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ABSTRACT 

STATIC AND DYNAMIC STABILITY OF SLOPED COLUMNS -

A MATRIX AP PROACH 

Emmanuel Fountoulis 

Master of Science in Engineering 

Youngstown State University, 1979 

ii 

The purpose of this thesis is to investigate the 

static stability c haracteristics and the free vibration 

phenomena of a beam-column inclined from the vertical align­

ment. A modern compact matrix approach is utilized to form­

ulate the mathematical solutions. A variety of end support 

conditions are considered, includ ing fixed ends, simple sup­

ports, a nd a combination of those. 

For the static stability prob lem, critical buc kling 

loads are determined for various angles of inclination of 

the be am-column. For each end support condition,. nonlinear 

l oad-deflection curves a re plotted and critic a l buckling 

l oads a re de t ermined from t he maximum point of t hose curves. 

For the free vibrat ion problem, the natur~l fre­

qu encies of f ree vi br a tion of the s loped beam-column 2.re de­

t erm i ned for various values of the inclina tion ang le. For 

each end su 9port condition, ax i a l fo rce-natura l fre qu ency 

curves a re c ons t ructed usi ng a n ap proximate l ine a ri zed c on­

di t ·.on . 

In ge ne ral, it is f ound th a t the cri t i c~l bu c kling 
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load decre as es a s t he ang l e of i nc linqt i on (me asu red f rom 

the h ori z onta l) dP.c re a sP.s. For the free vi bration prob lem 

it is found that,as the induced axi a l force i ncre ases, · t he 

resonant frequency decreases. When the induced axial force 

r eaches t he critical buckling load,the resonant frequency 

is zero. 
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CHAPTER I 

INTRODUCrrr ON 

The problem of the natural frequency of a beam-column 

has been extensively investigated.(l)* It has been found 

that, in general, as the axial force increases the resonant 

frequency decre ases. At the value of axial force equal to 

the critical buckling load, the resonance frequency is zero. 

The purpose of this thesis is to investigate this phenomena 

for the case wherP. the beam-column is inclined fr om the 

vertic 2 l alignment. 

In this thesis work, the statical problem of the com­

bined effects of axial strain and bending is reformulated 

using a more concise, modern matrix appr0ach. This mathe­

matical procedure is utilized to form the basic approach to 

t~e solution of the dynamics problem which is by nature a 

far mo rg complex mathematical entity. 

The simp le truss shnwn in Figure 1,1 is ca lled a 

"Mises Truss~ the static stability of whic~ was fir et i~­

ves tigated for axial strain. ( 2 ) later, the st-=:.t:.· c s t abt :.i ty 

of the 88.me system was investigated, using ex act n onli ' l"' " r 

t '-1°nry, for bending deformation only. (J) In a r ece nt study , 

t he static stability prob l em of combined ax i al strain a nd 

b~nd ·~g deformati on us ing an approximate l a rge de f lecti on 

* Num~e ~ in nqrenthesis refers to literature cited in the 
bibli ogra?hy. 



theory a nd a classical differential equation approach, has 

been investigated.(4 ) 

Fig. 1,1 Mises Truss. 

2 

Because of symmetry , one may investigate only one 

element of the syste m se t ting pro per deflection restrictions. 

T~is ele ment is shown i n Figure 1.2. Sin ce both ax ial strain 

and bending are considered, this member is a beam-column, 

and it is investigated for various end condi tions. 

F 

Fig. 1.2 Sloped Beam-Column. 

The def lection restrictions are as follows: 

A. End A has no def lect ions although it may/ma ynot 

be free to rotate. 



B. End B only moves in the vertical direction and 

it may/maynot be free to rotate. 

3 

For the static problem,the axia.l load-axial deflection 

curves, for a variety of the inclination angles a, are obtain­

ned, from which the load F that causes instability is deter­

mined. For the dynamic problem,the axial load-frequency 

curves are formulated for different values of the inclination 

angle a. 

In solving the problem, an approximate large de­

flection theory is utilized. In other words, in the axial 

strain the bending effect is included. 

Fig. 1.3 Displacement Func ti ons. u-v. 

In Figure 1.3 the positive displacement functions are shown. 

The axial strain including the nonlinear term is 

~ =. d\L + _1 ( ov )2 

dX 2 ox. 

The tot a l stra in of the beam-column is 



or e>'>t = u.,x + -½ v,~ + y v,,..,. 

where the subscript denotes the appropriate derivative. 

The differential equation for the static problem 

is developed using Reissner's Functional (IR )( 5 ) 

IR = J f fv [ -c"" e." - rt -c;:"] dv + 

+ F ( u(1.>sn,Cll.+ v(I,.) c.osa)-" (u.,L)tos<l-V~i~IY\a.) 

4 

where the term containing F represents the work d one by the 

a pplied nodal force,~ defines a Lagrange multiplier physi­

cally representing the horizontal end constraint f orce . at B, 

and the ~ntirt, t erm containing ~ expresses the work d one by 

t his constraint force. Also, exx, Cxx are the stra in and 

stress, respectively, in the X direction, and Ethe mod u l ~s 

of elasticity of the member materi a l. 

Defining N-the axial force in the member, 

M-the bending moment, 

A-the cross sectional area - constant , 

I-the moment of inertia ab o11t z . axis, 

th e stress ~xx consists of the axial stress~ with corre­

s pondi~E strain exx = u,x + ½ v~x and the bending stress 

~I with corresponding strain y v, . xx 
Subst ituting into the Reissner's Functiona l, it f ol l ows t hat , 

IR = J ff V { ~ ( u, )( + ½ v, ~ ) + ¥ ( ~ V. it>')- 2
1s l ~ + 1 ~ )' 1 d V + 

+ F ( lL11.l Si)t a. + "tL, co~ o.) - ~ { U.tL, cos ct -V(Ll Sil\~) ( , . • 1 a \ 

Inte grating the latter equation over the area, one · obtains 
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Iit =J { t,/ ( 1t,1t + * v,!) + M v,.x - N
1 

_ M
2 

\ dx + 
L ,. 2EA 2El f 

+ F ( lLti., shut + v,"1 ,os a.) - ). ( u1,., (os ct - vii.) si'1 a.) 

It follows that 

( f I 2 N1 M1 l d IR. =-Ji.\ N { u,ll. + I v,)t) + M v,.,..,. - m - ffi { x + 

+ [ F u !>hia. + F v c.os<l - A u c.oc,a. + ~ v ~iYlClJ~•L ( 1 .1 b) 

Performing the va.riational operations (Le. bu, bv, bN, OM) 

on the parameters of Equation ,1.lb), one obtains 

~111.=-j{(u.,,+tv,~)~N + N S(u,,+tv,fl+ M S(v,,.) + 

+ V "" ~ M - J! i N - !i. b Ml d l( + 
I,. EA Et J 

+( F sinOL ~11 + F ,o~a. iv - ).. co~CL b\l + A ~ina. ~v 1 x: L 

but ~ { \.l, "- + ½ V, ! ) = S ( IL, x) + ~ ~ ( '/, ! ) 
Combining the latter two equations, yields 

Separately performing the integration of the terms in 

Equation (1.2), yields 

or 

j ! N b("i~) dx = 1 N v,x ~(v.x)dx = 

= 1 N v,"'-. J(&v) 

j i N ~(v,J) Jx = N v,x bv \~ - f (N V,x),,c ~v dx 
L L 

(1.2) 

( 1. 4) 
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j M ~ ( V,xxl dl( ::: 1 M d t ~(V,x)] ::. M 'b(v,,)l~-J,(~•) dH= 

= M S(v,~)\~ -1 M,x CS{v,x) dx ~ 

= M &(v,~)\~ -i M," J(lv) ~ 

= M ~(v,~1 \; - M,x ~v \~ + JL M,~x ~'I d" 

OY ( M ~l¥,u) c:h = M ~(1J1x) - M,,c ~v ]~ +J M,x,c~V dx · (1.5) A L 

Substituting Equat ions (1.J), (1 .4) and (1.5) into Equa tion 

( 1. 2), yields 

& h = 1 { ( u, x + ½ v,! ) b N - l N v,,)1, ~v + M,xx bv + 

-+ v. •• ~M - fi ~N - ii bM - N,~ Su.} d)( + 

+L N Su. + N v,,. CSv + M b(v,x) - M,x bv J~ + 

4- l F ~''Hl ~u. 4 F to~o.. b" - A co~a. bu. + ) sin a. ~" 1x-=-L 

Properly rearranging the terms of th e l atter equation , one 

obtains 

SIR. = i{ u.,, + ~ v,! - l} ~N Jx + J{ M,..- (f4 '(,),x}~v Jx + 

+ ( { Y,,tx _ li) ~M d)C -[N,~ Su. dx + 
)L EI ~ 

+[ (N+ F sinCl.-A c.o~o.) ~U. + M ~(¥,x) + 

+( N v,.,. - M,~ + F c:osa +). sirtci) ~v] x::L + 

4-[ (N) ~u. 4- ( 1\1 V,,c. - M,ic.) \v + (M) ~ (V,,c.)) ')(::::: o 

The va r i ati on of the Func t i onal must vani sh ( i .e. ~ I R = O). 
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Because the variation variables inside the integral are 

arbitrary, for the integral to be zero, the coefficients 

of the variational elements are equated to zero, thus pro­

ducing the stress-strain relations 

4 v.2. _ N 
U,x + "f ,~ EA 

N =. , on 5 lot:n l 

M = EI V,,c.)( 

and the differential equation of equilibrium 

M,xx - ( N V,x),x = 0 

(1.6a) 

(1.6b) 

(1.7) 

( 1. 8) 

Combining Equations (1.7), (1.8) and (1.6b) one obtains 

(EI v,.,..,.) ,xx - N v,.,.~ = o 
Considering the parameters E and I as constants - gives 

E 1 v,.,..,..,..,. - N v, .,., = o 

or (1.9b) 

From the variation process and utilizing Equation (1.7), the 

f oll owing boundary conditions result: 

either or 

at X = L 

1 
u. .. 0 N+ F 5i'rla. - >.c.o~<l. :.o (1.10a) 

V:. 0 E' I V,i1.x.x - N v;l' = F co~Cl. + A Sina ( 1. 1 Ob) 

Vr-.= 0 v,"'~ = o (1.10c) 

at X = 0 

{ 
U -:a 0 N-o ( 1 • 1 Od ) 

V=O E I v, ')(')(, x - N "· x -= 0 ( l,lOe) 

v,.,_-=o ")'!,.Y. = 0 (l,lOf) 

Equation (1.6), in combination with Equat i on (1.l Oa), •indi­

cates that t he axial f orce N and the axial strain f are 

const ant s throughout the beam-column. 

WILLIAM F. MA B .ITT7r 
YOI IN C~Tntm1 ,.. .... ~-
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Now we proceed to determine the differential equations 

of motion and the boundary conditions governing the dynamics 

problem. The same displacement functions and sign convention 

as used in the static problem are used for the dynamic pro­

blem. For the solution of the problem Hamiltons's Principle 

using Reissner's Functional is utilized. The kinetic ene~gy 

of the beam-column, denoted by T, is g iven by the expression 

where 

T =f,J.. e A ( v2. + u.2
) d~ 

L 2 
(1.11) 

e - the mass density of the beam-column 

A the cross section area 

u(x,t), v(x,t)- the axial and transverse displa ce ­

ment f unctions, respect i vely, 

a nd (•) denotes · the approp1'.' i qt e time de r i vati ve . Re issner• ~ 

·. ::1.cticnal I R is defined by Equation(1.1 a). Hamilton's 

Principle (5 ), using Reis s ner' s Func ti ona l, i s defi ned a s 

{ 1. 12 ) 

Perform1ng the vari a tiona l ope r a tion on T only, s i nc 0 S(r R) 

has bee~ de terminen from t he s ta t i c prob lem , onP obtains 

In te rc:h Rnging t he ord er of i nteg 1'.'8. .ion, the lattn r eri.11at.j on 

bec omes 

Pe r arm ing the va r iational opera ti on, yi e l ds 
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or 

Inteera ting with respect to time, yields 

or 

or 
it L 

n-J.[eAV ~v + eAU. iu r dx -JI { (~Av) iH (e4u.J s.} dx d1 (1 .13 ) 
i, 0 

The vari a tion on Reissner's Func tiona l yields 

g [f 1a ell}= t[s1i,.] 01 
I 

Substituting t he l a tte r equation and Equat i on (1 . lJ) into 

~--u~ t ion (1.12), gives 
L ~ 1 [eM ~v + yAU. 81{'11<-1, rr { (e.i.V) iv + (~Au.) ~ll} d~ + Ha.] di: 0 

But a t t 1 and t 2 v = u = O, a nd the l at t er en_uation yields 

-lt I. 

J.. [ 1 { (eAv) gv + (eA'1) Su.} dx +Slit] clt = o (1 . 14) 

For the i ntegral of th8 latter equati on to be al~a ys equal · 

to zero the terms to be integrated must be zero . Combini ng 

the inert i al te rms with t he terms of t t e Re i s s ner ' s Function­

al t ha t have t he s ame variational elements, one obt a ins the 

di fferent i a l equati ons of motion a e fol l ows : 

(EI v,~x ),,c" - l N v,,,.),x + (e Av) = o (1. 15a ) 
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• 
N,x - ( e A u.) = o (1.15b) 

Considering the parameters E, I, e and A as constants and 

using Equation~.15tj, the two previous equations become 

•• EI v,,txxx - (N V,,c),x + eA V (1.16) 

EA ( u.,~ + k v,~ )>~ _ ~ A U (1.17) 

which are the two differential e quations of motion. The 

boundary conditions are found to be: 

either or is prescribed 

at X = 0 

{ 
N = o 

El v,.,..,..,. - t-.1 v,..,_ ~ o 

E I V) .,. " ::. 0 

at X = L { N .+ F ,.\'f\(l -+ ),. (.O':, a. :0 

EI v,1('11.)( - N v,.,. = F ,o\a - ~ sil\C1 

£ I v,.,..,. = o 

u. 
' 

V 

V,x 

u 

" 
Recall that(•) denotes appropriate derivative with respect 

to time and the subscript fol l owing comma denotes appropri a te 

derivative with respect to the subscript variable. Also, 

the term 1 2 · · · · . u,x + z v,x is the axial strain function in the 

beam-c olumn defined as th e o/ function. 



CHAPTER II 

DERIVATION OF THE EXACT STIFFNESS MATRIX 

FOR AN INCLINED BEAM-CO LUMN (STATIC) 

From Chapter I the dif f erential equatio n of equ i­

librium for a. statical beam-column is written a s 

or 

E I y!'i. - N V 1I = 0 

11 

where t he superscr~pt implies the order of differentiation. 

Dividin~ by EI and setting K2=-fi-• (i.e. compressi on fo rc e) , 

it fo llows that, 

vrz + K1 vu = o 
The solution of this differential equation becomes 

V(x) = At (0~ \(. X + A2. sin ~x + A, X + A+ 

whe re A1 , A2 , AJ and A4 are arbitra ry constants. These con­

st ants are evaluated in terms of the nodal parame t ers by 

app l ying the boundary conditions (B.C.). At first, a si gn 

c onve ntion is estahlished. The end dis placement s (rotat i ons) 

are c onsidered positive in the manner shown in Figure 2 . 1 . 

\'f~ 82 
' L , EI -= c.onsl. ~ U2. r x) 

__ u __ ,,..> t===================::., __ ..=,::.,____:,::::_ 

jv, 

Fi g . 2 .1 Pos itive Si gn Convention- Dis­
l ac e~ents ( Rot ~tions), 
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The boundary conditions are defined as follows: 

at X = 0 

{ 
V(o) =- Vt (2.1) 

dV] - - 8l (2,2) ,><. x=o -

at x = L 

{ 
VtL.) ::. V1 (2.J) 

c)v] - - 92 ( 2 . 4) o >< ~~L -

From B,C, ( 1) Vt, = A,+ A,,. 

( 2) 81 =- -A1 Ii. - A 3 

( J) ½. = A1 cos~L 4-A2. ~iYl\(L + A~l + A4-

(4) 92. ==- A, ll ~iY\ ~L - A1 I( (0~ \CL - A ?J 

-
Expressing relations (1), (2), (J), {4) in a matrix form, we 

• have 

\/1 t 0 0 i A, 

'a1 0 -k -1 0 A2 

(OS k.L 5i\'\k.L L A~ 
(2,5) 

V1 1 

~1 ll ~\Yl K.L -1( c.o~k.L -l 0 A~ 

or in a symbolic matrix form (2. 6) 

whe re { } denote s a column matrix and [ ] denotes a square 

matrix. In order to s o lve for matrix {A1 and find the coef-

fici ents A1, A2, A3 , A4 in terms of the end displacements, 

mat rix [cJ is inverted. Then, 

{A} = [C}-i {8} 

where [ C r1 re presents the inverse of [c]. 

Defin ing the determinant of [C] a s D, we fi nd th at 

D = K [ IC L ~ i Y\ tL - 2 ( i - <. OS h ) ] 

(2.7) 

Perform ing the inversion of ( C] a nd substituting i~tc Equa­

tion (2 ,7), we have 
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A, (_ I( (4 -t)) (s-(Lc) (i(c-z.)) (1CL-s) v, 

A2. (rl s) ( t-C: -KLS ') (-lli ) (-(1-t) 81 

- L -- (2.8) 
A,., D (-izs ) (K(t-c)) ( K1 s) (I{ (4-c.) v,. 

A"' (ll [ llLS-0-C:)]) ~ ( s-llLc)) (- ll ( 1-C:)) (-(l(L-5)) 'a1 

whe re ~ c =- cos~L 

S = sin tL 

a nd D = t ( "-LS - 2 (1-c.)) 

The strain energy for the be arn-col um n is g iven by the 

ex pression 

u ;:1 .f.. [ dtL + _, (ov)2-y 1'v ) 2 dv 
V 2. -a X 2 o ,c. J x,i. 

Consid eri ng the area A as constant and int egrat ing over the 

the ares, we ob t a in 
L 

V ~ ( { ~ [k + ..L(h)2
]

2 + il (~\2L dx l 2. ~;,c. 2 1),c. 2 a~,:1 ) 
0 

The first term in the integra:nd of the l atter equation is the 
1 

square of th e axial strain of the be am-column ~,where 

4' = dU. + -'-( dV 'i
2 

o:x ~ ox'/ 

This parameter~ is cons idered constant t hrou ghout the length 

of t he be am -column. Substituting t he axial strain in t he 

s train energy expression give s 
L. 

U = J { E2.A. 4'2 + El (~)2} dx 
0 

Cons ideri ng E, A, I, and~ as const ant s , we have 
l. 

U = E ~ L 4'2 + E2I I ( ~~'2. )l ct X 

" 
Strain ene r gy (U) is ex pressed in t e r mo of th8 e nd d i s -
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· placements in order to apply Castigliano's theorem to obtain 

end forces. The first step is the evaluation of the integral 

I -1L (]!.:t,2. d 
- 'o xt.) 'JC 

0 

which is relat ed to the bending strain, where 

?iv = _ Al v..2. c.o!>i)C - A2. v..1 siY\ k'>< 
d x.1. 

or in a matrix form 

I t follows that, 

{G!~t} ~ { A, At~ 1-K.1 CoS~" \ i(-i~CoStx) (-~
2

~\Y\~x)}j A, l 
-~ !)itlk.x \ 1 A1 f 

or 

{~:~fr = i At A1' I (K4 
c:ofKx) 

l (1'4 sin~" tos ~x) 

Performing the integration yields 

f (1~vJ dl( = { A, A1}Jl~(Ccoc}·1t.'!-) (t:.
4

si-n~,c. CDst~1d)( .J A,l 
(t.4 ~it\l::]C. CDSl;.) (t:.4 r:,i·l·r-;,<.) )A:2 

0 

or 

App lying Eq uation (2.8) gives 

(2.10) 



Transposition of Equation (2.10) yie lds 

Bz J + ~ i ( i ~ c)) 
(s-~Lc) 

lK(\-t)) 

( Ill - S ) 

(i $) 

(i-c-~Ls) 

l-t $) 

(-t 1- C. )} 
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(2.11) 

Substituting Equations (2.10) and (2.11) into Eouation (2.9) 

and performing t he matrix multiplication, one obtains 
,. L ( 'c)ly t d I { K~ \(~ K: ~~'¼ 

0 
W X = o2. "i 9, V1 01J 

' ' K!,, . K;2 K~" 
' ' 

SYH. 'Kt1 K~4 
' ' 
'Kt4 

or in symbolic form I = ~a {~!T [ Kb] {~} 

where: I/ II 
r\b: 1/..s- ( \ - c ) ( KL - s) 
K~ -= - "; L ( I - C.) (. I( L - $) 

K~: - ks- (1-l) ( KL-$) 

K: =- \(.;L (i-C:)(l'L-s) 

K z.2 ~ ,., (,., - ICL1 
... ) 

b = ~ ( t-c.) S - ~LC. - 2 S + 
K~i = ~:L (1-C:) ( tl-S) 

K10. 3 ( .... ,., ) ( - 't..t. L1 ) 
b = le'. k.LC. - s i - C - T 

kt~= k::s- (1-Z) ( "-L-;) 

¥, 

e, 

¥2. ( 2 .1 2a ) 

f),. 

( 2 .1 2b) 

Where {S\ is the co lumn matrix of t he nod a l displaceme nts 

(rota t i ons) . 

ThA s econd step is the determinat ion of the ax i al strain de -



defined as the~ function in terms of the end displac ements 

(rotations). 

Noting 

and thus 

Integration yields (for~= constant) 

L 
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\J. = 4' X - 1 5 ( ~ )1 d X + C (2.lJ) 

Noting 
0 

dV =- _ A. K. ~i\1 \l. x + A2 I( c.o~ 'l )( + A, 
ox 

or in matrix form 

{{~ }= ~(-K~inkx) l~to~~x) 

i t follow s that 

(t (OSt,,,.) 

( 1) 

Performing the matrix mul.ti plic Etion yields 

("1 silk)() (-IC'sint;l( (o~b<) (-k. sil\l:xJ .. --( tt c.o?-t)(.) ( t tosh) 

SYM. 
......... .... ..... 

( 1 ) 

i\, 

Ai. (2.14) 

A1 

Int P.gra on of En uation (2.14), a s requ ired in the c>1u. ati on 



17 

(2.13), gives 
)C 

J ( ~f Jx = { A. A, A,} 
0 

)( 

(K2 ~iltf) (-'t ~iYl2"-~) (-~~\V\~~ A, ... 
( tt Co~2.k:'.x ) ( t (o~\(')() d~ At 

.... 
SYM ... 

.... ll) 
0 

or 

(9- t ~,n ~ ~s~) ( - i s'iJ):.x J l-(t-lo,t,r.)) At 
-(~+ f)i1'ktl~k.x) (sil\tx) - ( )() SYM 

Substituting into Equation (2.13) gi ves 

1.L= yx-f{A.A1 A,} (.$-f~iY\((:D:tx) (-fsitf~x') (-(,-co~t:x)) A, 

(~x+} sink:,cJoSK~) ls,"l\tx) A1 +C -SYM. 

App lying the boundary condi t ions on u 

1. 

2 . 

From (1) 

U1= 

or C = u1 

a t X = 0 

a t x = L 

't' · 0 - ½ { A1 A2 

U(Q) = Ul 

u (1) = u2 

A,} 0 0 
' . 
' 0 

' 'E>YM 

- (x ) 

0 A., 

0 Ai +c 
' ' ·o A1J 
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Solving the latter equations to find~, one obtains 

'i' = \L~cu, -+rr{A1A1A\} l*--i~c) (-t s11(-(•-c.» A, 

SVM 
.. '( ~ + t s c:) ls ) 

' ... 'lL) 
(2.15) 

where ~ • I, - ti 5 E. Sl~ ~L J C = C.OSr..L 

The latter expression¥ is new expresse d in terms of the e nd 

displacements (rotations). 

From Equation (2.8), one obtains 

A, t91£(1-C:)) (s-1'-LC:) (IC.(t-l}) ( 1<.L- ~) v, 

Ai =J_ (" s) (4-C:-ns) (-K ~) (-( «- c)) e, 
D 2.16) 

Al (- K1 S) (K(t-c.)) ( 1(,2. ; ) (IC.(l-c)) Va 

82 

or upon transposition gives 

{A, A2 A1} = {v1 el Va e&}f (-K(l-c.)) (1'') (-)r..1S) 

(~-le.LC:) (t-G-kLs)(~(I-C.) 
( 2.. 17) 

( IC. ( I - C:)) ( - I(. S ) ( t1 S ) 

(tL-S) (-(t-C:)) (~(l-C.~ 

Subst i t uting Equati ons (2.16) and (2.17) into Equ2tio~s (2 . 15 ) 

an performi ng the matrix multiplic a ti ons, yields 

lp - ui, - u., t ~ v. e v. e } K~ K'r Kt i<~ v, 
- L + 2 L 1)2 I I l l 

' K!4 K~ Ki1 8, 

' 
SYM 

K1 Kl4 
Yz. ( ?, .1E1a) 

' K~" 82. 

or in sy ,1)011·.c at · x fr rr,· r1 , c rn 
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'41 = ui Lu., + 2 ~ 02 ~ s} r L K ... 1 {o \ (2.18b) 

where the terms of [KA1 are: 
11H 
Y\A = - K.3 ( ~ - G ) ( 3 S - 2. I'- L - I'- L C ) 

K~ = "~ ( 4 - C:') (z - 2 c _ "½i - "-;L
1

) 

K.~ = "' (. 4 - c.) ( 3 s - 2 ~ L - KL c ) 
K ~· = K2 ( f - C) ( 2 - 2 Z - "¾ s - k.~L

2 
) 

K~2 = 1<.;t.2 ( tL - 2 5 - C. s) + I( ( t- c) l 1u - S + 2 "L c) 
K~

3 
- "-2. (l-e) (2.-2c - ~~1- ~L

1
) 

l.<!4 = K ( 1- c.) ( S - 3 ~ L) + ~ ( 3 S - "- L c) 

K~1 
.= _ \C, 1 ( t - C:) ( 3 S - 2 "L - KL~) 

K!4 = K.2 ( 4 - G) l 2- 2 C - 1£ ~ s - ~; L1 
) 

K44 3 L:2 ( ... -) ( - ) ( ., - ) A=-¾- ii!L-2.~-C.S +K t-C. 1'L-~+21(.LC. 

No te, since 

ll" K" 
"" : - A , 

K~4 2 ~~2 

Ka.~ K'a. 
A = - A. ' K!' -= K~' 

Kl4 \/ 12 
A. = t'\A ' K•• K22 A :. A 

mat rix lKAl possesses four independent terms in t he ( Lrx4) 

mat rix. 

Summarizing, 

and 

Recalling that the axial f orce N is constant throughout the 

lengt h of the beam-column, it follows that the ax ial strain 

is writ t en as 

w-::. N / AE 
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Noting 

one obtains 

t1..nd £ A \JI = - £ I k2. (2.19) 

The positive sign convention for the end forces and moments 

is shown in Figure 2.2. 

tn 

Ut ~~M=•======~~,-~
2

_U• 2;...__~(x) 

lv1 f V2 

Fie. 2.2 Positive Sign Convention-Forces 
(Moments) o·-

App lication of Castigli ano's theorem is utiliz ed t o 

det ermine the component of the stiffness matrix as fol l ows: 

u _ 1u 
t - l~t OY' U - .EA.I:. 2 If' ) "' l - 2. cl \.l1 OY' U4=EAL"1 (-~) 

or U, = - EA 'fl () ".' us .i r, p- Equat ion (2.1 9 ) Ut = El v?· 

u - }_Q 
2. - cl u., or U = IM 2 It')~ 

1 2. ~ U.1 
or U2.= EAL lt' -t 

OY' U2: EA 4J and using Ea_uation ( 2 .19) U2 = - E { ~l· 

¼ = ~~ ov- \{=EAL~¥, + ff. ~~. [{s\T[K1.l{sl] 

OY' V. =EAL \fl rto2. ;.,, [U}T[KA1{sl] + 2E0\ ':v, LH\1 [K.]{S\] 
or using Eq ua tion (2.19) 

Where {KA lr} and {Kbt r} denoteA a row matri x consi s~ i ng of th e 

first r ow of [KA] and (Kb1, res pec tively . 

Combt ning te r ms we get 



Ca l cu lating t he mat rix su btraction i nsid e t he row matrix 

8.nd manipul a t ing th e t e rrns, one obt ains 

Kt' ~ .. ( - - ~ s =-~ s k.l~-2(t-c) or K" +. s = - k f, D 
K'2 , { ,. ) s : I( 1-C. D 
K'l 4 "=-"'; 0 
K'.. ~c .. ) , = k t-c. D 

or final l y 

V. = EDI {(-'<4 $) ( k1 (t-t)) ( IC.4 5) (1(3 {t-c))} v. 

81 

&2. 

In a s i mila r manner we obtain M1, V2, Mz as 

Mi= if \{"?1(1-c.)) ("2("-LC:-;)) (-ks{t-c>)(k2(s-k.L))} {S\ 

V2.' = \1- { ( 1t.4 S) (- l(.l ( I - t >) (- ,l S ) {- k) ( I - G))} { s } 
M2. = ~r {(k1(1-c.)) (1?(s-kl)) (-k,(t-c>) (1ci(kLc-s))} {s} 
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Combining U1, U2 , V1, V2, M1, M2 in a single matrix eciuation, 

we have 

u. 0 0 0 0 0 0 \L1 EI k1. 

V, 0 -itt ic.'(1-C:) 0 "4 s k.'(1-c'.) v, 0 

M, k.1(1-C) .:l(UC:-;) \ t:'.~(,-~ e. 0 0 -IC. (1-C:J 0 

U2. - EI + - D- 0 0 0 0 0 0 U.1 -Hk1 . 

Y2. 0 ~ls -~(1-t) 0 lr.4- -k.'(1-c.) 
( 2.20a ) 

- ~ Vz 0 

M1 0 '( -" 1- ') it(~·t.L) 0 -~(t~c.) ~lk.LZ-;) 81 0 
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and in symbolic matrix form 

{ <\ } = lK 1 { ~} + { f } (2.20b) 

In order to be able to apply the boundary conditions of the 

inclined beam-column one must transform the latter matrix 

equation to global coordinate system. The coordinates and 

the properiy transformed end forces and displacements are 

shown (with the positive sign conventi on ) in Figure 2.3. 

(Y) 

(1 ~-~,•~--11--_________ (x) 

U1,u, fu 
,., v, 

Fig. 2.J Positive Sign Convention- Global 
Coordinate System. 

~r. e in~lin2t ion ang l e a is defin~rl f ~8~ t he h0r i z onta l axis . 

~~ ~r~nsformation mRtrix [R] is given as follows : 

C. s 0 0 0 0 

-5 C 0 0 0 0 

0 0 i 0 0 0 W~(V-t C. : C. O':I Cl 

[R] - 0 0 C ~:!Sil10. 0 s 0 

0 0 0 -s C 0 

0 0 0 0 0 i 

E 8.ti (2 . 20b) j s trRnsforme d int o global coord inate s a s 



where [R]T is the transpose of [R1 

Performin~ the matrix multiplications Equation (2. ~0b) is 

written in global coordinates as 

{ ct} == [k'] {r~ + \ t'} 

or in component form as 

' 
U, (-Its st) (k.4i ,~ (-"-1(i-!) s) (1t.'i $

1
) {-~s c.s )(-~(1-c)s) u, '(C. .... 

V, 
... 

tc.1s (-its ,1)(~
1 t1-c)c.) (-ltic!>) (it; ,1

) (~tt-t)c.) v, 
... ... 

M, ( k.1(ti.t _ s)) ( l(iu-,) !>) (-~{~-c Jc) (il-{i-t.t~ e, 0 
_El ..... +E'l Ui -o (-ic.4 s ~2. )(K4S c.s )(t'(l-c)) U.a -tc 

... 
V2 SYM fl{4s c~l (-l(t-c.)c) Yi -K.1~ 

Mi (~(n,-s~ 81 0 

where S :: Sill'( L j S :! 5iYl a. 

C.=C.OSl<L 
' 

C:C:OSCi 

and D = le. ( l<.L S - 2 ( I - c.) J 
Equation (2.21) is nondimens ion~li zed in e_ d forces, end 

displacements, and parameters k and Das f ol l ows : 
,.. 

s et ting k = kL, then 

,. 
u. (-K4s ~~ (t4s c.s) (-'e(t-c.)s) (K" s s,.) (-t4

; cs) (-k\1-,) s) A. ·i 2c U.1 
,. 
V, \-~s c')f~'s c.2 ) (-i<4s cs) (k' 5 c.,.) (i'{1-c) c) " i-1 

V, K 5 

" (i2(kc- s))__lil(1-C:) s) (-k1
(1-c.) c.)(~\&- ~>) M, 

- 1 
e, 0 

" -e .. + U1 (-~s ~1
) (~

4$ c.s )(~\1-,>s) 
,. 

-K2c Ui ,. .... ... 
Vi SYM t-l4 

S (.,. ll-i1
(1-'l )C) 

A. -K2s V1 
A. ... 
M1 (~1(~, -s)) 82 0 

Wh e r e "' u 1 ,. V. 1 M _ M,L U - • L V - 'c i-EI , 4-rr ' • - IT 
~ Ui L1 ,. \J2. Li " ML U1 = IT , V2.= IT , M1--!. - EI 
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(2.21) 

(2.22) 
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A \1 
\L4 : -f , ~ - v. 

Y<f -T, 
A U.& 
lL2. = L ' 

A Va. 
V2. = T 

An important note must be made here. Equation (2.20), 

the matrix equation relating nodal forces (moments) to nodal 

displacements (rotations), could have been obtained by the 

following seQuence of steps: 

A. The moment and shear forces functions are related 

to the displacement function v and the axia l 

force N by the equations: 

1. M(x) = Eiv,xx 

2. V(x) = -Eiv,xxx + Nv,x 

App lying boundary conditions for the nodal forces 

and moments, the matrix equation that relates 

the nodal rotations and lateral displacements to 

the nodal forces and moments is obtained. 

B. Equating the axial nodal forces U1 and U2 to the 

axial force Eik2 (using the pro per sign), one 

obtains the column matrix {f}. 

C. 'Patc h ' the two relations toget her into a single 

matrix equation. 

This obs ervation will be used in the derivation of the stif­

fness mat rix for the dynamic problem. 



CHAPTER II I 

APPLI CAT I ONS TO THE STATIC INCLINED 

BEAM-COLUMN PROBLEM 

Four different combinations of end conditions are 

possible and each of them is examined separately: 

A. Lower end pinned - Upper end free to rotate 

B. Lower end fixed - Upper end free to rotate 

25 

c. Lower e nd pinned - Upper end fixed against rotat ion 

D. Lower end fixed - Upper end fix ed against rotation 

A. Both Ends Simply Supported 

Fig. 3.1 s.s.-s.s. Beam-Column. 

The end conditions, end forces and end displace ments of the 

beam- co lumn under cons iderati on are shown in Figure J.1. 

The m~trix equation r elating t he nodal disp lace ments matrix 

\~} t o the end displac ements matrix {A1\ is given be low. 
I 
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,. 
u., ·0 0 0 

A 

v. 0 0 0 

a. 1 0 
0, 

0 ,. 
A V2 
U.2 0 0 0 (J.la) 
" 01 V1 0 t 0 

81 0 0 t 

or in a symbolic matrix notation 

{8 \ = lA.1 {~,} (J.lb) 

I n a similar manner, the matrix equation rela ting the nodal 

fo rce matrix {q } to th e e nd force matrix {P} is 

( J. 2 ) 

whe re are the applied end forces 

(moments) on the be am-column 

Subs tituting Equations ( J.1) and (J. 2) into the Equation 

(2 . 22) , one obtains 

T T {Pl = [A,1 [Kl (A.1 {6c} + [A,) {p.,) 
For this problem the applied end forces are 

,.. 
P, 0 
" " { p} : P2. - -F 
" P, 0 

,., F 2 
Where F = _!::_ the nondirnensionaliz.ed ap plied force. 

E I 

(J.J) 

(J.4) 

Performing the matrix multiplications in Equation (J.J) and 

Utilizing Equation (J. 4) , one obtains 
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0 t1<2 ( ~ c -s )} {-k1(1-c) s) (k:1
~ s-1)) 8, 0 ... _ 

~ 

- f --(-~
4

; c~~ (-k1(1-c) c.) 
A -ii~ -F - f> v,. + ( 3 • 5) 

0 SYM ti2{kC-sl) 81 0 

A. 

" [k;-2<1-c>) where D= \l 

or 

(i?(~c: ~)) (-k1 (1-c) s) (k2(s-~)) e. 0 .... 
A 

'(-k4 s c.~} (-~'(t-c) c) " "' i Vi - 1c1s -F (J.6a ) 
f) 

SYM 
\"

2 r~ - -)) k kC-~ ~ 0 

or in symbolic matrix notation 

i- [K.] {~d = { f.} (J.6b) 

In ord er to solve for the displacement matrix {~,}, the 

matrix [K1] is inverted. In a symbolic mat r ix form , one 

obtains 

where d1 is the determinant of matrix [K1] and is given by the 

expression 

After perform ing the inversion , and the matrix multiplication, 

the unkn own displacement matrix {Ll,} becomes 

e. ~K~S- F) 
1c,1 C 

A. r ~2,-F) V2 - 'k:2. ,2 (3.7) 

82 ( K!i- F ) 
"2. C. 

Equation (3.7) gives the relation between the actual end dis-
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A 

n l ac erne nts, the applied force F and the induced axial fo ce 

k2 in the inclined beam- column with inclination angle a . 

From Equations (2 . 18a) and ( 2 . ]8b) the axial strain 

function ~ i s given in terms nT the nodal d i s nlacements of 

the untransformed beam- colHmn a s 

wh e r e the pri me (') de n otes the unt r ansformed ( element co­

ordinate ) s ystem, whe r e 

(J . 8) 

The transfo:r.rration re J. ;:i tion ()f the noda l disp l acements ( ro ­

t at i ons) is g i ve n by 

u.~ C s 0 0 0 0 u, 
I 

Y, -s C 0 0 0 0 Y, 

9; 0 0 1 0 0 0 e, 
(3 . 9a) 

u.~ 0 0 0 C s 0 lli, 

v; 0 0 0 -s C 0 v,. 

e~ 0 0 0 0 0 i e,. 

0r in s ymb olic matrix notati on H'} - [R] {S} (3 , 9b) 

Where u 1 , v 1 , 81, u2 , v2 , ~ 2 are the nodal displacements of 

t he globa l system. Partitioning the matrices in Equatiori 

(3 , 9a) , the fol l 0~ing two relati ons are obtained 
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U.1 

V1 

{:~J [: 
s 0 0 0 :] .ai 

- 0 0 C s \Li 

Vz. (J.l Oa) 

-Bi 

or in a symbolic matrix form {S~J = [R,] {S.} {J .lOb ) 

and 

u, 
v: -5 C. 0 0 0 0 V, 

~: 0 0 i 0 0 0 -3\ 
V. / -- 0 -s C 0 U.t 1 0 0 {J.112.) 

{j~ 0 0 0 0 0 i v2 

'u1 

or in symbo l ic matrix form (J .l lb) 

The rele1 tion between the nodal displace ments mat r ix {S} 
and the ac tu~l end ctisp l acernents of the inclined be am - column 

is given by Equa tion (3.1) as 

Applyin g Equat ion ( J . 1 ) in (J.lOa ) and ( J .lla), one obtains, 

0 
(J.12) 

and 
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V, 
I 

0 0 0 

a: i 0 
ei 

0 .,. 
I - V2. V1 0 c. L 0 (J.lJ) 

e~ 0 0 i 91 

Substituting Equations (J.12) and (J.13) into Equation (J.8) 

and performing the proper matrix opera tions, yields 

ly={o so} 01 
l ,. K2

i -1<1-c K!4 0, +mi.\~ v1 0,} A,, 4 

" ·K1 12, ,. 
V1 c,"- - k'.'.~ C. Vi (J.14) A ... 

' ' :L2. 
81 SYM K,. G>i. 

Equation (3.7) be comes 

A 

~-c 
A 

-A (3.15a) 
,. 
>. c. 

" whe re A - (J.15b) 

Substituting Equation (3.15) into (J.14) and performing the 

ca lcu lations, yields the simplified equation 

(3.16a ) 

From Equation (2.19) the relation between \jl and k2 is given 

as 

(J.16b) 

Whe re R = (.lr- ') • 1 d t · f 1s the sen erness ra 10 o the beam-colu 1n. 
I\ 

Substituti ng ~ in Equation (J. 15a ) and ~ in Equation (J.15b ) 

With t hei r equals and pe r f o-ming the proper ca lculations, 
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the equated form of Equations (3.16a) and (J.16b) yield the 

following quajratic equation: 

"' or solving for F 

(J.17 ) 
A . 

Substituting Finto Equation (J.?), yields 

Y2 = - s - (s:a- 2 k2. cl/Rz r/2. 
c,2. ( J .18) 

Eq uations (3.17) and (3.18) appear as pa r ame tric equations 

i n k2. But, solving Equation (3.18) for k2 , one obta ins 

-"2 ( v2 C2 R.2. A• 1 ) 
k = - 2 2 + v,. s R ( J .19) 

Substituting the value k2 from Equation ( J . 19) into Equati on 

( J .17), yields the cubic equation in f actored f orm as 

(3.20) 
"' ... . 

Equation (J.20) is used to plot F vs. V2, for certai n va l ue s 
A 

of R and a. First, F is normalized to t he Euler critica l 

buc kl i ng load for t he given case which is n2. The norm a lized 
I\ ,. 

appli ed force then, denoted by Fn, is related to V2 as fo l -

lows : 

,. (R)2,. (V:"' '2 ) (" ) f tt = - n V2 \ \ c. -+- s Y2 c2 + s ; (J. 21) 

Recall tha t R is t he slenderness ratio of th e he am-c alum , 

c = cos a , s = sina, and a is the a ng l e of t he inclined beam-

Colu n wi t h the horizontal. 
A ,-

A plot of Fn vs, V2, give n b y 

the cubi c Eq ua tion (J.21), is s hown in Figu re 3 . 2 . Als o, the ,.. 
A ,. ~ V 2 

l'ltrai ght l i nes F" = V2 t 2 + S and Fii = ¥+s c.. re p l ot t e d , ea c h 

linea r fac t ors of t he cubic e qua tion . 
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R % so 
.15 

0 
Cl: 7.5 

• I 0 

.05 

,05 .10 
\ ·" ,,.. 

-V-J. ,.. ,. 
Fig. J.2 Fn va V2 for s.s.-s.s. 

Loo 
A 

F-. "'o.:x 

.75 

R:50 
.50 

. I 

.25 

0------------------~ 
0 (5 ~o 45 60 15 

,,.. 
Fig. J.J Fn max vs. a curve - s.s-s.s. 
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As it is shown, there are two bifurcation points ( BF.P.) on the 

curve and one limit point (L.P.). Note tha t at BF.P.1, oc-
A A 

curing when v2 = 0.0348076 and Fn = 0.0963116, the axial force 
A 

k2 is equal to TT2. After point BF. P .1 is re ached, the system 

follows the negative slope curve which makes it unstable. If 

Fn is increased, k2 increases, so the Eu l er buckling load (n1) 

is exceeded. The load de f lection curve never reaches its 

maximum point (L.P.) because buc k ling occurs a t a lowe r point 

of bifurcation stability. -
A 

Another useful curve i s t hat of the max imum Fn f or the 

s tab l e system versus the inclination ang l e a for a given 

va lue of R. Observing that the maximum va lue occurs for 

~2 = n2, and utilizing Equation (J.17), it f ollows that 

... 
The plot of t hi s cu r ve is s hown in Figure J.J. Fn max on t he 

curve r ep resents t he maximum app lied force that wi l l make the 

be am-column buckle at the Euler buc k ling load (bi f urc a tion _ 

type of buckling). 
A 

From Equation (J.22), for Fn max to be physica l l y 

me aningful, the term inside the r adic a l mus t be positive num­

ber. I t follows t hat , 

or 

or 

s2 - 2 (,rsl )2 ~ o 

R
2 ~ 2 (n ~ )2 . , R~o 

Tni s relat i on between R a nd 8 i s p l ot t ed i n Fi gure J . 4 . 

(J. 2J ) 
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From Figure J.4, beam-columns with an Rand a combination 

which falls in region I, have bifurcation point instability 

and therefore buckle before the maximum point on the load de­

flection curve is reached; those falling in ree-ion II will 

not have bifurcation point instability and hence reach the 

maximum curve value exibiting the limit point instability. 
,.. 

A final plot of the maximum limit point value of Fn 
,.. 

versus the inclination angle a. The first derivative of Fn 
,.. 

with respect to V2 is equated to zero yielding 

or 

"2 ,.. 
3 c" V2 + 6 c.1 & Y2, + 2 s'- = o 

s ,. 
C (-i + -L) - Y3 

(J.24a) 

(J.24b) 

where the (+) sign corresponds to t he maximum point and the 

( -) sign to the mi.:timum point. The maximum point is important 

and thus the (+) sign is used. lt f ollows that , 

(J .25) 
.... 

Substituting the value of V2 from Equation (J.25) into Equa-

t ion (J.21) and performing the mathematical operations, on e 

obtains 

" _ (..&.)2 
sin a. -lex.ta. F.,nto.x - :n: 3fi (J . 26) 

Equat ion 
A 

(J.26) giving the maximum Fn at the limit po int as a 

func ti on of the angle a and the slenderness ratio R is shown 

in Figure 3. 5. 
A 

Fn max on t hB cu r ve re presents the maximum 

applied load that makes the be8.m-c ohtmn unst a ble be f ore the 

Euler• s buckling load is re ach ed ( buc ~l i '1g due to d in~ct t hrust) . 
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The bifurcation is a phenomenon occuring only in case A, the 

simply supported beam-column. For the remaini:ng . c ases no 

bifu rcation instability occurs which implies that the beam­

columns become unstable before the axial force re aches Euler 's 

buckling load for the particular support conditions. 

B. Lower End Fixed -Upper End Simp l y Supported (free to rotate) 

Fig. J.6 Fixed-S.S. Beam-Column 

Jn Figure J .6 the beam-column under consideration, 

t he end forces and end displacements are shown. The matrix 

equation relating the nodal dispJacements matrix i~J with 

t he beam-column actu a l end dis p lacements {62l, is given by 

A u., 0 0 
A 

v, 0 0 

{)1 0 0 r21 ,. -U.1 - · 0 0 0a. 
..... 

1 Vz. 0 

(J.27a) 

~i. 0 1 

or in symbolic matrix notation 

{8} = [Az) {~2} (J.27b) -
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Similarly th e relation between the nodal forces ma trix ~q\ 

with the app lied end f orces matrix i P}, is 

(3.28) 

where 

Substituting Equations (J.?7) and (J.28) into Equation (2.22) 

one obtains 

(J.29) 

The a p~ lied end forces matrix is 

(J.JO) 

Performing the matrix multi p lic a tions in Equation (J, 29 ) and 

subs tituting Equation (3.30), yields 

It foll ows tha t 

(J.J2a) 

or i n sym bolic matrix form 

(J.J2b) 

Solving Equation (J.J?.a) for displacements, y ields 

( 3.33) 

Whe~e d2 is the determinant of the matrix [Y-21 given by t he 
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expres s ion 

d "' ~s ,., 2 
2=-D" G C. 

Per-r'"'rmi,.·\~· t '.-1 e invers i o and then t he m~trix mul tiplic ations, 

the f ollowing equ a t ion of the displace~ents is obta ined 

(J.J4) 

Equation (J.J4) gives the end displac ements in terms of the 

applied force F, and the induced axial force k2, for a beam­

column with an inclination angle a. 

From Equation (J.8) the axial strain~ in terms of the 

nodal disp lacements for the untransformed beam-column is 

given by 

~ = {- ~ 8{} [K~] 

I 

'V1. 

where prime (') denotes the untrans f ormed system. 

The transformation of the nodal displacements is given by the 

E~uation (J,9) as 

{8'} = (R]{~} 

or after partitioning by Equations (J.10} and (J.11) 

{$;} [R.] {S} 

anct {S;} _ [R2l{S} 

The relation between the nodal displ2cements and the beam-
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c ol um~ end displacements is given by Equation (J . 27) as 

(J.27) 

Subs t itutin~ Equations (J. 27) in Ea~ations (J. 10) and (J.11), 

substituting these results in Equat ion (J.8), and performing 

the proper matrix operations, yields the f ollowing expression 

for 't': 

wh ere the terms of rn Rtrix [ KA] are gi ven on page 19 . 

From Equation (3. 34 ), one obta ins 

where 
" 1"2 ,. ) .X=-\k:$-F 

'i:,! c c2 

(J.J6a) 

(J . J6b) 

Subs tituting Equation (J.J6) int o Eoua tion (J.J5) and ,P.r-

forming the mat r ix mu lti p lications , yields 

~ A 

or substituting A in terms or v2 ~~= ~¥:s )• one obtains 

(J.J7) 

or 

'fJ = \/2 S + ¥2 c2 _!_ [3 f 1- lo.nk) + ta.~k) 
(t-¥ )2 4 \ ~ 

(J .J8) 

For c onv i nience in calculations, the fo llowing substitutions 

ar e mar e : 

" T = i - la"'w, k. , and 
k 

S =- -J-- [ 3 T + ta~ i] (3.39) 



40 

Substi tu tion of Equati on ( 3.39 ) into (3.38), yields. 

,. 2 '1 s 
4J = v,. ~ + v, ~ 

T 
or by utilizing Equation (2.19) 

or 
.... 2 T2. 
k. - 0 

R.2. - (3.40) 

,. 
Solvine: the quad ratic equation for V2, one obtains 

[ 
. Y2 

" -T 2
~ ± T4

52._ 4 c-1 k.2 S T2 /R1 ] V, = 
2 c2 S 

( 3. 41 ) 

A. 

Fro~ the two possible solutions fo r V2 the most import an: 

is the one with the positive si gn i n front of the radical 

be c ause, as it has be en found from the load-deflection curve , 

us ing the posit ive sign produces the lowest maximum point of 

th e curve. 

" From Equation (J.J4) the V2 ex pression becomes 
,. 
V2. = -

or 

"' "2 ,. 
V2. - " ~ - F T - - i2 c2 

(J.42) 

,. 
So luti on of the equation above for F yields 

" "'2 (5 + V:tT c:2 ) F = I(. 

,I\ 

Normal i z ing F t o the Eu l er' s buckling load f or the c as e 

ex amine d ( p0 = 4. 49340946), one obtF ins 

( J . 44 ) 
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A plot of the load-deflection curve is constructed using two 
,. 

pirametric equations (parametric on k) in the form 

- T2 
!) + [T 4 

s2 
- 4 c.2. ~2 S T2./ R.2f12 

. 2 C.2 s (J.45a) 

(J.45b) 

where c = cosa, s = sina, , 0 = 4.49340946 

R = slenderness ratio , a= inclination ang le 
,., 

T = 1 - tC1V\ k 
'k 

s = : {.~ T + llY\ k) 

In order to plot the load-deflection cu r ve fo r a be am-
A 

column with the known Rand a , a value fork is choosen and 
A A 

t he n V2 a nd Fn are calcul~ted. For the p lot a high speed 

digital computer is utilized. The computer program used is 
.... 

li sted in the Appendix A. In the program both values for V2 

(plus and minus) are used. From the out put it is determine d 
A 

that the first maximum point always occurs for V2 with the 

positive sign in front of the radical in Equation (J.41). 

Anot her observation is that this maximum point always occurs 

f or the values of ~2 less t han the Euler's buckling load ~j 

whi ch means that there is no bifurcation point on the curv8 

and t he beam-column buckles due to direct t hrust only. 

In Figure 3.7 the plot of the load-deflection curve f or various 

inc linat ion angles is shown. 

" Another useful plot is the curve of the max imum Fn 

Versus the angle a. Such a plot is shown in Fi gu re J.8, wit h 

Points on curve found f rom the load-defl ection curve for ea ch a. 
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Fig. J.8 Fn max vs. a Curve - Fixed-s.s. 
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c. Lower End Simply Suppor ted -Upper End Fixed 

Fig . 3.9 S .S.-Fixed Beam-Column. 

In Figure 3. 9 the beam- column for the simply su p­

po r t ed-fixed case is shown together with the actual end dis­

placements and f orces. Th e matrix equation ~relating t he 

nodal displacement s matrix ~S} wit h th~ end displacements 

matrix becomes 

A u., 0 0 
,. 
v, 0 0 

;,, 0 1 { ~~} 4 

u.,. 0 0 
(J.46a) 

,. 
v, i 0 

~1 0 0 

or in symbolic matrix form 

f ~} = [A~] {b.~} 
In a similar way the relation between the nodal forces matrix 

{~} and the beam-column end force matrix {P}t is fou nd to be 

(J.47) 
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where 
(J.48) 

BY substitution of Equation (J.47) and ( J .46) into Equation 

( 2 . 22 ) , one · obtains 

(J.49) 

The appl.ied forces matrix is related with the end forces by 

' 
(3.50) 

Performing the matrix multi p lications in Equation (J.49) 

and substi t u t ing Equation (3.50) i nto (J. 49), one obt a ins 

( 3 • 51 ) 

I t follows that 

(3.52a) 

or in symbolic matrix form 

(J,52b) 

An i mportant observation is that Equations (3.52a, b) are 

the same as Equation (J.J2) although the matrices {~2\ and 

(A,} possess different components. Solving Equation ( J. 52) 

Yields 

{3.53) 



Comparing Equation (3.53) with Equation (J.J4), it can be 
,. 

seen that t he deflection V2 is tpe same for both cases, while 

the rot at ions & and & have the same values. 

Proceeding in a similar manner as in case B, the~ function 

becomes 

(3.54) 

This equation is the same as Equation (3.37). Therefore, 
A ,. ,._ 

both. cases have the same equations re la ting V 2 , F and k and 

hence the same load-deflection curves. This implies that 
A 

fo r cas e C the buckling load Fn is the s ame as in case Bal -

t hough t he deflected shapes of the beam-column are no t the 

same for both cases. It is actually seen that one shape is 

symmet ric to the other with respect to a point. 

D. Both Ends Fixed 

Fig. J.10 Fixed-Fixed Beam-Column. 

In Figure 3.10 the beam-column under cons ide r ation and its 

end force s and disp~ acements are shown. The nodal displace-
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men ts matrix {s} is related with the end displacements matrix 

{64} by the matrix equation 

,. 
U.1 0 

"" V4 0 

"4 0 { v2} ,. 
0 \.l2. 

(3.55a) 

.. 
1 \/i. 

~t 0 

or in symbolic matrix form 

{o}::: [A,,1 {~,,} (J.55b) 

Similarly, the nodal forces matrix ~q } is related to the end 

f orces matrix {P\ by the equation 

where 

{ p \ :: [A.] T { , \ 

{P1:: {P2\ 
(3.56) 

(3.57) 

Substituting Equations (3 .55) and (3.56) into Equation (2.22 ) , 

one obtains 

(3.58) 

The end forces matrix {Pl is related to the ap9lied end 

forces by the equation 

(3 .59) 

After performing the matrix multiplications in Equation 

(J,58) , applying Eauation (3. 59) and manipulating t ~e re­

sult ing matrix equation, one obta ins 

(J.60) 
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Solving the above equation, one obtains 

( J. 61 ) 

Pr oc eed ing as in case B the equation of the axial strain 

function ~ is found to be 

(J.62 ) 

,. 
Subst itut i ng ~ and D with their equals and making p roper 

mani pu l a tions , o~e ohtains 

" { -)( ,11. "- -) 2 "2 k(-c.21c:+"c-3sc +--'=--=o 
2 [ks-2(1-c)1 2 R2 (J.63 ) 

Defininf: rr = k s - 2 ct - c ) 
.2.T' s = t lt-cll2C.+tC:-3s) 

it f ol l ~s from Equation (3,63) that 

So lving th e ab ore ~uadratic e~ 1ation, yields 

(J.65) 

As in cases Band C t hP ;oEi tive sign for t he r adical is the 

mn ~t i~~ort~nt s i nce again the first maximum of the l oad­

d~f lec t j on curve is _f ound ·by us ing t he pos itive sign. 

Solvi ng Equat ion (J.61) , one obtains 

A -'\ ' -'\ I~ - 1, ) F = "2. \ s + ½ .... T C. 
,. 

' ormal i z ing F to t he Euler's bu ck ljng load fo r t his case 

( a. -
I 1""0 - 8 . 98682 ), yields 

~~ c: ( ;. )
2 \5 + V2. (J .66) 



Utilizing Eq1i tions r3.66) a nd (J.65), the load- def le ction 

curve is f ou~rl ~or a ~iven beam-column. 

Th e equations obtained are given as 
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(J.6?a) 

(J.67b) 

where R = the slenderness ratio, a = the slope angle 

C = cosa, s = sina, s 
,. 

= sink, c 
,. 

= cosk 
,. - ( 1 c) T = k s - ·2 
.... 

( 1 c ) (2 
,.. ,. - s) s = k - k + k C - J 

The p lo t , for given R and a of the beam-co lumn , is con-
A ,- A 

structed by selec t ing a value of k , and calcula ting Vz and Fn 

from Equations (J.67a) and ( J . 6?b ) . Again, a hi gh speed di­

gital computer is utili zed for t he plot and the compu ter pro­

gr?m used is given in Append ix A. For thi s c ase there is no 

bifurc Rti on point since the valu e of ~2 is less than the 

Eule r's buck ling load when t he maximum point of the load­

deflection curve (point of instability) is reached. Again, 

t he beam-column buckles due to direct thrust only. 

In Figure J.11 the load-deflection curve is shown 

fo r different angles of inclination a. A very important 

finding in drawing this curve is that when ~o = 2 n ( the 

Eule r •s · buckling load for the first mode shape) the value of 
A A 

Fn exceeds 1 while when Fis normalized to the Euler's 

buck l ing load for the second mode shape ( ~o = 8.98682) the 

" Value of Fn never exceeds 1. This means that the prevailing 
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Fig. 3.12 Fn max vs. a Curve - Fixed-Fixed. 
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buckling shape is that of the s econd mode shape. 

Another useful plot, the p lot of th e maximum Fn versus 

the inclina tion angle a for a given R, is shown in Figure 

J.12. This plot is constructe d using the maximu m point of 

the load-deflection curve for a variety of the inclination 

angle a. 

With this case the four different combinations of 

end conditions for the static inclined beam-column have been 

examined. 

For comparison purposes the buckling load of the 

sloped beam-column for the f our different end support con• 

ditions is observed. The effect of change of the buckling 

load for various end supp ort conditions is graphically il­

lustrated. The max imum F v e rsus the inclination angle a is 
A ~ 

plotted . in Figure 3.13. Note that F and not Fn (normalized) 

is used since the normalization constant is different for 

each boundary condition case. For comparison, Table 3,1 

summarizes the buckling load valu e F for each of the four 

cases . at various values of the inclination angle a. These 

values are obtained from the graphical results of Figures 

] .J, J.8, and 3.12. From Figure J.lJ and Table J.1 one 

observes that the buckling load increases as the end fixity 

st iffens . 
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TABlE J. 1 

CRITICAL BUCKLING LOAD VALUES FOR COMBINATIONS OF END CON­
DITIONS, A VARIETY OF INCLINATION ANGlES AND R = 100 

--- - - - -- --- -

s.s.-s.s. o. 741 2.s19 4_g20 6.972 s .544 9.53~ 9.s,s 

5. s. -F. o.8'54 4.435 9.43' 13.756 17.115 19.3(9 20.191 

F.- s.s. o.e54- 4.4~5 9.43& t3. 1s, 11.125 t9.319 20.tC;}t 

F.- F. t.410 14.025 3't.75~ ~2.752 ,&.914 7,.s20 eo.7"! 



CHAPTER IV 

DE~I VATI ON OF THE DYNAMI C STIFFNESS MATRIX 

FOR THE 1 INCLINED BEAM-COLUMN 
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In Chapter I the differential equations of motion 

for a beam-column are given by Equations (1.22) and (1. 23) a s 

and E A ( u.) x + l v,1;.), x - e A il = 0 (1. 23) 

Bec a u se the equa tion s are nonlinearly coup led both s t atical l y 

a nd dynam ically, a first a pproximation is made assuming that 

t he axial inert ial term eAU is relatively small. Hence, 

eAU = o 

t hi s uncou p le s the equations dynamically. Equa tion (1.23) 

become s 

EA (u.,x.-t-k v,~) = CoYl~la.V\t ( 4 .1) 

The term (u,x +} v;x) is the axial strain of the beam­

c o l umn p r eviously defined as~• Also, the axial f orc e N is 

de fi ned a s 

( 4. 2) 

an d fr om Equation (4.1) it is constant. 

Sub s titutin g Equation (4.2) into Equ a tion (1.22), yi e l d s 

t 1 V,xx><.){ - N V,xx + e A V = 0 
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or dividing through by EI 

V,')(>t)(>' Ji. v,Y.~ eA .. 
0 - + EI V -El 

Deno t ing 2 N 
" = - IT 

and m = ~~ 
the above equation yields 

V, XXX X 
'l + mv = 0 + " v, xx ( 4. J) 

Recall that dot (•) and subscript after comma denote ap-
) 

propriate time or length derivative, respectively. The term 

vis the transverse deflection f unction and is both position 

and time dependent (V(x,t)l• 

The function Y(x,t) must be harmonic wLth finite bound as the 

time t increases. Hence, 

iw t 
- Yr.,.) e, 

Using Equation (4.4), Equation (4.J) becomes 

or i - 2. 
V()(),>oqc.x + le V(x),xx - YI\ W V(x) = 0 

(4.4) 

(4.5) 
. ). )( 

Solution of Equation . (4'.5) is obtained assuming Vtxr=A e, 

t hen the characteristic equc.tion becomes 

(4.6) 

Solution of the Equation (4.6), yields the following four 

r oots , 

~ [ [ ( 1c.'L )2. _ 2]Y2 ~2] t/2 n, =- \T + ~ w - T 



"l _ [ [( k,2 )2 - i]''2 
"2 ]1/2 n~ - - T + m w - 2 

') - [ [( 1(.2 )2 - 1]112. - ~1' h. n4 _ - - 2 + m w 2. 

Defining 

and [ [
' k,2 )2 - 2]1/2 "-'l] e= \2 +mW -T 

the four roots of the equation become 

il1 = e 
~2 = L fl. 

~3 = - e 
i\4=-L~ 
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(4.7a) 

(4.71;)) 

The soluti on of the Equation (4.5) after proper mathematical 

opera tions is given as 

where A1, A2, A3 and A4 are constants to be evaluated. The 

eva luation of the Ai ' s is determined in terms of the nod al 

disp l a cements (ro t ations) by app J.ying the boundary conditions . 

At f irst, the positive sign convention of the disp lacements 

(rotations ) is established in the manner shown in Figure 4.1. 
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8' l"'"""\.t 
U~ L, E 1 = Co Mt· ' ~ U~ --=u.--t:=========>--~4- (x) 

j v~ 

Fig. 4 .1 Positive Sign Convention-Dis­

placements ( Rotations). 

The boundary conditions are defined as follows: 

at X = 0 

at X = L 

It follows that , 
I 

V1 = A,i + A'+ 
I 

-3• = - Ai o< - A) e 

I 

V(x) = V2 
I 

Vl,><),x = - .S2 

v{ = A1 s -+ A2. c + A3 S -t A4 C: 

s~ -: - A4 0.. C + A2. rJ. S - A, €. C - A4 e s 
where E = cos~l, ~ = sinKl, C = coshel, S = sinhel • 
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(4.9a) 

(4.9b) 

(4.9c) 

(4 .9d) 

The above equati ons are expressed in a matrix form as follows 

I 

Vt 0 i 0 i A\ 

8/ -c( 0 -e 0 A2 
v; - -- ~ s C: A"' C 

(4.10a) 

~~ -~c fl.5 -ec -es A,, 

or in symbo l ic matrix notation a s 

{ S'} = [ 11 ~A} 
( 4 .10b) 
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In order to solve for the unknown constants, ma trix (11 must 

be inverted. Performing the inversion, Equat ion (4 .10) yields 

A, Lu L,2 Lu Li"' vf 
A,. L21 Lu L2, L24 .a,' 

- t A,_ -- L31 Ll2 L 33 Ls4 v; D 
(4.lla) 

A,. L41 L42 L43 L't4 ~~ 

or in symbolic matrix notation 

{A} - [t ri ~s1} 

where D = 2 0( e ( i - c C ) + l e2 
- ~ 1 ) ; S 

(4.11b) 

(4.12) 

and the components of the [L] matrix a re de f i ned as fol l ows: 

Lu~-e(ec.S+oc.sC), L,2=-[e(t-cC)-\XsS] 

Ln = e ( °" s + e S ) , L.4 = e ( C - c) 

L2 4 : e [ Ol ( ( - C C) + e S S ] J L 2. 2 = ~ t $ - e S C 

L23 = - 0( e ( C - C) 1 L24 :. e S - C(. $ 

L 34 = Cl ( e c s · + 01. ; c ) , L32 =- - [ ~ ( ( - c: c ) + e s s] 
L 3l = - C( ( e s + ot s ) , L ~4 = - 0( ( c - , ) 

L41 = 01. [ e ( •-, c) - 0( s s], L42: - (c{ cs - e 5 c) 

L43 ::. d.. e ( C - C) J . L44 : 0( S - f S 

The rela tion between the nodal f orces and noda l d i sp lacements 

a re now de ri ved, First, a positive sign c onven t ion for t he 

noda l f orces (moments) is es tablished as s hown i n Fi gu r e h . 2 . 
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(y) 

M~ 
U/ L,E I = consL '): u

2
' ~=========::::J-.:.__~~- (x) 

f v.' r V.' 

F-ig. 4.2 Positive Sign Convention-Noda l 

Force s ( Moments). 

The equa tions rela ting the moment and shear force functions, 

to the di s p l acem ent function and the axia J. force , are as fol ­

l ows, 

M (X} = E I V, )0( 

V(')() = - E' r v,)()(X + N v,y. 

The boundary conditions are defined as follows: 

at 

at 

I t follows that, 

X = 0 

X = l 

Mc") = Mt 
\'l,c) = - V/ 
Mtx> :. - M'2. 
Vex) =- v; 

M~ -== E l \- A2. ~2 + A• e2 ) 

N; : EI ( A, rJ..
1 5 ... A2 o-2 G - A, e2 s -A. e'- C) 

v~' = E. l (- A, «~+A~ e!>) - N (A,« + A; e) 

v; = E I t A1 a.' c - A2 ct.1 g - A" e1 C - A4 e' S )­

- N ( - A 1 ~ , + A2. ~ ~ - A, e c -A,.. e s ) 

(4,1Ja) 

(4.lJb) 

(4.14a) 

(4.1 4b) 

( 4 . 1 L..c) 

( 4 . 14d ) 
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From Equation (4.7), it follows that 

(4 . 15 ) 

with 

N =-EI k2 (4 . 16) 
. 

Consideration of Equations (4.15) a nd (4.1~), yie lds 

Substitut ing Equat ion (4.17) into Equation (4 . J4), one 

ob tains 

M~ = EI (-A1 ot
2 

+ A1i- e2 ) (4 .1 8a) 

M~ s Er(Ac C(
2 s +A2 ~1

, -A, e2 S-A•ez.c) ( 4 .1 8b) 

V...
1 

= EI (-A•~ e2 + A~ rJ..
2 e) (4 . 18c) 

v; = E' r ( Ac ~ e1 
C: - A1C(e1 5 - A?, r1. 2e C - A4 rf..2e s ) ( 4 . l 8d ) 

Expressing Equation (4.18) in matrix form , yie lds 

V/ ~i e'-) \ 0 ) lc,..te) ( 0 ) A1 

M: ( 0 ) \ - cxz ) l o J (e.2) A2 
v; :: EI t~e'lc.J (-~e1 s) (-C(1e c) (-o<2e ~) A3 

(4.1 9a.) 

M~ (11-1.s J ( ~2. c: ) l-e2 s) (-e2C!) A4 

or i n symboli c matri x not8tion 

(4 . l9b) 

Substituting Equa tion (4.11) into (4.19), one obtains 

( /.J. . 2 0 ) 



Performing the matrix multiplications l n t:q_uat i on ( 4 . 20) , 

yields 

v: ~" Q.2 Qu Qt4 v..' 
' . M: . 

=ll 
Qu Q1, Ql• {}/ 

' ' (4 .21) v: . 
v~ D Qn Q,; 

' 
M~ SYM ' 

'Q44 {}~ 

where the terms Qij are defined as f ollows 

Qu = °' e (1t2+e1)( ecS + ~ s C), Q•2 = ~e [(e2-ix1)(t-E C)-l~ps ?] 
Q1~ =- - ~~ (d.2+ e2

) ( o. s + e· s) ) Qii = - l)(e ( c< 1+ f) ( c. - c:) 

Q12 =-(((1
-t e,1 ) (es G- ix c: s), Q1; = - Q.'+ 

Note that there are six (6) inde pende nt te r ms in [Q]. 

Ut ilizing the observat ion made a t the end of Chapter II, the 

m2t rix equation re lating the nodal f orces (moment s ) t o the 

oda l dis pl acements (rotations) takes tr. a f01 10w i n °.: f' n l'.' ffi I 

u; 0 0 0 0 0 0 u: EI k2 

' v/ . . 
0 QH Q,'1 0 Ql3 Qt4 V1' 0 . 

M: . 
w _ El 0 Q., Q12. 0 Q13 Q2.,. 0 . + ( 4 . 2 22.. ) u~ -- '• D I 

- EI k2 0 0 0 0 0 0 U1 . 
' v~ 0 Qn Qu 0 QB Q34 

I 

V1 0 . 
M; . ~; 0 Qt~ Q14 0 Q34, .QH 0 



r i s y bolic matrix not a tio 

The a~ _ l tc ~tion of t he boundary conditions for the beam ­

column requires th~t he latter matrix equation be trans ­

formed to a global coordi a te system. Th e positive sign 

convention for the nodal forces and displacements and for 

the coordinates of the global system is established and i~ 

shown in Figure 4.3. 

lY} M2, ~2 

~ U2,u.1 

l v., V1 

U4, U1 
,, 

f v, IV, 

(x) 

Fig . 4.3 Po itive Si gn Convent ion - Global 

Coordinate System. 
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The inclination angle a is defined from the hori zonta l a xis . 

Th~ transformation matrix [R] is definect e.S fol l ows : 

C s 0 0 0 0 

-s ~ 0 0 0 0 

0 0 t 0 0 0 

[Rl = wher8 C = c osa 
0 0 0 C s 0 

s = si na 
0 0 0 -s C 0 

0 0 0 0 0 1 
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Eq uation (4. 22b) is trans f ormed into global coord inates as 

Pe r f orming: the matrix multiplic a ti ons Equation (4 . 23) 

u, (Q11 s~t (-Q11 t~} (-Q12 s} ( Q1, s2
) (-Q1, cs) (-Q1~ s) 

.. v. ( Q .. ci) ( Qu c )l-Q.,c.s) lQi, c.2) l Q14 c.) .. .. 
M, 

:il 
.. ( Qu) (-Qu S) ( Gu C.) { Qu ) .. 

( Qn s1)l-ij" csH-Q,~ !>) U2 D .... 
V2 5YM (Qn c~_{ Qn t) 

M2 ( Q44) 

tondim ensionalizing the latter equation, yields 

,. 
u, Ku. K,1 K,, K14 K,s K,, " . u . 
A . . 
v• Ku Ku Ka~ K'l.s K2, " V1 
,. ... . 
M, Kn K,4 Ku K" -Si 

- 4 .. . + ,. -- . 
U2 D Klt4 K4!t K4, 

,. 
Ui . 

A ' v,. SYM K,~ Ks-, A 

¥2 . .. ' M1 K"" ~2 

or i n s ymbolic matrix form 

where 

~I = O(e l«2+e1) (ec.S + o.i C) s2 

K,1 = - O{e lo.2~e2}(Q,S-t-o.~c) cs 

Kn = - ex e [ ( ~2 - C(~) ( 1 - c C) - 2 Ill e s S ] s 

K14 ~ - CX e l ~1 t e') (o1.i + e $) S2 

K,s =. ote (ct.1 -t-e'l) (t«.s + e. ~) CS 

K1,;. ~e (Dl.'-re'-) cc-·c:) s 

ti, 
k2 s 

0 

-k1 c 

-k.1S 

0 

u., 

v, ~. 
tlt 

Y1 

{)2. 

(4. 23) 

be comes 

Hi'c 

Elis 

0 
+ 

£Ile. 

-Elils 

0 

(4.24a) 

(4.24-b) 



2 n d 

Also, 

K22 = cte («2+ e1)(ec.S + ocs C) ,2 
KH = 0t.e [(e1 -0l

1 )((-c c)- 2~e ss] c 

K2't -- K•~ 

K25 :IC - cxe (~z+e1)(ot.5 +e S) c2 

K2., = - (){ e ( <X1 -t- e) ( C - C) C 

K33 = (c,.&+ e,1) ( e; G - °' c S) 

K,4 = - K" 

K~s = - Ku, 

K~6 = ( o1.t + e'-) ( °' s -es ) 
K44 = K,.. 
K+s ~ K42 

K4,, = - Kn 
Ki;s = K12 

Ks, = - KH 

K,, = K35 

~= [l(-¥ )2 + m w2J1'2 + -ift 
e : [[(¥)2 + m w2r - i' ta 
k.2 = _ N L2 ;,. e AL'-m= 

El 
, El 

c = coso<., S•Sin01., C = co~h e, S=!>inhe 

C =- c.os. a. , ~ = s l n a. 

,, _ V.., ~ 
V1 - EI ' 

A M. L 
M1 = ----ET 

,. V: L: 
V - .....;.__2 --

2 - E 1 ' 
" M L M - z 

2 - E' r 

U.t - ~ - L J 
"' u. u.i = -r ' 

62 
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and finally, D = 2 0( e ( t - E C ) + ( e,2 
- Cl a ) s s 

The stiffness rn~trix has been devel oped without using the ~ 

function like in the static problem. The• f unct ion , how­

ever, i s necessary f or the solution of the dynamic problem . 

The axia l strain function¥ is given by the relation 

4 2 
~ -= u.,x + 2 v,x 

whic h is constan t . It follows that 

1 1 u,l' = It' - 2 v,,c 

Integr ation of the latter equation, yields 

u. = ljl x - ! f v,! dx 
0 

Noting v,x as equal t o 

v,.,. = { ( °' c ) (- « g ) ( e c ) ( e s ) } A, 

A2 

A?J 

A4 

it follows that , 

v,~ : { A1 A1 A! A,.} (){2c2 - rJ.1 c t cte c. C a.e c: s 
' .... ...... 

d.2 s2., -Cie; C -Cle~~ 
.... 

' 1cl e1cs e .... 
SYM ' ..... '2. '2. es 

or in syTT1holjc: mcitrix . notation 

(4 .25) 

A, 

A2. 

A,, 
(4.26a) 

A4 

(4 .26b) 



Eauation (4.25) becomes 

" 
u. = \J/" - ½ J {A{ [K~.) \Al dx 

0 

or 
X 

u. = "'x - -t V•l i lK~1 J,,_ {A) 
0 
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Performing the integration, ap p lying the boundary conditions 

th a t 

and 

at 

at 

X = 0 

X = L 

and solving for ~, one obtains 

u = uz 

( 4 . 27) 

where (KA1 i s a sy~metri c ma trix with comp onents g ive n as 

fol l ows: 

K' r:J..,. L O< - -
A.11 = -r + 2 C S ' 

k~4~= "~;e2 [ec: s + ~sc], 

K/ 0(1L <:J.. -
'-21= ~ - T-'-S , 

K~14 = - ~; e-i [ e s c - d. c: s) , 

Kl e 2 
A-.4::. 2 5 , 

K/ or. -2 
"12= -Ts 

K~1,.= d.~!t l Ois S-e (,-cc)l 

K~n = -~~ [ e s s + Cl. l' - C. C)] 

K~n = e~L + -t C $ 

I n order to obtain If' in terms of the nodal disp lacements (ro­

tat ions), Equation (4.11) is substituted in t o E~uati on ( 4 . 27) 

y i eldine 

I I 
\L2.-U1 + _!_ 

L 2L O'l. (4 . 28) 



or 

4' = u.'a L u~ + 2 C 02 { S'} T {KA) { S,} 

where [KA1 = [t]-T [K~) [tri 

(4.29) 

The ·terms of matrix [KAl are algebrically enormous 2nd for 

this paper they are not calculated. For the probl~ rn of an 

applied dynamic load F(t) of frequency~ they are needed 

since, for any case the manipulation of Equation (4.24) 

yields an equation containing three unknowns f, ~ and •2 and 

the dynamic load-deflection curve mayn-0t be p lotted without 

the use of the~ function. 
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CHAPT~R V 

APPLIC ATIONS TO THE DYN hMI C INCLINED 

BE.4.M-C OLUM PROBLEM 

The same four diff erent combinations of end - support 

conditions examined in the static problem, are considered 

for the dyn ami c problem . Recall that only the free vibration 

problem will be examined herein. 

A. Bot h Ends Simply Supported 

Fig . 5.1 s.s.-s.s. Beam-Column. 

The end forces , and end displacements a re shown in Fiv;re 5 .1 

f or a beam-co lumn with hath ends sim0 ly supported. The re ­

l a tion between the nodal disp lacements {S} and the end d i~­

o lace~ents ma trix (~.} is given by 
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A u., 0 0 0 

" v. 0 0 0 a. ~. 1 0 0 .. 
,. V2. 
U1 0 0 0 

( 5 .1 a ) 

A 

0 
02 

V2. 0 1 

~1 0 0 1 

or in symbolic matrix not a t ion 

{ 6} = [ A4 l { .11} (5 , lb ) 

The rela t ion betwe en nodal forces and end forces is g i ven 

in a simila r manner a s 

T 
{ p} = [ A,] { ~} (5 . 2 ) 

... 
where P1 

The rel a t i on between end f orce s and &ppli ed end f or ces is 

given here &s 

,. 
P. 0 

{Pl-: 
,. ,. 
P2. - -F (5. 3) 
,. 
Ps 0 

Substitut ing Equ ations (5 . 2) and (5 . 1) into Equation (4 . 24 ) , 

o'ne obtains 

( 5. 4 ) 

Substituting Equation (5. 3) into the latte r equat ion, per-
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forming the matrix multiplicati ons and combinations, yields 

0 K3, K,s K,, e, 
' 

k.2s - F 1 ' ,. 
=- K,s K5, V2 D ' ' 

(5 .5a) . 
0 ~YM K,1. 0z 

or in s ymb olic matrix notat i on 

(5 . 5b) 

Solving f or the d isplacements {ll1}°, one obtains 

{ll ,\ = -£- [K4rt {f4} (5 . 6) 

where d1 = oee D ~«1 ""e2) (e.~c S -cx's C) c2 

?c rforming the jnv~rsion of [K1} and then mul ti plying tlrie 

rnatric~s , yields 

,. 
or for v2 only 

{c< s + e s) ( k2s- F) 
\c('sC -e1 c $) c. 

{Qt2 • e2 ) s S (t2 s - F} 
- «f (cc.ls c - e:~ c: S) c.2 

(t.t.sC-+ e c S) ( Ps - F) 
t~' 3 C - e' C: S) c. 

Since the free vibration problem is exa~ i ned , i i s ass •~8ci 

that the applied force~ is neglected in the ana l ysi a . The n, 

ma nipula t i~e E~ uatio (5 , 7b) , it fo l lows t h8 t 

The • functi on is g ivpn by ~cuati c~ (4 . ~9 ) , C0 -



sidering the nonlinear term½ V~x very small i n comparison 

with the linear term u,x, the ~ functi on is given by 

u.' u' A, "', 
2. - • - l,l .. - \.l4 

L - • 

or 
t} {:J (5.9) 

where the displacements ul and~; are the nodal axial d is -

placements in the untransformed system. Their relat ion with 

the nodal displacements of the global system is given by 

Equation (J.10a), as 

\~~} ~ [: :] 
"' s 0 0 0 u. 
A 

0 0 C s v, 

{)i 

A 

U.i, 

"' Vi 

'81, 

or in symbolic matrix notation by Equa tion ( J . 1 0b), as 

Applying the latter equation, Equation ( 5.9) becomes 

~ = {-! t } [ R. l { 6} 

Then, applying Equation (5.lb) th e latter equation y ields 

(5 . 10) 

Performing the mat rix multiplications Equation ( 5 . 10) yi e lds 



70 

A 

or 'I' = V2. s (5.11) 

Equation (5.11) r8veals that, without considering the n on­

linear term, t he axial s t rain is g iven by t h e c omponent of 
,,.. 
v2 in the direction of the undeformed be am -co lumn . From 

Eauation (5.11) usi ng the rela tion between ~ a nd t, one 

obtains 

A2 ,. 2, 

- k s V2 R s (5 .12) 

Substituting this v a lue of k2 into Equation (5.8), yields 

or 

V2 (j. e («1 ~ C - e Cs) c2 = V2 R2 
~,. lo(2+ e2 ) S $ 

Vi ( 0. e ( rJ. ~ S C - e?i C S) c'- - R.2 s2 ( <J..
2 -t et) s $ ) = 0 (5 . 13) 

A 

For the free vibration p roble m at the resona nt fre~uency v2 
... 

mus t be arbitrary. Therefore , t he coeff icient of v2 in 

Equ atio n (5.13 ) must be zero . It f ollows that, 

(5.1 4 ) 

The latter equation is the fre~uency e 1 uat i on f or the simply 

supp orted inclined beam-column. It is a trancentental 

e q uat ion containing the squ a red fr e qu ency term ~w2 a nd th e 

ind uc ed axial force term k2 in relation with the inclination 

a ng le a and t he slenderness ratio R. A plot of axial for c e 

versus the fu nd a ment al frequency i s constructed for a variety 

of inclinati on angles a a nd a given R ratio. The computer 

p rogram used t o determine the root s of Equation (5. 14 ) is 

g i ven in Ap pendix . ; program Number ) . Th i s program re ad s 
A 

various values of a and R a nd prints out t he k vers us the 

lowes t ffiw 2 curve as shown in Fi gure 5.2. 

. " 



3.0 

Q 

2.0 

t.o 

0 
0 

o<~ (C1.1 sC - e?,c S) c2 - R2
s2 

(~
1+ e.1.) s $ = o 

lO 40 60 &O 

Fi~. 5.2 k vs. mo,2 cu.nit - - S.s.-s.s. 

R~ 50 

~w2 
fOO 

-'3 
tJ 



., ,., 
' ,_ 

From t he plot it ' s observed t hat the larger the angle a t he 
4 

higher the natural frequency for the same k . Plso , t he 
... 

large r the k the lower the nature l f r P.quency of the beam -

co l umn . 

B. Lower End Fixed - Upper End Si wply Supporte d 

Fig . 5. J Fixed - Simply Suppor teci Beam - Coll rnn . 

The end forces and e nd dis p lacemen t s of such a be Rffi ­

colurnn are sriown in Figu re 5. 3. rr h e eou. 2. t i. /"\n r9la t ing t he 

nodal dis p lacements to t he end d ' splacements is Equati on ( - ~? a ) 

and ( J . 27b ) . Al so , Equation ( J . 28) r elates t~e n da l for r,9 ~ 

~o the end f orce s . Substituting tb9 ab ov~ equations into 

Equati on (4 . 24 ), yi~lds 

The r elation between t he end forces m~t ri x {P } a~d t he 

~lied forces i ~iven a s 

8. ., -
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~he . ~trix m ltiplications a nd mani pulating p r ope rly , yields 

(5 . 16a; 

or in symbolic mat rix form 

{ 1 ~ == ~ [ K2l { ta\ ( 5. 16b) 

Solv ing for t~e disp l aceme nt mat rix {~2} , yield s 

D -1 
{~1~ = d2 [K2) {~} (5 . 17 ) 

d2 = ex e D (ix.e D + («1+etf c C). c2 

Pe r f0 r~lng t he i~vPrsinn of c~~ a nd hen m !tip lyirg , on~ 

ob t~i-~s for the displace~ 0 nts 

,. 
v,. (k25-F)l«i~e'-) (cicS-e;c) 

cxe ( «e D + (~1+ e1)2 c C) c2 

(k2s- ~)[(«2-e2.H1-cC)+2c<esS] ( 5 . 1 8;;,.) 

lo(e D +\~:+e )2. e, C) c 

" or f or v2 onl y 

(5 .1 8b ) 

"" For F very SMEll , re a rrangi~ a Fq 1a ti0n (5 . 18b ) , one obta i ns 

( 5. 19) 

From the ~ function, a s suming that the nonlinear 

te rm i s sma l l in cc .oaris on t o th e l i e a r on~ , tr2nsfo rni ng 

th e r~ su lting ~ enua tion in a simila r manne r as i n case ~, 

y ields 



where (R1] is defined in E~uation (]. 1 0 2 ) a r1d [.".21 in E'l_u at ion 

(J.27a). Performing the matrix multiplications the l~tter 

equat ion becomes 
,.. 

\I' :. v,. s 

which is the s ame a s Equation (5. 1) . This means that ~ is 
A 

a function of v2 only and not of any othe r end disp l aceme~t 

(rotation). It follows that 

"2 ,. 2 
-k = V1 R s 

Substitutin~ t he value of ~2 f r cm t he l atter e~uation i0ta 

E~uation (5 . 19) and re a rranging yields 

For the free vi bration proble~ at the ~ esonant fre~uency,v 2 

must be arbitrary. Therefore , the foll owing f re ~ue~~ y e ­

quation is obtained: 

(5 . 21) 

,., 
Again, the plot of the induce d axial fo rce k versus the 

A 2 • s quare of the fr equency mw curve 1s construct ed . rhe use 

of a hi gh -spe ed diti~al cornnu ter is nee ded for he 1 lot of 

s uch a curve. The program used is the s am e as t h e one used 

in case A and is given in the AppP. ndix A; program No . J . 

The only difference is that t he funct ion g iven in ~q uati 0~ 

(_: . 2 ~) is utilin~d . A ,. , ,., t of ti..- -"' rs s 1 1-t::. i o s :- ·.v:1 i:" 



,.o cxe \°'e D +~1+e1i CC) c2 
- R1 

s2 (cl1+ e2 )(cxc s -e ~ C) = 0 R-::50 

... 
F 

4.0 

k 

3.0 

2.0 

i ,0 

o.._ __________ ..._ _____ ..,_ _______________ ~.,_.--......_ _ _... ____ ...,.-+----
0 30 ,o 90 f.20 t,o 180 2.10 

-m w'l. 
2.40 

Fi~. 5.4 k V!J. m w2 
CILY-Vt. F I)( td - s. s. --..J 

\.J\ 
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Again, the v&lues of ffi w2 in the plot re presen t the lowest 

squar~ natu r al f requency that s a ti s fies the frequency equation 
,. 

for a g iven va lue of k. 

c. Lower End Simply Supported-Upper End Fixed 

Fig. 5.5 S.S.-Fixed Beam-Column . 

The end disp l acements (rotati ons ) a nd end forces 

(moment s) for the beam-columr und er consideration are sh own 

in Figure 5.5. The matrix equat i on r ela tin ~ t he nod~l d i s ­

placements matrix {o} with the end di s p l acement mat ri x ~A~\ is 

g iven by Equation (J.46a) and (3.46b), Also, the relation 

between the nodal forces and the end forces is gi ven by 

Eauation (J.47). Apply ing those two equations into Equation 

( 4 . 24 ), yields 

(5 , 22) 

The relation between the end fo rces and the a pplied forces 

is given as 

(5 . 23) 
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Performing the matrix multiplications in Equat ion (5 .22) , 

substituting into Equation (5. 23), and after man i pulations, 

one obtains, 

(5.24a) 

or in symbolic matrix not a tion 

(5 .24b) 

Solving t he above equ at ion for th e disp l a ce ment ma t rix {6~\, 

yi elds 

where 

D [ -i { {6~} = J; K?>1 t} 

d~ = ~Q o (c1.t+ e,.)' , c '-1. 

(5.25) 

Pe r f orming the matrix inversi on and the res u l t ing matrix 

multip lication in Equati on (5. 25 ) , yi elds 

"' or for v2 only, 

A 

l ~2s -F) loe, s - es c:) 
a£e (°'t+ ez) c: C c. 2 

( k1s - F } ( C - c.) 
( oc. 1 -+ e11 c C c. 

( k2s - F ) ( ~ t s -e s c ) 
cxe l ~t+ ei) CC c,2. 

(5.26a ) 

(5. 26b) 

Neg lecting F, whic h is assumed to be small , Equ at ion (5 . 26b ) 

yields 

(5. 27) 
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Observing from the previous cases that t he f function, 

1 t . th 1· t l 2 . 1 f t · neg ec 1ng e non 1near erm 2 v,x• 1s on ya unc i on of 

" v2 , it f ollows that 

or similarly to the previous c ases 

Substituting the latter equation into Equation (5. 27), one 

obtair.s 

(5 . 28) 

From Eq uat ion (5. 28) one obtains t he f r e ~uenc y equa t i on f or 

t he free vibration problem , as 

0( e ( o.'· + e.t) c. C c,1 - R1 5,. (~ c S - e 5 C) ::: 0 ( 5.29) 
,. 

m w 2 Similar to the previ ous cases, the k v e rsus plot is 

constructed. The computer program used f or t h is c a se is 

s am e as in previous cases with t he exce9tion of freq ue ncy 

function given in Equation (5.29). The plot of the re­

sulting curves are shown in Figure 5.6. 

D. Bot h Ends Fixed 

Fig. 5.7 Fixed-Fixed Beam- Co l umn 

th e 
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The end di s p lacements a nd end f orces for t he f ixed­

f ixed beam-column are shown in F i gure 5. 6. Fol lowing the 

sam~ p rocedure a s in the prev iou s cases, the fol l owing e­

auation is obtained: 

(5.30) 

" Using the assumption of small F and t h e previously derived 
A 

rela tion between o/ and V2 in Equation (5.30), one obtains 

( 5 . 31) 

For the free vibration . prob l em f rom E~ uation (5 , 31) , o~e 

obtai n~ th e fre q uency equa t i 8n a s 

(5 . 32 ) 

As in prEvious c a ses, computer p r ogram No . 3 , listed in Ap ­

pendix A, is used, with the fre q ue n cy f u ncti on of Equ a tion 

(5.12), to plot the~ vs. ~ w2 cu r ve. Th i s p l o t f or dif­

fe r ent a ng l e s is sh own in Fi gure 5.8 . 

The resonant frequencies of the vibrating be a m-column 

for the four different end support conditions are compared. 

The ch ange of the resona nt frequency as the end fixity changes 

is gra phica l ly illustrated. "' ,. 2 The k versus mw curve, for each 

case of end s upport condition for the s l oped beam-column 

with a n inclination angle of 15 degrees , is plotted in 

Figure 5.9. From the plot it is observed that a s the e nd 

fix ity stiffens the resonant frequency incre a ses . Also , the 

Fixed-S. S . su.pport condition yields higher resonant fre -
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quencies than the s.s.-Fixed. As t he freque nc y decreases, 
,.. 

the value s of k fo r these two cases approach each other . 

Th is conve rge nce is confi r med i n the stati c sol ti on by the 

condition that they hav e the same load- deflec ti on c urves . 
,. ,. 2 

The values of k and mw on the curve s shown in 

Figures 5.2, 5.4, 5.6, and 5. 8 have certain limits . When the 

inclination angle a is zero de grees the beam-co lumn becomes 

abeam; when a is ninety degrees it bec omes a co lumn . For 

t r. ~se two cases the limiting 
,.. ,. 2 

va lues of k R!'ld mw a re shown 

i n Table 5 . 1 below for eac h end su pport condition , 

'1'AB LE 5 .1 

LI MITING VALUES CF k ND mw2 FOR a = 0° A:i a = 90° 

S.S. - S.S. 

H 

{ " 
" :. 0 
,. t. 
W\lO ::. ~7.•H 

{ " \(.: Jr 

mw'l. =- 0 

S.S. - Fixe.d 
Cl: 0° ,,,,,,,-----

(l.: 90° 

Fixt.d - S.S. 
a= 0° 

Ci= 900 
{

A 

" = 0 
mU>-z. ::.2Y7.8 

J K =- 4.4~ 

1 mur = o 

Fiu.d - Fi-,._ui 

Cl: 90° 
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CHAPTER VI 

DISCUSSION AND CONCLUSIONS 

This thesis solves the static stability problem and 

the resonant frequency dynamic problem of an inclined beam­

column using an approximate large deflection theory. The 

solution~ are obtained utilizing modern matrix techniques. 

The stiffness matrices, for both problems, are derived 

using Castigliano's ~heorem in a r a ther unique way, utili­

zing the solutions of the associated differential equa­

tions. 

The developed solution of the stat ic stability problem, 

allows one to full y intepret the relationship between the 

mathematical and physical parameters employed. Secondly, 

t he utilization of this stiffness matrix app roach and ana­

logous solution procedures is possible for all combinations 

of node load conditions and all boundary c onditions. The 

classic mathematical approac h (via differential equations 

and boundary conditions) requires a reformulation of the 

problem from the potential energy fu . ction. 

For the static stability problem, this thes is de­

termines t he critical buckling load from the load-deflection 

curve for any possible end support condition. The simply 

supported beam-column is of prime interest, since for this 

cas e either a bi fu rcati on point or limit point instability 
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may occur. The limit point instability or d irec t thrust type 

of buckling occurs whenever the maximum point of the load­

deflection curve is reached without t he induc ed axia l com­

pressive force exceeding the Euler's buckling load of the 

vertical column. This occurs for certa in combinations of 

the slenderness ratio Rand inclination angle a (me a sured 

from the horizontal line). It usually occurs for very small 

angles a (~( a (S\ when the beam-column is closer to the beam 

position (hori zontal). The bifurcation type of buck ling 

occurs whenever the Euler's buckling load i s reac hed before 

the corresponding load-deflection curve has re a c hed its 

maximum point. It usually occurs for slanted be am - col ;mns 

with a medium-to -steep angle a ( 25
1

<. a (90°), when it i s c l oser 

to a column. The physical meaning of the bifurcat ion point 

is that although the mathemat ical equati ons are f ol lowing 

the load-def lection curve, the indu ced axial f orce may never 

exceed Eu ler's buckling load. 

For the fixed-sim ply supported and th e simply sup­

ported-fixed c ases the respective load-deflect i on curve s are 

the same. There is no bifurcation point for either case. 

The ins tability occurs as direct thrust buckling . Fo r the 

c ase of both ends fixed (no rotation), direct thrust 

buckl ing c ontrols. A very interesting ob s erv a ti on is ,;;.de 
..... 

in this c as e. When th e a ppli ed force Fi s normal i zed t o the 

Euler's bu ckling load for the firs t mode s hap e po= 2n, th e 
..... 

normalized values of Fn for part of t he curve exc e ed t he 

value of one; when the function is norma liz ed to the s ec ond 

mode sh ape value ~o = 8 . 98682 , it never exceed s t he v a lue of 
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one . This means that t he def l ection function of t he beam­

column is t hat determined by the second mode shape. For 

all four cases it is ob served that as the inclinati on angle 

"' a increases~the critical buckling load (Fn) increas es. 

Also, as the end fixity increases, the critic a l buc k l i ng 

load incre ases. 

In order to so lve the dynamic problem, two necessary 

assumptions are made. First, the assumption that the 

externally ap? lied load Fis relatively small. The second 

assumption is that the nonlinear term in the axial str2.in 

express i"on is relatively small in comp a rison to the line 2.r term . 

This ~ssum ption le ad s to a classi c al type formulatio n of a 

transcendental equ ati on fo r determina tion of natural fre -

11ency. ThesA two as s um~tions a re made afte r the de r i va t i on 

of the dynami c stiffness matrix and t he app l icat i on of th e 

end cond itions. The second assumption is valid for lar2e 

va lu e ~ oft e i nclination angle a . Thus, the values obtained 
A "' 2 ,-re la ting k and m W for comp le te r r-1n£::e of valuP.s k are more 

acc urate fo r lBrge v a l ues of inclina t i on ang l e a . The val~es 
A 

of the natural frequency for small va lues k a nd f or angle a 

close to 0° or to 90° are the sam e as t~e value s found iP 

t~ e l iterature for suc h caseR . Thus. t heR~ re s u lts are ac­

curat e over the com n let.e range of a ( 0°<.a (90•). ~rorn the 

curves it is observed t~at the na tural fre qu ency decre ~~e s 

? ~ -t:.s- a :-: ia l force i"'.'lcreases and it becor1es 'ZP. ro \'~e .. t >: e 

ax i2l force is equa l to t.he E1 l er' s bu c}~J ing load for eac h 

ca ~e . Al so, it is observed ha t as the end fixity increases 

the natural frequency increases. 
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The following conclusions are draw n from this study: 

1. The matrix approach lends itself to an efficient math­

ematical process for obtaining so l utions to the inclined 

beam-column problem. 

2. Solutions obtained in the static stability problem are 

more mathematically compact and more easily formulate d 

and intepreted than in the classical differenti a l equa~ 

tions approach. 

J. Some solutions of the natural frequency problem have in­

herint errors due to the lineari zation techniques re­

quired by the solution procedures. The combination of 

large axial force and sma ll ang le of inclination yie l ds 

the largest degree of i naccuracy. 

4. Re commendations f or future work per fo r med on this topic 

take the following directions: 

a. An attemp t should be made to inc orporate the non­

linear axial strain term for the determination of 

natural fre quency. This ma y possibly be performed 

by utilizing t he exact nonlinear st rain energy for 

the problem (6) and incorporating a matrix series 

formulation to obta in a s ol ut ion . 

b. An alternate proce dure t o the above may be to 

utilize a modern pe rturba tion tec hn i que on t he exact 

energy function - s ometimes refer r ed to as th e 

"eigenva l ue met hod" in its l i neariz ed f or m. Since 

the p roblem i s hi ghly nonl inea r, a t l eas t s econd 

orde r pert urb8tions would be r e~u ired . 

Po r e i t he r of -t he l a tter rec.omm en ct ations t he so l utions 
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APPEN DI X A 

Comnuter Programs 



Computer Program Number 1 - Fixed-S,S. 

Solution of the parametric equati ons: 

,,. 
Fn = 

( J. 41 ) 

(J.44) 

DnUBlE ?RECISION PI , HK , A, DT AN, DS IN , DCOS , DSQ fiT , K, S,T, 
1V2HP , V2 HN, FHNP , FH NN,TI RT,BO 

READ (5,100) AD ,R 
PI=J,141592654D0 
B0=4.49J4094579D0 
WRITE(6 ,1O1) 
HK=0.1D0 
A=AD*PI/18 O. 

5 TNK=DT AN (HK) 
T=l.-(TNK/HK) 
S=(J,*T+( TNK )**2)/4 . 
TIRT=( T**4)* ( DSIN(A)**2) -( 4 . *(DCOS( A)** 2)*( HK**2 )*S* 

1 ( T* * 2 ) ) / ( WH- 2 ) 
IF(TIRT)? ,6,6 

6 ROOT=DSQRT( TI RT) 
V2HP =(-(T**2)*DSIN(A)+RO OT)/(2 ,*(DCCS(A)**2)*S) 
V2H N= (-(T*~}2)*DSI N(A) - , OOT)/(2 .·H·( DCOS( i-i ) ·H2)*S) 
FHNP=((HK/B0)**2)*(DSIN( A)+ (( DC OS(A)**2)*V2HP/T) ) 
FHNN= ( (HK/B0)** 2 )*(DSIN(A )+ ((DCOS(A) **2 )*V2H N/T) ) 
WRITE (6,1 02) HK , FHNP ,V2HP , FHNN ,V2HN 

100 FORMAT( F10,1,F10.1) 
101 FOR MAT ('l',5X,' AXIAL FORC E',lO X,' APPLl~u FOHCE',?X,'VER 

lTICAL DEFL' ,lO X, ' APPLIED FOri.CE ' ,?X, 'V EnTICAL DEFL ') 
102 FORMAT(6X , F8,5,12X,F12,9,8 X,F1 2 , 9 ,11. X,F12 , 9 , 8X , F1 2.9 ) 

7 HK =HK+O.l 
I F( HK -2, *PI)5 , 8 , 8 

8 CONTINUE 
ST OP 
END 
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Com pute r Program Number 2 - Fixed- Fixed, 

Solution of t he parametric equations: 

(J.65) 

DOUBLE PRECISION PI, BO, HK , A,DC OS,TIRT,DSQRT,V2 HN ,V2HP , 
lDSIN,FHNP ,FHNN,S,T 

READ(5,1 00) AD, R 
PI=J.141592654DO 
HK=O. lDO 
B0=2.*4. 49J4094579DO 
WR ITE(6 ,101) 
A=AD~· PI /1 80. 

5 CHK =DC OS(HK ) 
SHK =DS I N( HK ) 
T=HK*SHK-2.*(l.-CHK ) 
S=HK~ .. ( 1. -CHK )* ( 2. * HK+HK*CHK-J. -l:·SHK) 
TI RT=(T**4)*( DSIN (A)**2)-2.*( HK* *2 )*( DCOS (A)** 2 )*S* 

1 (T**2 )/( R**2) 
IF(TI RT )7 , 6,6 

6 ROOT=DSQRT(TIRT) 
V2HP=(-( T**2)*DSIN(A)+R OOT) / (S* ( DC OS(A)**2 )) 
V2HN =( -( T**2)*DSIN (A)-ROOT)/( S* (DC OS( A)** 2)) 
FHNP= ( ( HK/BO )**2 )* ( DSIN (A)+( V2HP* HK*SHK•} ( DCOS ( A )* • '" 2) /T ) ) 
FHNN=( (HK/B0 )** 2 )*(DSIN (A )+(V2 HN*HK*SHK*( DCOS( A)** 2 )/ T)) 
WR I TE(6,102) HK , FHNP,V2HP,FHNN ,V2HN 

7 HK =HK+0.1 
I F ( HK-J. * PI) 5,8,8 

100 FORMAT( F10.1,F10.1·) 
101 FORMAT('1',5X,' AXIAL FORCE',lOX,' APPLI ED FORCE ',7 X,'VER 

1TICAL DEFL',lOX,'APPLIED FORCE ',?X,'VERTICAL DEFL ') 
102 FORMAT( 6X, F12.9,12x,F12.9,8x, F12.9,11 x , F12 .9, 8x , F12 . 9) 

8 CONTINUE 
STOP 
END 
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Computer P rogr~m Nu~r~r J 

~e l ~1 SC - e1 C S) c2 
- ~? ,;} ( 11.2 + e") S $ = 0 ( 5 .14) 

Ole (oee \) + (,J..''-+e1 )2 C C) c.2 
- R2 s2 (oet-4-e.1 ) l cl. c. S- e, S G)-:. 0 ( 5. 21) 

o<e ( c(
1 +e?.) c C c2 - R2 s2 (!XcS -es C) = o (5.29) 

(S.J2) 

DOUBLE PRECIS IO N DSQR T, A, PI ,C, SQHV.1 RT,DEXP ,SJ , CH , D, 
1 ALPHA, RO, DSI N, DCOS, ::;iUNC, HK, SQ , FXEQ 

B0=4 .493409u57?DO 
READ(5,101) AD , rt 
WRITE(6 , 100 ) AD 
PI=J.141592654D0 
A=AD-i:-pJ/180. 
WRITE(6,102) 
HK =O. lDO 

2 FREQ=l.D0 
4J C=l.DO 

L=O 
SQ HK= (HK**2 )/2. 

J IF(FREQ) 20,4,4 
4 RT=DSQRT ((SQHK**2)+FREQ) 

ALPHA=DSQ RT (RT+SQH K) 
RO =DSQRT(RT-SQHK) 
ERO=DEXP(RO ) 
SH=( ER0-(1 ./ER0) )/2. 
CH=(ERO+(t./ER0))/2, 
D=(R0**2-ALPHA**2)*DSIN(ALPHA)*SH+2.*ALPHA*R0(1,-

1DCOS(ALPHA)*CH) 
SQ=ALPHA**2 +rt0**2 
FUNC=ALPHA* RO*SQi.- ( RO*DCOS (A LPHA )*SH+ALPHA*DSIN ( ALPHA) 

1*CH)*(DCOS(A)**2)+D*(R**2)*(DSIN( A) **2) 
FUNC=FUNC/1000. . 
IFUNC=FUNC 
FFUNC=FUNC-IFUNC 
AFFUNC=ABS( FFUNC) 
IF( AFFUNC-0,001) 31,31,32 

31 F?UNC=O. 
32 CFUNC=IFUNC+FFUNC 

IF ( L- 1) 18,1?,18 
17 TFUl'TC=FUNC 
18 IF(T?UNC ) 5,10,6 



5 IF (CFUNC) 12,10, 8 
6 I F(C FU NC) 8 , 10,1 2 

12 FREQ =FREQ+(10 . / c) 
GO TO 3 

8 FREQ=FREQ-( 10 ./C) 
C=C*10. 
GO TO 3 

10 WR ITE (6,10J) HK,FREQ 
7 HK =HK+0 .1 

I F(HK-7.) 2 ,2,20 
100 FORMAT('l ','THE I NCLI NATI ON ANGLE IS ',F5.1, 

1 ' DEGREE::S ' ) 
101 FORMAT(F10.1,F10. 1 ) 
102 FOR !\~AT (///, 1 ox, ' AXIAL FORCE' , 1 ox, 'NATURA L FREQUENCY' ) 
103 FORMAT(12X,F6.2,15 X,F9.5) 

20 CONTINUE 
STOP 
END 
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