of hemodynamic problems at such locations 
as bifurications, heart valves, and throughout the 
wide ranging arterial and venous systems. 

The purpose of this thesis is to report the results and 

findings of a biaxial test program conducted during the summer 

of 1976 by the writer at the Pennsylvania State University 

Engineering Science and Mechanics Department. During this period 

a relatively sim~le and inexpensiye biaxial test set-up was de­

signed, assembled, and used to determine the two-dimensional 

{plane stress) material properties of the Steer Thoracic Aorta 

at three longitudinal locations along its length. The tests were 

conducted in-vitro. From the test results the two-dimensional 

constitutive equations of stress vs strain, modulus of elasticity 

vs strain, and other material characteristics can be derived. 

2 



Using such eQuations, which describe the passive or steady 

state characteristics of the aorta material in-vitro, the func­

tional physiological characteristics of the vessel in-vivo, such 

as diameter changes, principal stresses and strains, and volume 

can be estimated without the need for performing in-vivo tests. 

3 

The two-dimensional material properties and the resulting physio­

logic analysis is contained within Chapters VI and VII respectively. 

The tests conducted in this study, and the resulting 

analysis and findings, represent a "first time" successful 

accomplishment in the area of major blood vessel or biological 

tissue rheology. Lanir and F'ung15 in 1974 reported the design of 

a very intricate and expensive biaxial test apparatus for similar 

investigative purposes. Using their apparatus and working with 

rabbit skin Lanir and Fung16 reported the results of some pre­

liminary two-dimensional materials properties. For some unknown 

reason no attempt was made to conduct the tests under varying 

combinations of two-dimensional tension strains which would 

facilitate the determination of the constants in the constitutive 

equations for the material. 



CHAPTER II 

RHEOLOGY OF LARGE BLOOD VESSELS 

Introduction 

The large blood vessels of the animal body are generally 

classified as being those vessels which either supply blood to 

the heart(venous system) or which returns the blood from the 

heart(arterial system) to the various body organs and tissues. 

Excluded from this classification are the small arteries, cap­

illaries, and the small veins. Thus, "large vessels" herein refe r 

to the ascending and descending aorta(thoracic aorta) artery 

which supply the major organs and arteries of the body with fresh 

oxygenated blood under pulsatile flow conditions as supplied by 

the left ventricle of the heart during the period of systole. 

At the instant of aortic valve opening, the heart ejects 

blood at a pressure of 80 to 100 mm Hg. The cardiac muscle tr-en 

contracts with increasing muscle fiber shortening velocity thereby 

ejecting the fluid with increasing pres sure and hi gh velocity with 

f i nal peak pressure build-up being in the range of 120 to 140 mm 

4 

Hg. At the completion of ejection the aortic valve closes, the 

muscle relaxes for a short period, and refilling(diastole) of the 

ventricle begins. Thus, the heart is an intermittent pump which 

releases blood to the arterial system at a frequency of 70 to 80 

cycles per minute. The blood ejected into the ascending and thoracic 



aorta is in the condition of pulsatic flow rate and ·pressure. 

If the heart released such flow into a relatively stiff vessel 

the benefits of the high velocity pulsatile flow would be dimin­

ished in terms of forcing the blood efficiently into the smaller 

arteries of the body. Thus, the ascending and thoracic aorta is 

a flexible tube which due to its low and varying longitudinal 

elasticity characteristics aids in the transmission of the pressure 

wave thru the arterial system in a most efficient manner. 

Discussed in the following paragraphs is information 

pertaining to the rheology of blood flow thru the large vessels. 

While the basic purpose of the thesis concerns itself with the 

thoracic or descending region of the steer aorta, the information 

is applicable to all large blood vessels in general. The basic 

characteristics of such blood vessels are that they display 

non-linear passive and non-linear viscoelastic material properties 

under the influence of in-vivo environmental loadings. This thesis 

concerns itself with obtaining lO'lowledge relative to the in-vitro 

passive properties of the aorta tissue, i.e.: constitutive equa­

tions of the material under the influence of steady state or near 

steady state loading, and the behavior of the in-vivo vessel under 

the condition of pulsatile loading. 

Material Composition 

Like most biological tissues, the blood vessel tissue is 

composed of a complex parallel assembly of collagen fibers wound 

loosely arou..~d the less stiff ela.stin fibers which lay within a 

gelatinous matrix of smooth muscle tissue having high liquid 
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content. Further complicating the physical properties of the 

composite material is the fact that both the directional 

arrangement and the relative quantities of the collagen and elastin 

constituents vary with longitudinal position along the length of 

the vessel. This is particularly true for the ascending and 

6 

thoracic regions. Thus, while the tissue material can be con­

sidered as being homogeneous at a given location, or for a particle, 

it is non-homogeneous over a short distance of its length. 

Bergel9 summarizes the elastic modulus(E) of the arterial 

wall constituents as being: 

collagen 

elastin 

smooth muscle 

100-1000 

5-10 . 

0.1-2.5 

2 6 (dynes/cm X 10) 

" 
" 

As we shall see in Chapter III the wide range in the 

elastic moduli of the fibers(as indicated above), the relative 

size of the fiber diameters, and the fact that the collagen fibers 

are initially loose(not taut relative to the smaller diameter 

elastin fibers) all contribute to the non-linearity displayed in 

the material stress-strain relationship. Thus, the mat erial dis­

plays non-Hookean response, i.e.: stress is not linearly related 

to strain through a proportionality constant called the modulus of 

elastici ty(E), or: er ~ E £. This same characteristic can also 

be found in such engineering materials as rubber(natural and 

synthetic) and most soft polymers. 



Physiologic Lo ading and Geometry 

The blood vessels can be considered to be hollow tubes 

transmitting flow under constant or pulsatile pressure(p) causing 

diametri cal or tangential deformation and wall stresses. They 

are also subjected to a longitudinal tethering force(F). Figure 1 

shows the loading of an arterial segment, its geometry, and the 

principal stress element of the wall material. The sign con­

vention for positive forces, stresses, and directions is shown. 

r 

Figure 1 - Loading and Geometry of an 
_Arterial Segment 

Pressure Loading - The internal pressure of the blood for 

normal, healthy animals in the thoracic aorta locale is pulsatile 

having a mean pressure of approximately 150 to 160 cm H2o and a 

pulse pressure variation ranging from 20 to 40 cm H2o in magnitude. 

Dukes
1 

states that t he normal resting s t eer aorta pressures are 

approximately 143, 156, and 169 cm H2o for the minimum, mean, a.nd 

maximum pressure values. Values of 140, 155, and 170 cm H
2
o will 
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be used in the following chapters. Under the abnormal physiologic 

conditions of hypertension and hypertrophy the above values of 

pressure would not be valid. The fluid pressure acting on an 

element of the tissue produces radial ( <r r) and tangential (a-8 ) 

stresses within the material. Thus, deformations of the wall 

material are principally radial and circumferential in nature. 

Longitudinal Loading - When a blood vessel is excised 

during in-vivo experiments the vessel is found to contract a sig­

nificant amount causing the cut edges to become separated from 

each other. This indicates that in the natural state(in-vivo) 

8 

the vessel is under the influence of an approximately constant state 

of tension strain caused by a longitudinal force. This longitud­

inal state of loading is called longitudinal tethering, or 

tethering, and is typical for all blood vessels due to their uniform 

diametrical attachment to the surrounding perivascular tissues. 

2 The findings of several investigators, noted by Fung, indicate a 

percent contraction of the excised vessel ranging from 25-34% for 

both dog and man. · Thus, the in-vivo stretch or extension ratio of 

the vessel is approximately /" z = 1.30 under normal steady state 

conditions. The longitudinal extension ratio is defined as follows: 

in-vivo len h stressed 
= -----------------------in - vitro length unstressed 

L 
= L 

0 

Patel and FrylO carried out experiments(static and dynamic) 

both in-vivo and in-vitro which studied the properties of longi­

tudinal tethering of the dog aorta under the physiologic influence 

of both steady state and pulsatile pressures. Their findings show 

that for normal physiologic pulsatile pressure loading, the static 



and dynamic properties are essentially linear and approximately 

constant due to the small cyclic strains caused by the internal 

fluid friction forces and the viscous nature of the perivascular 

inertia forces. The characteristics of tethering could be mathe­

matically modeled using a spring-mass-damper system which verified 

that the static and dynamic modulus of the wall tissue is linear 

with only a small phase angle{~ 10°) lag in the 1 to 10 Hertz 

range. The linearity of the tissue properties in the longitudinal 

direction was again verified by Patel, et al. 11 , in their in­

vestigations which were conducted to verify the 11inoremental 

3 theory", reference Bergel. 

Since this investigation is concerned with the in-vitro 

simulation of in-vivo loading of the aorta material the tethering 

force{F) was simulated by applying constant longitudinal extension 

(strain) ratios of 

specimens. 

/" = 1.25, 1.30, and 1.35 to the biaxial test z 

Elastic Symmetry 

Due to the nature of the material constituents of the 

aortic blood vessel wall, previously described, the question was 

raised as to whether there exists significant internal shear 

stresses within the tissue and thus whether the geometric axes 

(r, e , z) could be considered to be the principal stress-strain 

a.xis for the material under the physiologic loading of internal 

pressure and tethering force. The significant variation of the 

material constituents relative to site location along the aorta 

9 



tree, at first glance, would indicate that the directional or 

orthotropic properties would result in significant shear strains 

10 

and thus the principal strain axis would not coincide with the 

geometric or loading axis. For this purpose Patel and Fry12 

conducted ingenuous tests using long segments of the descending 

aorta, abdominal aorta, and of the common carotid artery under 

physiologic ranges of pressure and simulated tethering forces. The 

tests consisted of measuring curcumferential and longitudinal strains 

including shear strains(angle of rotation) in the longitudinal­

circumferential and the radial-circumferential directions under 

conditions of varying pressure and longitudinal forces. Their re­

sults show that under normal physiologic loading(p, 180 cm H2o) 

the shear strains are not zero in ID8.a"'?litude, but are definitely an 

order of magnitude less than the circumferential and longitudinal 

strains. They conclude that blood vessels can be considered to be 

cylindrically orthotropic tubes having elastic symmetry about the 

planes perpendicular to the r, e , and z directions. Thus, the 

principal stresses and directions, as shown in Figure 1, are 

applicable and represent the only significant stresses which act 

within the vessel wall material. Thus, elastic symmetry will be 

assumed in this work. 

The -significance of these findings is that torsional de­

formation of the interior(lumen) surface is minimal, wall surface 

and wall nutrition is not compromised, and that geometric torsional 

disfiguration and fluid friction forces are minimal at conduit 

geometrys such as bifurcations and small artery branches found a t 



various locations along the length of the major blood vessels. 

Vessel Wall Thinness 

While the longitudinal stress, (J , is a function of the· z 

wall radius and thickness, calculation of the tangential wall 

stress, Cfe , requires that the vessel wall be classified as being 

either a thin or thick wall cylinder. Berge1
9 

and Learoyd13 report 

that the physiologic in-vivo ratio of mid-wall radius to wall 

thickness(rjh) ranges from approximately 7.1 to 16.6 for the 

thoracic aorta of man and dog. Thus, the aorta wall can be classi­

f i ed as "thin wall" meaning that the tangential and longitudinal 

stress distributions across its thickness are approximately con­

stant. Thie assumption will be used in subsequent chapters but 

when necessary it will be corrected for any significant deviation 

from the thin wall theory which is applicable for ratios of 

r /h ~ 10. 
m 

Incompressibility 

It is generally recognized that rubberlike materials, 
. 4 

Treloar, which are capable of sustaining large and non-linear 

deformations(as large as l0P to 600% elongation) exhibit a very low 

degree of compressibility. This is contrary to most engineering 

materials, ferrous and non-ferrous, which exhibit the property of 

being a compressible material within their elastic range. Prior 

to 1968 extensive experimental investigations of biological 

materials left the ~uestion of incompressibility in a state of 

11 



confusion. Carew14 conducted extensive tests along the aortic 

tree, pulmonary artery, and the common carotid artery and con­

cluded that "for most practical purposes arteries may be considered 

incompressible." The findings of Carew essentially settled the 

question and have since been recognized as being conclusive. 

Thus, the aorta wall material will be considered to have infinite 

resistance to material volume change under a state of deformation. 

This means that for a cube of material having sides of unit length 

in the undeformed condition that in the deformed condition the 

product of its three principal stretch ratios, or lengths, will be 

equal to unity. This will subsequently be shown below and in 

Figure 2. The condition of material incompressibility simplifies 

theoretical and experimental work whether we classify strain in the 

biological engineering sense as extension ratios(t ), or as per 

large deformation theory(£ ) • 

Wall Stress E~uations 

If a longitudinal plane containing the z and r-axis is 

passed thru the arterial segment of Figure 1 and a free body 

diagram of the cut thin wall segment is drawn we obtain from equil­

ibrium considerations the relationship for the true tangential wall 

stress, <r0 , as being 

12 

' 
2 

gm/cm (1) 
where: p = internal pressure, cm H2o. 

r 
m 

h 

= 
= 

mid-wall radius in the stressed condition, c~. 

wall thickness in th~ stressed condition, cm. 
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Equation (1) represents the true tangential wall stress based 

on the deformed geometry of the blood vessel wall. 

Similarly, by passing a vertical plane through the segment 

containing the e and r-axis we obtain the relationship for longi tu­

dinal wall stress, Cf", as: 
z 

(J = F/2 TT r h 
z m 

2 gm/cm 

where: F = longitudinal force, grams 

for an open vessel with an applied tethering force, or: 

<r = F /2 11 r h + pr /2h 
z m m 

(2) 

(3) 

for a closed end vessel with an applied tethering force,as is usually 

required in the testing of vessel segments in-vitro. Equation (2) re­

presents the in-vivo state of longitudinal stress. 

The radial stress is simply defined as 

(j = -p/2 
r (4) 

which is simply the average pressure acting on the inner and outer 

wall of the thin wall vessel. Normally the value of 0- is of the mag­
r 

nitude of 70 to 90 gm/cm
2 

which is an order of magnitude less than that 

of 0-e and (j which normally exceeds 1000 gm/cm2 in the physiologic 
z 

state. Thus, 0- is normally assumed to be negligible and is deleted for 
r 

analytical simplification purposes. For biaxial testing, Chapter V, a 

plane stress condition exists such that °a, er z > 0 and cr- r = 0. 

It is important to point out at this time that equations 

(1) through (3) represent true stresses based on the deformed geo­

metry of the blood vessel under the influence of longitudinal and 



pressure loading. This is pertinent because the deformations of the 

aorta wall material during in-vivo loading are not linear or infin­

tesimal in magnitude. Instead, the material response to loading is 

nonlinear and the deformations are finite and significant. Thus, 

principal stresses based on the original, or unstressed geometry, 

are both misleading and inaccurate. Use of unstressed dimensions, 

designated by the subscript 11
0

11
, will be used, but will be corrected 

to the deformed state in all cases. 

Definitions of Strain 

Strain is the measure of deformation of a material relative to 

14 

some reference dimension such as initial length, volume, or angle. As 

such, there is . no unique measure of strain. Three different measures 

of strain are the Cauchy measure, Kirchoff measure, and Hencky measure, 

each of which have its merits. 

Figure 2a shows an initially undeformed prismatic element 

having edge lengths as defined and orientated in the directions of 

the principal axes, z, e , and r. This element is deformed (due to 

loading in the principal directions) into a prismatic element having 

edge lengths of L , L 8 , and L and is in the state of zero shear de-
z r 

formation, Figure 2b. 
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Y' r 

( a.) ( b) 

Figure 2 - Prismatic Strain Element 

Assuming that the strain is infinitesimal, the strain or . 
elongat i on per unit of original length in the nth direction is: 

~ 
L~- LOO\ = Ll-1 - I = EY\ LOV\ Lo., 

~ -1 
(5) 

where: n = z, e 
' 

r principal directions 

This measu r e of strain is called the Cauchy measure and 

is used for conditions of linear and infinitesimal deformations ex­

per ienced by most engineering materials including biological 

materials such as cardiac and skeletal muscle where deformations 

are usually limited to 3 to 5% of muscle length. Equation (5) is 

often referred to as "engineering" or "conventional" strain. 

The ratio of the deformed length to the original or un­

stressed length in the direction n of loading or deformation 

L /L n on 

is commonly refer1"ed t th xt · t · _ a as e e ens1on ra.10. This measure of 

{6) 



strain is generalized for finite deformations and is most often 

used for the measure of strain or deformation of biological tissues 

such as skin, smooth muscle, a.nd blood vessels where the deform­

ations are usually large a.nd non-linear in nature. A more 

practical reason for its common usage is that biological material 

deformations such as chane e in diameter or change i n length can 

usually be measured either mechanically or electro-mechanically 

with relative ease in the in-vivo and in-vitro states. Thus, 

equation {6) will be used hereafter as a unit of measure of strain 

of the aorta wall tissue during axial a.nd biaxial s pecimen testing. 

Applying equation {6), the extension ratios for the 

principal stress element of Figure !{arterial segment) in the three 

principal directions of element loading can be defined as: 

16 

/' z = L/L 

le = c/c 

/' r = h/h 

0 

= 4/d
0 0 

0 

= r /r m o 

{7a) 

(7b) 

{7c) 

where: Land L, c and c, d and d, r and r, hand h o o o m o o 
are defined as the stressed and unstressed length, 

circumference, diameter, radius, and wall thickness 

of the blood vessel or test specimen. 

Note that the stretch ratios exceed the corresponding 

convent i onal or Cauchy strains by unity, i.e. /" = E + l, and 
n n 

that: 

a) for t he unstressed condition - ?- = 1.0 E.n n ' = 

b) for t ensile loading or strain - t > 1.0 En > ' n 

0 

0 

c) for compressive loading or strain - r < l,~ 0 E ~o n ' n 

From the definition of incompressibility given on page 12 
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we can state mathematically that: 

f-z le t'r = l.O (8) 

The significance of the "Incompressibility Equation", 

equation (8), is that if any two values of the extension rat i o or 

the strain are known the third value can be conveniently determined. 

In the case of blood vessels the change in both length and diameter 

can be measured but the accurate measurement of wall thickness is 

almost an impossibility both for in-vivo and in-vitro situations. 

Thus, the incompressibility equation facili ta+.es the determination 

of?- or wall thickness values in both experimental and t heoretical 
r 

analysis. 

As we shall see in the following chapters the material 

stress-extension( er vs }. ) curves for both the axial and biaxial n n 

loading conditions are highly non-linear in character and the 

physiologic strains exceed /- n > 1. 20. Such curves show an approx­

imately initial linear region followed by a gradual and f i nally a 

sharp ex-ponential relationship of true stress vs strain. For such 

highly non-linear elastic mat erials which also dis play viscoelastic 

properties the development of a non-linear theory advance by Rivlin6 

and Vaishnav18 proposes the use of the Kirchhoff measure of strain 

defined as: 

C n = ½( ');,l - 1) 

which is often refe~red to as the Green-St. Venant strain. This 

measure of strain has the distinct advantage of considering non-

linearity of the material and has the tendency to linearize the 

stress-strai n e~uations and thus facilitate ease of calculation. 

(9) 



Equation (9) will be used extensively in this study of the thoracic 

aorta wall material properties. 

A comparison of equation (5), linear theory, and equa­

tion (9), non-linear theory, is shown in Figure 3 which also 

includes the sometimes used Hencky or Natural strain measure de-

fined as: 
Li,, 

-, 

18 

c~ = S _& 
L L"" 

(10) 
0 

Note that all three measures of strain are identical when the 

stretch ratio is equal to unity(unstressed), i.e. £ = E. n n = 

-, ')._ 
En= 0 at 1~n = 1.0. 
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CHAPTER III 

AXIAL SPECIMEN TESTING 

Introduction 

The purpose of the axial specimen testing was not to define the 

stress-strain ( Cf vs /-) relations but rather to depict the general ma­

terial behavior and characterization at each of the three selected thoracic 

aorta sites (Figure 4). This information was then compared with that ob­

served from the biaxial test program (Chapter VI). Then it was related to 

the physiologic predictions (Chapter VII) for the in-vivo aorta blood ves-

sel which were derived from the two-dimensional stress-strain constitutive 

equations. 

Thoracic Aorta Specimen-Location and Data 

Figure 4 describes the ascending · and descending aorta blood ves­

sel geometry and the configuration of the axial and biaxial test speci­

mens used in this study. A total of seventeen steer aorta specimens were 

obtained and each was tested at the three longitudinal locations shown. 

The proximal thoracic specimen was removed at location Z = 5 cm, the mid 

thoracic specimen at Z = 12 cm, and the distal thoracic specimen at a dis­

tance of Z = 20 cm from the distal locale of the ascending aorta. Of the 

seventeen animal specimens, three were used for tangential and longitudinal 

uniaxial tests at each site and the remaining fourteen were used for the 

biaxial testing at each site (Chapter V). The symbolic nomenclature for 

both test • specimens is also shown for both the load and extension 



Aortic 
Valve 

Thoracic 
Aorta 

(/ fl v ; ~ ~scending Aorta 

'-' '-- / 

l_:1'2.. 

t" '2.o -~ 

. e 

h 

Longitudinal Axial 
Specimen 

Tangential Axial 
Specimen 

Biaxial Specimen 

\-- \...o 

(a) - Axial Specimen 

(b) - Biaxial Specimen 

Figure 4 Steer Thoracic Aorta-in-vitro: 
Specimen Site Location, Aorta Geometry, 
and Nomenclature 
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directions, and the unstressed specimen dimensions of length-width­

thickness. 

The healthy steers, ranging in weight from 940 to 1204 pounds 

(1058 avgj, were sacrificed, the aorta removed and stripped of the ma­

jority of the ex terior tethering _tissue, and then cut longitudinally 

along its length so that the specimens could be removed and prepared for 

22 

testing. At each specimen site the unstressed vessel circumference and 

t he average unstressed wall thickness of the blood vessel was determined 

so that the information could be used in the subsequent testing and analy ­

sis. A surmnary table of animal weight and aorta dimensions is given in 

Table 1. Figure 5 is a graph showing the variation of unstressed circum­

ference, c , and wall thickness, h , along the length of the thoracic 
0 0 

aorta vessel. 

All specimens were maintained in a fresho.9% saline (buffered) 

solution environment (pH of 7.2) during both specimen preparation and 

testing either by direct innne~sion or by keeping the tissue moist by ap­

plication of the fluid. In all cases the specimens were tested within a 

maximum period of four hours after animal sacrifice and all physical di­

mensions were obtained prior to any load testing. The saline solution 

and d . . d f 75° 80°F. room temperature uring testing range rom to 

After the specimens were removed from the blood vessel the remain­

ing tethering material attached to the outside surface was removed by 

snipping with scissors. An attempt was made to measure vessel wall thick­

ness (specimen thickness), h , using hand calipers, but it was found that 
0 

under slight variations of surface pressure the variation in thickness 

readings at any one location on the specimens was wide ranging and yielded 

a measurement variation of approximately± 17%. The high liquid content 



TABLE 1 - Animal Data & Aorta Specimen Thickness and 
Circumference (unstressed-in-vitro) 
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5PccwtAN AN\MAL TH\C.K\'ltSS- ho (cm) C ,Rc.UMP"ER-cN<.E- cc (<..-n) 

Na. Wl:'l6HT ~ =-5 t:_-::. '1. l; 20 -l:-=- 5 I.~tz. t:.-: 2. 0 
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5 9 4a .55 ·41 . 2.1. 'J.5 /o.5 5 .. q 
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1 q 94 .5 z. .3q . Z.4 '1.1 ".1. 5.3 

& 8/14 -~B . .)ti •2.0 1 .3 6 . ., . '- s.2 
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\0 qq 1. .54 ·41 -14 1.3 b.l 5.5 
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13 \ l Sa - - - - - -
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IS ibo ·Sb .q~ -lo :1.2 b-o S.o 

l6 \lo4 - - - - - ·-
\1 1180 0-S'q 0•40 O,\b '1:1 b.4 5,-g 

N \ ., ~ '-I l3 \3 \4 \~ 13 
M~J\N ~o56 C.54 o.31 o. 2.1 'l.3 b-1 s.s 
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and the extreme softness of the tissue dictated that a gravimetric method 

be used. Thus, after measuring the length and width of the specimen the 

specimens were then weighed in both air (after light blotting of the tis­

sue) and in saline solution, the tissue volume calculated, and the wall 

thickness was then determined. The accuracy by this method was assessed 

to be within± 4%. Until a set standard procedure for the determination 

of wall thickness is established, and used by all investigators, the use 

of the gravimetric method is highly recommended. 

Testing 

Three tangential and three longitudinal specimens (Figure 4) were 

obtained from each of three animal specimens (animal no's. 4, 13, and 16) 

for a total of eighteen axial test specimens. 

The tangential and longitudinal specimen geometry of width, thick­

ness, and length (gage length between tensile machine grips) is shown in 

Figure 4a. Specimen unstressed width, w, varied from 0.50 to 0.85 cm and 
0 

test gage length, L, varied from 2.5 to 3.4 cm with an approximate ad­
o 

ditional length of from 1.0 to 1.5 cm contained within the loading machine 

grips. In all cases, a minimum ratio of L /W of 3.0 was maintained so as 
0 0 

to minimize the effects of grip compression. Specimen thicknesses are given 

in Table 1. 

Like all biological tissue the aorta material displays visco­

elastic characteristics, i.e., its stress-strain properties are time and 

strain rate dependent. Thus, each specimen was preconditioned and tested 

at a strain rate of 2 cm pe~ minute. The investigations of references 2, 11, 

12 , 16, and 17 · · 1 h h h ff f . . using aorta materia sow tat tee ect o increasing 

•train rate is to cause increases in the true stress, and modulus of elas­

ticity, and that the viscoelastic effect is generally most significant at 
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extension ratios greater than 1.50 where the collagen fibers become most 

effective and cause the so-called "knee" of the <f" vs /' 

of 2 cm/minute is recommended as a reasonable value. 

curves. A value 

Most investigators recommend, but do not specifically define, a 

preconditioning of test specimens consisting of three cycles of loading 

prior to the conducting of the axial tests. The purpose of the precon­

ditioning is to achieve an approximate state of equilibrium for the tis­

sue prior to the conducting of the axial load tests. Preliminary testing 

of several specimens indicated that the following procedure should be used 

prior to axial load testing. 

Tangential specimens - 3 cycles of loading to 

2 minutes relaxation at 

Static test to 

Longitudinal specimens-4 cycles of loading to 

2 minutes relaxation at 

Static test to 

~= 

I" = z 

r"l = 

1.70 

1.00 

2.00 

1.70 

1.00 

2.00 

While the above preconditioning and test sequence cannot claim to 

be infallible, due to the very nature of the material, it did yield re­

peatable results on those specimens which were used to develop the pro­

cedure. The hysteresis of the axial test specimens was minimized as evi­

denced by the fact that all specimens showed a permanent deformation of 

less than 0.04 L (maximum value recorded) after two minutes following 
0 

the static test. 

The test equipment consisted of the following equipment: 

U™- II Tensilon test machine 
load cells - 1000 and 2000 grams 
strain rate - 2 cm/minute 

SS - 105D - 13 - UTI1 Recorder 
paper speed - 10 cm/minute 

Vernier calipers - measurement of specimen gage length, L. 
0 
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True Stress 

For uni-axial loading, the extension ratio, "" in the direc-t n, 

tion of loading is greater than unity and from the incompressibility equa­

tion, equation (8), the extension (contraction) ratio in the two mutually 

perpendicular unloaded directions is 

rJ.. = 'I~ (11) 

Thus, the true stress, measured in terms of the deformed geometry, 

as a function of the initial or unstressed geometry is: 

(fn = p /r;;.T r. ) (h r.1. )7 = cP I A ) 
n l"o - o ~ n o r n 

or (f = (Pe /Ao) l"e and 0- .,. (J = 0 (12) 
e z r 

or 0-z = (P /A) ?- and ere= (f = 0 
Z 0 z r 

where: A unstressed cross-sectional w h , 2 
= area = cm 

0 0 0 



Test Results and Discussion 

The test results in the form of stress-extension ratio graphs 

are given in Figures 6 thru 11 (pages 29 thru 34) and are discussed in 

the following paragraphs. 

28 

Figure 6 - Figure 6 gives an approximate overall view of the 

longitudinal and tangential stress-strain ( CJ" vs 7- ) curves at each of 

the three longitudinal aorta locations using animal specimen No. 16, live 

weight= 1204 pounds. Of special interest is the close similarity of each 

of the (i"_r diagramsfor the loading in the . two mutually perpendicular di-

rections at each of the three specimen aorta locations. This similarity, 

but distinct difference, in the shape of the Cf0 and a--! curves con­

firms the anisotropic nature of the aorta material. If the material were 

isotropic Gg and a- , would be identical, i.e., no directional material 
z 

variation of stress vs strain. Also, the direct similarity of the low ini­

tial slope of the curves followed by an increasing slope for not only each 

loading direction at a particular site, but at each of the stress site lo­

cations tested, indicates that the material exhibits orthotropic symmetry 

with respect to the two principal directions of loading. Thus, as was 

discussed in Chapter II, the aorta tissue displays both ansiotropic and 

orthotropic behavior due to both fiber directional orientation and the 

varying relative quantities of its elastin and collagen fibers longitudi­

nally along the thoracic tree. The progressive change in the shape of the 

(j vs /' curves from the upper to the lower site shows evidence of 

the increasing collagen fiber content which causes increasing stiffness 

(or elasticity) as we progress along the thoracic tree to the abdominal 

aorta locale. Th · b · h b £ · d b . . 2 , 11 , 12 , 1 7 is o servation as een con irme y many invesigators 

U81ng axial test specimens, or arterial segments, and will also be dis-
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played in the biaxial test program discussed in Chapter VI. 

Figures 7 and 8 - These figures more accurately depict the varia-

tion of CJ'e and 0- vs ?- relative to site location. 
z 

Typical for 

both loading directions is the very low initial tangent modulus of elas­

ticity, defined as E = d er /cl'} , or the slope of the Cf - 7- curve at a 

given point of stress or strain. The modulus of elasticity increases as 

we progress along the aorta longitudinally. In the tangential direction, 

Figure 7, the true stress and elasticity of the material increases slowly 

with strain at the upper and middle sites but increases rapidly at the lo­

wer site where at ?-0 ~ 1.55 the stress is increasing linearly, or the 

modulus of elasticity is maximum and approximately constant. The longitu-

dinal direction loading, uz vs 7'- , curves of Figure 8 show the same .z 

charac t eristics but the "knee" of the curves is more pronounced at each 

site and generally occurs at "'>.. = 1.35 to 1.45 which is slightly above / z 

the normally considered physiologic range of 1.25 to 1.34 noted in Chapter 

II. 

If we assume a normal physiologic range of 1.20 to 1.40 for both 

loading directions, one can generally conclude that the vessel wall stress 

2 ranges from 500 to 2000 grams/cm at the lower site and from 500 to 1000 

2 
grams/cm at higher locations. The condition of increased blood pressure 

caused by various forms of hypertrophy would cause moderate increases in 

the tangential stress at the upper and middle sites and very significant 

increases in stress at the lower site due to the pronounced "knee" of the 

curve at this location. This assumes that the wall material constituents 

•re unaltered 1.·n quant1.·ty, or1.·entat1.·on, f·b 1 t· ·t d t th or 1. ere as 1.c1. y, ue o e 

Physiologic abnormal condition. 
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Figures 6 thru 8 demonstrate the nonlinear material response to 

deformation and its increased resistance (stiffness) relative to increas­

ing deformation. The stress-strain curves further show the trend of ex­

ponential characterization which is contrary to the linear or power curve 

characterization which sometimes is used to simulate the stress-strain re-

sponse of most engineering materials. 

Figures 9 thru 11 - These graphs show the animal-to-animal tan­

gential and longitudinal variation of the mechanical properties at each 

site for animals No. 4, 13, and 16 having live weights of 1020, 1150, and 

1204 pounds, respectively. Some of this variation can be attributed to 

age, if one assumes that animal age is directly related to weight. Also, 

some variation could be attributed to specimen pre-conditioning which in 

itself does not necessarily reflect that a definite equilibrium state has 

been achieved by the wall tissue. At values of ·~ and 1.40 

only moderate variation in stress is evident at each location and thus age 

and preconditioning are not necessarily significant factors. However, at 

increasing values of strain, 0- > 1.40, the variation in material pro­/ n 

perties ( cr- and E) is dramatic due again to the exponential "knee" of 

the stress-strain curves. As an example, at ~e = I'" = 1. 60, the varia­
z 

tion in stress ranges from a 200 to 400% variation with magnitudes ranging 

from 1000 to 10,000 grams/cm2 • With such high magnitudes of stress and 

possible variations of wall material stress, one can only hope, for the 

sake of tissue life, that the physiologic in-vivo range of strain is be-

1°"7 '\.. 
I~= 1.60. As we shall see in Chapter VII, this is fortunately the 

case for the condition of normal pulsatile flow in healthy animals. 



CHAPTER IV 

DETERMINATION OF THE TANGENTIAL EXTENSION RATIOS FOR 

IN-VIVO SIMULATION - BIAXIAL TESTING 

Introduction 
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As stated in Chapter I, the purpose of this work is to determine 

the two-dimensional (plane stress) constitutive equations for the thoracic 

aorta material at three longitudinal locations along its length based on 

the results of in-vitro biaxial tests. From such experimental findings, 

the state of wall stress and the deformation of the blood vessel in-vivo 

can be then approximated without the need of conducting in-vivo experi­

ments. The question posed for the biaxial test program is essentially: 

''What va lues and combinations of values of the principal extension ra­

tios, r z and t
8

, should be used in the conducting of such a test program 

so that the in-vivo deformation of the tissue is reasonably approximated?" 

Obviously , values of ~z and ~e ranging from 1.10 to 2.00 could be used 

and that a near infinite combination of these values would yield a comp­

lete (but not necessarily efficient) description of the stress-strain 

characterization of the material. To minimize the number of test specimens 

to the value of nine normally used for statistical reasonsJand especially 

to minimize the critical testing time for each specimen, a method must be 

developed which yields both an efficient test program (cost and time-wise) 

• nd representative of in-vivo simulation. 

In Chapter II, the findings of other investigators were discussed 

regarding the 1.· · 1 · d · 1 f 1 d · d f . I n-v1.vo ong1.tu 1.na state o oa 1.ng or e ormat1.on. t 



was concluded that~ values of 1.25, 1.30, and 1.35 should be used in 
z 
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the biaxial test program and would be representative of the in-vivo tether-

ing state. Thus, one part of the question posed has been answered. 

In Chapter III, axial test results and discussion, it was obser-

ved that the stress-strain characterization of the material is approxi­

mately exponential in form. Thus, the material strain energy function 

must also be exponential and will be a function of the strains or the 

strain tensor invariants. A strain energy function (W) will be deter­

mined, assuming that t = 1.30. This function represents a first ap-
z 

proximation of the aorta material tangential properties at each of the 

three aorta sites. It will be based on the tangential stress-strain pro­

perti e s presented in Figures 9 thru 11 of Chapter III. After having de­

termined the form of W, and the applicable coefficients for the material, 

this information can then be substituted into the three dimensional stress 

equations and then be equated with the in-vivo principal stress equations 

of Chapter II. This will yield an approximation of the values for the 

tangential extension ratios applicable to the in-vivo pulsatile flow pres­

sures of 140, 155, and 170 cm H
2
o, reference Chapter II. Accordingly, the 

biaxial testing at each site can be reduced to fewer~ values (and com­

binations oft and}9 ) which approximate the in-vivo states. After the 
z 

completion of the biaxial and the subsequent physiologic analysis, based 

on the biaxial test results, a check will be made to see if the above de­

scribed method has been satisfactory at each aorta site. 

The method outlined above and developed in the following para­

graphs is based on the experimental and theoretical work of Rivlin19 and 

Treloar4 k wor ing with natural and synthetic rubber. Such material also 

displays f' inite nonlinear deformation and the exponential stress-strain 
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characteristics similar to that of biological materials. However, while 

rubber can also be assumed to be incompressible, its directional proper­

ties in the unstressed and stressed state are isotropic. The stress 

equations (axial and biaxial) used below are based on the Statistical and 

Kinetic Theory of Large Deformations as developed by Rivlin and are used 

f or the aorta• material which is anisotropic. It is for this reason that 

the method used is an approximation. 

Determination of the Strain Energy Coefficients 

For an elastic and initially isotropic material, the strain energy 

function (W) is a unique function of the state of strain and is defined as 

the amount of stored energy per unit volume. The values of the three 

principal extension ratios, } z' )
9

, / r' specify the state of strain 

(shear strains are assumed negligible) and for an incompressible material 

(volume constancy): 

(10) 

which also implies that Wis a function of the strain tensor invariants 

defined as: 

i' I. l '1'1 
11 = + fe + z r 

(lla) 

12 = /'7. /-1.. + ":I. 2 /' 7.. + -,..1.,1 
z 6 1e r r z (llb) 

13 = /'1. }_l)'_ t= l.O 
z e r (llc) 

Note that equation (10) implies that only two of the three exten­

lion rati'os are . d in ependent by virtue of volume constancy and that equa-

tlons (lla) and (llb) 3 i. ~ are equal to .Oat zero stress state, i.e., rz = 'e = 

}r • l.O, and that the value of I 
3 

is constant for an incompressible ma-

rial based on equation (10). Thus, the strain energy function is a 
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function of the invarients r
1 

and r
2 

only. 
2 

Fung suggests the use of a 

polynomial or exponential form for Wand tests on aorta tissue conducted 

Sh l 7 · d · h · 1 1 . 1 f b d f by arma 1n 1cates tat an exponent1a -po ynom1a orm can e use or 

the aorta material in the form of 

which can be further simplified to 

W = Aem(Il - 3) 

since at low to moderate values oft (=1.50) the coefficients c2 and n 

(12) 

17 n 
(Sharma ) make the term c2(r2-3) small in magnitude. Thus, equation (12) 

will be used to approximate the form of the strain energy function for the 

non-isotropic material. The coefficients A and m remain to be determined. 

From Rivlin
19 

and Treloar
4

, the principal stress for uni-axial 

loading in the tangential direction can be expressed as 

a-e = 2 < r-e/ - I [~+~JW] 
~) JI 1 i"s:JI1. 

which, using equation (12), can be reduced to 

2( /' ,. _ _!_) Jw 
e r;. dii 

id 
")..l. 1 m (1

1
-3) 

= 2 ( I e - ]':, ) Ame 
e 

(13) 

Taking the logarithm of equation (13) and rearranging, we obtain: 

Log 

Thus, using 

cr: l : = Log(Am) + m(I1 -3) Log 
l t -Y~) . 

f = 1.30 and the tangential axial 
z 

(14) 

stress-strain data* 

of Chapter III (Figures 9 thru 11) a graph of equ~tion (14) can be plotted 

(on semi-log paper) of the left side of equation (14) vs (11-3). The in­

tercept and slope of the resulting curves at each aorta location can be 

f 7<Actual testing was conducted to '7s = 2.0. Data was plotted for the 
Ull range and to larger scale for improved accuracy. 
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determined so that the coefficients A and mat each site can be calculated. 

The values of the coefficients fer use in equations (12) and (13) are 

listed below. 

UPPER MIDDLE LOWER 
(Z = 5 cm) (Z = 12 cm) (Z = 20 cm) 

A 380 250 240 gm/cm 
2 

= 

m = O.45 0 .92 1.50 non-dimensional 

Calculation of fa values 

Having determined the values of A and m for the strain energy func­

tion , the approx imate in-vivo tangential ex tension ratios can be determined 

at each thoracic site for the biaxial or plane stress condition of loading 

at t he physiologic blood pressures of P = 140, 155, and 170 cm H
2

0 under 

the influence of a longitudinal strain of/" = 1.30. 
z 

Using the three-dimensional stress-strain equations derived by 

4 Rivl in and in Treloar (page 156) which are based on their theory of large 

deformat ions (incompressible - isotropic material) the equations reduce to 

2 I ) dW 
= 2( 0 - ">._"l. ·u -,I 

I~ 11: d I 

er = 
z 

( t-2 1 )dw 
2 t: - ':\,-.. .. 1. dT 

Q ri ·-I 

for the plane stress case where (J ' = O. Using equation (12), we obtain 
r 

(15a) 

(f = 
z 

(15b) 

where A and h b d t · d b d I · d f · d b t. m ave een e ermine a ave an 
1 

is e ine y equa ion 

(lla). 

Since the in-vivo tethering or longitudinal extension ratio is 

•••umed to be equal to 1.30, equation (15a) can be solved for the corres-

Pond1ng values of ). by · h. · · · · · f le equating tis equation to the in-vivo equation or 
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the tangential stress (0-6 )) equation (1) repeated below: 

(1) 

This equation presents a problem since the in-vivo (physiologic) values 

of the midwall radius (r) and wall thickness (h) are unknown. This 
m 

s ituation can be rectified by expressing r and has functions of the un­
m 

st ressed values r and h, respectively, (known from Table 1) using equa-
o 0 

1' ?. ~ t ions (7b) and (7c), and by expressing 1· as a function of / andAusing 
r z 

t he incompressibility equation, equation (8). Thus, equation (1) reduces 

t o: 

Equat ing equation (15a) and (16) gives: 

(pr /h ) /' ): 2 
= 2Am( 1g2 - ,~.._.1.)em(Il-3) 

O O Z 9 18 Ii, 

Using equation (lla) and recognizing that 

)._2 = 1/ /' 1. I', 7-
/ r z G 

from equation (10 ) , the strain invarient r
1 

can be expressed as 

I = /'2 + } 2 + 1/ f 2 /' 2 
1 e z e z 

which upon substituting r-_ = 1.30 reduces to 
z 

Yields: 

Substituting/' = 1.30 and equation (18) into equation (17) 
z 

(16) 

(17) 

(18) 

l.3(pr
0

/h
0

) ~ 2 
= 2Am ( ~

2 
- .592/ 7'6 

2
)Exp [m( ~

2 + .592/ i)./ - l.31~ 

8nd upon div i ding both sides of the equation by (2Am t,} ) simplifies the 

equation t o : 

(1 - .592/ ~ 4)Exp [ m( }
8 

2 + .592/ i;} - 1.31)] = (.65/Am)(pr /h) 
0 0 

(i9) 
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Using the in-vitro aorta site values of r and h given in Table 
0 0 

1*, the values of the coefficients A and m determined previously, and 

t he pulsatile pressures of 140, 155, and 170 cm H
2
0, equation (19) can 

be solved by numerical iteration technique to obtain the approximate in­

v ivo values of the tangential extension ratio, lg , corresponding to the 

physiologic pulsatile flow condition. The results of these calculations 

ar e tabulated below for each of the three thoracic aorta locations. 

UPPER MIDDLE LOWER 
Pressure (Z = 5 cm) (Z = 12 cm) (Z = 20 cm) 

p = 140 cm H
2

0 1.59 1.24 1.14 

p = 155 cm H
2

0 1.67 1.31 1.18 

p = 170 cm H
2

0 1.72 1.34 1.20 

Conclusion 

Based on the results of the above analytical approximaticn of the 

in-vivo tangential ex tension ratios, }
6

, the biaxial specimen test program 

will be conducted for those combinations of/ and~ shown in Table 2 on z g 

the following page at each of the three thoracic aorta sites. Each speci-

men will be tested for a total of nine strain combinations. Details re­

garding the biaxial testing are contained in the following chapter. 

\II d *Average values for axial specimens numbers 4, 13, and 16 were 
e • These values are not contained in Table 1 due to the loss of the 

surement records. 



TABLE 2 - PRINCIPAL EXTENSION RATIO COMBINATIONS 
FOR BIAXIAL SPECil1EN TESTING 

Location fz f'e 

UPPER 1.25 

}1.60, (Z = 5 cm) 
1.30 1. 70, 1.80 

1.35 

MIDDLE 1.25 

\ 1.20, 
(Z = 12 cm) 

1.30 1.30, 1.40 

1.35 

LOWER 1.25 

}1.1s, (Z = 20 cm) 
1.30 1.20, 1.30 

1.35 

44 
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CHAPTER V 

BIAXIAL TEST 

Introduction 

Fourteen steer thoracic aortas were used for the biaxial test 

program with three specimens removed from each as shown in Figure 4, page 

21. Figure 12 is a schematic diagram of the test set-up for each speci­

men and shows the orientation of the specimen relative to the loading fix­

tures, the instrumentation used to measure the predetermined extension(~) 

ratios, and the instrumentation used to measure the biaxial loads, Pe and 

P, needed to obtain the test extension ratio values for each of the two 
z 

principal directions. 

The purpose of the biaxial testing of the aorta material described 

herein is to obtain stress-strain data so that the steady state or passive 

two-dimensional (plane stress) constitutive equations ( IJ'" - £ - E) for 

the material can be analytically described in Chapter VI and so used in 

the physiologic analysis of the in-vivo blood vessel, Chapter VII. Simi­

lar testing could be conducted in the future under the conditions of cyclic 

loading (1 to 25 Hertz) so as to determine the constitutive equations ap­

plicable to the viscoelastic character of the aorta material. 

Test Specimen, Set-Up, Instrumentation 

Each specimen was cut from the aorta (Figure 14) using an aluminum 

template having a 1.75 cm diameter hole in the center. The overall speci­

Size was square, 5 X 5 (+ 1 mm) cm, and a thin ring of 1.75 diameter 
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Figure 14 Photographs of Specimen and 
Biaxial Test Set-Up 
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continued Figure 14 -
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was impressed on it using non-toxic azurae A, methylene blue (phosphate 

buffered) dye. Figure 13 depicts the geometry of the test specimen. 

Each of the two types of loading fixtures (the alligator clamps and the 

special grip-pulley fittings) gripped the specimen within 5 mm of the 

edge of the specimen. A square loaded test section of dimensions 

(a - 1) X (b - 1) remained where the stress distribution due to the 
0 0 

50 

directional loads P 8 and P, Figure 12, is assumed to be uniform at the 
z 

center of the specimen and within the locale of the dye-imprinted circle. 

The true principal stresses are 

Cf= applied load/deformed cross-sectional area 

or Cf = 454 P /" / (a - l)h 
Z Z Z O 0 

l)h 
0 

I . 2 gm cm 

2 gm/cm 

(20a) 

(20b) 

where a , b , and h refer to the measured unstressed dimensions, ;;_6 and 
0 0 0 

r are the controlled test extension ratios, and PA and p 'are the z ~ z 

measured applied loads. The constant, 454, is required for the purpose 

of converting the load from pound· to gram units. This is required since 

the loading platforms used fractional pound weights and lead shot of vary­

ing quantities. The load cells consisted of heat-treated aluminum rings 

(1.250" inside diameter, wall thickness .100" and .250" wide) with four 

active miniature foil strain gages mounted on the inside and outside dia­

meters. The load cell calibration curve was in units of pounds force vs 

voltage outputior recorder scale deflection. 

The preparation of the test specimen and the maintained specimen 

environment described in Chapter III was adhered to. Prior to installing 

the test specimen on the test fixture table (Figure 14) the extension ratio 

gages, I" gages, shown in Figure 13, were sewed to the specimen using black 

nylon thread. The legs of the t gages were sewed such that the unstressed 
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gage length (L) was within the 1.75 diameter circle. The purpose of the 
0 . 

circle was principally for /"gage location and to visually observe if shear 

deformation of the circle (or ellipse) occurred during the loading of the 

tissue. 

The/' gages were designed to have a very low spring constant so as 

to have negligible affect on the applied strain and stress within the test 

section. Spring rate tests conducted showed the spring constant to be less 

t han 15 grams/cm for both gages. The gages were of two different sizes so 

that the 90° relative orientation of each could be facilitated with both 

gages sewed on the upper (inside surface of the vessel wall) or lumen sur­

face of the specimen. The weight of the spring steel gages was negligible 

but the instrumentation wires were supported during the test so as to mini­

mize vertical (or radial) loading of the specimen. 

The load cell and/' gages were wired to a four channel Hewlett­

Packard recorder unit, Figure 14. All calibrations were conducted using 

this recorder unit and the sensitivity of each recorder channel was adjus­

ted so that unit recorder scale deflection readings were directly conver­

ted to either load (pounds) or extension ratio (~) values. This feature 

facilitated direct readout of information thereby assuring proper test pro­

cedure without sacrificing measurement accuracy and testing time. Also 

data reduction time was minimized. 

The calibration of the load c2lls was conducted the day before 

each test run and rechecked either following the specimen test or on the 

following d ay. This calibration could be conducted on the actual test fix-

ture table using a 5 X 5 cm dummy rubber specimen (tire tube patch material) 

• nd was considered to be necessary since the test rig was not totally free 

of frictional effects between the location of the load cell and the loading 

Platform. ,.. 
A similar calibration and calibration check of the,- gages was 
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conducted (using the Hewlett-Packard recorder) but had to be made using 

the Tensilon test machine where changes in the gage length, L, could be 
0 

accurately measured. The load cells were calibrated to 12 pounds (maxi-

mum) and the 7' gages to an extension ratio of 1.6 and 2.0 for the z and e 

directions, respectively. 

For all specimens, the attachment of the small individual loading 

fixtures was made within the .so cm wide loading area and the fixtures 

were equally spaced along the length direction. A continuous string­

pulley arrangement was used as shown in Figures 12 and 14 so as to assure 

equal loading at each fixture attachment. To minimize the non-parallel 

alignment of the loading strings during stretching of the specimen, the 

center to center location of the pulleys of the two different loading bars 

were designed to/- values of 1.30 and 1.50 for the longitudinal and tan­

gential loading bars, respectively. Also, the length of the string was 

as long as practical so as to keep angular variation of the loading strings 

to less than 2 degrees. All parts were made from aluminum alloy bar stock 

and cadmium plated hardware was used. Thus, corrosion due to the use of 

the saline solution was minimized including the possible contamination of 

the test specimen tissue. 

Since the extension ratios ranged from 1.0 to 1.80 and also varied 

With respect to the two principal directions two small turn-buckles, shown 

in Figure 12, were used to maintain the specimen in an approximate fixed 

but adjustable position on the test table so as to maintain the required 

90° angle between the two principal loading directions. 

Test Procedure 

Each specimen when initially mounted in the test set-up was pre­

conditioned by application of four cycles of loading in the longitudinal 



53 

direction to the value of / = 1.25 and approximately simultaneously the 
z 

four cycles of loading required to give the lowest value of r8 • Since 

the pre-conditioning and the final test loadings were essentially manually 

controlled care was used to assure that the specimen was not strained to 

a value of less than 1.0 in any direction, i.e., compressive strains were 

avoided. After a two minute rest period, the biaxial test was initiated 

and test loadings were conducted to increasing values of t8 for a given 

value of /' z• As each test combination of fa and /' z was reached, the 

tissue was allowed to stress relax for a period of one to two minutes and 

the values of the loads, P0 and Pz, were then recorded. The test schedule 

off loading is given in Chapter IV, Table 2. If any specimen was inad­

vertently unloaded or partially unloaded in any direction due to tearing or 

slipping of the tissue at one or more grip clamps, the test was terminated 

at that point. This occurred a few times for the "upper" specimens due to 

the large tissue thickness, the extreme softness of the tissue, and the 

significant/' deformation caused by the high value of the tangential ex-
r 

tension ratio imposed on the specimen during the test. 

After each test, the specimen was allowed to soak for two hours in 

the saline solution. The values of a and b were measured and found to 
0 0 

agree with the originally measured values within a variation of+ 0 to +0.2 

cm. Visual inspection of the tissue thickness indicated a probable re­

duction in thickness (especially for the upper site location) and is pro­

bably due to the reduction in the tissue liquid content caused by the high 

stretch deformation that the tissue was exposed to during testing. 

Test Data 

Excluding the measuring of the physical dimensions of each test 

Pecimen th • e test data consisted primarily of recording the measured 



54 

loads, Pe and Pz' associated with the predetermined strains, }0 and ~z' as 

given in Table 2, Chapter IV. Using equations (2oa and 2ob) the principal 

stresses,Ga and a;, can be determined. Table 3 lists the values of these 

s tresses associated with each combination of strain and is applicable to the 

aorta middle site location. Similar test data was obtained for the upper 

and lower site locations. Included in the table is the number of speci­

mens (N), the value of the mean or average stress (if), and the value of the 

standard error of the mean (SEM). 

An immediate observation of the stress data is the large degree of 

spec imen to specimen variation. The high to low scatter, or variation, 

about the mean is approximately+ 30 to 40% of the sample mean stress. 

This significant variation was previously observed in the axial specimen 

test r esults (Figures 9 thru 11) of Chapter III and is typical of that 

found f or biological materials and is the reason why the sample size (N) 

should not be less than nine specimens. The analysis of the data in Chap­

ter VI is thus based on the mean observed values. The values of the SEM 

are considered to be normal and are generally equal to 5 to 10% of if. The 

value of the SEM is a statistical quantity. It is a measure of the confi­

dence level and variation of the sample mean. 

I n his development of the non-linear elastic theory for the rheology 

of large blood vessels, Vaishnav18 , 3 equates the differential change in in­

ternal strai n energy of the principal stress element (Figure 1) td the 

change in ex ternal work done to the arterial segment caused by a differen­

tial increment of internal pressure and longitudinal force. For an incom­

pressible material in which the strain energy function (W) is a function 

of the strains c and c, the derivation by Vaishnav concludes with a three e z 
dimensi 1 ona relationship between the difference in principal stresses and 



the strain energy gradients as 

er- - (f" = (1 + z r 

dW 
2te) .JEG 

2£ ) Jw 
z d c~ 

where the strain (c.) is defined as the non-linear (Kirchoff) strain 

given by equation (9). 

For the condition of plane stress (biaxial stress) the value of 

O-r is equal to zero and the above equations reduce to the generalized 

for of: 

55 

dW/ (f / c1 + 2c ) ; /J E.n = n n n ~ e, z 
(21) 

Consequently, the stress data given in Table 3 can be transformed to the 

strain energy gradient of the strain energy density function (W)of the 

mater i al. Table 4 contains the test data represented by equation (21). 
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CHAPIBRVI 

ANALYSIS Al~D RESULTS OF BIAXIAL TESTING 

Introduction 

The purpose of this chapter is to determine from the biaxial test 

data, the two-dimensional relationships of stress and strain (Cfvs €, ~) 

f or the anisotropic aorta material under a state of plane stress, u = O. 
r 

Secondary to this goal is to determine the characteristics of the material 

elastic tangent modulus (E) with respect to direction and strain and the 

general equation for the radial strain (£) as a function of the tangential r 

and longitudinal strains. 

Since the detailed analysis and calculations are lengthy for each 

aorta test location, the analysis in the following section will be based 

on the test data of Table 4 which is applicable to the middle site loca­

tion. The method and techniques outlined below are also applicable to the 

analysis of the biaxial test data at the upper and lower site locations. 

The final results of such analysis at each of the three locations will be 

presented in summary form, both graphically and tabular, and will be used 

in Chapter VII for the in-vivo physiologic analysis of the aorta blood 

vessel. 

Analysis 

8train Energy Gradient: 

The biaxial test data for the middle site location presented in 

?able 4 is plotted in Figures 15 and 16 for the tangential and longitudinal 

of the biaxial specimen loading combinations given in Table 2. 
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The test mean values and the range of the standard error of the mean (SEM) 

for the strain energy gradients ( dW /JE
8 

and d W Id Ez) are plotted against 

the non-linear strain ( C.e and £ ) defined by equation (9) and the exten-
z 

sion ratio (~ and rz) defined by equation (6) for each biaxial test com-

bination of strain loading. The graphs show in general that the mathema­

tical relationship of dW /df. vs c. is essentially non-linear particularly 
n n 

since the strain energy gradient must be equal to zero for the state of 

zero strain,c9 or t:z. This boundary condition suggests and is satisfied 

by a general second order polynomial equation of the form 

Be +c e £ +De- 2 +Ee 2 
nz nez ne nz (22) 

where n = e, ~ .. Using the method of least squares, and the mean values 

of the test data shown in Figures 15 and 16, the coefficients, A thru E, 

of this equation can be evaluated via matrix algebra. Thus, the mathema­

tical relationship can be determined using equation (22), or variations 

of it, providing that the "best fit" is achieved which satisfies the ac­

cepted criteria that the statistical correlation coefficient (r) must 

be~ 0.94. Another criteria to be- used is that the general form represen­

ted by equation (22) should be reduced to its simplest form (i.e., as few 

terms as possible) provided that the correlation coefficient criteria is 

satisfied. 

The graph of Figure 15 shows clearly that the strain energy 

gradient (d\V/JE
9

) with respect to the tangential strain is independent 

of the longitudinal strain. Thus, assuming that the coefficients B, C, 

•nd E are zero or very small, equation (22) reduces to 

(£ = 0 to 0.42) 
z 

(23) 

the test mean values to the method of least squares the co­

and Dare calculated to be equal to +1920 and -1034 respec-
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tively, or 

(24) 

for the middle specimen location. The corresponding correlation co-

efficient (r) is calculated to be 0.996 indicating approximately 100% 

agreement between the test data and the empirical equation. Thus, the 

use of equation (23) for the tangential strain energy gradient is jus­

tified, and it also yields r values of 0.970 and 0.981 for the upper and 

lower aorta locations, respectively. Included in Figure 15 is the plot 

of equation (24). 

Inspection of Figure 16 shows distinctly that the strain energy 

gradient (dW /c:ic.) with respect to the longitudinal strain is also a 
z 

function of the applied tangential strain. Therefore, the general equa-

tion (22) or a variation of this equation is applicable. Equation (22) 

in its full form yields an expression giving a correlation coefficient 

of r = 0.955 and a value or r = 0.964 when reduced to the simpler form in 

c.8 , c. z of 

jw /de = A E.. + B E + C c f., (E..== 0 to O .SO) (25) 
z ze zz zc9z = 

or 

(26) 

which is also plotted in Figure 16. 

Thus, equations (23) and (25) represent forms for the strain 

energy gradient functions and are used at each of the aorta specimen test 

Sizes, Z = 5, 12, and 20 cm. While not included in this analysis, it is 

possible to determine the relationship for the coefficients A thru Das a 

function of the aorta 1 · d · 1 · · Z Th · (23) d ongitu ina position • us, equations an 

<25> could be expressed in the most general and complete form possible, 

= F ( Ee , e z , Z) • 
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Stress-Strain Relations: 

Having determined the tangential and longitudinal strain energy 

gradient equations (24 and 26) for the middle thoracic aorta location as 

functions of the finite non-linear strain, the equations for the true tan­

gential and true longitudinal stresses (based on the deformed geometry) as 

functions of the two-dimensional strains can be determined. Using equa­

tion (21) in conjunction with equations (24) and (26) we obtain 

(Te = 1920£9 + 2806 C:8 
2 

- 2068 c6
3 2 

(gm/cm) 

180 c
6

E.. + 1770 E 2 
- 1628£ c: 2 

z z ~ z (fz = 487~+ 885 € 
z + (27) 

which represents the relationship of stress and strain applicable to the 

biaxial loading of the principal stress element at the middle site location. 

The biaxial stress test data (test mean and SEM range) of Table 3 

is plotted in Figures 17 and 18 for the tangential and longitudinal stresses 

respectively. The derived curves represented by equation (27) are also 

shown for direct visual comparison with the test values. The "best fit" of 

these equations as measured by the correlation coefficient (r) is the same 

as previously noted for the strain energy gradients (SEG) since stress and 

SEG are not independent of each other. Extrapolation of equations (27) or 

the plotted curves beyond a strain of 0.50 is not advisable. 

Included in Figure 18, (f z vs CZ, ee, is the curve for EG= o. 

This should not be assumed to be the stress-strain curve for uniaxial lon­

gitudinal loading since the strain in the tangential direction for such 

loading would be less than zero or compressive strain, i.e., e.
9 

< 0. As 

lfould be expected, Figure 18 shows that for a given longitudinal strain, 

th
e corresponding longitudinal stress inc~eases as the mutually perpendi-

cular strain E.e (or loading) is increased. Also notice, for both Figures 

17 and 18 , that the stress-strain curves are very close to being linear 
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within the tested ranges of the extension ratios of /- and '1:._. 
z e 

The above equations can be converted to the more practical (in-

vivo notation) form of CJ"' = f( "/' ) using the non-linear strain vs exten­
n 

sion ratio relationship of equation (9). Or: 

Cf9 = 1477fe
4 

-1219 ~
2 

- 259 'e 6 2 (gm/cm) 

G""z = 653 ~ 4 + 466 'f_ 2 I' 2 - 908 t" 2 - 210 /" 2 'J-- 4 
e z z e z 

(28a) 

(28b) 

where the extension ratio is defined in general form by equation (6) or by 

equation (7) in the physiologic terms of length-radius-vessel wall thick-

ness. Equations (28) are valid within the range of/" = 1.0 to approxi­
n 

mately 1.50. 

Thus, equations (2nand (28) represent the two-dimensional plane 

stress equations applicable to the middle thoracic aorta location. 

Comparison: Biaxial and Axial<J"- /' Results 

An interesting check on the biaxial stress equations (28) would be 

to compare them with the axial specimen test stress-extension ratio curves 

as given in Chapter III, Figure 10. This has been accomplished graphically 

in Figure 19 and is discussed below. 

Os vs le Since equation (28a) is a function of tonly as de-

teTmined by the tangential biaxial strain energy data, this equation can 

be plotted directly. As seen, the biaxial test equation exceeds the uni­

axial data of the three axial test specimens by a small but consistent 

•1110unt. While the comparison does not show very good agreement, it is 

Possible that the variation is due in part to the relative difference in 

the sp . 
ecimen physical sizes used. But most likely the variation is due 

to the fact that the tangential stress for wide variations in 'l' strain is 
z 
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not actually independent oft. In tangential uni-axial stress loading 
z 

the extension ratio /' would be considerably smaller than unity in com­
z 

parison with the biaxial test range of r = 1.25 to 1.35. On this 
z 

basis, equation (28a) is representative of biaxial or plane stress con-

ditions over a relatively narrow range of/'- and would not, necessarily, 
z 

be representative of uni-axial loading. Due to the constraint of the bi-

axial test specimen in the longitudinal direction, the applied tangential 

stress, as shown in Figure 19, should exceed the value of the axial 

. t· 1 t f h 1 f . 1 · ;\./ specimen tangen ia s ress or t e same va ue o tangentia extension, 
8

• 

Equation (28b) for longitudinal stress is also a func­

tion of the tangential strain t. For longitudinal uni-axial loading 

where the material is free to contract in the directions perpendicular 

to the loading axis, the free tangential extension ratio (contraction) 

is given by 

which is based on the incompressibility equation, equation (8). Sub­

stiuting this into equation (28b) the appropriate or estimated stress-

strain equation for the uni-axial stress condition becomes 

er = 653 r 4 
- 210 r 3 

- 908 r 2 + 466 r z z z z z 
(29) 

which is plotted in Figure 19 and can be compared directly with the axial 

test specimen data. As seen, the comparison of the biaxial-axial stress 

equation vs axial specimen test stress data is very good within the range 

oft = 1.0 to 1.40. Thus, while equation (28b) is based on biaxial 
z 

test tvalues of 1.20 to 1.40, equation (28b) appears to be reasonably 

~alid for tangential extension ratios as low as 0.80. Consequently, it 

L 
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would appear that specimen size difference affects are negligible or non­

existent. 

Similar graphic comparisons, as discussed above, were made for the 

upper and lower specimen site locations. The upper site comparison re­

sults were almost identical with those discussed above for the middle lo-

cation. The comparison at the lower site for both the tangential direc-

tions were exceptionally good. Thus, a reasonable measure of confidence 

level has been achieved between the two widely different types of testing 

and the analytical results obtained from the biaxial test program. This 

would indicate that specimen preparation, testing, and the analytical 

techniques used have been consistent and valid. 

Strain-Stress Relations: 

7 In the theory of elasticity, developed by Navier and Cauchy, a set 

of functions characterizing the state of stress is shown to be linearly 

related to a set of functions characterizing the state of deformation or 

strain; and, conversely, the state of strain in linearly related to a set 

of functions characterizing the state of stress. For a homogeneous elas­

tic isotropic material the linear relationship is identified as Hooke's 

Law and contains two elastic constants which define the dependence of nor­

mal and shear stress relative to infinitesimal normal or shear deforma-

tions or strains. 

Since the aorta blood vessel wall material is neither isotropic, 

nor linearly elastic throughout the range of finite or large deformations 

~hich the material is normally subjected to, the relationship of stress 

• nd strain defined by equation (27) and (28) is not a set of linear 
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functions but are of the non-linear form: 

ere ( te' 
2 f_ 3) = F E.e , B 

er = G ( c
9

, E. z' E..-:f:·z' £ 2 C E.. 2) 
z z ' e z 

(30) 

or 

(f'e = F' ( 7e 2' 1e 4, t 6 ) 

er c' ( t./, 7'. 2 ~ 2 4 ~ 2 / 4) = 
/' z ' z e I z ' e z 

(31) 

where strain is defined by equations (9), (6) or (7). The two dimen-

sional non-linear form of these plane stress "stress-strain" equations 

cannot be altered to yield an explicit relationship of plane stress 

"str ain-stress" equations as is the circumstance for materials whose be­

havior can be identified as being isotropic and Hookean. 

The biax ial testing (plane stress condition) does not yield the 

genera l relationship of 

r.- = I ( E:J. 
u r r' 

= r'( i' 
~ r' 

m' I' e 
'\.. n' 
Fz ) ( 3 2 ) 

Which would exist for a state of three-dimensional stress or l oading. 

This re la tionship would be nonlinear and thus the powers of 1, m, n are 

shown but cannot be defined at this point. 

Although the strains, E.e, E, and E. canno t be simply and ex -
z r 

Plicitly de fined as functions of s t ress by use of equations (27), (28) or 

<3o), (31 ) the radial strain c can be defined as a function of the tan­
r 

&ential and longitudinal strains using the incompressibility, equation (8 ) , 

r = 1/r 7' r e z 
(33) 
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where the extension (strain) ratios are defined by equations (6) and (7). 

By rewriting equation (9), the definition of the non-linear or 

Kirchoff measure of strain, in the form of 

and substituting this into (33), after squaring both sides of (33), we 

obtain after rearrangement 

(34) 

This is a general relationship for the non-linear strain, c , as 
r 

a function of the tangential and longitudinal strains. As such it is 

applicable to an incompressible material. 

Modulus of Elasticity: 

In the classical theory of elasticity for linear infinitesimal 

strains, the modulus of elasticity, or tangent modulus, is defined as 

the slope of the stress-strain curve at a stated value of stress or 

strain. In general, mathematical terms: 

E =J<r1de n n n 
(35) 

which for most engineering materials is a unique constant with the pro­

portional limit of the material. This same relationship has been used 

for the description of the modulus of elasticity of biological materials 

subject to both finite small and large linear and non-linear elastic de­

formation, Bergel3 and Mirsky8 , and will be used also for the aorta blood 

Vessel wall material. 

E 



72 

Examination of the middle specimen tangential andlongitudinal 

stress-strain diagrams of Figures 17 and 18 show a distinct, but not pro­

nounced, variation of the slope of the curves over the range of strain from 

0 to 0.50 and a definite initial or unstressed modulus of elasticity (E ) 
n 

0 

for the unstressed conditions of E = € = O. 
z e 

Differentiating the U vs E equations (27) per equation (35) the 

expression for the in-vitro tangential and longitudinal modulus at the 

middle location becomes 

E6 = 1920 + 5612 Ee - 6204 €6 
2 

(gm/cm2) (36) 

885 + 3540 c - 3256 E E 
z e z 

and the unstressed modulus in the tangential and longitudinal directions 

2 
are 1920 and 885 grams/cm, respectively. Thus, in the unstressed con-

dition, the initial modulus of elasticity at the middle location is ap­

proximately 117% stiffer in the tangential direction as compared to the 

longitudinal direction. Examination of Figure 10 for the axial test 

specimen shows this same characteristic. 

Equations (36) represent the magnitude and the variation of the 

modulus of elasticity with respect to strain and can be expressed rela­

tive to the extension ratios,~ and /'z' by substituting equation (9) 

into (36) thereby yielding 

Ee= f( t) = -2437 + 5908 ~ 2 
- 1551 14 

(37) 

E = g( r /:) = -1814 + 2609 'J'-z 2 + 929 ~ 2 
- 839 t-z 2 

/',... 
2 

z z' e "" "" 

~hich for the unstressed condition,/' = 1.0, yields the same values for 
n 

the unstressed modulus of elasticity. 
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Equations (36) are plotted in Figure 20 and are discussed below. 

Within the initial strain range of E..8 from 0 to 0.22 ( ~ = 1.0 to 

1.2) the stiffness of the material increases significantly and at ~e~0.22 

( ~:> 1.20) the tangential modulus of elasticity tends to level off to a 

2 
maximum value of approximately 3200 gm/cm or a 67% increase in elas-

ticity (stiffness) compared to the unstressed or initial modulud. With­

in the probable physiologic range of Ee= 0.20 to 0.50 the value of c0 

2 is approximately constant having a mean value of 3100 gm/cm. This is 

significant since for analytical purposes analysis and calculations could 

be simplified, if so desired, with a minimum scarifice in accuracy. How­

ever, the aorta material in the tangential direction for unrestricted 

strain magnitudes cannot be considered to have a constant value of tangent 

modulus, Ee as is commonly the case for engineering materials. This point 

has been displayed in the axial test results of Chapter III. 

In the longitudinal direction, the aorta material again cannot be 

considered to have a constant value of tangent modulus, E .9 z 
E varies 

z 

linearly with respect to longitudinal strain and is also dependent on the 

tangential strain. Within the test ranges of c from 0.28 to 0.41 (} = 
z z 

1.25 to 1.35) and E.e from 0.22 to 0.48 ( ~ = 1.2 to 1.4) the average value 

of Ez is approximately 1800 gm/cm2• This value, if assumed constant for 

the stated range of strains, represents little sacrifice in analytical 

accuracy and indicates that the material stiffness doubles in magnitude 

68 
compared to its initial or unstressed elastic value of 885 gm/cm2• 
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The above comments of this section pertain to the in-vitro charac-

teristics of the material modulus of elasticity, or stiffness, relative 

to strain or deformation at the middle aorta location. It shoulo not be 

assumed that the in-vivo elastic properties of the aorta wall material 

are in complete agreement with those discussed above. Such differences 

will be discussed in the following chapter. 

Summary and Discussion of Results 

The previous sections of this chapter pertained to the analysis 

and methods of analysis of the biaxial test data applicable to the middle 

thoracic aorta specimen site location. The same analysis and methods 

were also used for the upper and lower site locations. Tables 5 and 6 

pres ent a complete summary of the analytical coefficients (for each aorta 

loca t ion) determined for the equations of strain energy gradient, true 

stres s, and modulus of elasticity relative to strain or deformation. The 

coefficients of Table 5 are relative to the non-linear strain, c , and 
n 

those of Table 6 pertain to the strain defined as the extension ratio, ~ • 
n 

The general form of the polynomial equation for the strain energy gradient, 

stress, and modulus of elasticity is: 

for Table 5 , and 

y = G( ;'- ) 
n 

+E c2 EE.2 c-3 
lc.z +Flez +G1'-e 

2 (gm/cm) 

6+,.. ').2';\4 / 2 + E /: 2 / 2 + F /' ~2 ;9 / z (gm cm ) 
2 e z z e 

(38) 

(39 ) 
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EQUATIO N (38) 

y 
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for Table 6 with the coefficients listed in each table under the appro-

priate variable. Each table lists the recommended maximum value of c 
n 

or~ for which the equation is considered to be valid. Analytical ex­
n 

trapolation beyond these values is not recommended. Table 5 also includes 

the "best fit" or statistical correlation coefficient, r, which is a 

measure of the agreement between the test data and the empirically derived 

equation. 

Stress-Strain: 

The equation of tangential and longitudinal stress vs strain, given 

by equation (38) and Table 5, are plotted in Figures 21 and 22 for each 

thoracic aorta location including the corresponding mean biaxial test 

values for purposes of direct comparison. Figures 21 and 22 distinctly 

show both the non-linear relationship of stress-strain, as is expected, 

as well as the anisotropic-orthotropic nature of the material which was 

discussed in Chapter II and observed in the axial specimen test results 

of Chapter III. Of particular interest is the variation of the tangen­

tial stress, for a given tangential strain, with respect to longitudinal 

location in view of the large mean wall thickness variation shown in 

Figure 2 . The lower site wall thickness is very thin compared ( ~ 40%) 

to that of the upper site location and the lower tangential stress is 

approximately 100% greater than the upper location at a tangential strain 

of fe= 1.30. The reduced elastin content, and the increase in the stiffer 

collagen fibers at the lower location, contribute to a significant in­

Ctease in the stiffness or modulus of elasticity at the lower location as 

hawn by the higher stress level and the slope of the~- E.
8 

curve. 

For the wide range in the tangential strains (ce = 0.22 to O. 78) 

in the CJ vs e curves of Figure 22, it is remarkable that the z z 
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variation in longitudinal stress is so small relative to aorta location. 

Essentially it appears that for a given value of longitudinal strain, 

say/' = 1.30, a longitudinal stress variation of 600 to 800 gm/cm2 
z 

would imply that the longitudinal stress is approximately constant re-

lative to longitudinal location. This perhaps is the intended physio-

logic environment for the in-vivo vessel since one would not expect signi­

ficant variations in the longitudinal tethering forces. 

Modulus of Elasticity: 

Using equation (38) and the corresponding coefficients of Table 5, 

a graph of the variation of the tangential modulus of elasticity for each 

of the three site locations can be constructed and is given in Figure 23. 

Comparison with the slopes of the axial stress-strain curves of Figures 6 

and 7 of Chapter III shows the same pronounced trend, i.e., that the 

vessel wall tangential stiffness increases significantly with respect to 

distal longitudinal site location along the thoracic aorta tree. The 

variation of the tangential modulus of elasticity at the lower site is 

approximately linear relative to tangential strain and the magnitude of 

the modulus is significantly larger than the values at the middle and upper 

locations for a given value of tangential strain. While other investiga­

tors have observed this trend1quantitative evaluation relative to longitu­

dinal position has been lacking. Of significance in Figure 23 is the very 

low and non-linear elasticity of the wall material at the upper location 

adjacent to the ascending aorta as compared to the middle and lower locales. 

The leveling off of the tangential modulus at the middle and upper 

locations at values of .fe = 1.3 to 1.4 and 1.7 to 1.8, respectively to 

an approximate constant value can be partially explained by inspection of 
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Figure 7 but still raises the question as to why this occurs at the 

middle location for a low value of i = 1.40. It appears that additional 

biaxial testing at a value of 1.50 for this location would have been of 

value. Also, testing the upper specimen at an extension ratio of 1.3 or 

1.4 would have reflected good hindsight at this time. 

Figure 24 shows clearly that the longitudinal modulus of elasti­

city at each of the three locations varies linearly with respect to longi­

tudinal strain for constant values of tangential strain,and that the lon­

gitudinal stiffness is increasing relative to the longitudinal location 

along the length of the vesse11 but not as pronounced an increase as was 

observed for the tangential direction. Notice the interaction or the 

affect of increasing tangential strain upon the material stiffness in 

the longitudinal direction, an affect which would not be observed in 

ax i al specimen testing where the unloaded edges of the specimen are al­

lowed to contract ( E.,/ 0) freely. 

Given below in Table 7 is a summary of the initial or unstressed 

modulus of elasticity at the three biaxial test locations. 

Table 7 - Summary of Initial Modulus and Location 

LOCATION 

UPPER 

Z = 5 cm 

MIDDLE 

Z = 12 cm 

LOWER 

Z = 20 cm 

1043 

1920 

1721 

E 
z 

0 

818 

885 

1080 

2 
(gr:i/ cm ) 

' .. 
l 
I 
• 

I, 
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This data is plotted in Figure 25 relative to the longitudinal lo-

cation along the thoracic aorta vessel. A linear regression analysis was 

used to determine the degree of linear variation of modulus with respect 

to location. The equations for the initial modulus are 

E
0 

= 43.54Z + 1024 
Q 

E = 17.63Z + 710 
z 

0 

and are shown compared with the calculated test data points. The cor­

relation coefficient of 0.972 indicates a definite linear variation of 

t he longitudinal initial material modulus relative to longitudinal lo­

cation along the thoracic aorta vessel. The low coefficient of 0.711 for 

the tangential direction indicates a distinct non-linear variation of 

ini t ial modulus for the material relative to longitudinal location. 

Conclusions 

The in-vitro biaxial testing of the thoracic aorta material at the 

three longitudinal locations has led to the determination of the two­

dimensional constitutive equations for the aorta material and the quanti­

tative and qualitative findings discussed in the preceeding sections. A 

detailed comparison of such findings with those of other investigators at 

this time is not possible since no similar biaxial test program results 

have been reported for the aorta or any other major blood vessel, vein or 

artery. In conclusion, the following statements can be made. 

Under the conditions of biaxial stress (plane stress), the ortho­

tropic non-linear stress-strain characteristics of the tissue in the two 

Principal directions of loading have been analytically described and further 
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confirms the non-linear characteristic of the material as previously re­

ported using axial specimen tests, Chapter III. The interaction of lon­

gitudinal and tangential strains upon the longitudinal stress and the re­

lative independence of longitudinal, or tethering strain, upon the tan­

gential stress has been observed at each thoracic aorta longitudinal lo­

cation. The two-dimensional stress-strain equations for the material are 

defined by equations (38) and (39) using Tables 5 and 6. We have also 

s een that these empirically derived biaxial~-} equations, although based 

on a small range of "9 and ?- test values, can be used to predict the z 

uniaxial longitudinal er--~ behavior of the material with good accuracy and 

t he uniaxial tangential u-} behavior conservatively. 

The elasticity of the wall material has been quantitatively de-

fined for both the longitudinal and tangential principal directions and 

the variation of stiffness relative to longitudinal location along the 

thoracic aorta has been observed. The most significant changes in elas­

tic ity occurs in the tangential direction where the elasticity of the 

tissue increases rapidly with distal longitudina l location along the 

thoracic aorta tree. The longitudinal stiffness of the material increases 

moderately with respect to distal longitudinal location and is only slightly 

dependent upon the tangential strain levels. At all locations, the tan­

gentia l modulus, E
9

, is at least 50% larger than the longitudinal modu-

lus of elasticity regardless of the magnitude of strain. 
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CHAPTER VII 

PHYSIOLOGIC ANALYSIS 

Introduction 

Having determined the mathematical stress-strain relationships of 

the thoracic aorta material at each of the three locations, it is now 

possible to determine the in-vivo blood vessel parameters such as dia­

meter and wall thickness changes and the state of principal stresses and 

s trains under the inf luence of the physiologic loading of pulsatile pres­

sure . The analysis which follows is based on the following assumptions. 

1. The longitudinal, or tethering, state of strain (r) 
is approximately constant and equal to~ = 1.30. z 
This has been discussed in Chapter II andzthe assump­
tion is based on the in-vivo measurements made by 
other investigators for the steady state situation. 

2. It is assumed that the in-vitro material characteris­
tics based on the biaxial testing are applicable to 
those of the tissue in t he in-vivo state. This assump­
tion and its affects will be discussed further at length. 

3. It was initially assumed that the tangential wall stress 
distribution is uniform based on the assumption that the 
vessel is "thin wall." Correction factors will be ap­
plied to the calculated value of~ where the r /h value 
is less than 10.0. m 

4 . For the reasons stated in Chapter II, the radial wall 
stress due to internal pressure is assumed to be negli ­
gible and thus has no influence on the tangential or 
longitudinal strains. 



89 

Analysis 

The aorta geometry data given in Table I of Chapter III for ves­

sel wall thickness (h) and circumference (c) is applicable to the in-
o 0 

vitro condition where the blood vessel is completely unstressed and the 

deformation is zero; I' n = 1.0. Based on assumption No. 1 above, the 

"unstressed in-vivo" condition is defined as being the in-vivo blood ves­

se l condition where the internal blood pressure is equal to zero (p = O) 

and the vessel is pre-stressed longitudinally (tethering condition) to a 

l ongitudinal extension ratio of F = 1.30 resulting in a tangential ex-
z 

t ension ratio (fe) of .877 relative to the in-vitro state. For this 

in-vivo condition the upper, middle, and lower specimen locations shown 

in Figure 4 are now located at~= 6.5, 15.6, and 26 cm, respectively, re­

lat i ve to the ascending-thoracic aorta reference location of i = O. Simi­

lar ly , the in-vitro values of h and c given in Table 1 must now be cor-
o 0 

rected, using the incompressibility equation, for the in-vivo condition. 

The "unstressed in-vivo" values for the aorta blood vessel are given be­

low: 

Location 

UPPER, Z = 6.5 cm 

MIDDLE, Z = 15.6 cm 

LOWER, Z = 26 cm 

h (cm) 
0 

0.474 

0.325 

0.184 

c (cm) 
0 

6.402 

5.350 

4.828 

and are applicable to the physiologic unstressed condition p = 0, 

°J'z = 1.30. 
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The following method of analysis pertains to the middle thoracic 

aorta location and is also applicable to the upper and lower aorta loca­

tions using the appropriate equations of Chapter VI and the aorta in-vitro 

geometry given in Table 1 of Chapter III. 

The aorta wall tangential stress due to internal pressure loading 

i s given by equation (1) and has been redefined by equation (16) as a 

f unction of the internal pressure, the unstressed geometry, and the strains 

defined as extension ratios. Rewriting equation (16) in terms of the ves­

s e l unstressed mean diameter, d , we obtain 
0 

~ = e (pd / 2h ) /' ;-_ 
2 

o o z e 
2 gm/cm (40) 

and from Chapter VI, equation (39) - Table 6, the plane stress equation 

for the middle thoracic aorta tangential stress is given as 

~= 14 77 ~ 4 
- 1219 fa 2 

- 259 /0 

6 
(41) 

Equating equations (40) and (41), rearranging and simplifying 

gives 

t - 5. 70 I" 2 = -4. 71 - .0019 (d /h ) p /' 
o e o o z 

which can be further reduced by substituting the values of the unstressed 

wall t hickness and diameter at the middle location given in Table 1 and 

the value of~ = 1.30. Thus, we obtain 
z 

t: -5.70 t 2 
= 4.71 - .0l32p (42) 

the relationship of the tangential strain with respect to the internal 

Pressure p. Substituting various values of blood pressure into (42) allows 
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the corresponding in-vivo tangential strain to be determined. Using 

equation (7b), the corresponding mean vessel wall diameter is 

d = d /-
o e cm (43) 

Transposing equation (7c) and using the incompressibility equa­

tion, equation (8), the in-vivo wall thickness cah be expressed as 

• 77h It 
0 C, 

cm (44) 

where the value of~ in this equation and equation (43 ) is based on the 

va lue obtained from equation (42 ) for a given value of internal pressure. 

At this point, the ratio of in-vivo mean wall radius to wall thick­

ness ratio can be calculated so as to determine if the thin wall assump­

tion is valid. Or: 

r /h = d/2h 
m 

(45) 

If the value is~ 10, the tangential wall stress is often assumed 

to be uniform across the thickness of the wall material. The magnitude 

of the tangential stress can be determined using equation (41). For r /h 
m 

values less than 10 (thick wall cylinder), the maximum value of the t an­

gentia l wall stress at the inside or lumen surface of the vessel is 

~ = K(l4 77 ~ 4 
- 1219 1e 2 

- 259 ~ 6) (46) 

where t he correction factor K is given in Figure 26. Use of equation (46 ) 

is recommended and is based on the Theory of Elasticity, Sokolnikoff7, of 

thick walled isotropic cylinders. Since the aorta wall is non-linear aniso­

ttopic, equation (46) is recommended over the use of equation (41 ) . 
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The longitudinal wall stress at the middle location is given by 

equation (39) and Table 6, and is 

(f = 653 /' 
4 + 466 ~ 2 ?· 2 

z t: z e 
90a I' 2 

- 210 r 4 ?- 2 
· z z e 

or 
U z = 331 + 188 ~ 2 (47) 

A parameter of general hemodynamic interest and which will be dis-

2 cussed further is the internal fluid flow cross-sectional area (qA, cm) 

or the flow volume per unit longitudinal length (qv, cm3
) of the vessel 

wall. Or: 

= (-"rr / 4) ( d - h) 
2 2 cm, 3 cm (48) 

Equations (41 ) , (42), (46), and (4 7) pertain specifically to the 

t ho racic middle location only. For the upper and lower locations, the ap­

propriate form of equation (41) (and subsequent mentioned equations) must 

be obtained using equation (39) of Chapter VI. Equations (40), (43), thru 

(45 ) , and (48) are general equations and as such they are applicable for 

use at any location. 

Physiologic Analysis Summaries 

The method of analysis described above for the middle aorta loca­

tion was also used for the upper and lower aorta locations using the 

stress-strain relations given in Chapter VI. The analytical results are 

tabula ted in Table 8 for the condition of p = 0 (in-vitro) and for the 

in-vivo pulsatile internal pressures of p = 140 to 170 cm H
2
0. The values 

of the tangent modulus of elasticity are obtained from Table 7 and equa­

tion (38 ) , or Figures 23 and 24 of Chapter VI. 



-
~ 

I 
I 

) 94 

. 
' . 

. . 
HYSIOLOGIC DATA 

,LE LOWER 
~ ts 15 . E:> c.~ ~' Z.t, C. w, 

PR~SSIJR E. INTE'Rt-tAL PR£S5v ~E 
I 

o* l 55 \'10 140 155 l 'l o 

- 1.1-95 1.32..S I.CO ,. 330 l.~55 \.380 ) 

I . 3;85 .3118 0 .3B45 .4180 . 4 52.L 

~ l .s,z. Z. -51 l I .'1 5C Z..32.8 Z. .31\ z.~15 

. 2lO . l 14 . 2.10 . I Z. l . ll9 . l l 1 

) 5.10 b . l2 4 .lq 9 .11 9.B8 10 ~10 
-

2 4 .12,6 4-~63 1,890 3,811, 3.9 83 4.148 
~ 

) 911 11 o t 0 '4 \. 2. 1610 182q 

64G GG I 0 809 821 848 
I 

3100 - 1121 - 5450 -

l8oo - 1080 - 2.400 -

IR COMPAR\SON 

.. 

. 
' 



TABLE 8 - SUM MARY 

UPPER 
°-2:=b•Sc...-,,, 

INT ER NAL PR SS'U~E l!'iT E 

PARAMETER o* 140 15"5 I '10 o* 

~ LC l.3GS 1.405 l.~45 1.00 

Ee 0 .4316 .4B7o :5540 0 

d 2. . 3 o 3-lf>1 3. 7...6o 3.352- l 940 

h . S4o .3 4 . 29G . . lB1 . 3 '10 

r"'/h Z..l 5 5 . 28 5.43 5. ··18 2 .63 

iA 1<:l-v l -Sl b .438 t, .900 ·1 . 318 1.940 

ere 0 8 \3 950 lo95 0 

(ff: 0 513 584 59'1 0 

Ee 1043 r3so l'l lo 

E 1-- 8t8 t633 885 

\ * , IN-V\TRO 0.C\,A 5HCw 



95 

Figures 27 thru 29 graphically depict for each aorta location, the 

analysis results as a function of the internal pressure over the range of 

p = 0 top= 200 cm H20 assuming a constant value of the longitudinal or 

tethering strain of;- = 1.30. Plotted on each graph is the relation-
z 

ship of mean wall diameter of the vessel (d), the tangential ( (~) and 

longitudinal wall stress ( (fz), and the hemodynamic parameters (qA, qV) 

vs the internal blood pressure (p). The change in each physiologic vari­

able with respect to pressure at each location is seen on each figure and 

a comparison between each aorta location can be made using the figures. 

Superimposed on each diameter curve are the values of r /hand the tan-
m 

gential strain at the three pressures of 100, 155, and 200 cm H
2
0. 

Figure 30 presents the distensibility curves of the blood vessel 

or the relationship of mean wall diameter and internal pressure relative 

to the in-vivo longitudinal location along the length of the aorta. 

Superimposed on the mean pressure (155 cm H
2
0) curve is the cyclic change 

in diameter for the pulsatile pressure values of 140 and 170 cm H
2
0. 

The summaries of the in-vivo physiologic variables presented in 

Figures 27 thru 30 are based on the in-vitro biaxial testing of the aorta 

tissue and are a first time comprehensive evaluation of each variable 

over a wide range of internal pressure. 

A detailed analysis of_ the variables at each location and a "loca­

tion to location" comparison will be made in the following discussion in­

cluding a comparison of the results of this study with the information 

available in the literature. 
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Discussion of the Physiologic Results 

~ Comparison - Biaxial Test vs In-vivo 

The calculations made in Chapter IV were approximations of the 

anticipated in-vivo values of the tangential extension ratio (~) based 

on the axial test specimen v8 vs ~ curves and on the Statistical Kinetic 

Theory of Large Deformations as developed by Rivlin for isotropic non­

linear materials. Based on these calculations, the biaxial specimen 

testing was conducted using the 1, values given in Table 2. A comparison 

of the test and the calculated in-vivo l. values for the tissue at each 
,;:;; 

aorta location is given below including the "test data vs empirical 

equat ion" correlation coefficient, r
9

• 

Biaxial 
. -:-.. 

Test In-vivo le@ r~ 

/e p = 100,155,200 cm H
2

0 

UPPER L60 to 1.80 1.26, 1.405, 1.53 .970 

MIDDLE 1.20 to 1.40 1.18, 1.295, 1.40 .996 

LOWER 1.15 to 1.30 1.25, 1. 355, 1.43 .981 

Reference: Table 2 Fig. 27 thru 29 Table 5 

It is obvious that the middle location biaxial test and the in­

Vivo calculated values oft for the pressure region of 100 to 200 cm H20 

are in excellent agreement and that the analytical equations fit the test 

data to near perfection. The relatively crude method used in Chapter IV 

~as highly successful in achieving its intended purpose. Such, however, is 

not th e case for the lower or the upper specimen locations. 
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At the lower location, the biaxial test~ values used are 
1 sightly 

below the in-vivo calculated values and thus the derivedT- ~ ,. equations 

based on the test results had to be extrapolated beyond the test region 

oft~ 1.30. While this extrapolation of the test data equations is not 

considered to be serious no estimation of the accuracy of such extrapola­

tion is possible to make. Inspection of the lower location tangential 

curves (!J8 and E0 ) of Figures 21 and 23 would indicate no serious harm 

since the extrapolated region is not large and the curves are continuous 

smooth functions. 

In the case of the upper location, the in-vivo values of~, Table 

8, lie well below the test range of 1.60 to 1.80. It is obvious in this 

case (as mentioned in Chapter VI) that the test should have included a 

da ta point at~= 1.40,or that the testing should have been conducted at 

va lues of 1.30, 1.40, and 1.50. The method used in Chapter IV appears to 

have the affect of assuming the elasticity of the material as being too 

low in magnitude and thus it has predicted values of }0 in excess of the 

probable in-vivo values. It is also very possible that the use of only 

three axial specimens (Figure 9) at this location gave a poor representa­

tion of the animal to animal variation since the three stress-strain 

curves show only minor variation in the tangential loading direction. Con­

sequently, the test data and the resulting equations (r =o.970) had to be 

interpolated between~= 1.0 and 1.60 in the physiologic analysis. It is 

likely that this interpolation is not harmful,but without a biaxial test 

data point within this range conjecture of the effect is strictly specu­

lative. 

As a whole, the method used in Chapter IV has achieved its purpose 

~i t bout apparent serious harm to the final physiologic analysis results. 
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It is apparent, however, that the most accurate analysis of the 
aorta 

tissue must be based on the actual biaxial testing of the material. 

Based on the above observations, the conduct of any further testing of 

the thoracic aorta material should be made using the tangential exten­

sion ratios listed below and experimental results should include measure-

ment of tissue thickness. A fourth test point has been added to improve 

the accuracy of the test program and its results. 

Location ~ 

UPPER 1.25, 1.35, 1.45, 1.55 

MIDDLE 1.15, 1.25, 1.35, 1.45 

LOWER 1.20, 1.30, 1.40, 1.50 

Incompressibility-Accuracy 

All previous analysis has been based on the assumption that the 

aorta tissue is an incompressible material as noted in Chapter II based 

14 
on the experimental investigations of Carew • A measure of the ac-

curacy of the biaxial test results and the resulting in-vivo physiologic 

data contained in Table 8 (which is based on the incompressible assump­

tion) is to calculate using the data of Table 8 the actual value of 

Poisson Ratio (V) of the material at each of the three aorta locations. 

From the Theory of Elasticity, the value of Y is a function of the ma­

terial volumetric or bulk modulus (k) and the modulus of elasticity (E). 

Or: 

Y = (3k - E)/6k 

Where the bulk modulus is defined as the ratio of the hydrostatic stress 

divided by the volumetric strain of the vessel wall material under loading 
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measured relative to the original or unstressed volume of the material. 

The modulus of elasticity in this case is defined as the principal tan­

gential modulus, Ee , at the mean pulsatile pressure. Using the nomen­

clature of Table 8: 

Um k=-------,-----/l V /V 
0 

1/3(!J + <f" + (I ) = - e z r 
(d h - dh r )/(d h) 

0 0 Z O 0 

2 gm/cm 

Substituting the data of Table 8 into the above equations, the values 

of the material Poisson Ratios are 

UPPER - .50096 

MIDDLE - .50083 

LOWER .49795 

.49991 (average) 

which is within +.2 to -.4% deviation from the theoretical value of V = 

.50000 for an incompressible elastic material. 

Vessel Wall Thickness 

Table 8 lists the mean wall radius to wall thickness ratios, r /h, 
m 

at each aorta location for the unstressed in-vitro vessel. The values of 

2.15, 2.63, and 4.19 for the upper, middle, and lower locations, respec­

tively, show that the steer thoracic aorta is definitely a thick wall cy­

linder in the in-vitro state. At the in-vivo mean pulsatile pressure, the 

same location values are 5.43, 5.70, and 9.88, respectively, or the r /h 
m 

criteria commonly used by other investigators is not satisfied for the in-

Vivo condition of loading. Consequently, contrary to that mentioned in 

Chapter II, the in-vivo vessel cannot be strictly classified as thin wall 

until the location distal to the lower specimen location, or at 1: > 26 

When considered as a thick wall cylinder, the tangential wall stress 

•teach of the three locations increases from +5 to +10% and represents 
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the approximate maximum value of stress at the lumen surface of the ves­

sel. This increase is hardly significant and for general stress calcula­

tions, the assumption of thin wall is justified such that equation (1) or 

(46) can be used without the use of the correction factor k. All values 

of G"9 given in Table 8, however, are corrected values and thus reflect the 

magnitude of the lumen surface stress. 

It is possible that the in-vivo range of rm/h = 7.1 to 16.6 repre­

sentative of dog and man noted in Chapter II is not typical of the steer 

due to the large difference in body size and the heart weight to body 

weight ratio differences. 

Figures 27 thru 29 show the variation in r /hat each aorta lo­
rn 

ca tion over the pressure range of 100 to 200 cm H20. Calculations assum-

ing a longitudinal extension ratio, f = 1.35 show only small changes in 
z 

both vessel mean wall diameter (+2%) and in the r /h ratio (+6%). 
m 

Hemodynamic Observations 

The geometric shape of the aorta at the mean cyclic pressure of 

155 cm H
2

0 shows, from Table 8, that the value of the internal flow cross-

2 
sectional area (qA) at the upper location is 6.90 cm as compared to an 

approx imate constant value of 4.12 cm2 and 3.98 cm2 at the two distal lo­

cations. Assuming steady state volume flow conditions and negligible wall 

frict ional losses in the length of the aorta these values of qA indicate 

that the fluid velocity increases by approximately 70% between the upper 

and middle locations and remains approximately constant between the middle 

and lower locations. Thus, the unstressed geometry of the aorta vessel and 

its large variance in the tangential modulus of elasticity (Figure 23 ) with 

respect to longitudinal location, and under the condition of in-vivo 
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longitudinal and tangential loading, results in the thoracic aorta at 

its upper location acting as a velocity accelerator forcing fluid to 

increase velocity rapidly over a very short longitudinal distance. For 

the cyclic condition of± 15 cm H
2

0 amplitude, the variation of qA is 

± 6.8% and± 4% at the upper, middle, and lower locations indicating 

that the pulse fluid velocity is also magnified significantly. 

In Chapter II, the ascending and thoracic aorta was classified as 

being a flexible tube which due to its low and varying elastic proper­

ties aids in the transmission of the blood from the left ventricle to 

the extremities of the arterial system. As a secondary observation of 

the analysis of this chapter, the above paragraph crudely, at best, in­

dicates that such is the circumstance for the upper or proximal region 

of the thoracic aorta. It is unfortunate that four thoracic specimens, 

or at least one specimen from the ascending aorta, had not been used in 

t his study as the observations noted above would have been more conclu­

sive. Consequently, only the probable fluid flow characteristics can be 

recognized. 

Table 8 further shows that the wall diameter variation for pul­

satile flow condition ranges from± 3% to± 2% and that the wall thick­

ness changes by approximately± 5%. Thus, the cyclic radial wall velo­

city of the lumen surface is undoubtedly small relative to the longitu­

dinal velocity of the fluid. Also, the dynamic wall boundary condition, 

in the strictest sense, cannot be assumed to be rigid without further 

assessment of the actual in-vivo performance of the blood vessel wall and 

the measurement of the fluid flow properties along the length of the 

Vessel. 
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Longitudinal Characteristics 

The aorta vessel is a flexible elastic tube subjected to an ap-

proximate constant longitudinal tethering strain (rz = 1.30) with a 

superimposed longitudinal loading caused by the in-vivo mean pressure 

of 155 cm H20. Figures 27 thru 29 show that the magnitude of the lon­

gitudinal stress increases slowly and linearly with pressure and conse­

quently the total longitudinal load in the vessel wall is due to 

tethering load plus the superimposed loading due to the radial deforma­

tion of the elastic tube caused by the internal pressure. As the inter­

nal pressure causes radial deformation of the vessel, a positive longi• 

tudinal load results due to the vessel wall resisting the longitudinal 

contraction which would occur if the vessel had no longitudinal con­

straint. Thus, the total longitudinal load (FL) in the wall is equal to 

t he sum of the tethering force (Ft) and the induced longitudinal force 

(F) caused by the pressure loading. Or: 
p 

From this relationship, one can calculate the magnitude of the in­

duced longitudinal load in the vessel due to the internal pressure and 

compare it relative to the total load in the vessel wall at the mean in­

vivo pressure of 155 cm H
2
0. Using equations (49) and (2) 

F = F - F p L t (50) 

155 
1.30 

- 1T rdh crz] / == 0 [ ,. 1. 30 , grams 
z 
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Using equation (50) the magnitude of the longitudinal forces at 

each aorta location can be determined. The results are summarized below: 

- LONGITUDINAL FORCES -

Total Tethering Pressure (F /FL) X 100 

FL - gms F - grns F - grns t p 

UPPER 1770 1448 322 18.2% 
Z = 6.5 cm 

MIDDLE 1122 901 221 19.7% 
Z = 15.6 C 

LOWER 733 558 175 23.9% 
z = 26 cm 

(r) (.983) (.986) (. 969) 

Using linear regression analysis, we find that all three forces 

vary linearly with location (Z) and decrease in magnitude along the ves­

sel distal length. Also, the induced load due to the radial pressure 

loading of the vessel is approximately 20% of the total longitudinal load 

a t each location. 

In the discussion of Figure 22 of Chapter VI, it was observed that 

for an assumed constant value of tethering strain(~ = 1.30) the vari­
z 

ation in the longitudinal stress was found to be relatively small ( T = 
z 

600 to 800 grn/cm2) for wide variations in the tangential strain ( [
8 

= 1.22 

to 0.78.) This prompted the statement that -- "one would not expect sig­

nificant variations in the longitudinal tethering forces" -- for the in­

Vivo physiologic environment. This statement is true only if the descend­

ing aorta blood vessel was reasonably straight, had constant cross­

sectional area, and was well removed from the ascending aorta. 
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Table 8 shows at p = 155 cm H
2

0 that the in-vivo longitudinal 

stress, as expected, varies from 584 to 827 gm/cm
2 

with respect to dis­

tal longitudinal location along the thoracic descending aorta but the 

above longitudinal force summary table shows that the magnitude of the 

forces (tethering, pressure, and total) are not constant at the three 

longitudinal aorta locations. The varying cross-sectional geometry of 

the aorta and the non-linear stress-strain behavior of the material 

prohibits the forces from being equal regardless of the manner of load-

ing; constant tethering strain, or constant pressure loading. To better 

understand the longitudinal forces shown in the above table, and the ef­

fects of these forces, Figures 31a thru c depict the internal wall load­

ing at each location and the average balancing shear forces which act 

between each aorta location so as to maintain the required longitudinal 

equilibrium of the blood vessel. The difference in the longitudinal 

load acting at the upper and middle locations and acting between the 

middle and lower locations is balanced by longitudinal shear forces 

(q - force per unit of longitudinal length) which act between the out­

side surface of the vessel wall and the perivascular tethering tissue. 

These average shear forces are converted to average values of shear 

stress, <J 
s 

2 
gm/cm. A discussion of each of the three longitudinal 

loading figures follows. 

Figure 31a: This figure represents the complete physiologic situa­

tion of both tethering (r = 1.30) and the mean physiologic pressure 
z 

loading of the blood vessel in its normal distended longitudinal and radial 

configuration. The average shear stresses acting between the outside sur­

face of the blood vessel and the perivascular tethering tissues are 7.2 and 

4 -6 gm/cm
2

• These in-vivo values are very low in magnitude as might be 
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expected since the tethering tissues are essentially fatty-viscous tt ma er. 

At some point distal to the lower location, Z > 26 cm, either within the 

length of the thoracic aorta or within the abdominal aorta, the longitudi­

nal force, FL, would be approximately constant and thus the tethering 

shear stresses would approach zero. 

Figure 31b: This figure represents the somewhat unrealistic in­

vivo situation where the vessel is distended under only the influence of 

the tethering pre-stress ( /' = 1. 30) 
z 

forces and the internal blood 

pressure is zero in magnitude. Since the outside vessel diameter and 

surface area is not a maximum in this circumstance, the tethering shear 

stresses, <Ts' are at their maximum value. Note that for both this loading 

and that of Figure 31a the magnitude of (J is very small compared to the 
s 

magnitude of the physiologic internal wall stresses, IT_ or CT , at any 
t:; z 

aorta location. 

Figure 31c: This figure represents the induced longitudinal in­

t e rnal wall load and the induced external tethering shear stresses caused 

by the flow of blood within the vessel at a mean or steady state pressure 

of 155 cm H
2
0. It is conversatively assumed that the shear stress acting 

between the flowing fluid and the lumen surface of the vessel are negli-

20 
gib l e in magnitude. This assumption is based on the observation of Patel 

who states that during a cardiac cycle, with maximum volume flow, the in-

/ 2 11 c ternal surface shear stresses would be -- "much lower than 1 gm cm. on-

sequently, the values of q and (j shown in the figure are most likely to 
s 

be max imum values. 

The question raised by Figure 31c is -- ''what causes the large lon­

gitudinal load (322 gm) acting at the upper location of Z = 6.5 cm?" The 
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answer lies in the fact that a force R acts on the ascending aorta (a curved 

pipe) and is due to the time rate of change of the flowing pressurized fluid 

within the ascending aorta. As shown in the figure, the resulting force 

R can be resolved into longitudinal and lateral force components. The 

longitudinal component F2 , directed upward, acts as a tension force with-

in the wall of the descending aorta. If the descending aorta was un­

supported by tethering tissue this force, F
2

, would be constant throughout 

the length of the blood vessel. The change in cross-sectional geometry of 

the blood vessel and the inherent perivascular tissue resistance in effect 

reduces or dampens the effect of the steady state and pulsatile loading 

acting within the ascending aorta. The lateral force component at the as­

cending aorta is assumed to be resisted locally or by the heart and its 

supporting envelope since the bending resistance of the descending aorta 

must be negligible. 

We see in Figures 31a thru 31c that the perivascular tissue plays 

a significant role in not only the application of the in-vivo tethering 

pre-stress condition but also in maintaining the necessary longitudinal 

equilibrium of the ascending and descending aorta blood vessel. Further 

more, it is not likely that the shear stress between the blood vessel and 

2 the tissue exceeds 10 gm/cm under normal and healthy circumstances. 

Table 8 and Figures 27 thru 29 also show that the cyclic longitu­

dinal stress variation for the pulsatile pressure loading is approximately 

± 2%, ± 2.3%, and± 2.5% of the mean stress at the upper, middle, and 

lower locations, respectively. It is possible to convert these cyclic 

variations of stress, using the equations of Chapter VI, into cyclic 

strains (+ f ) or to cyclic longitudinal deformations per unit of longi-
- z 

tudinal length of the vessel. Using the middle location (Z = 15.6 cm) as 
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an example, the calculations yield a longitudinal cyclic deformation or 

displacement of± .10 mm/cm of vessel length at the in-vivo pressure of 

20 
Patel reports the in-vivo measurement of aorta dis-

placement of appro~imately ± .15 mm/cm for the dog at a location of z = 

14 cm distal to the ascending aorta for pulsatile pressure of 180 ±15 cm 

H20. While the two animals and the locations used are similar, but not 

identical, reasonable agreement exists between the in-vivo experiments and 

the analytical results based on the biaxial testing of the tissue. Con­

sequently, the longitudinal cyclic stresses and strains are very small 

and contribute little to the structural or hemodynamic mechanics of the 

thoracic aorta. The primary consideration in these areas of study are 

the circumferential or radial displacement of the vessel wall. 

Tangential Stress and Strain 

The tangential stress curves of Figures 27 thru 29 show the charac-

t eristic non-linear increase of wall stress with respect to pre~sure load-

i ng from Oto 200 cm H
2

0 similar to that displayed in Figure 21 for the 

basic material stress-strain relationship. Of interest is the fact that 

the ~vs p curves for the upper and middle locations are almost identical 

over the full range of pressure while at the lower location the value of 

the tangential stress is considerably higher for any given pressure. Ex­

amina tion of the pulsatile tangential stresses listed in Table 8 shows that 

at the upper and middle locations, the pulsatile stresses range from 800 to 

1100 gm/cm2 as compared to 1412 to 1829 gm/cm2 at the lower location. The 

reason for this significant variance over a relatively short longitudinal 

distance (10 cm) is shown in the ratio of the mean wall radius co wall 

thickness ratios and the values of the in-vivo wall thickness itself. At 

the lower aorta location, the vessel wall thickness is approximately 50% 
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thinner and can definitely be classified as "thin wall." Thus, we see 

that a significant change in vessel geometry, and consequently tangential 

wall stress, occurs between Z = 15.6 to 26 cm distance indicating that 

"location" is an important factor when discussing any comparative data be-

tween investigations, or investigators. The graphs also show that the 

point of equal tangential and longitudinal stress is at 90 to 110 cm tt
2
o. 

Above this pressure, the tangential stress exceeds the longitudinal stress 

and at the mean pulsatile pressure the value of G""6 is approx imately 50 to 

100% higher than er depending on aorta location. 
z 

It was pointed out in Chapter II that the radial wall stress (equa-

tion 4) has generally been found from other investigators to be approxi­

mately an order of magnitude lower than the tangential or longitudinal 

stress and is generally considered to be negligible. Table 8 shows that: 

(f = 
2 78 gm/cm @ p = 155 cm H20 

r ., 

er: ~ 584 gm/cm 2 
@ p 155 H20 = cm 

z 

¾~ 950 gm/cm 
2 

@ p 155 H
2

0 = cm 

which clearly verifies that point made previously. While Table 8 does 

no t list the value of the radial strain (compressive), the value can be 

de t ermined from equations (33) or (35). 

If the values of the physiologic tangential stress and extension 

rat i os given in Table 8 at the upper, middle, and lower locations, for the 

mean normal pulsatile pressure of 155 cm H
2
0, are plotted on Figures 9 

thru 11, respectively, we see that the rheologic condition of the blood 

Vessel lies within the initial characteristic region of the tissue uni­

axia l stress-strain diagram. This is to say that the normal in-vivo tan­

gential wall stresses and strains of the aorta blood vessel lie comfor­

tably to the left of the characteristic "knee" of the material axial 
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stress-strain diagram. Under the abnormal physiologic condition of 200 

cm H20, or higher pressures, such as would be found in cases of hyperten­

sion or vessel constriction, the tissue material is functioning adjacent 

to or to the right of the knee of the curves. It is within this region 

that the physiologic wall stresses are not only higher in magnitude but 

the variation in wall stress from subject to subject can be very large. 

It should also be noted that the elasticity or stiffness of the blood 

vessel material is considerably higher under such circumstances. 

In conclusion, we observe that in the normal physiologic state, 

the blood vessel tangential wall stresses and strains lie comfortably 

within the low stress-strain region of the characteristic non-linear 

stress-strain curve of the material. It is within this region where the 

low elasticity elastin fibers are carrying the largest share of the ves­

sel tangential wall loading. 

11 Patel , conducted in-vivo experiments using 14 living dogs. A 

7.5 cm length segment of the middle descending thoracic aorta was iso­

lated in each dog and by-passed from the main systemic circulation with 

dissection of the local tethering tissue being kept to a minimum so as 

not to alter the longitudinal in-vivo characteristics of the blood ves­

sel. Tests were performed under pulsatile conditions at mean values of 

145 to 162 cm H
2

0_ so as to measure tangential incremental values of phy­

s i ologic stress and strain. Incremental stress (P ) and incremental 

s train (e
0

) are defined as follows: 

ee = (d)p = 170 - (d)p = 140 
(d)p = 155 

2 
, gm/cm 

, cm/cm 

(51) 

(52) 

Applying these definitions of incremental stress and strain to the phy-



siologic steer thoracic aorta data of Table 8, we obtain 

e = .057 - UPPER -e 

= .047 - MIDDLE -

= .037 - LOWER -

Pe = 282 

= 251 

= 417 
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which are applicable to the pulsatile conditions of 155 ±l5 cm H
2
o and 

are based on the in-vitro stress-strain determinations of Chapter VI. 

For the mean pulsatile pressures of 145, 154, and 162 cm H
2
o, 

Patel reports for the dog middle descending thoracic aorta segment in­

vivo values of .038 to .045 cm/cm and 260 to 330 gm/cm
2 

for the incremen-

tal tangential strain and stress, respectively. These values for the dog 

indicate good agreement with the middle and lower in-vivo calculated 

values listed above based on the in-vitro experimental biaxial testing of 

the steer tissue. The experiments of Patel also yield mean values of u9 

ranging from 1170 to 1630 gm/cm2 as compared with the 950 to 1610 grn/cm2 

values given in Tab le 8. 

Such agreement is significant, since it clearly indicates that the 

in-vivo predictions of this study are within good agreement and thus the 

advantage of in-vitro biaxial specimen testing is further enhanced. How­

ever, it is possible that "animal to animal" variations exist more than is 

indicated by the above comparison and that "location" of the specimen and 

mea surements can also be an important factor. The data of Patel cannot 

be classified as being location, or point, properties since vessel wall 

geometry may have varied significantly within the 7.5 cm length of the 

isolated vessel. The fact remains though that, on average, the correla­

tion of the calculated data of Table 8 with the in-vivo testing by Patel 

is certainly encouraging. 
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Wall Deformation and Distensibility 

The non-linear tangential stress-strain relationship of equa-

tions (38) and (39) as depected in Figure 21 for each aorta biaxial test 

specimen location and the non-linear form of equation (41) applicable to 

in-vivo loading would ordinarily be expected to yield a similar non-linear 

relationship between blood vessel internal pressure and mean wall dia­

meter since the extension ratio strain~ is related to vessel diameter. 

However, in Figures 27 thru 29 for each aorta location, the pressure­

diameter (p - d) curves are approximately linear with only slight non­

linearity in evidence. In fact, using pressures of p = 0, 50, 100, 150, 

and 200 cm H
2

0 and linear regression analysis, the curves of p - d shown 

can be very closely approximated by the following equations which display 

excellent correlation coefficients • 

UPPER - d = • 006lp + 2.320 r = .999 

p = 0 to 200 
MIDDLE- d = .0038p + 1.925 r = .988 

' cm H
2

0 

LOWER - d = .0037p + 1. 785 r = .981 

21 
Patel , and Patel and Janicki22 

also report the finding of linear 

p - d relationships for the main pulmonary artery, the left coronary cir­

cumflex artery, and the common carotid artery in dog by both in-vitro and 

i n-vivo blood vessel segment testing. Thus, the finding of the linear 

calculated in-vivo p - d characteristic for the steer thoracic aorta in 

thi s study, based on in-vitro biaxial testing of the tissue, is confirmed 

by experimental investigations. It is likely that this linear characteris­

tic is true for all major blood vessels under normal physiologic condi­

tions and in healthy animals. 

Figure 30 is a graph of mean wall diameter vs longitudinal loca­

tion along the thoracic aorta tree for various pressures ranging from p = 0 

-
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top= 200 cm H20. The curves are distensibility curves since they re­

flect the variation or change in mean wall diameter with pressure, the 

rate of change of diameter relative to longitudinal location, and thus 

give an overall view of the tangential deformation or elasticity of the 

blood vessel. Superimposed at the mean pulsatile pressure of 155 cm H
2

o 

is the cyclic variation of mean wall diameter associated with the pulse 

pressure of± 15 cm H2o. Similar distensibility curves are not found in 

the literature since in-vitro and in-vivo testing of blood vessel segments 

precluded the gathering of such extensive data without considerable cost 

in both instrumentation and test time. This is probably why most experi­

mental investigators have confined themselves to the recording of very 

local data and data associated generally with the pulse pressure loading 

of the vessel. Figure 30 is unique in its form. 

Two common measures of blood vessel elasticity or distensibility 

used in reported in-vivo experiments are the percent change in mean wall 

:radius (% ~R) relative to the pulse mean pressure and the slope of the 

pressure-radius relationship, A R/~p, for either the pulse pressure range 

or over the full range of pressure. Using the data of Table 8 and the above 

equations, the values of % fl R and A. R/ b p (cm/ cm H
2

0) are tabulated below: 

UPPER MIDDLE LOWER 

%6.R] 1 ± 2.8 + 2.4 ± 1.8 
pu se 

AR/Ap] l 3.1 X 10-3 1.95 X 10-3 1.45 X 10-3 
pu se 

6. R/apJo - 200 
3.05 X 10-3 1.90 X 10-3 1.85 X 10-3 

V.D. .487 .394 .280 
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and clearly indicates the decrease in vessel distensibility (increase in 

elasticity or stiffness) as the location (Z) increases distal to the 

ascending aorta. While no similar data ex ists for the thoracic aorta , 
21 

Patel , gives values of%~ R = ± 8.3% and I:::, R/ A p = 4.0 to 11.11 (7.45 

mean) X 10-3 for the main pulmonary artery under distending pressures 

ranging from 12 to 27 cm H
2
0. Thus, the thoracic aorta vessel is con­

siderably stiffer than the thinner wall and lower pressure main pulmonary 

blood vessel. 

Included in the above table is another index of vessel wall dis­

tensibility, volume distensibility (V.D.). Volume distensibility is de­

fined as the percent change in lumen volume vs diastolic volume, per cm 

H20 of pulse pressure. In terms of the nomenclature used in Table 8, 

volume distensibility can be defined as follows: 

% (53) 

Comparing the in-vivo calculated values at the lower and upper 

locations, it is seen that the upper thoracic location is approximately 

75% more elastic (or distensible) than that of the lower location. The 

values given above compare very favorably with the value of .33 ±" 11 
given 

20 by Patel for a segment of the descending aorta of the dog (in-vivo) at 

p r essures of 140 to 189 cm H
2
0. 

23 However, Patel reports a value of .42 

(average) for the ascending aorta which is· less than the value of .487 

given in the table at the location just distal to the ascending aorta. It 

is generally acknowledged that the ascending aorta is more distensible 

than the descending thoracic aorta. Using the data given in Table 1 of 

Pate 123 , for ten dogs, the range of V.D. is calculated to be .246 to .599 

for the ascending aorta. 
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In-vivo Modulus of Elasticity 

As discussed in Chapters III and VI, the tangent modulus of elas­

ticity of the aorta material is not a unique value, or a constant, as is 

normally the case for linear elastic isotropic materials. Rather, due to 

the non-linear anisoptropic and orthotropic characteristic of the ma­

terial, the modulus of elasticity is more accurately defined as the tangent 

modulus and is a unique function of the state of stress and its principal 

direction. To define the value of E as having a value of 3000 gm/cm2 is 

meaningless unless the direction and magnitude of the stress or strain is 

also given since the value of E must be defined as a state point. Table 8 

lists the values of E9 and Ez for both the in-vitro and the in-vivo con­

dition of p = 155 cm H
2

0 mean pulsatile pressure. It is seen from the 

table that the longitudinal modulus at each aorta location is approxi­

mately 100 to 120% larger in magnitude for the physiologic condition and 

that the tangential modulus increases approximately 125, 160, and 210% at 

the upper, middle, and lower aorta locations, respectively, when compared 

t o the corresponding in~vitro values. Again, the general trend of in­

creasing stiffness with respect to distal location is obvious but now the 

tangential percent increase is not constant with respect to location (for 

a fixed value of loading or pressure) but increases at a faster rate as 

location Z increases. This could be expected if one reviews the general 

Ue - ~ and Ue - e. 9 curves of Chapters III and VI. 

In Chapter VI, it was found, Figure 25, that the unstressed longi­

tudinal modulus, E , varied linearly with location and that the unstressed 
z 

tangential modulus, Ee , was distinctly non-linear with respect to loca­
o 

tion along the aorta length. Figure 32 is a graph of Ee and Ez relative 

to longitudinal location along the thoracic aorta at the physiologic mean 
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pressure. The calculated values at each location are included and the. lin­

ear regression equation for both EG and Ez are noted. The correlation 

factors of .969 and .962 show that both physiologic moduli can now be con­

sidered to vary linearly with respect to in-vivo longitudinal location at 

least within the locations of Z = 4 to Z = 28 cm. An interesting obser­

vation is that the tangential and longitudinal modulus for the in-vivo 

pulsatile condition are very low in magnitude and are approximately equal 

(1000 to 1300 gm/cm
2

) immediately distal to the ascending aorta (Z = 0). 

When compared to the unstressed modulus values, Figure 25, the directional 

variation in elasticity at the ascending aorta location may remain ap­

proximately constant with respect to pressure. This implies that the as­

cending aorta tissue has not only very low but possibly nearly equal 

values of elasticity in both principal directions. Confirmation of this 

observation by additional testing would be of value. 

As previously noted, in-vivo experiments do not lend themselves to-

wards a complete description of the material <r - t. - E properties or a 

complete description of the in-vivo property of vessel distensibility over 

a large range of pressures. For this reason, the calculated in-vivo values 

o f Ee and Ez given in Table 8 cannot be compared with the results of 

other investigators. In-vivo tests are normally performed under the con­

di tion of physiologic pulsatile pressure loading and since the change in 

strain or deformation is small under such cyclic condition~ (as seen in 

Table 8), the material is often assumed to be linearly elastic about a 

given point of mean stress or loading. For such tests, the point value 

of E cannot be determined at any fixed point of stress or load but the 
n 

incremental modulus of elasticity E
1 

can be determined since both the 
n 

change in stress and strain about the mean pressure can be either cal-

cula ted or experimentally measured. The incremental modulus is thus 
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defined as being the change in stress divided by the change in strain 

over the range of the pulsatile pressure,Ap, or 

2 
gm/cm (54) 

Using this definition of the incremental modulus, the value of 

the tangential incremental modulus, E~ , can be determined directly 

from Table 8, The incremental longitudinal modulus, E1 cannot be cal­z' 

culated since the analysis assumes that the longitudinal or tethering 

strain,)-, is constant and thus E1 ~ E . 
z z z 

Since the radial stress-strain relations could not be determined 

from the biaxial test program for the material ( Cf = 0) the point value 
r 

of E at the mean physiologic pressure also cannot be determined. How­
r 

ever, using equation (33) and the values of Table 8, for r = l. 30, 
z 

the radial incremental modulus, E
1 

can be determined for the average 
r' 

2 
pulsatile radial wall stress of Au = -15 gm/cm. Since the incremen-

r 

tal modulus is by definition the modulus about a point of changing strain 

it is also a close approximation of the actual point modulus at the mean 

state of pulsatile loading; or E ~ E
1

• 
r r 

The calculated values of the three incremental moduli are given 

below: 

UPPER MIDDLE LOWER 

1 
Ee = 2510 3230 6160 

El 
~ 1633 1800 2400 

z 

El ~ 877 916 1260 
r 

and are applicable to the Kirchhoff measure of strain which is used through­

out this study. Since the incremental modulus is a measure of the average 
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slope of the non-linearily increasing stress-strain characteristic of the 

1 
material the values of E9 are larger than corresponding values of Ee by 

approximately 5 to 13%. Of prime interest in this table is the value of 

the incremental radial modulus E1 which is an approximate measure of the 
r 

actual point value of E at the mean pulsatile pressure. It is seen 
r 

1 that the radial wall elasticity is very small relative to both E
8 

and 

E
1 

a point which is readily observed when attempting to measure the z' 

tissue thickness, as mentioned in Chapter III. 

The values of the incremental tangent modulus can be compared with 

the in-vivo experimental results of Patel
11 

for the middle descending 

thoracic aorta of the dog when modified to the conventional or Cauchy 

strain measure (£ = /_ -e e 1) units. The values of the incremental lon-

gitudinal and radial modulus when modified cannot be directly compared 

due to the assumption of constant longitudinal strain used in this analy­

sis, and the test methods used in the Patel experiments. The incremen-

-1 
tal tangential modulus Ee (Cauchy) using the nomenclature of this report 

and that of Patel is: 

2 
gm/cm (55) 

The calculated values at each thoracic aorta location are given in 

the table on the following page where a comparison can be made with the 

in-vivo tangential values calculated using the Table 1 data contained in 

Patel's report. Patel measured incremental modulus for two different mean 

pressures and for two different ranges of the tangential extension ratio 

by virtue of his experimental set-up technique. The comparable range and 

mean pulsatile pressure of this study is also given. As previously noted, 

the test location chosen by Patel would be comparable to the locations of 
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this study defined as the middle and lower location. With this in mind, 

we see below that a reasonably good correlation exists between the pre­

dicted in-vivo values of 4200 to 8300 gm/cm2 for this study, based on 

the in-vitro biaxial test results, and the experimental in-vivo values of 

2 
5800 to 8100 gm/cm of Patel. 

Analysis 

11 
Patel 

(Table 1 - group 1) 

Patel11 

(Table 1 - group 2) 

UPPER MIDDLE LOWER 

3525 4183 8340 

5805 to 6600 (MDTA) 

6631 to 8107 (MDTA) 

Conclusion 

~= 1.30 to 1.40 
p = 155 cm H

2
0 

~= 1.29 to 1.45 
p = 145 cm H

2
0 

~ ~= 1.46 to 1.55 
p = 154 cm H

2
0 

As a result of the biaxial test program of Chapter V which facili­

tated the determination in Chapter VI of the in-vitro directional "stress­

strain-elasticity" properties of the thoracic aorta tissue, it has been 

shown that the in-vivo or physiologic characteristics of the aorta blood 

vessel under the condition of pulsatile blood pressure can be predicted. 

The physiologic characteristics are defined at each of the three thoracic 

aorta locations in Table 8 for the pulsatile condition of loading and the 

variation of each important parameter with respect to internal blood pres­

sure is contained in Figures 27 thru 30. The study of these parameters 

has resulted in an improved understanding of the affects of the pulsatile 

pr essure loading upon the in-vivo blood vessel (such as a complete 
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description of vessel distensibility, and informa~ion pertaining to the 

longitudinal forces and shear strains acting between the blood vessel and 

the supporting perivascular tissue). Such quantitative information has 

not previously been available in the literature. 

Of major significance is the fact that the analytically predicted 

vessel characteristics have bee~ shown to agree reasonably well with the 

in-vivo experimental findings of other investigators using segments of 

the thoracic aorta of dog. The correlation of the calculated in-vivo 

parameters with the experimental findings reported in the literature im­

plies confidence in the fact that the in-vitro material biaxial specimen 

test results can be used to predict with reasonable accuracy the in-vivo 

environment of the actual blood vessel. 
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CHAPTER VIII 

SUMMARY 

This study has been confined to three principal areas. Each 

is briefly discussed below and concluding comments are made. 

Biaxial Test Apparatus 

A relatively simple and inexpensive biaxial test set-up was de­

signed and is described in Chapter V including the requirements of 

specimen environment which must be maintained during such in-vitro 

specimen testing. This experimental design proved adequate in achiev­

ing the end result which was the description of the passive or steady 

state directional stress-strain-elasticity properties of the steer des­

cending thoracic aorta at three longitudinal aorta locations for the 

condition of plane stress loading. Similar experimental biaxial testing 

of any blood vessel tissue has not been previously accomplished by other 

investigators. 

The experimental apparatus described in Figures 12 and 14 is 

adequate for 5 cm square specimens which satisfies the use of large 

animal blood vessels such as those of the steer. For smaller animals, 

including man, and for smaller blood vessels having unstressed diameters 

as small as 0.8 cm the basic design can be scaled down and with minor re­

finements would be satisfactory for 2.5 cm square specimens. The use of 

the extension gages (?'-gages) of Figure 13 would be impractical for such 

small specimens as measurement of directional displacements presents a 

major problem. An optical method is visualized which would be satis-

... 
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factory and which would not require photographic techniques. 

In-vitro Blood Vessel Tissue Properties 

The in-vitro tangential and longitudinal stress-strain-elasticity 

properties of the non-linear anisotropic blood vessel tissue are con­

tained in Chapter VI and are defined by equations (38) and (39) using 

the coefficient tables, Tables 5 and 6. The stress-strain, and tangent 

modulus-strain, properties are given at each of the three thoracic aorta 

longitudinal locations of Figure 4 and the variation of these tissue pro­

perties relative to the longitudinal location along the aorta tree are 

shown graphically in Figures 21 thru 25. By virtue of the plane stress 

loading of the specimen the properties of the tissue in the radial di­

rection cannot be defined without testing under tri-axial loading con­

ditions. 

In-vivo Physiologic Predictions 

Chapter VII has outlined the method whereby the in-vitro tan­

gential and longitudinal plane stress properties of the tissue, deter­

mined in Chapter VI, can be used to predict the in-vivo physiologic 

state of the aorta blood vessel under physiologic pulsatile pressure 

loading. A summary of the calculated physiologic data is given in 

Table 8 and is shown graphically in Figures 27 thru 30. This data per­

tains to the in-vivo blood vessel geometry, wall stresses, elasticity, 

and the hemodynamic flow characteristics for both the unstressed state 

and the normal physiologic state of pulsatile pressure loading. A 

comparison of the calculated in-vivo blood vessel characteristics with 

the in-vivo experimental findings of other investigators, using blood 

vessel segments, has shown that the analytical in-vivo predictions 
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agree reasonably well with the reported experimental findings. The cor­

relation between the two methods, analytical vs. experimental, indicates 

confidence in the fact that in-vitro biaxial test specimen results can 

be used to predict the in-vivo characteristics of the blood vessel 

material. 

Not withstanding the success of this study various improvements 

and modifications have been recommended in Chapters VI and VII which 

would more accurately assess the findings of this study. An ideal situa­

tion for further study would be a well conceived program supported by 

computer facilities whereby in-vivo measurements are made on living dogs 

initially and then followed by the conducting of in-vitro biaxial test­

ing of the blood vessel tissue. Such a program, while ·costly and time 

consuming, would not only verify the accuracy of the correlation between 

the two methods but should also lead to refinements of the analytical 

techniques so that the need for future in-vivo testing would be minimal. 

The biaxial testing and the analytical in-vivo predictions based on such 

work could be extended to the major arteries and veins which constitute 

the local cardiovascular system supporting the heart and the major 

vessels of the animal body, Concurrently with the above investigations 

the variation of the two principal materials, elastin and collagen, with 

location along the blood vessel length and the affects of these quantita­

tive variations upon the qualitative physical properties should be closely 

examined. The potential value of such studies, under both normal and ab­

normal physiologic conditions, is limited only to one's imagination, 
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