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ABSTRACT 

THE FINITE ELEMENT ANALYSIS OF ELASTO-STATIC 

PROBLEM INCLUDING AUTO~.ATIC MESH GENERATION 

Jaw-Ping Pan 

Master of Science 

Youngstown State University 

The purpose of this th~sis is to present the Finite 

Element Method as a working tool for the stress analyst. 

This work is an attempt to explain the subject with 

sufficient clarity so that the reader can master the 

fundamentals of the subject -from theory through practical 

use, thus enabling him to develop programs for his own 

particular applications in his own area of specialty. 

In this- thesis, eight main programs dealing with 

elasticity problems are presented including the axial bar 

element, the triangular plane stress-plane strain element 

for both constant stress and linearly varying stress, the 

combined bar element and plane stress triangular element, 

the transverse plate bending element, the automatic mesh 

generation code, and lastly the automatic mesh generation 

for both the bar e-lemen.t and the triangular el.em·ent. 

Emphasii,. ~ie-.placed.. on .. the triangular plane stress 

element since it has· a history of good mathematical 
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performance; therefore, it is utilized to demonstrate all 

the features of a typical finite element computer code. 

iii 

For each computer code that is constructed a flow chart 

is presented , a guide for the data input to the code is 

summarized, and a sample problem is solved. 

Input data, program output~ and numerical interpretation 

and comparisons are summarized for each problem considered . 



iv 

AC KN OW LEDG El'-'iEN TS 

The author wishe s to express his deep gratitude to 

his thesis advisor , Dr. Paul X. 3 ellini , whose guidance, 

effort, time and encouragement directly contributed iri the 

completion of this thesis. · Thanks are als~ due to the re

vi ew committ ee , Dr. John Cernica and Pr ofe s s or John F. 

Ritter , for their careful review and their valuable time 

toward the completion of the requirements of this thesis. 

Special appreciat ion is given to my fi ancee , Eiss 

Barbara J. Fulmer, for her very skillful typing of the 

manuacript. 

The author is particularly indebted to his parents, 

Mr. and Mrs. W. H. Pan , for their full support and encourage

ment to his studies. 



V 

TABLE OF CONTENTS 

PAGE 

ABSTRACT ............................................ ii 

ACKNOWLEDGEMENTS .................................... iv 

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v 

LIST OF FIGURES ............... · ...................... viii 

LIST OF TABLES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . xi 

CHAPTER 

I INTRODUCTION. . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . . l 

II 

l-1 

1-2 

1-3 

1-4 

THE 

2-1 

2-2 

Background. . . . . . • . . . . . . . . . . . . . . . . . . . . . . . 1 

Historical Review ....................•.. 1 

Thesis Intent ........................... 2 

Thesis Overview .. · ..... ~ :.~ ........... ~ •. 3 

BAR ELEMENT. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 

Formulation of Stiffness Matrix .•....... 7 

Generation of the Structure Stiffness 

Ma tr ix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 

2-3 Condensation of Stiffness Matrix ........ 15 

2-4 Determination of the Displacement 

Unknown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 7 

2-5 Determination of Element Stiffness ...... 18 

2-6 Pin-Joint Truss Program ................. 18 

III THE CONSTANT STRAIN TRIANGULAR ELEMENT ......... 26 

3-1 Displacement Function for a Triangular 

Element ................................. 26 



vi 

3-2 Strain and Stress in a Triangular Element ••• 28 

3-3 The Stiffness Matrix of a Triangular 

Element ••••••••••••••••••••••••••••••••••••• 30 

3-4 Problem Reduction Using Axes of Symmetry •••• 32 

3-5 Stiffness Matrix for a General Finite 

Element..................................... 36 
3-6 The Program to Determine Stresses in a Plate 

Due to Temperature Change and In-Plane Loads 39 

3-7 Elta~j)le.................. . . . . . . . . . . . . . . .. . .. . . 46 

IV THE LINEAR STRAIN TRIANGULAR ELEMENT ••••••••••••••• 55 

' 4-1 Displacement Function of Linear Strain 

Triangle . .................•................. 5 5 

4-2 The Stiffness Matrix of Linear Strain 

Triangle· . •.•...••••.••........•.••...•...... . ? 7 · 

4-3 Stresses in the Linear Strain Triangle •••••• 58 

4-4 Consistent Load Vector •••••••••••••••••••••• 58 

4-5 The Program to Determine Stresses in a Plate 

by Linear Strain Triangle •••••••••••••••••• 62 

4-6 Example. . . . . . . . . . . • . . . . . • . . • • . . . . . . . • • . • . • . . 68 

V REINFORCED BEAMS BY BAR ELEMENTS AND LINEAR STRAI~ 

TRIANGULAR ELEMENTS•••••••••••••••••••••••••••••••• 79 

5-1 · The Composite Structure and Associated 

Stiffness Matrix •••••••••••••••••••••••••••• 79 

5-2 Stresses in a Composite Structure ••••••••••• 82 

5-3 A Program to Solve· Reinforced Plates Using 

Bar Element and Linear . Strain Triangles ••••• 82 

, 
; 



vii ' 

VI PLATE IN BENDING••••••••••••••••••••••••••••••••••• 97 

VII 

6-1 Choice of Element Shape ••••••••••••••••••••• 97 

6-2 Triangular Plate Bending Element Having 18 

Degrees of Freedom •••••••••••••••••••••••••• 97 

6-3 

6-4 

The Program to Solve a Plate in Bending ••••• 101 

Example Problem ••••••••••••••••••••••••••••• 

AUTOMATIC MESH GENERATION AND ITS. PRACTICAL USE •••• 

7-1 Introduction •••••••••••••••••••••••••••••••• 

7-2 Triangular Element Mesh Generation and 

7-3 

7-4 

Computer Program •••••••••••••••••••••••••••• 

Bar Element Mesh Generation of Space Truss •• 

Computer Program for the LST with Mesh 

104 

110 

110 

111 

124 

Generation •••••••••••••••••••••••••••••••.•• 146 

7-5 Application of Automatic Mesh Generation 

with the LST•••••••••••••••••••••••••••••••• 150 

VIII DISCUSSION AND CONCLUSIONS ••••••••••••••••••••••••• 163 

8-1 General Discussion •••••••••••••••••••••••••• 163 

8-2 Conclusions •• j •••••••••••••••••••••••••••••• 

BIBU.OGRAGHY • ••••••••••••••••••••••••••••••••••••••••••• 

168 

170 

APPEN'D IX A •••••••••••••••• . • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 172 

APPENDIX B • ••••••••••••••••••••••••••••••••••••••••• · •••• 182 



viii 

LIST OF FIGURES 

FIGURE PAGE 

2-1 Bar Element and Global Frames ••••••••••••••••••• 8 

2-2 Vector Components- Element and Global Frames •••• 11 

2-3 Sample Example- Truss System •••••••••••••••••••• 14 

2-4a Typical Banded Stiffness Matrix ••••••••••••••••• : 16 

2-4b Storage Matrix for Banded Stiffness Matrix •••••• 16 

2-5 PT10B Flow Chart •••••••••••••••••••••••••••••••• 20 

2-6 Instruction for PT10B Data Deck Preparation ••••• 21 

2-7 King Post Truss•••••••••••••·••••••••••·•••••••• 22 

2-8 Numerical Indentification System for Nodes and 
. 

Elem en ts .. •-••.••.••.••.•••..•. .••••....•..• ·• • • • • • • 22 

2-9 · . Typical Output for a Problem Processed by PT10B. 23 

3-1 Displacement . of Triangular Element •••••••••••••• 27 

3-2 Nodes Constrained to Move Along Guiding Line •••• 33 

3-3 Guided Node••••••••••••••••••••••••••••••••••••• 34 

3-4 SP2 3B Flow C.hart. • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 4 3 

3-5 

3-6 

3-7 

3-8a 

3-8b 

Instructions for SP23B Data 

The Thin Disc with Constant 

Element Subdivision for Thin 

Computer Output by SP23B for 

Computer Output by SP23B for 

Deck Preparation •••• 45 

Internal Pressure ••• 47 

Disc ••••••••••••••• 48 

the 4-Element Case. 49 

the 12-Element Case 51 

3-9 Stress in a ~nisc with Internal Pressure ••••••••• 52 

3-10 The Diagram of Final Nodal Forces ••••••••••••••• 53 

, 
' 



ix 

4-1 Nodal Force and Displacement Components of 

Linear Strain Triangular Element •••••••••••••••• 56 

4-2 Distributed Load and Equivalent Consistent 

Load Vector ••••••••••••••••••••••••••••••••••••• : 60 

4-3 SP33B Flow Chart•••••••••••••••••••••••••••••••• 65 

4-4 Introductions for SP33B Data Deck Preparation •••. 67 

4-5 Thin Disc with Internal Pressure •••••••••••••••• 69 

4-6 Element Subdivision for Thin Disc ••••••••••••••• 69 

4-7 Consistent Load Vector •••••••••••••••••••••••••• 70 

4-8a 

4-8b 

4-9a 

4-9b 

Computer Output by SP33B for 4-Element Case ••••• 72 

Computer Output by SP33B for 12-Element Case •••• 75 

Stress in a Disc with Internal Pressure: .. . _-_ 

4 Elements... . . . . . . . . . . • . . . . . . . . . . . . . • . . .. • . . . . . . 77 

Stress in a Disc with Internal Pressure: 

12 Elements •..•.••••..•••.•••••.••....•..•.•.••• 78 

5-1 Cantilever I Beam ••••••••••••••••••••••••••••••• 80 

5-2 Reinforced Concrete Cantilever •••••••••••••••••• 81 

5-3 SP44B Flow Chart •••••••••••••••••••••••••••••••• 85 

5-4 Instructions for SP44B Data Deck Preparation •••• 87 

5-5 Cantilever I Beam ••••••••••••••••••••••••••••••• 88 

5-6 Element Subdivision For Cantilever I Beam ••••••• 88 

5-7 Computer Output Processed by SP44B •••••••••••••• 94 

5-8 Stress in I Beam- Section x=O ••••••••••••••••••• 96 

6-1 PB11B Flow Chart ••••••••.•••••••••••••••••••••••• 102 

6-2 Instructions for PB11B Data Preparation ••••••••• 103 

, 
,' 



X 

6-3 Square Plate with Normal Load •••••••••••••••••••• 105 

6-4 Computer Output Processed by PB11B ••••••••••••••• 106 

7-1 Effect of Weighting Factor upon Nodal InterYals.. 1'13 

7-2 Steps of Ele~ent Generation •••••••••••••••••••••• 1~4 

7-3 Flow Chart for TAMG Program •••••••••••••••••••••• 116 

7-4 Instructions for TAMG Data Deck Preparation •••••• 116 

7-5 Program for Triangular Mesh Generation ••••••••••• 118 

7-6a,b Sample Mesh Generation ••••••••••••••••••••••••••• 120 

7-6c Output of TAMG Program ••••••••••••••••••••••••••• 123 

7-7 :_•. -- Sample Space Truss: •~••••••••••••••••••••••••••••• 125 

7-8 Nodal Point Numbering of the Space Truss •••••••••. 121 

7-9 Eight Step Process Element Generation •••••••••••• 128 

7-10 Flow Chart for STAMG Program••••••••••••••••••••• 131 

7-11 Instructions for STAMG Data Preparation •••••••••• 132 

7-12 STAMG Main Program••••••••••••••••••••••••••••••• 133 

7-13a, b Sample Examples of Space Truss.:................. 137 

7-13c Output Processed by STAMG Program •••••••••••••••• 145 

7-14 Computer Program for LST with Mesh Generation •••• ·.149 

7-15 Thin Circular Ring with Concentrated Load •••••••• 154 

7-16 Final Nodal Point and Element Mesh ••••••••••••••• 152 

7-17 Output for 60 1ST Elements with AMG •••••••••••••• 160 

7-18 Stresses in a Disc with Concentrated Loads ••••••• 162 

, 
' 



., 

TABLE 

2-1 

5-1 

5-2 

6-1 

xi 

LIST OF TABLES 

PAGE 

Comparison of Finite Element Method and 

Theoretical Solutions ••••••••••••••••••••••••••• 24 

Maximum Bending Stress at x=O ••••••••••••••••••• 96 

Deflection at Free End of I Beam ••••••••••• · ••••• 96 

Comparison of Centerline Deflection and Moment 

for the Square Plate in Bending ••••••••••••••••• 109 

7-1 Data Input ~omparison ••••••••••••••••••••••••••• 153 



1 

I:1;'i'H OD UC 'l' IO '.··f 

1-1 .oackground 

The limitation of human minds is such that it cannot 

grasp the behaviour of its complex surroundings and creations 

in one operation. Thus , the process of subdividing any sys

tems into its individual components or 'elements ', whose 

behaviour is readily understood, and then rebuilding the 

ori gina l system from such components is a natural way in 

whic h the engineer proceeds to study the system's behaviour. 

To overcome the intractability of t h e realistic type 

of continuum problems, various methods have from time to time 

been proposed both by engineers and mathemat icians. The 

engineer approac hes the problem more intuitively by creating 

an analogy between discrete elements and finite portions of 

the continuum domain. A ma jor innovation in the last decade 

in the development of rea listic techniques to solve continuum 

problems using discretized methods ha s been made pos~ible by 

the evolution of Finite Element Metho ds of solution. 

1-2 Historical Review 

In 1941, Hrennikoff( 1 )* presented a useful but 

limited method of solving plane stress problems 

* N:umber in parent hese s r Efers to literature cited 

in the Biblio ~r a uhv. 
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by replacin g plate elements with ~ars thus reducing a plate 

problem to one in structural analysis. In 1954, Williams( 2 ) 

had come very close to discovering the Finite Element ~eth

od, but his method still relied heavily on the finite 

difference approximation. The first complete presentation 

of the Finite Element Method was made in 1956 by Turner, 

Clough, Martin and Topp( 3 )_ The Finite Element ~ethods 

would not be practical without the availability of hi gh 

speed electronic computers with large amounts of storage 

capacity. The development of this analytical method and 

the 'computer' has progressed simultaneously. 

Computers and programs in Finite Element ~ethods 

have recently become the most powerful tool available to 

engineern for the an~lys~s of str~ssA The use of pro grams 

which determine stress and strain in various geometrical 

shapes is essential in designing more refined and reliable 

manufactured products. Stress analysis problems which a 

decade a go would have baffled the engineer are now solved 

with relative ease and in a routine manner by simply util

izing a standard finite element computer pro gram which 

processes input data defining geometry, element material 

properties, and l oading conditions. 

1-3 Thesis Intent 

The purpose of this thesis is threefold: 

(i) The development of finite element computer 



programs for the analysis for two and three

dimensional elasticity problems including 

plane-stress, plane-strain, and plate-bending 

problems. 

Iii) The introduction of mesh generation techniques 

and three mesh generation programs which greatly 

reduce the time required to input the necessary 

data into the computer program. 

(iii) The solution of a set of sample examples to 

3 

illustrate the use of each program and the inter

pretation of resulting solutions. 

The basis of all the finite element computer programs 

contained in this thesis are given by Bowes and Russell( 4 ). 

Modifications of these programs have been made to suit the 

requirements of the YSU computer system. The background 

for the development of the mesh generation schemes is taken 

from Cheung and Yeo(S) 

1-4 Thesis Overview 

The finite element programs dealing with the bar 

element, the constant strain triangle, the linear strain 

triangle, the reinforced linear strain triangle, and the 

plate-bending element are presented in Chapter II, III, IV, 

V, VI, respectively. Each chapter is a self-contained entity 

with emphasis on various practical aspects of the computer 

method including: (i) a description of various techniques 
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used in the choice of displacement func t ion s, stiffness 

formulation, assumble, solution and me sh generation; (ii) 

a detailed explanation of a sample pro gram at various 

levels of development to gether with comments for important 

FORTRAN pro gram statements ; (iii) a description of a typical 

element problem and t he instructions for data input prepara

tion, includin8 nodal quanti ti es such as geometric coordinates, 

boundary condition da ta, and loadin~ condi tion , and element 

quantit i es such as connec tion data , and mater i a l propert ie s. 

The main pro gram associated with the particular 

element is included in the Appendix for convenience. All 

subroutines which are as sociated with t he main pro grams 

ar e list ed in t he Appendix B. Each subroutine is designed 

to co mput e one or at mo st a few basic steps in the fin i te 

elemen t solution proc ess, including formin g the gl obal 

stiffness matrix , inverting the matrix , solving equations , 

and printing results. This set of subroutines makes it 

po ssible for the analyst to use a comple te set of working 

pro gr ams , one per element type for t he solution of stress 

problems . After a familiari ty i s formed by the reader , 

these subroutines may be utilized to formu l a te pro gram s 

for a variety of elements not included in t his thesis . 

For reasonable sol ut i on to ma ny pract i ca l stress 

problems , thousands of elements nnd nodes arc involved . 
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The t ask of preparing t he data input becomes extremely time

consuming and tedious. Moreover, during the preparation of 

thousands of data cards, human error may be introduc ed and 

remain undet ec ted in spite of t he c hecks which are usually 

mad e. Th e presence of suc h errors whic h inevitably br ing about 

i ncorrect results, require an additional comput er run after 

correction of the data. Eowever, if the errors stay undetected 

and such incorrect results are used for making decisions 

and judgements, there may be serious repercussions. It is 

therefore important to eliminate suc h data error, and this 

is achieved to a lar&e extent by automatic mesh generation. 

In this process nodal numbers and t heir coordinates, to gether 

with element numbers and t heir definition , are prepared 

automatically by t he co mputer pro gram, usin g as input data 

a minimum amount of information necessary to describe the 

geometry of the domain and the desired fineness of the mesh 

generation. In t he last few years, considerable effort has 

been expended in developing mesh generation routines in 

order to minmi ze the time required to prepare the data 

input, and to eliminate data input errors. An early liter

ature survey of a number of such routine s is given by Buell 

and Bush( 6 ). The first generator for triangular mesh code 

Program was written, but never published, In 1958 by Mr. R. 

~aclean for an I BM 704 computer. Since then, much of the 

information developed on mesh generation techniques has been 
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utilized in the various finite element programs. 

Mesh generation programs written by this author in 

this thesis include programs for constant and linear strain 

triangular elements and a three dimensional space truss. 

A~l programs contain node points generation and element 

generation. An example of use of these programs is given 

in each case. 

/ 
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CHAPTER II 

2-1 Formulation of Lltiffness ~at±ix 

Por a uniaxj r11 , t wo d imen GionaJ str·uctura1 member , 

two nod a l forces , e8c h having two components , must be con

sidered . rrhese four .force compon ents a re related to the 

a ssoc iated .four co111po11ents of nod ~1.l dj_sp l a cements . '.rhc 

stiffue ::, :::; mc1.tri.x o:f Lh.e -=·tr u.ctura J eJ ement j_s cxp r c-:.3 ~; ed :- c • 

a .( ~x 4 ) ... ~tjf f nesc rna trjx ,(K), wh .i h r e Jalcs f o rc e t, ,- t;h c 

cl:ic:;p l acemen t compon ent s j_n Lhe mc.1. trj_x s ymbolic form 

(I}=[k]~~l ( 2 - 1 ) 

Referring to Figure ( 2- 1 ) t .he stj_ffnes s ma trix o.f the 

element is described first wit h respec t to th e element 

c oordinate axes X'-Y' as shown . The functions that defined 

the u ' nnd v ' displacements ot _ony point Pon the unrteformcd 

elcr 1c11 t to the point p •:· on the deformed element :Ls assurned 

i n ll1c rna l;-ri.x f o r rn as 

] 

oZ, 

D oh. 
x' cJ.,, 

d.4 
(?- ? ) 

' 1'hc f our un~rnown coc f f i l: i c 11l.::3 rf.,,o{1,ch, cx'"t ;1ec: d 8 l c:r

mined by the four displacements ~t t he node point o f t~a 

element . Thes e arc g iven ns : 

WILLIAM F. MAAG LIBRARY 
vnrn.,~~Tf\WtJ ~TAT~ IINIVJ:R~ITY 
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Figure (2-1) Bar Element and Global Frames 

L-l' ~ / , / / / , / 
l,t'-K',>= o, 7 L{tl('.:x~1-='$:-z., V-c.,c'=-.x~ ,=-~~ , V--cx'.,..xi> =~4 

which when substituted into Equation (2.2) give 

or, 

I 

I 

0 

D 

D 

x~ o 

D I 

o I 

0 

0 

Inversion of the latter equation yields 

and in matrix partitioned form becomes 

_, 
(A] =-

I 
I 

(/,if': 0 
- - - _,_ - - - - . 

. 0 I (A]-1 [ ,, J \ -" I 

wnere rJ..J ;= / 

I X-z. 

8 

(2. 3) 



It follows that 

- -I ~ [ X ,.'' 
(A) -= ~) -, 

and hence, 
. , 

X z. 

-, I --1 
(A)= L 0 

0 

9 

-X: j = ~ [ ~~ - x; J 
I -\ I 

-x,2 0 0 
(2.4) J 

I 0 0 
0 / I 

)( '2. -)( 
I 

0 -1 

Substituting Equation (2.3) into Equation (2.2), one obtains 

(2.5) 

From elementary strength of material, the axial strain is 

given as 

£=dg_'=i.EL 
dx' l dX' 

Using Equation (2.5) in the latter equation gives 

0 J [ I x , o o_ ] (A f' { ~ 'J 
0 0 I X 

=(O I O 

=- C SJ [Al·
1 f <£' J 

D } [AJ-1 {S'f 

where [ B] = f O I O CJ J 

(2.6a) 

( 2. 6b) 

.f 
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The linear elastic Ho oRe's law in its one-dimensi onal form 

becomes ~=~~ where a ll quantiti es are scalars . This equa 

tion is writt en in matrix form as 

( 2 . 7 ) 

where in the pre s ent case each matrix in Equa t ion ( 2 . 7 ) is 

a (1 x 1) matr ix and hence , a scalar quantity . Substituting 

Equation ( 2 . 6 ) int o Equati on ( 2 . 7 ) yields the sta te of 

stress in the element as 

{tr1 = [DJ( 8J[AT
1f S' i ( 2 . 8 ) 

At this stage , the e lement i s given an additional 

virtua l di splacement f~*\: This is a ssumed a s an arbitrary 

quantity produces an addit ional strain into fibers gi ven by 

( 2 . 9 ) 

The nodal forc e components of ff'} move throueh distances fS'~J 
and do an amount of external work , $We-, during the virtua l 

displacement , which is defined as 

~ w C = s 't t 1
1 

-t s ;" t ~,-+ s :- +/I ~~~ f: = r.~ I* l T {-(' J 
at t he same time , internal work is done by exist ing s ·tress 

in t he f ibers as the virtua l strain is appl i ed . This change 

in internal work , $W:r, is given by 

~W1. ~ )VoL (-z~fT(\[] dV 
Combining ~Equation ( 2 . 8 ) and ( 2 . 9 ), one obta ins 

~WI :i:f voL (c0JCAJ-1c $'1'JJT coJ c BJ CAr' { ~, l dV 

==-)voL (s'1JT[A-1fCBJT(DJ(BJ[AT1{S'J dv 
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Since all terms to be integrated are constant in th i s c ase , 

it follows that 

Wz = \ s:"' r (A_,) Tc 8]T(D]( B][AT'(5' Jx VOL 

/"o[· st;1.t j_ca1 c qui 1.-Lbr:.i. w n th e Lu a.I v ir tu:.--11 vrn d -:: nrn :·t b ::i l c.L ce , 

henc e , 

or 

hence , ( 2 .1 0 ) 

f! omparln g Equati on ( 2 .1 0 ) wit l1 Eq ua t ion ( 2 .1), the elernen t 

:·Liff11e ss rnaLr.ix desc i.be d with r e r;pcc t tu tl1e e 1emcn-L ;n c r: 

beco me s 

( 2 . ·11) 

•1· 11c volum e t erm is defjned as voL=SvdV wrdch f o r c on .. ,V1.nt 

c · ·o s s - sec tion becomes ( VO"f1) = 1\..L. 

Equat ion ( 2 . 11) def.ine s tn e st iffn cSi-; pf the e. cment 

with respect to the elemen t coordin , t e system which is with 

respect to the global coordinate frame ( see Figure ( 2-1)). 

'l'he: analysis of 'l.nY s truc ture i s ma de wit h refercncc.i to I. he 

r~_y:-:tcm e; l obaJ axes o. nd henc e the e l crneni, sLL .ffnc :,,·· r:·:-Ltr i ;.-

P:. L 1, ,-. Lr;J w"form d to the g Joba l fr ;- n1e . 

y 

.. 
---------------------x 

l•'ir;ur } ( 2- 2 ) Vec t or Co mponents - .l'.: lement and CJ.oha·1 \1'r a rnes 
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Base d on l•' i g u.rc ( 2- 2 ), the force c ompone nts in the p;J.oha l X 

and Y dir ect :Lons a r e wrj_tten in matr i.x fo rm a s 

c.ose 0 - ~ih0 0 

l t 1 = 0 CoS<9 0 -sin(9 { + ') 
Sin(9 () C.0"5 (9 0 

0 -Sir,(9 0 C0:50 
or [+}=-[T]{f'} 
Sj milarly for the displacment components 

i S 1 = ( 1" J { ~, J 

hence 

f -t'' = [T f'{ f } I f 5>' J = ( TJ-1 f ~ l (2 .1 2 ) 

Notin g t he determinan t of CTJ is equal to unity , it follo ws 

that , 

eo-s e 0 5\n e 0 

. -1 0 C:.0-5(9 D 51YJ9 (T] = - 'SL·he 0 c..oc;e 0 

0 -'51n(9 0 c,.,:)'se ( 2 .1 3 ) 

It may be . shown · tn r1.t 

[ T ]-1 
:::- ( T] T ( 2 • 14 ) 

which defines f7] a s a n orthonor ma l matrix . 

Substituting Equa t i on (2.1 2 ) into (2 .1 0 ), yields 
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The global stiffness matrix takes the symbolic form 

(IC)= t VOL) c T J ( A""' J Tc BJ"' ( o J c BJ CAJ -1 r r J T 

A matrix component values on the right side of the latter 

equation are known. Substituting these definitions the 

global element stiffness matrix in component form becomes 

'l 
CO'S 0 - c..o52(9 st'nG> Co50 ---SiV)(9U>7{9 

(~) =: l A E ) 
-c.os 2e C.052 0 - 5i n(9 c..o-50 <::, i 1-1 e U::6 e 

L 5,·V) 19 C.,,,050 - ~in0 C050 "5i 'f?0 . ,,"(;) --s,n (2-15) 
-5,.Y\9 ~50 Sin0 UJ$0 - s,·n'2e . 20 

51Yl . 

wherein the cross-sectiona:I -·area is assumed constant. It 

should be noted that (~) :- (fr-JT and lCKll"'O. 

2-2 Generation of the Structure Stiffness Matrix 

If the structure has N nodes, it possesses a total of 

2N components of displacement and 2N components of forces. 

For the three nodes structure shown in Figure (2-3), the 

nodal displacement· vector,· lU~, containing all nodal displace

ments, (F} containing all nodal force :- ·components, are each (6x1) 

matrices. 

Consequently, 

ff J = ( KA] {U j (2.16) 

where tkA) is a ( 6x6) structure stiffness matrix. 

The horizontal force component at node Mis in position 
2M-1 in the force vector and vertical component is in 

., 

Position 2M. Components of displacement are similarly 

l 
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2 

z 

r' in.ire ( 2- ~: ) :.,;a mpJe Exarn plc - 'L'russ :::yst 0rn 

Joc8t c d . En. 'n stri,ctural rnem'oer contr j b utes c e r tain e1e rncn l!"; 

to the structure s tj f f nes s matr i x . 'r otal ing these contri 

buti on f r om a ll me mbers , a compl ete struc ture stiff ne ss 

ma tr ix is ob t a ine d . From Equat j on (2 .1 5), t he e lement s t iff-

ness mn.trjx of memb er 2 :i n pj g1,re ( 2- '3 ) i s written 8.8 

? 2. 6 

f, k., k.r:, K12. K,b U, 

ts = s K',,, k"ss Ks2. ks" Us 

.f 1.. 
2 k:z., k-z~ k-z-i. K-.i" l,h 

t& '- kb, K6s ""'2. 1("6 U.(:, 

The entri es a ppr oac h in p jn coJ u mn 1 of the CK] in t h e latter 

equation appear i n c oJ urn 1 of the str1.1cture stiffness matrlx ; 

tho s e of c o 1umn 2 appea r •i n column 5 ; et c . Si mi larly, the f ir st 

row of ( Kl appear jn tr. e f jrst row or [ }<AJ , etc . fl t this st •.i p; e , 

[ K .. ] j s . t 1-" wri ·1,en as 

1<11 t<:12 0 0 }<",,- Kib 
l(:z.1 K°"l-~ 0 0 K°'25 Ku, 

( ",'\]: 0 0 0 0 0 0 
0 0 0 0 0 0 
ICS'I ts-i. 0 0 P:,5 ts~ 
j("'bl Kb'Z. 0 D lC"b5 kt,6. 
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By repeating this process for a ll other members of the assem

bly , each and every member makes i ts proper contribution to 

t h e structure st iffness matrix whic h is obtained i n complete 

f orm 2.s 

0.4-77 0192. -0144 -O.P2 --{},:!33 D 

0 .10 2. {).£56 -0./92 -0.256 0 0 

(KA] = AE -fJ. 144 -0. /CJ?. 0.28B 0 -t/44 O!tJ2 

-0. !CJ2 -0.256 D 05 ltz 0. /92 -OZ5b 

-0.335 0 -0/44 0./92 0477 -019'2. 

0 0 o;qz -OZ56 -o;qZ 0'25b 

2-3 Conden sati on of Sti ffness ~atrix 

In most stiffne ss matrices the non- zero compon ents are 

clustered nea r th e .112.in d i a e:on a.1 , and out side t h is band are 

zero va lu e s ( see }'i gure ( 2- 4a )). Such r;iatric es are c2.ll etl 

banded matrice s and for mo st strµctural problems in whic h 

t he nodes have been numbered efficiently , t ~e stiffness 

matrix possesses a min .i.mum band v,idth . '!:'he symmetry and 

banded nature of the stiffnes s matr i x is uti l ized in rtefining 

a new smaller size matri x st orage , i · which on l y t he upp er 

½aJf (or lower half ) of t h e tand i s store d a s rectangular 

2.rray , [s), a s shown in ::,i6hr c ( 2- 4) , the stor2,ee requir ement 

is si ~nificantly reduced because a ll the zero components 

outside t he band are not stored in memory . 

If a particular membe r connects node 1 to node V, the 

column range of its components would be from columns 2L-1 

to 21' and .J..h b [ } 
· c l, e and width wovld be 2r -( 2L-1 ) +1 • Suc h a!l e l ement 
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' ,ai, a,,z, c'.J,3' ... ,0 0 0 0 
' ' ' Q-zi' '.ct21. 0 a~,~ 0 0 

' ' a~, ' {l35'' p 0 o', a3-, a34 
' ' ... 

Q41 ' Q44- 0 Q4~ ... ,o 0 Clo', ... ' 
0 0 Q.53 c,, Q,;5 Q5'. asi 

' ' 0 0 0 0 0'4 °''.s, 0 ... 
' 

0 0 0 0 a,, o',,O ... ... 

Figure (2 ... 4a) Typical Banded Stiffness Matrix 

Cl., a'l.'2, a.1, ~ Q,,-5 0 0 

Q.,z 0 Q_H 0 Gla;'" 0 0 

a.,, Dz.it (4,s ~ a,, 0 D 

Figure (2-4b) Storage Matrix for Banded Stiffness Matrix 

may span a different number of columns and the maximum 

span determines the actual band width=NBAND. As each 

element is considered the difference between the end node 

numbers recorded, the maximum difference, NDIFF, is selected, 

and hence the band width is calculated as 

NBAND=2( NDIFF+1) 

It should be noted in this case that e~ch n6de has two 

degrees of freedom. By a skillful assignment of node num

bers the band width may be minimized. A simple procedure 

is to number across the small dimension at one extremity 

, 
,' 
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of the structure and then in succeeding adjacent rows until 

the entire structure has been covered. 

Since the algebra for substituting (SJ into the stiff

equa tion formulation has not yet been develop ed, cal cu

lation are performed using [KA). Each numerical value of (KA] 

is extracted as required from the correponding location in S. 

2-4 Determination of the Displacement Unknown 

For the case shown in Figure (2-3), the support condi

tions require that U, , U1, U, = 0; while the loading condi

tions define F, ,F'1 , and F~ as unknown reaction components. 

In general, this correspondence between the number of knowns 

and unknowns in [F~ and {Ul always exists~ The Equation (2.10) 

expresses in matrix form a system of six simultaneous equations 

with six unknowns. This form differs from a set of classical 

simultaneous equations in that the unknowns are not all the 

{UJvector. A practical method of solution is given by Payne 

and Irons (?), which uses fictitious components of force in 
' . 

place of the unknowns, makes same changes in (K',A.1 and solves 

as though all the {u\ components are unknown. Let us say Ut 

is a known component. Then a fictitous component is put into 

the force vector given by 

Ft' .,. C 19. ii. u,· 

Where C is a large number. (In practice, C=10 12 is satis

factory.) 

The stiffness matrix is changed by substituting C [KALL] 

for ll<AiLJ The ith equation is now treated in the same way 
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as a] 1 the other~ , the chane:es being ouch that they ensure 

t.hat the equati ons when solve d g ive the or i g inal known value 

for fU,} : By treating eac h row t.h a t contains a known f UJ 
component in th i s way t h e problem is changed to one in wh ich 

o.11 t e {fJ co mponents have numerical va.Jn e s and all the {UJ 

components a r e treated as u nknowns . Solvin g t h is classical 

problem gives a ll val ues of f U1. A simple subs t itution of 

the known fu1 in t o Equat ion ( 2 . 16 ) usi.rig the or igi n a l unmodif i e d 

(KA} 8 i ves a l l ff! components . rl.'ril s practical . met}iod is a 

solution t yp P. ·r ecommend ed by Payne and Jrons ( '!) · f or l a r ge 

scale systems . 

2- 5 Deter minatjon of Rl ement Stres s es 

Substituting Equa tion ( 2 .1 ~ ) into ( 2 .1 3 ) into (2. 8), one 

obta lps the expr essi on f or stress a s 

{v-} =coJ(BJfAr• lTJT {s ! 
where f,l components of eac h member ha ve been deter mined by 

selecting the appropri a te c omponents from the (U] v e ctor . 

Henc e , t he stress c an be c alculated for c c.ch memb e r . 

2- 6 Pin - Join te d Truss Propr am 

rnh . 
.L e maJ.n pr oe;ram , referre d to as PT 10B, solves f or stresses 

in the members of a t russ under any concei v ::i.b lc sy:~tcm of 

l.0~ds 
' f or any der;ree of red1md.ancy of t11e s tructurc . 'l'he 

FORT,AN sta t ements of PT 10 D a re listed Jn Appendi x A. 

Ji'i e;ure ( 2- -5) g ives t ric P1' 10.l.3 }Jow Chart ; F.igure ( 2-6), 



Instructions for PT 103 Data De8k Preparation ; and Fi gur e ( 2- 8 ). 

r ypic a l Output for a pr oblem procc ess ed by PT 10J . Th e s e 

a r e giv en her e to provid e the r eader a be t ter understanding 

of P~ 102 executin g proc edures . 

Some i mportant observations for data deck preparation are : 

1 ). Cases in whic h the ~odulus of Elasticity i s not t he 

sam e for all members can not be treated by this pro 8ram . 

2 ) . The node numb ers and el ement numbers must b e positive a nd 

run sequent i al ly beginning at 1 . 

3 ) . Only non- zero l oad components need be read in as data . 

The program was arranged this way i n order to substan

tia lly reduce the input data deck in cases wh ere a 

l a r ge numb 0r of nodes are not loa ded ; zero displ acements 

mu s t be read in . 

4 ). If there is known settlement at any support this can 

be treat ed by reading the amount of the set t l ement as 

the value of knovm displacement component . 

5 ). I f t he us er wants to study the eff ect of a diffe r en t 

l oading or a suppor t system , the pr ogr am canoe r eturned 

fr om t he po int where known loa d components are read . 

T~e user a lso has t he option of executinf the pro gram 

fro m the beginning with a complete new data . deck . Th e 

option t hat t h e user elects is indicated by a number 

";rEX'I·" i n another data card . 



1 " PRINT TITLE 

READ AND PRINT CASE TITLE 

READ AND PRINT COORDINATES OF NODES (RC02B) 

READ AND PRINT ELEMENT DATA ( CN 1 OB) 

ZERO rs] 

REWIND 4 

DO FOR ALL ELEMENTS 

CALCULATE STIFFNESS AND ADD TO S (ES10B) 

WRITE (Sl ON--A 

2 READ Ju~D PRINT KNOWN FORCES (KF01B) 

READ AND PRINT KNOWN DISPLACEMENT (KU01 B ) 

SOLVE FOR UNKNOWN DISPLACEMENTS ( GE02B) 

REWIND 4 

READ (S] FROM 4 

20 

SOLVE FOR UNKNOWN FORCES. 

(FU10B) 

PRINT FORCES AND DISPLACEMENT 

CALCULATE AND PRINT SffiRESSES ( ST1 OB) 

~£AD NEXT------. 

< ::::,, 

OILL E><JT GOTDJ G,o"TO 2. 

• Figure (2-5) PT10B Flow Chart 

! 



DATA DECK 

One card containing case title. 

One card containing Young's Modulus Format: (F10.5) 

One card for each node, containing; 

21 

Node number, x coord,, y coord., Format: (I5, 2F1.O.5) 

One blank card to indicate end of node data. 

One card for each element containing: 

Element numbers, cross-section area, node numbers at ends 

of element, Format~ : (I5, F1O.5, 215) 

One blank card to indicate end of element data. 

One card for each unknown, non-zero force component, containing: 

Component .number, . Force, Format: (I5, F1O.5) 

One blank card to indicate end of force data. 

One card for each known dispacement component, containing: 

Component number, Dispacement, Format: (I5, F1O.5) 

One blank card to indicate end of dispacement data. 

One card contad..ning ,NEXT .• Format: (I5) 

NEXT=O; End of job. 

NEXT=1;Execute a new case. Follow by data cards prepared 

according to all above instructions. 

NEXT=2; Repeat the case just completed but with a new set 

of known loads and displacements. Follow by data cards :': -

desribed above starting with force data cards. 

Figure (2-6) Instruction For PT1OB Data Deck_s Preparation 

. ,. 



2-7 Sample Example- Pinned Truss 

The King Post truss shown in Figure {2-7) is used as 

example. 

' r . 

a). Problem: 

Figure (2-7) King Post Truss 

Figure (2-8) Numerical Identification System 

for Nodes and Elements 

22 

To determine the force and displacement components at 

each panel point, the stress in each member, and the reaction. 

force; compare the member stresses as found by the Finite 

Element Method with theoretical member stresses. 

b) • Solution: 

To start to solve any problem by the Finite Element 

eth0d, the stressed body must be subdivided into elements. 

. , 



MAIN PT10B 
STRESS IN A PIN•JOINTEO TRUSS 

CASE TITLE STRESSES lN KING POST TRUSS 

YCU ~UOll MQCULIIS - 0u~00Q Oi 

NODE NO. 
1 
2 
3 

•• 
5 
6 

X•COORO 
0,00008 00 
0.12000 03 
0.24000 03 
Uu:i'400B DJ 
0.36000 03 
0.4800D 03 

Y•COORO 
0.00009 QQ 
0.60000 02 
o.ooouo 00 
0.1agu9 ua 
o.i;oooo 02 
0.00000 00 

BAR NUMBER X•SECT AREA CONNECTS 
1 1.00 

3 0.40 
4 o.ao 

6 0.40 
7 o.ao 

9 1.00 

KNOWN NON•ZEKO LOADS 
CCMRCNENT MIIMBER LCOC 

4 -0.60000 04 
8 -0-60000 04 

KNOWN DISPLACEMENTS 
CCMRCMENT NUMB[R QIS?LAC EM[NT 

1 o.oouoo 00 
2 o.oouoo 00 

1 

2 
2 

3 
4 

3 

NODES NO. 
3 

3 
4 

5 
5 

6 

i\lODE NO. FORCE AND DISPLACEMENT COMPONENTS 
1 
2 
3 
4, 

5 
6 

BAR NO. 
1 

3 
4 

6 
7 

9 

0,436,c • lO 
-0.41840-10 
-0.16370-10 
-0,63660• 1 1 

0.54570-11 
-0.72760-11 

STHESS PSI 
o.1aooo 05 

-0.16770 05 
•0,16770 05 

•0,16770 05 
-0,16770 05 

0.10000 05 

SIAIEMENTS EXECIIIED-

0 'WOOD nu. 
-0.60000 04 
o .11e20-10 

•0,6000D 04 
-0,60000 04 

0,90000 04 

-0,1325C-21 
0,24790 00 
0.14400 00 
0, 14400 00 
0.40150•01 
o.2aeoo oo 

-0,1671D-12 
-0.66340 00 
-0.70340 00 
e0,62J4C 00 
·0,6634D 00 
-0,16770-12 

Figure (2-9) Typical Output for a Problem Processed by PT 10B 
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stress (psi) 

Member Finite Element Method Theoretical Value 

1 18,000 18,000 

2 -16,770 -16,770 

3 -16,770 -16,770_ 

4 -16,770 -16,770 

5 20,000 20,000 

6 -16,770 -1 6 ,770 

7 -16,770 -16,770 

8 -16,770 -1 6 ,770 

9 18,000 18,000 

Table (2-1) Comparison of Finite Element Method and 

Theoretical solutions 

In tnis problem, since we have only the bar element to use, 

it is obvious that each bar member should be an element 

and the pin joint a node. A convenient numerical identifi- . ~ 

cation system for nodes and elements is shown in Fi gure 

(2-8). The information consisting of dimensions, loads and 

boundary condition is entered into the computer according 

to the instruction in Figure (2-6), and is printed out 

together with the solution as shown in Figu~e ( 2-9 ; ). 

c ·' • C ~ ornrnents on solution: 

A comparison of -the computer results and exact answers 

(see Table (2-1)) sho'·'S ~ t hat the Finite Element Method 

, 
' 
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results are exact in this case. The element developed in 

this chapter and used in the above problem, the pin-jointed 

bar element, because of the assumed displacement function, 

can represent exactly a linear axial displacement. If 

the members are of constant cross-section and have only 

a x ial loads, the resulting strain is constant and hence the 

displacement is linear. Because the assumed displacement 

and the actual displacement of bar element are both linear, 

the finite element solution yields, except for computer 

round-off, ~he exact solution. 
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C::fJ._PTER III 

TH3 C OH S'l'AXT S'l'RA H J 'l'R I A -.r GU LAR ELE;,:EN1r 

3-1 Displacement Functions For A Triangular El ement 

Two - dimensional e l a stic problems were the first succ e ss

ful examples of t h e application of the Finite Element Vethod . 

We have alr eady illustrated the basis of bar elements of the 

finite element formulation in Chapter II , where the general 

relationships were derived . Now , this is extended so that 

innlane loaded plate problems can be solved for disnlacements 

and stresses . 

Consider a typical triangular element shown in i i gur e 

(3-1). The triangle is assi gned displacement components 

and force compon ents f f }. T~e displacements are calculated 

if the stiffness ma trix , (K], is known by the equation 

ff}==(kJ {S} ( 3 .1) 

To determin e all componen t values in K , displacement 

functions u a nd v are assumed whic h give the horizontal and 

vertical displac ement s a t any point P (x , y ) within the triangle. 

rhe hor izontal and vertical displacements are defin ed only a t 

three nodal points ( see Figure ( 3-1)) that is, the nodes of 

th
e triane le. n ence , no more than three coefficients are 

included in the polynomial fuction used to express the dis-
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--- ------
\(X1,Yd 

X 

Figure (3-1) Displacement of Triangular Element 

placement functions which in matrix form are 

i UI= [ I X y O O O ]t} (3.2a) V o o a J x y d.t . 
' ' ol3 

or in symbolic matrix form 

tuf=(pJfcxf ( 3. 2b) 
By applying the boundary conditions, it follows that 

~, I x, Y1 CJ 0 0 d.., 

S-i I X1. Y1.. 0 0 D r:;A. '1. 

- 0 0 d,.3 (3.3) ~3 I X; '/3 0 

)4- 0 0 a I x, Yr o<'.4 

0 0 0 I X '7. Yi J. 5 ?~ 
Y3 d.1, 

~'7 0 0 D I X3 
or, 

t SJ = (A] fol } 
(3.4) 
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Inversion of the latter equation yields 

(3.5) 

which in matrix partitionr d f orm becomes 

-!__ [rAr': a j [' x:, Y,l (AJ - ____ 1_ _ _ where (A] = t _ x-z y,,_ 
0 : (Af1 

I X'j '/3 
I 

Substituting Equation ( 3 .5) into (3.2a) one obta ins 

\ ~ \ ~ [ ~ : : ~ ~ ; ] CAi-, r ~ 1 
(3.6) 

The chosen displacement functions guarantee continuity 

of displacements with adjacent elements because the dis

placements vary linearly along any side of tria ngle,- · and 

with identica l displacements ;. imposed : at · the ··nodes~ "'- the · 

same displa cements exist a ll a long .t h e int erface. 

3-2 Strain and Stress in a Triangular Element 

In the x-y plane, the total strain at any point within 

the element is defined by its three components which contri

bute to interna l work as follows, 

~ 1 ; { ~) 
, oY ax . 

(3.7a) 

W~en displacement components u and v are substituted from 

Equation (3.6), this becomes 

2 0 
?)( 

o2 
uY 

2.. ? 
71Y 4 >< 

[

/ X. y O 0 

0 O D I X 

( 3. 7b) 
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Inversion of the latter equation yields 

(3.5) 

which in matrix partitioned form becomes 

•. 
0
(AJ~ trrj-;}"j whe~ (AJ = [! ;; ~J 

Substituting Equation (3.5) into (3.2a) one obtains 

l lA I= [ 1 x Y o o o ] ~r'(~ 1 
)! 0 0 0 I X Y (3.6) 

The chosen displacement functions guarantee continuity 

of displacemen.ts with adjacent elements because the dis

placements vary linearly along any side of triagle, ;•arid 

·with identical displacements:: :·- ,tmpoeed: at· the:'.,nod~sf ::;.the :J-: 

same displacements exist all along the interface. 

3-2 Strain and Stress in a Triangular Element 

In the x-y plane, the total strain at any point within 

the element is defined by its three components which contri

bute to internal work as follows, 

= ~ ~ l~l 2..,. 
i>Y ;x 

(3.7a) 

Wrhen displacement components u and v are substituted from 

Equation (3-.6), this becomes 

[

/ X 'j O O {)] I 

Y 
(Af f ~J 

0 O O I X 

(3.7b) 

/ 
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then , 

(z ]= [g 
l 0 0 

0 1 CAJ-4 f ~ ~ 0 0 0 0 I 

0 I 0 J 0 ( 3 . 7c ) 

or , ~£1 = (BJ (Af
1 

{ 5 ~ ( 3 . 7d ) 

where 

[o I 
I) 0 0 

;] (BJ= 0 0 0 0 0 

0 0 I 0 I 

Equa tion (3 . 7d ) e ive s the strains at any po int P ( x , y ) in 

the t ri an gular el ement . Kno win g that a ll the entri es of the 

equat ion a re constant, the va lues of stra in a re c onstant a t 

a ll points in t he triangl e . Eenc e , t he triangle i s r e ferred 

to as t he "constant strai n triangle ". 

In elementary strength of materi a ls , the rela tionshins 

between strain and stress in an isotropic material ar e 

e~pressed i n matrix form as 

fxx 
_J_ V 0 E E I ~xx 

f.yy = u- I 0 \fyy ( 3 . 8a ) -y T 
ZXY 0 0 

2(/-r'J/) \Jxy E 
'l he eq_uation for str ess is obtained by matr i x i nv ersion as 

\[")()( I V 0 Zxx 
'i)ii 

E 
- 1-v-2. 'lf I 0 l-,'I ( 3 . 8b ) 

~y 0 0 
1-2/ 'f.xy fl 

or, 

( 3 . 8c ) 



where 
I ·tr 0 

6 

D 
/- Ji -r 

Substituting Equation (3.7d) into (3.8.d),one obtains 

{ ~ l = c oJraJCAr' f <i l (3.9) 

Note that the elastic properties the coordinates of the 
' 
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nodes and the nodal displacements of the triangular element 

ai•e all knowns , at · this . stage, thus, the stress in the ele

ment is calculated from the Equation (3.9) and hence the 

stresses are constant throughout the element. 

3-3 The Stiffness Matrix of a Triangular Element 

We follow the procedure used in Chapter II to establish 

the stiffness matrix of the element. 

It is assumed that the element is given an additional 

virtual displacement {~*} which must be small enough so 

that the forces do not change significantly during the 

displacement. The external work done by the nodal force 

which produces the virtual displacement is given by 

WE~ ~~f. 1-~;.f,. -t ~;.f~ T ~tf4-,. )ff,; +~f'" =(S"'}Tf f} 
At this state, the s t rain is given by Equation (3.7) as 

(3.10) 

The stress ·given by Equation (3.9) does internal work 

t~at is calculated for an incremental volume as 

d~ = ~fx T°~dv + 'l~v t;JyydV + f!y ':rxydV,. ff11 Jftr} dV 

I 
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Substituting from Equation (3. 9) and Equation ( 3 . 10 ), t he 

l a tter expression becomes 

J-Wr =((!3JCA/f$/})T (DJ[BJCAJ--t f ~} d V 

== { 5~rrA-'J'C81TcDJrsJcAr' i ~ 1 d v 

Integrating over t he entire element , the internal work 

done becomes 

WI =fvot- {<j~J'(A- 1JT(BJT(Dl[ BJ lAT' ~s 1 dV 
Since a ll quantit ies i n the matri ces t o be integr ated are 

constant , it f ollows that 

Since there i s no loss of ener gy to t h e int ernal work 

done, hence 

which yi elds 

( 3 .11 a ) 

Thi s is of the same form as Equa tion ( 3 .1) with 

(3 .11 :J ) 

~very term in the ri ght sid e matrices of latter equa t i on 

is known , so one may calcula te the stiffness r.ia trix fo r each 

triangular element . As each element stiffness matrix i s 

determjn ed , it i s add ed t o the gener a l stiffne ss matr i x i n 

th e · .2.nn er s i mi l a r to that of bar elements of Chapter I I. 

a loaded plate wi th a giv en supporting system , part 

the force and displa cement c ompon ents are known . T~is 
th

e same situation that exists in t he truss structure 
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and the methods for deter mining the unknown force and dis

placement components are identical . 2 y using Equation (3 . 9 ), 

the stress in each element is readily determined . 

3- 4 Pr~ blem Reduction Using Axes of Symmetry 

The displacement components are always considered to 

be parallel to the X and Y co ordinate - axes in the theory 

that has been d.eveloned . Iience , by specifying one displa c e

ment component at a node and leaving the other component 

a s an unknown , the node may be constra ined to move in t h e 

horizont a l or vertical di rection . This enables on e to t a ke 

the advantage of axes of syrnmentry and thereby reduce the 

size of t he problem to be solved . For the plate probl em 

shown in Figure ( 3- 2a) , it is possible to constrain the 

nodes to move alon g the inclined radiaJ. line s . Thu s , the 

pr oblem is solved by dealing with only that por t i on shown 

in Fip;ure ( 3- 2b ). J'. dvantage is taken of t he symmetry th2.t 

exists along the radials . This saves both computer time 

and men.ory snac e required to solve the problem . 

It is usually r equired to treat a multiple number of 

nodes that are pyided to move along t h e r,uidin1; line . The 

treaLmcnt that follo ws dea ls wj_t h only one node , but for 

several guided nodes the process is merely repeated . To 

make the fol l owing more general, a known normal displacement 

to the guidi ng line , which usually is taken as zero in prac 
tice w· ll 

' 
1 be considered. and a known tant:;ential forc e pro -
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, 

,/l__,GUIDIN(S L.ltv~ 

+-

(a) Total Plate (b) Plate Segment 

Figure(3-2) Nodes Constrained to Move Along Guiding .Line 
. .. p ,. 

vided for. 

Consider node Nin Figure (3-3). The llllload position 

of the node is given by C, it moves to C' a.fter loading, ., 

the amount of displacement no~rnal to AB is known. To con-

sid.er the axes at node C to be locally rotated through an 

angled.., as shown in Figure (3-3b). The relationship be-

tween the two disp-lacement '.sy'S't:emSl is~-gi~ en.: ·f'r-om.-:··-r±.gnre{3-3b~) 

as 

l 
u'll(-, J == [ c~s d 

U '2N 5111 d,_ 

-Sino{.] ~Ll;~-,1 
C05ol- l u. 2 N (3.12a) 

or, 

( 3. 12b) . 

Where 

[

C{)So( 

(TJ = 5in d,. (3.12c) 
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Figure (3-3) Guided Node 

(3.13) 

, 
•' 
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since (T] is an orthonormal matrix. Similarly for the force 

components at the guided node: 

f ·fl= (TJ f f'l 
and 

, 'T 

{fl= [T]ff} 

(3. 14a) 

(3.14b) 

These two pafr of components are part of nodal displacement 

and force vectors in the equation 

fF}=(i<:HUf (3.15) 

When the axes are rotated locally at node C, only the com

ponents 2N and 2N-1 in {F} and fu} are changed. From Equa

tion (3.12b), the new nodal displacement vector is given by 

(LJ 0 0 

fDl = 0 (TJ O . (3.16) 

0 o (I-tJ 

Whe~~ (I11 is a ((2N-2)x(2N-2)) unit matrix, (T1 is a (2x2) 

matrix and (I~ is large enough to make the array NDF:xNDF. 

From Equation (3.14a), it follows that 

[F}= 

Substituting Equation 

(LJ 

0 

0 

C> 0 

(I1J 0 0 

0 (TJ 0 r p'J (3.17) 
0 0 [I-z] 

(3. 16) and (3 .17) into ( 3 • 1 5 ) gi Ve S 

(LJ O o 

0 

0 

[T] 0 

o (Ii] 

{u'J 
(3.18) 
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or 

fF'l= C1(1fu'J (3.19) 

where 

(T,J 0 0 (I,] 0 0 

( k:1 == 0 (TJT 0 (KJ 0 CT] 0 

0 0 (LJ 0 0 IT,z] (3.20) 

By using Equation (3.20), one may modify the stiffness ma trix 

to deal with axes at one node that are locally rotated. When 

several nodes are so constrained, the operation given in 

Equation (3.20) is simply repeated for each constrained node. 

The altered matrix (K'] together with the known components 

of \u 1} and fF '} are then used to solve for the remaining 

components of {U'} • Since stress is calculated only from 

the displacement components of the original X- Y axes, the 

{U 11 components are used to determine all fu! by Equa:tion 

(3.16). Then recalling the original matrix {Kf , and using 

{U} , the remaining (F} components are calculated. 

3-5 Stiffness Matrix For a General Finite Element 

The stiffness matrix of triangular element has been 

calculated and the stresses in each element of the assembly 

are found. For a general element a provision for strain that 

is not the result of stress is included. This will allow 
the possibility of treating cases involving thermal strain, 

creep, etc. 
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Consider the element, irrespective of its shape or 

number of components in its stress and strain vector, with 

strain f£oJ, which is not related to load, but may change 

value freely from temperature change or for other reason.

This strain£. will cause certain displacements which may 

not be ignored. When force ff} is applied, an additional 

displacement will occur giving a total displacement repre

sented by the displacement function (uy. Then the total 

strain {f} is found from the displacement function by per

forming certain differential operations given in an operator 

matrix, (..tlJ , that is, 

{~}= (AJ{U\ (3.21) 

The elastic strain caused by force {fi is given byff-£.j , 

and hence the stress is 

(3.22) 

The displacement function {uJ is expressed using a polynomial 

functions as 

(3.23) 

When the Boundary conditions are applied the coordinates of 

the nodes when substituted into (PJ give displacement func

tions at the nodes, {SJ , as 

(3.24) 

Solving Equation (3.24) gives the coefficients in the poly-

nomials in the form {ol J = C:Af' IS J • Substituting this into 

Equation (3.23) and then into Equation (3.21) yields 

{ E } = (AJ ( P J lAJ-1 ! ~ J (3.25) 

/ 
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The oper atJon (.t:.1 J s perfo rmed on p gi v ine a matrix 13 

thu s one obtai n s 

\'/her e 

[<i}= lB](Ar'fS} 

(8]== [D.]l PJ 

whic h , w~en substituted into ~quation ( 3 . 22 ) ~ives 

{r-1 = [D][BJCAr'f ~/- (DJ {z.1 

( 3 . 26 ) 

( 3 . 27 ) 

At this s t age we have an el ement th a t has its nodes displac ed 

by {~\ and i s he l d in thi s po sition by some unknown forc e f 

:F'rom this stat e l et u s give the e l ement a virtual disp l ace

ment {( J. This i s as sumed as an arb i trary quantity which 

pr oduce s an a dditional str ain into fiber s gi ven by 

(3 . 28 ) 

The additional strain ener gy is produced by existine stress 

i n t he fibers a s the virtual str a i n i s applied . Thi s i ncre

ment in internal work ,~Wr, is t; iven by 

SW1 = jvoL ((BJ(Ar' {~~} JT UV](B][AT' f ~ J- [DJ{ lo 1Jd-V-

= fvoL u~~}'(A-'JT(BJTJ((D](B1 [Ar1fsJ-(p]fS]]dv ( 3 .2 9 ) 

When thi s virtual displac ement is imposed , the external 

f orces do an amount of external work , S"Wi:, which becomes 

SWE = f~*JT{{J 
Equat i ng external work to the increa se in strain energy and 

re~ovin8 con stant ter~s from the int egr a ti on process give s 

{-r ~ == rA-,JTf f !3JTCDJ ( f3J <lv rAr1 f ~ }- cA-1JTJ (BJ7(oJf tJdv(::; . 30 ) 
Defi ni ng 

( 3 . 31) 
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then , 

(3 . 32 ) 

1,;q uation ( 3 . 32 ) relates fore e to di splac emen t througl·1 stiff

nes s matr :Lx [ J<] det ermi n ed r1y Equation (3. 31 ). Defi n in ri 

{f,.) = [A"'JT S (8)T c DJ { i .. 1 dV 

Then Equati on (3 . 32 ) Js written a s 

( 3 . 33 ) 

(3 . 34 ) 

rrh,Js , Lhe compon ents of \ f ) are tl1e actual loads on 

the element , while the [L} components are ficti t ious forces 

that would produce the strain (t.J. To solve a pr oblem , 

one ca lcul at es { f~ for each element , treats it as a rea l 

lo ad , r: ... d adds its componentf3 to the proper component s of 

t he force vector {f!. 

After all displacements for the assembly have been 

determined , those that a pply to ench l ement are sel~cted 

i n turn and the stress found by suhst i tuting into Equa

tion (3. 27 ) 

3- 6 '.!.'he Pro gr:=i 11 1 t 0 Determj ne Stresses in a Plate Due to 

Tem pera ture Chanpe and In - plane Loads 

~any of t h e programmed steps of the me thod described 

in this chapter a re qui te similar to t hose a lrea dy des-

cribe d in d cta .L 1 f oT P1'0 1 B :L n Cho.pter J I . 11 he main pro gr a m 

~P2313 Which solves a wide r anGe of plane stress probJ.erns 

is Present ed in Appendix 2 . Whi le reading the following , 

frequent reference should be made repea ted ly to Fi~ure 



(3-4), ,S:F23B Flow Chart, Figure (3-5), Instructions for 

SJ?23B Data Deck Preparation; and the computer output as 

given in the examples of the next section. 
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Having sufficient aata, the program proceeds to cal

culate for each element, in turn, its stiffness and force 

that is equivalent to the thermal expansion~ These are 

accumulated in (SJ and {F\ so that when all elements have 

been treated the (Sl is complete and {Rl contains the total 

thermal equivalent load. As each element is dealt with, 

the matrix (Af1 is determined and used. Since it is required 

later in the program when stresses are calculated by Equa

tion (3.27), it is stored in memory. Since it will also 

be necessary to recall (SJ, it also is written into storage. 

External loads . are now accepted by reading load~cards con

taining the component number and the magnitude of the force 

component. These are read until a blank card is encountered 

which signals the computer to begin reading known displace

ments. All of those known displacement components must be 

parallel to the coordinates axes. The {IFX\ is used to 

record which components are known. 

In the next phase, guided nodes are dealt with. A 

card contains the node number, the inclination of the 

guiding plane, the displacement of the plane normal to its 

surface, and any load component that is parallel to the 

surface. As each card is read, fJFXJ is altered to indi

cate that a certain component is known. The -v-aJ.u.eis ,o:f --tnre 

. 
' 
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t.:rigonometric function in Equation (3.12) are determined 
-

and are saved in TRIG for further use. 

At this stage [KJ and some components of \ul and some 

of {F\ are known, as described in Chapter II. The method 
(7) is used to solve for the unknown disof Payne and Irons . 

placements. However, some of these components where there 

are guided nodes, refer to locally rotated axes. These are 

used with data in TRIG to determine the X and Y components 

by Equation (3.17). Using the restored {U\ and the original 

(SJ which is recalled from storage, all {F) components 

are calculated. 

For any element, the stress obtained applies to all 

points in the element so at the interface between elements 

there is a step in stress level. Some very good results 

have been obtained by averagi~g the streases of all elements 

that meet at a node and treating this as the stress at the 

nodal location. The other simple interpretation scheme is 

to consider that the stress in the element applies to the 

location of its centroid. ·This has the disadvantage of 

never giving stress ·at a boundary but boundary stresses 

can be approximated by some form of extrapolation. 

. 
' 
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1 PRINT TITLE 
READ AND PRINT CASE TITLE 

READ AND PRINT; Y.M., P.R., INITIAL TEMP., COEFF. OF EXP. 

FILL IN[D]AND(B](DB02B) 

READ COORDINATES OF NODES (RC02B) 

READ ELEMENT DATA (CN02B) 

ZERO ;{Fl , [TRIG] AND (SJ 

REW I ND 1 

DO FOR ALL ELEMENTS 

CALCULATE NO-LOAD STRAIN 

FILL IN [A] (AB01B) 

INVERT (Al ( IN 12B) 

FILL IN (t,J (AI01B) 
_, 

WRITE (.A] ON 1 

CALC. ELEM. STIFFNESS.(EJ, AND THERMAL FORCE.{FTE}(ES03B) 

ADD (E] TO (SJ AND {FTEl TO f Fl (AS03B) 

REWIND 1 AND 4 

WRITE(S]ON 4 

REWIND 4 

READ KNOWN FORCES (KF02B) 

READ KNOWN DI SPLACEMENTS (KU01 B) 

READ GUIDED NODE DATA (GN02B) 

SET IFX COMPONENTS (GN02B) 

ALTER FOR ROTATED AXES: {FrfFl AND ,:S{sJ ( GN02B) 

SOLVE FOR UNKNOWN COMPONENTS IN (uj ( GE02B) 

' 



READ (SJ FROM 4 

RESTORE {lfl-bl :(RU01 B) 

SOLVE FOR ALL{FJ. PRINT (FJ AND (U\ (FU1 OB) 

DO FOR ALL ELEMENTS 

READ (AJ FROM 1 

CALC. NO-LOAD STRAIN 

CALC. AND PRINT STRESSES (ST03B) , 

READ NEXT--------. 

< 7 
Cl,LL EXIT CAU.cXIT GoTO[ 

Figure (3-4) SP23B Flow Chart 
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JJ..-.iL ,1 De:c k : 

A car d contaj_ning the C::i.se Title . 

f c :-t rcl <.ontRin in r; phy:; i c0J pro ·p c rLi cs : 

YounG ' S rnoclulu::-~ , Fc>-ir;~;on ' s rat-Lo , initiaJ ternperatu.rc , 

Coefficien t of linear t~ermal cxpansj on . ~orma t : ( 4F10 . /4) 

One card for each node containin g : 

Ha de number , x coord i nate , y co ordin a Le . Formc1t : ( I5 , 2H 10 . 5 ) 

A blank ca rd to indj catc end of nod e da ta . 

One card for each element containing : 

Element numher , r-J ode nu mber a t apexe s . 1'f,ic 1-:-n c::; :-} o:.· 

eJernent ( =1 by d c f ;-iul t ), Final t emperatur e . 1''orma t : 

(4Fi , 2li' 10 . 5 ) 

A blank card to in di cate end of e l ement da ta . 

One card for eacr1 known , nonzer o load comi-ionent c ontain in g ; 

ComponF:nt num1)er ( 'J' w_i r_;e node nurnhcr rn.inu.:i one f or x com

ponent or twjce for y componen t ) , Magnitude of fo rc e 

compon Pnt . Fo r ma t : ( l 5 , F 10 . 5 ) 

Note : It is not nece ssary to rea d in zero components . 

A blank card to indjcat e end of loa d data . 

On e card for each known di s placement component containing : 

Component number , Displacemen t . Format : ( 15 , P10 . 5 ) 

i-lotP. : Zero displacements must be entered . 

rl blank card to indicate end of dj_spJacerncnt data . 

One card for ~ eac1t guided node c onta inin g : 

U ode number , A angle (a lpha ) .in de gr ees d.efininr, 



direction of guiding plane, Normal di-splacement of 

guiding plane, load tangential to guiding plane. 

Format: (I5, 3F10.5) 
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Note: Consider a set of axes~ x' and yt, rotat~d s~ 

that x' is normal to the guiding plane. The angle of 

the x' axis when measured counter clock-wise from the 

x axis gives alpha. Normal displacement is positive 

if the plane moves in the @x' direction. The load is 

~ositive if it is in- the @y' direction. 

A blank card to indicate end of guided node data. 

A card containing NEXT. Format: (I5) ~ 

To process another ca-se, enter any positive integer 

and follow by case data deck prepared in accordance 

with all instruction given above. Use a blank card 

to CALL EXIT. 

Figure (3-5) Instructions for SP23B Data Deck Preparation 
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3-7 Example 

The example of a t hin disc has been selected for this 

chapt er to show the form of the computer output and to give 

an i nd ic a ti on of t he accuracy ob t ainable . Th e computer 

analysis is performed with a very few ele~ents and then 

repeated with a larger number of elements. The results are 

then compared graphically with the theoretical analysis. 

Problem: 

For the thin disc shown in Fi gure (3-6) determine t h e 

radial and circumferential stress by the finite element method 

and compare t h e results with the theoretical solution. 

To solve t h is problem by the finite element method, first 

one ha s to subdivide t he problem int o elements. In order to 

save c omput er time and space,it is worthwhile to take ad

vanta8e of t he polar symmetry of this problem and hence 

reduce the problem to one of finding t h e stresses in a wedge 

with the appropriate boundary conditions. Almost any size 

of wedge could be chosen , a practical size will have an 

included angle of 15° • Th e next step is to choose the num

ber of elements. First the problem is solved with 4 elements 

and t hen with 12 el ements in order to obtain some apprecia

tion of the resulting increase in accuracy. The subdivision 
•into elements for both cases is shown in Fi gure (3-7). Since 

We are u · sing a constant strain triangle, nodal point loads, 

Btaticall · Y equiva lent t o t he internal pres sure, are applied 

as sl own (note F 1 =F2= 1/2 0 \ ( t )Hi (j~)). The boundary condi

ions ·are determined from th ,, nature of the problem and 



47 

pi=1,000 psi 

E =30x106psi 

t =1.0 

R. =2 in • 
.l 

R
0 

=5 in. 

Figure (3-6) The .Thin Disc with Constant Internal Pressure 

because of symmetry, radial motion along any line of symmetry 

is permitted. The boundary constraint is therefore: no normal 

displacement permitted along the sides of the wedge. 

Solutions from computer output for the two cases are 

shown in Figure (3-8). 

Results: 

The computer output is shown in Figure (3-8). It is 

interpreted graphically in Figure (3-9). It is good practice 

to Plot stresses at points on the critical section and to L_- ·: , : 

~a~ a smooth curve. Stress points "zig-zagging" above 

&nd below the exact curve is typical of the finite element 

' 
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-+-

(a) 4-Element Subdivision 

+ 
[ 

(b) 12-Element Subdivision 

Figure (3-7) Element Subdivision for Thin Disc 

Solutions, but a smooth curve running between the points. 

usually gives accurate results. If the total load on the 

Critical" section is known, it is good practice to check_ 

equilibrium. It is easily seen that the Finite Element 
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LEGEND 

12-ElemJrtt 4- Element Exact Solution( 4) 

•rl 
U,l 

P< 

?:1 
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~ -5:00 
Cl) 

-1000 

Q"'s X XX X # # # # 

* * * * + + + + 

4 

+ 

RADIUS I N. 

Figure ( 3-9) Stress in a Disc with Internal Pressure +,'-::: 

metho-d.' would give better results with a further moderate 

increase in the number of elements. The ::sketches· o"f :the 

f-,i,nal nodal:.. f ·ore.e-: :compo.rients .'for _both, 4:.~e-leinent and 12-

element subdivisions are shown in Figures (3-10a) and 

(3-10b). Both diagrams satisfy the conditions of equi

librium. The force distributi on on the horizontal edge 

of the 12-element subdivis i on i s more close to the 
theoretical results than tha t of 4-elment subdivision 

based on t~o observations. Firstly,it possesses . ~ more 

llniform distri·buti·on · , and secondly, the change in magni-

. .. . , 
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743.0 

74'1.8 25~., 

(a) 4-Element Subdivision 

20.'JI 

4-'5._2 

u,.e 78-0/ 

(b) 12-Element Subdivision 

Figure (3- 10) The Diagram of Final Nodal Forces 

tudes of adjacent force co~ponents is greatly reduced. 

Also, i·t h t 
s ould be noted that the zero force componen s 

in X-direction along the horizontal boundary match up with 
th

e assumed support condition on that houndary. That is, 

. 
' 
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the roller support is placed at each node in both the 4-

element and 12-elernent cases. 
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CHAPTER IV 

THE LINEAR STRAI~ TRIANGULAR ELEMENT 

4-1 Displacement Func t ion of Linear Str a in Trian ~le s 

By usin g a more advanced element, in which the stress 

varies within the elements,more accurate results may be obtained 

with the same number of elements of constant strain triangles 

(CST). This is observed by comparing the numerical results of 

two different types of elements utilized in examples illustrated 

in this chapter. 

For the condition in ·which the ' str.ain, and hence the stres_s, 

varies linearly, the displacement function is assumed in the 

matrix form as 

y )< 'Z, X.'/ 

0 () 0 0 

or, 

'f 'L 0 

0 I 
0 0 
X y 

( 4. 1 ) 

The twelve unknown coefficients inf~! are determined by 

applying the boundary conditions at the node points of the 

element. This is accomplished by introducing nodes at 

the midpoints of the e lement sid e s as shown in Fi gure 

(4- 1). To perform the intergration in the stiffness for-

la (3.31) more easily, the local axes are established 
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y 

I f.,~1 

?igure (.4-1) Nodal Force and Displacement Components 

of Linear Strain Triangular Element 

origin at the centroid of the element. Using Equa-

(3.1) and applying the boundary conditions at the 

node points, one obtains 

I X, Y, x,Z x, _Y, Y,a tJ 0 0 0 0 0 cl., 
)( 1 

:a :a 
0 0 r:/.-z. I '/2. X 2. )(i. '/2 Yz 0 0 0 0 

I )(~ Y, xj XJ Y, Yt 0 0 0 0 0 0 oll 

I )(4, y,., X4 X. y., Y• 0 0 0 () 0 0 ol4 

Y,; 
.. 

""y~ y,& 0 0 0 0 0 0 ol-t; 
I x~ x, 
I x, y,, x: x'" Y, Y"

1 
0 0 0 0 0 0 d.to (4.2) 

= X: a X 'l c,1., 
0 0 0 0 0 0 I Y, X, 'J(, I Y, 

a 1. o(g 
0 0 D 0 0 0 I )(,- Y.1 Xz X.1 Y~ Y:a 

0 0 0 0 0 0 I x, :a J. 
Y3 X3 ){3 Y, Y1 d.111 

0 0 0 0 0 0 I X4 1. 1. 
~ X4 X+Y..- ~ ~,o . 

0 0 0 0 0 0 I )(,s 
;i ' & 

Y., x~ x~ Y, Y,.- r}.u 

0 0 0 0 0 0 I )((, . Y" 'Xf-2 
)(6 Y, >t ol,1-

f ~ t • (AJ fol} (4. 3) 

, , 
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Inversion of the latter equation yields 

Substi tu.ting Equation ( 4. 4) into Equation ( 4. 1) yields 

f ~} "" r P J~r' f s } c 4 • 5 ) 

4-2 The Stiffness Matrix of Linear Strain Triangle 

The differential operator matrix in Equation (3.25) is 

.:a. 0 g)( 

CA1= 0 ~ 
'lJY 

.1.. t "b'J 

From Equation (3.26) and the polynomial matrix given in 

Equation (4.1), one obtains 

i: 
I 

0 

0 

With (D] 

[ 

I X Y X
2 xy Y 3 

0 

O t> o O o o I 

0 ::zx y 0 0 0 

0 0 CJ 0 0 0 
I 0 'i 2y 0 I 

0 0 0 

0 0 D 0 

I 0 '>( 2X 

0 '2-X y 0 

given by Equation (3.8), all matrices 

I • •• . .. . . 

(4.6) 

in the 

stiffness Equation (3.31) are known. The increment of 

volume dV for an element of uniform thickness, 

written as 

dV~ t ·dA 
and Equation (3.31) becomes 

t, is 

(4.7) 

/ 
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~herefore , one is able to evalua t e the stiffness matr ix 

for a ny element using the elastic constants of the material , 

t he element t hickn ess, and the coordinat e s of the nodes 

ba s ed on axes ~aving origin at t he c entr oi d of t he el emen t . 

4- 3 Str esses in the Li near Strain Trian gl e 

The stiffness matrix of each element is accumulated 

in turn as in the cases described in Chapter II and 

Chapter II I to give a st iffness matrix for t h e assemblage of 

elements . Loads and constraints are applied as before and 

al l displac ements , fU}, are found . '.Cakin e,: each element i n 

turn , t he va lue s in <$1 ar e s elected from fVs and used to 

calculate s tr ess ~y 

(4. 8 ) 

·r he coordina t e vari ab les in (G) are a ll linear in 

functions x and y , hence , the stress varies l inearly within 

the element . Thus , w~cn solving Zquat i on (4. 7) t he po i nt 

within t he element a t w _i ch the stress i s to be calc ulated 

must be indicat ed by spec i fyin g it s locat ion t hrough x and 

v value s in s ert ed into (.:.3] • 

4-4 Consist ent Loa d Vec tor 

i distribut ed l oad acting on an element edge is more 

difficult to deal with than a conc entrat ed load which is 

handled · simply by placing a node at t h e point of load appli -

cation . In the CST , a distributed load could be treated 
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as concentrated loads at the two end nodes by makin~ two 

systems statical ly equivalent . But with Linear Strain 

Trian gl e (I,ST ), there are t hree nodes on any edge and the 

princ iple of stat ic equivalence is not sufficient to determine 

the distribution uniquely. The so lution of this problem 

is carried out by using energy principles. 

Consider an element boundary with nodes 1,2, 3 shown 

in Figure (4-2). Let the boundary be par a llel to they 

axis which defines all x as constants in t h e hor izontal 

displacement function . Therefore, u is a parabolic function 

in y only . Any new edge location may be taken as 1'-2'-3 ' 

as shown by the broken lines. The edge displacement is 

given as 

When this displacement accurs , t he distributed ed ge load, 

P, does work on the system. Over an increment of edge 

distance dy, t he work done is 

dW=PUt·dY 

= ( P. +sy l { y• Y I }Ii f t d Y 

= !Poy'+sy' ~y-r-sy• f?+sy 1 /f /·t·dY 
the work done over the entire edge is 



y 

P,=Pc,-tSY 

1-----r-"---r ---- u-= AY~ + 8 y + C 

(a) Distributed Load and Edge Displacement 

I 
I 
( 

~.,_~U=-=-1~,----~' P~ 
'2.', 

I 
I 

I 

' r 
I 

V, I -..,...,.1..:_~,;t:,-----~ P, 

(b) Concentrated Loads and Nodal Displacement 

60 

Figure (4-2) Distributed Load a nd Equivalent Consistent 

Load Vector 

, 
,' 
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Now consider the concentrated loads P1 , P2, P3 which would 

replace the distributed force system. These forces produce 

displacements -a,, T.12, and Ui which are expressed in matrix 

form as 

U, U, Y=·¼ (-f) -z --' I 

Iii 
'2 

u~ = Uzy:o .:: 0 0 I 

U1 u Jy .. ! ( ..f) 1 L I 'J. 2 1 
The work done by those c onc entrated loads is given by 

= {p, p.,_· P, J 
0 
t.. z 

I 

I 

I 

A 
e, 
c_ 

Equating the work done by two equivalent loading systems 

gives I ,... 

I (3 

I . C 

Postmultiplying both sides of the latter equation by the 

inverse of the coefficient matrix 

L% -1/1 / 
O O I 

l..;,f .l/2 I 
one obtains 

I 
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Hence, 

P, == ( tL/6 )CPo--SL/,z) 

Pi.= ( 1.tL/~) Po (4.9) 

p.~ = (f:1../b)( Po t-'51-/Z) 

where~£ is the edge area 

P1, P2 , and P3 are the components of the consistent load 

vector and represent the intensity of the distributed load 

at points 1,2, and 3. They do the same amount of work 

during the displacements as the distributed force system. 

4-5 The Program to Determine Stresses in a Plate by 

Linear Strain Triangles 

Main Program SP33B solves in-plane loaded plate pro

blems by using linear strain triangles. While reading 

this section, reference should be made to Figure (4-3), 

SP33B Flow Chart; SP33B Fortran program; Appendix 3; Figure 

(4-4), Instruction for SP33B Data Preparation, and the 

computer output as given in the examples. As the data 

cards for each node and element are read, the coordinates 

are recalculated with the origin at the centroid of the 

element. The ·., stiffness matrix of each element is calculated 

as described earlier and the general stiffness matrix formed 

by accumulation. Then the known forces are read from the 

Carda, concentrated loads are entered directly; but for 

distributed load, it must be transferred to the consistent 

components from Equation (4.9). 

, 
' 
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The known displacements and guided nodes are treated 

as before and the unknowns are solved as previously. 

Stresses are determined at the .location of centroid of the 

element by using Equation (4.8), where all the values of 

x and yin B are taken as zero. This . gives ·the stresses 

at the centroid of the element without any other option for 

locating the stress. 

' 



1 • PB.INT TI~LE-:-: 

READ AN JJ rhi11J'l' CASE TITLE 

READ AND PRINT YOUNG'S MODULUS AND POISSON'S RATIO~ 

SET CONSTANTS I N [D], (BJ Al~D (D l CB l (Dl (DBOSB) 

CALCULATE [DJ (BJ AT CENTROID (RC06B) 

READ COORDINATES OF NODES (CN06B) 

READ ELEMENT DATA 

ZERO fTRIG} (S] 

REWIND 1 

DO FOR ALL ELEMENTS 
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DETERMINE (AJ~ AND {Xl, (Y} FOR ORIGIN AT CENTROID (AI02B) 
_, 

: WRITE (AJ DN1 . (IN12B) 

.DETERMINE " ELEMENT STIFFNESS, (E] . (ESO(;,B) 

ADD [E] TO (SJ 

REWIND 4 

WRITE (SJ ON 4 

2'_ READ KNOWN FORCES 

(AS06B) 

(KF01B) 

READ KNOWN DISPLACEMENTS (KU01B) 

READ; GUIDED NODE NO.,cx, DISP., FORCE, (GN02B) 

SET {IFX) COMPONENT (GN02B) 

ALTER, FOR ROTATED AXES (~N02B) 

SOLVE FOR UNKNOWN COMPONENT I N U' (GE02B) 

REWIND 4 

READ (SJ :FROM 4 

RESTORE {UJ-. fuJ (RU01B) . 

SOLVE FOR ALL FORCE COMPONENTS PRINT ( F1 AND {UJ (RU1 OB ) 

I 



REWIND 1 

DO FOR ALL ELEMENTS 

READ (Ar' FROM 1 

CALCULATE AND ?RINT STRESSES AT CENTROID (STO6B) 

READ NEXT --------. 

CltLL £)(IT Go TO I 

Figure(4-3) SP33B Flow. Chart 

65 

/ 



Data Deck : 

A card containing the Case Title. 

A card containing physical properties : Young ' s Modulus 

and Poi sson ' s Ra t io , For~at : ( 2F 10 . 5 ) 

66 

!, c :,rd cont:,j j_ng t he nu.mh cr o f . )de~, jn th 8 ·~ys t ·Tl . •'ormat : 

(15 ) 

One card for each node locate at the corner of a tr ianele 

contain :L nf: ; 

I· ode number , x c oordj_nate , y coordinate . l<'ormat : (15 

, 2 1 10 . 5 ) 

A blank car d to indicate end of node data . 

On~ card for eac h element containing : 

~lement number , thickne ss of eJernent ( =1 by default ), node 

numbers on si de s of tr i angle , starting at a corner node 

co unterclockwise . Format : (15 , Y10 . ~ , 615 ). 

A blank card to indicat e end of element da ta 

One card for each known , nonzero l oad c omponent c on t a i ning : 

Co.ponent number , magni tud e of forc e 1''or m3.t : ( I ? , FlO . 5 ) 

' ~·,Jo.rik ·a.rd to :i ndic nte end of :J oad. data . 

One c,Jrd .ror eac 1 Jrn own d j sp1ace me.1t comroncnt cont njning : 

Component number , djs})lac ~mcnt , Format : (1 5, }'10 . 5 ) 

11 bla1 k c:1.rd Lo j_ndi. c,lte end of.' displacemen t da ta . 

One c::i..rd for each gu .irl ed node , conta.ining ; ;fo cJe n11rnber , angle 

(alpha ) in degrees de f i n lne dlrection of ruldlng plane , 

normal di splacem n L of gu.i di ne pJane , loa d tangent ial to 

RUidine; pl ane . l·'or, at : (J 5, 3 1" 10 . :.> ) 



A blank card to indicate end of guided node data. 

A card containing NEXT. ~'ormat (I5) 

NEXT=O; End of job 

67 

NEXT=1; Execute program again starting a new case; follow 

by~ entire deck prepared in accordance with the 

above instructions starting with the case title. 

NEXT=2; Repeat the case .completed but with a new set of 

known loads and displacements. Follow by force data 

cards and all following cards described above. 

Figure (4-4) Instructions for SP33B Da1:ta Deck Preparation 

-' 
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4-6 Example 

The finite element results are expected to be more 

accurate when LST is used as compared to the results using 

the CST . For t his rea s on , the sample example for this 

chapter is the same as that of Chapter III. This enables 

a comparison of LST and CST with the theoretical results. 

Problem: 

Determine the radial and circumferential stresses by 

the Finite Element !v:ethod for the thin disc shown in 

Figure (4-5), using a linear strain triangle. Compare the 

results with those found using the constant strain triangle 

of Chapter III, and with theoretical results. 

Solutions: 

The element subdivision of the disc is made identically 

to the subdivision used for the example in Chapter III as 

shown in Figure ( 4-6) to provide a means of comparison •. . 

The consistent nodal point loads as calculated using 

Equation (4.1 9 ) are shown in Figure (4-7a). The x and y 

components, excepting for the load tangential to the 

guiding plane, are read into the computer in the normal 

manner. The noda l loads t angent to the guiding plane are 

read in separately under the tangential force listing. 

The actual components read into the computer are shown in 

Figure ( 4-7b ) • 

The complete input-output information for the four 

solution is given in Figure (4-8a), and for the 
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f>t· = I fKJ() p-5 i 
E:: '30XU)6p:,1· 

Figure(4-5) Thin Disc with Internal Pressure 

(a) 4-Element Subdivision 

f 7 I 'J 19 '25 '51 °!, 
(b) 12-Element Subdivision 

Fighre(4-~J Element Subdivision for Thin Disc 

, 
,' 
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Figure (4-7) Consistent Load Vector 

twelve element subdivision in Figure (4-8b). 
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Results : 

The comput er output for this ex~mple is shown and 

interpreted r~aph ic ally in the fi ~ures that follow . ReferrinG 

to Fi t ure (4- 9a ) un d (4- 9b ), t h e exact elasticity solutions 

ar e sho wn in solid lines for normal stress and • Re sults 

of t he f our elements a nd twelve elements s olutions a re 

superi mposed on t he exact values. Th e four CST elements 

yields solutions whi ch are from a practical s tandpo i nt in

accurate . The four 1ST elements produce solutions which give 

reasonably good accuracy . The latter observations ho ld for 

the twelve element s CST and 1ST solutions. !Iowever, the 

accuracy obtained usin f, four 1ST elements is superior to 

that obtaine d usinG twelve CST elements . 

Fi gure (4- 9a ) and (4- 9b ) show that t he a r ea of st eepest 

stress Gradient is i n t he vicinity of the inner radius . Thu s, 

the element mesh should be refined to include more triangular 

elements in this area . 
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CHAPTER V 

REINFORCED BEAMS BY BAR ELEMENTS AND 

LINEAR STRAIN TRIANGULAR ELEMENTS 

5-1 The ~omposite Structure and Associated Stiffness 

Matrix 

79 

The problems of the I beam in Figure -(5-1a) may be 

treated by considering the beam to be a plate composed of 

triangular elements of Figure (5-1b), with those in the 

flange area having a thickness equal to the width of flange 

and those in the web area having a thickness equal to the 

web thickness. Similarly, the problem of the reinforced 

concrete cantilever in Figure (5-2a) may be solved by 

triangular elements as shown in Figure (5-2b), the thickness 

of the elements that are substituted for the reinforcement 

bars must be adjusted to take into account the cross-sec

tional area of the bars and the difference in Young's 

Modulus. 

A more efficient approach is to consider the structure 

as though it is a composite of two different types of 

elements: triangular plates and bars, as shown in Figure 

(5-1c) and (5-2c). A large reduction in the number of 

degrees of freedom is accomplished when bar elements are 

! 
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( a ). Ca n tilcv~r 1 
p 

( b ) . rr, . j_ nguli. r Pl ate to Sj rrn .1 la l. e .l Bea m 

p 

(c ). 1 1icarn hpprox :i m:=i.i,ed by rJate c\nd ~3o.r Elements 

Figure ( ~- 1 ) Cantilever I Geo.m 
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T::r .farrg-ii-:Ear· P:ta t ·e 
Eiements 

(cf. Reinforced Concrete Cantilever Approximated 

by Plate and Bar Elements 

Figure (5-2) Reinforced Concrete Cantilever 
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used to replace thin triangular plate elements. There are 

some approximations involved in this method. The flanges . 

are assumed to be uniformly stressed over their t.hickn~ss 

and over the length between neighboring nodes. This appra:•x

imationn is reasonably accurate if. the row of bars is placed 
' 

at the centroidal axis of the flange and i .f bar element(S::are 

kept short in regions of rapid change in moment. Variation 

in stress through the thickness of flange canE be allowed 

for by proper interpretation of the bar stresses. 

The element stiffness matrix for the triangular elements 

and bar elements are formed and accumulated in the structural 

stiffness matrix,. as in Chapter II and III, independent of 

the contributions to structural stiffness matrix that other 

members make. 

5-2 Stresses in a Composite Structure 

When the structural stiffness matrix has been obtained, 

the loads, known displacements and guided nodes are treated 

as previously described, and all displacements are obtained. 

For elements in each family, the (~l displacements are ex

tracted from lU) , and by applying stress-displacement 

formulas, the stress distribution is found. 

5-3 A Program to Solve Reinforced Plates Using Bar Element 

and Linear Strain Triangles 

Main program SP44B, is presented in Appendix A and is 

described in detail here since it is in essence a merger 



-
of PT01B with SP33B. Reference should be made to Figure 

(5-3), SP44B Flow Chart, Figure (5-4), instructions for 

SP44B Data Deck Preparations, and the computer output 

given in Figure (5-7). 

83 
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1 READ TITLE 

READ AND PRINT, CASE TITLE 

READ AND PRINT Y.M. AND P.R. FOR PLATE MATERIAL 

SET CONSTANT VALUES IN (D] , [B] AND [Bl [Dl (B] (DB03B) 

CALCULATE (D 1 ( B] 

READ COORDINATES OF NOTES 

READ PLATE ELEMENT DATA 

(RC06B) 

READ Al\fD PRINT Y .M. OF BAR MATERIAL 

READ BAR ELEMENT DATA 

ZERO {TRIGl AND (sJ 

REWIND 1 

DO FOR ALL PLATE ELEMENT 

(C N10B) 

DETERMINE (A]"" , {X\ .AND {Y} FOR ORIGIN AT CENTROID (AI02B) .r 

WRITE (Ar' ON 1 ( 1N12B ) 

DETERMINE ELEMENT STIFFNESS, (E) (ES06B) 

ADD (E) TO (S] (AS06B ) 

DO FOR ALL BAR ELEMENTS 

CALCULATE STIFFNESS AND ADD TO (s] (AS10B) 

REWIND .4 

WRITE (S] ON 4 

2 READ KNOWN FORCES (KF01B) 

RE.AD KNOWN DISPLACEMENTS (KU01B) 

READ GUIDED NODE DATA 

SET {IFx) COMPONENTS 

ALTER, FOR ROTATED AXES : lF\ .... fF'l AL\fD [sJ-[s'J (GN02B) 



SOLVE FOR UNKNOWN COMPONENTS IN (u'} (GE02B) 

REWIND 4 

READ (S] FROM 4 

RESTORE fU'1- fU} (R 01 B ) 

85 

SOLVE FOR ALL FORCE COMPONENTS, PRINT fFl AND {tJJ(F 10B ) 

REWIND 1 

DO FOR ALL PLATE ELEJ\·:ENT S 

- READ CAY' FROM 1 

CAICULATE AND PRINT STRESSES AT CENTROID (ST06B) 

CALCULATE AND PRINT STRESSES I N BARS (ST10B ) 

READ 1\JEXT 

< 

Cftl.L E><•T G,o "TO t 
,• 

Figure (5-3) SP44B Flow Chart 
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[):1 t: I 1r' c l~ : 

11 ca ·d cottL;-iLn in g Lh' Ca :c;c 'l'itlc . 

'(ou11;~ ' s l·,cHl1 il1 1:; , l'o j ~ :.:on ' ,; l'.: ,L :io • .l-' o r 111a L : ( ?v10 . 1~ ) 

f. c: rd cont 8. j n i_n r-; I. he n11 .1bcJ· of nodes in the sys tern . J.t'o :rmat : 

(15 ) 

nc c .:-~rd for c ~ ch 11odc t:13.t is loc ated at i, hc corner of a 

t rJ ~~~le , con t n ininr : 

1lod, nwn·her , X coorj_nate , Y coord in r,tc . Vo rmat : 

One blank card to indjc~te erd o.f node data . 

One card for each pl:::i.tc e lement contai nin g : 

Ele rn ent YJ\Jrrtllcr , 'J1h jcl ness (= 1 by default ) , 1-fode nnmbers 

on pc'r_L)1'1~:cy of c J c1 ne t , in sequence ; rou n.rl tl1 c pcripl1ery 

start i.n r~ a L o. c orner node . l•'orma t : l" 1 O • 5 , GI 5 ) 

nc bl:rn k c:n ·d to i.ndjc o.tc end of trian~u1 a element, data . 

·1 card con Laj_nin8 -toirn [!, ' s ho clulus of the ·bar elerncn t . 

Cme card for each element , containin g : 

Element nurnl,er , 'ross- sect :Lonal arec:. , lTocl.P. numb er a t e a cr1 

end o.f element . ·8'orrnat : (15 , F10 . 5 , 215 ). 

tine blank card to indicate the end of bar e l (-"ment data . 

(me c , Td for .-::iac l, hno vm , no~cro loarl Oifi!)orwn L; contn.:Ln .i n c; 

Co 11 1oncnL nurnbcr , l• ,:11::nji,ude of fo rce , J<orr1at : ( 15 , 1"10 . 5 ) 

n c bl an k c ~-: · d to · i · t d f -1 d :l t - 1 n L J. ca e en o . _ o a c a· -a • 

e n.rd for each kno wn displacement component , cont,a i ri. i ng : 

Com 0 nent number 
' 

Di ~p1aceine nt . l~ormat : ( 15 , _, 10 . 5 ) 



One blank card to indicate end of load data. 

One card for each guided node, containing: 

Node number, An ~le (alpha) in degrees defining th e 

direction of the guiding plane, normal displacement 

of guiding plane, load tangential to guidin g plane. 

Format: (I 5 ,3F10. 5 ) 

One blank card to indicate end of guided node data. 

A card containing NEXT. Format: (I5) 

NEXT=O;End the job. 

87 

Next=1; Execute a new case. Follow by data cards prepared 

according to all above instructions. 

~EXT=2; Repeat the case just completed but with a new set 

of known loads and displacements. Follow by data 

cards described above starting with force data 

cards. 

Figure (5-4) Instruction for SP44B Data Deck Preparation 
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5000 lb 

5x3 I @ 10 #/ft 

36' 

Figure (5-5) Cantilevered I Beam 

y 

5000 lb 

---+---~~..;_--+-=---~-'-~---+-~-_..,~--~. -,--x 
,: 

f igure (5-6) Element Subdivision for Cantilevered I Beam 
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Example: 

As shown in Figure (5-6), a 5x3 I beam weighing 10 lb/ft 

·supporting a load of 5,000 lb. when cantilevered from a fixed 

end, has been selected to show the usefulness of combining 

plate and bar elements, To indicate the accuracy of this 

method the finite element values of deflection and stress 

are compared with the theoretical values. 

A). Problem: 

Determine the deflection and stress throughout the 

beam, shown in Figure (5-5), by the F~nite Element Method 

and compare the results with the theoretical solution. 

B). Solution: 

The solution to this problem is to treat the beam as 

a composite member consisting of triangular elements for 

the web area and bar elements for the flange area. The 

element subdivision for a such beam is shown in Figure(5-5). 

In numbering the nodal points, only coordinates--of corn.er 

nodes for linear strain triangles are input as data into 

the computer, as shown in the numbering system in Figure 

(5-6). The nodes located at the midsides of the triangular 

elements are omitted since the c_omputer calculated their 

location automatically, 

The loading for this example, 5,000 lb. applied at the 

tree end of the beam, is applied to the Finite Element 

Meth0d model as a vertical nodal point load at node 65 as 

in Figure ( 5-6). 

# ,. 



9.0 

.The boundary conditions for this cantilever beam are 

_represented by pin connections at node 1 to 5 inclusive, 

thus, constraining the model in the same manner as the 

original fixed end beam. The computer input and output for 

this example is shown in Figure (5-7). 
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MAIN SP44A OCT r; 1979 

STRESSES IN IN-P LANE LOAnEO PLATF ( LST REINFnRCTNG AARS GUtnEO NODES ) 

CASE TITLE ---STRESSES IN A CATILEVEREn I-AF.AM 

YOUNGS MnOIJLlJS= 0.300f) 08 PnISSONS RATTO= 0.300 

NnnE NO. x-c noR n Y-cnnRo 
l 0.0000[) 00 -0.2337() 01 

__ __3_ 0.00000 00 O.OQQ_Q_Q_OO 
5 o.oooon 00 o.23,1n 01 

11 0.60000 Ol -0.2337n 01 
13 0.60000 01 0.000.o.n_o_ 
15 0.60000 01 0.2331n 01 
21 0.12000 02 -0.23370 01 
23 0.120012 02 Q.Q n 
25 0.12000 02 0.23"170 01 
31 0.18000 02 -0.23370 01 
33 O.IBOOD 02 O.OOOOD 00 
35 0.18000 02 0.2337D 01 
41 . 0 .2400D 02 -0.23370 01 
~3 o.2~000 02 0 • 0 OJlO_Q_O 
45 0 .24000 02 0.23370 01 
51 0. 30000 02 -o.23"17n 01 
53 Q • "IQQQD 02 o.oooon 
55 0.,0000 02 0.2337n 01 
61 0.36000 02 -0.23370 01 
63 0.360012 02 o.oooon 00 
65 0.36000 02 0.2337n 01 

SYSTEM HAS 130 DEGREES OF FR E Ef)OM 

ELEM.Nn. THICKNESS Cf')~INECT ING NODE NllMAERS 
1 0 7 "I 
2 0.21 11 12 13 A "I 7 
3 0.21 "I 8 13 14 l r; 9 
4 n.21 15 0 5 4 3 9 
5 n.21 l l 16 21 22 23 17 
6 0.21 23 18 13 12 11 17 
7 0.21 13 18 23 19 1 r; 14 
8 0.21 23 24 25 20 15 19 
9 0.21 21 2f, 31 27 23 22 

10 n.;n 31 32 ~~ 2A 23 7 
11 0.21 23 28 33 34 '15 29 
12 0.21 23 29 35 'IQ 25 24 
13 0.21 31 36 41 42 4':\ 37 
14 0.21 31 37 43 "IA 33 32 
15 0.21 33 38 43 39 "15 34 
16 0.21 43 44 45 40 35 39 
17 0. 21 47 43 

--·- - -
41 46 51 42 

18 0.21 r; 1 52 53 4A 43 47 
19 0.21 43 48 53 r;4 r;5 49 
20 n.21 43 49 55 r;o 45 44 
21 0.21 51 56 61 A2 ,-,3 57 
22 0.21 51 57 f,3 <;A r; 3 52 
23 n.21 53 58 63 r;9 r;c; 54 
24 0.21 6'1 f,4 65 f-,() 55 59 

BANl'Jw = 2A 



vn11NGS MnOIILIJS OF BARS = o.::ioon OR 

BAR NUMBJ':R X-SFCT AREA CONNECTS NnDES Nn. 
1 0.98 
2 0.98 
3 0.98 
4 0.98 
5 0.98 
6 0.98 
7 0.98 
8 0.98 
9 0.98 

10 0.9A 
11 0.98 
12 0.98 

BAND WiflTH= 2 6 

KNOWN NON-ZFRO LnAOS 
COMPONENT MIIM8ER LnAO 

130 -0.50000 04 

KNnWN ntSP[ACEMENIS 
COMPONl:NT NI JMRER nr SPLAC EMENT 

1 o.oooon oo 
2 o.oooon oo 
3 o.oooon 00 
4 o.oooon 00 
c; o.oooon 00 
6 o.oooon 00 
7 o.oooon 00 
A o.oooon 00 
9 o.oooon 00 

10 o.oooon 00 

NO DE NO. ALPHA(nFG) KNOWIII 11 

1 11 
11 21 
21 ·:q 

'11 41 
41 5 l 
51 61 

5 15 
15 2 5 
25 35 
35 4<; 
45 'i5 
55 65 

TAN<;. FnRCF 

KIi JI) E NU. FORCE AND ii I SP[ ACtM"ETilr-tl Jl'IPllruEN IS 
l 0.3'i69fl 05 0.36640 04 -0.3AJ4n-14 -O."l'lt5n-J5 
2 0.5n4lfl 04 -0.10760 04 -0.4745n-15 o.4-:i1on-u, 
3 -0.6598n-o3 -o .1 7760 03 O.B99n-22 0 0 94A-An-l 7 
4 -o. 'in4ln 04 -0.107b0 04 o.4745n-15 n .4-:i 100-16 
5 -0.3'i690 05 0. 36640 04 0.3Al40-14 -0.3'll5n-15 
6 0.1273D-10 0.24910-10 -o. 3 1oon-02-=0~ 0110-02 
7 -0.49480-11 0.124Rfl-10 -0.17460-02 -0.3A040-02 
8 -0.3R02n-ll 0.20 280-10 -o. nnn-10 -0. 3 7400-02 
9 o. 9M~O-ll O. 30 W t:i- 0 O~ l746fl-02~ 0.3R04 n-02 

10 -o. 3f>3Bn-11 -o.4252n-11 0.37000-02 -0.40170-02 
11 -o.11~2n-10 0.96360-10 -0.6140n-02 -0.11"130-01 
12 -o. 10Bn-10 o. 1 ~ 0-9--=0~ 3-o<TTn-o 2--=-o.1T'>lm=<r1 
13 0.1936fl-l0 0 .351 ln-09 0.27200-09 -0.11500-01 
14 o.625Bn-11 o.3536n-o9 0.-30970-02 -0.115"10-01 
15 0.45320-10 -0 • 7 9440- l 0-0--:-6-14 --crrr-:-o-z-~~T~ l'l-l 
16 O.A573n-to 0.4134D-09 -0.9405fl-02 -o.n-:i2n-01 
17 -0.436611-10 0.1129D-08 -o .41,050-02 -0.2"1040-01 
18 - o .2925n-10 o.69 560-09 -O~ ff3 -OR -0.2293 0-0l. 
19 -0.246411-11 0.49491)-09 0.46050-02 -0.2304fl-Ol 
20 0.45470 l l 0. 36380-11 0.94051)-02 -o.2-:i-:i2n-01 
21 0.1 6 370-10 - 0 .4"1160-09 -.. 12on-ol - • "179 51J-"O 
22 -O.A4800-10 0.10550-08 -0.56nl0-02 -0--3 7750-01 

92 
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23 -o.zc;410-10 o.111on-09 -0.71510-0A -o.-...11,9n-01 
24 -0.33121)-10 0.87F,41)-09 O. 5MlD-02 -0.-...1751)-01 
25 o.c;1300-10 -0.79850-09 0.11200-01 -0.'17950-01 
26 Q.)7460-D9 Q.744~0-) 3900-0) - a ...5..5Afi.C1:::! 
27 -0,762lD-10 0.87421)-09 -0 .AA5l0-02 -0.5536[)-01 
28 0. 1 c; 161)- 1 0 0.1074[')-08 -0.1407[')-01, -0.5'i33D-Ol 
29 -0-14550-)0 0-15860-QR 0.685)0-02 -!1...55.3..6.0-
30 -o. 10 57f'l-09 0,49080-09 0,13900-01 -0. 5 «;4Fil)-0 l 
31 -0. 160 lf'l-09 0,26640-09 -0,1512f'l-Ol -0.75600-01 
32 D,1D670-D9 a. 5562n~Q9-=0 ... -7.5.9.Sa-a 2'· - 0 -.1..5.Mill=Q 
33 o.109c;o-09 0,15240-08 -o .2 3n20-0t', -0,7541fl-Ol 
34 0.12000-10 0,38380-09 0,75950-02 -o. 7541,1)-01 
35 Q.77760-)0 -0. 1 2 I 6J)=.}_Q_Q._L5..l.2.!1=:_Q_l-=0.......1.5.600-0 I 
36 0. 77.18D-09 0,17620-08 -0.17271)-01 -0.97911)-01 
3-7 -0.29101)-09 0,98410-09 -O,R536D-02 -0.97720-01 
38 -0.37470-09 0,22870-08 -o~o-o 5 -Q.97650-01 
39 0 • 8 71 40-10 0,12781)-08 0,8533D-02 -0.97721)-01 
40 -0.43661)-09 -o.22,2n-08 0,17260-01 -0,97900-01 
4) D-5821D-JQ 0,8649D-09 -Q,) 793D-01 -Q....L21.9 
42 -0.24751)-09 0,26750-08 -0.90341)-02 -0.17.18!) 00 
43 -0.72760-10 0,21940-08 -0.67321)-05 -o.121Ao 00 
44 -O.llOlD-09 O,lln50-08 D.......'t1'..2!ill-02 -Q.12] Rf') 00 
45 0,43660-09 -0,3110D-08 0.17940-01 -0,12190 00 
46 0.62570-09 -0.80950-10 -0.19520-01 -0,14730 00 
47 -o. 80610-10 o.-...223D-08 -o. 96 7f>0-!)2 -Q_.--1.!u.3..!) 00 
48 0,83020-10 0,4245D-08 -0,2465D-04 -0.14731) 00 
49 -0.29100-10 0,25070-08 0,9n3R0-02 -0.1473!) 00 
50 -0.68630-09 0,58880-09 0,19490-0 -o~ 00 
51 0.43660-10 0,26790-09 -0.19590-01 -0,17400 00 
52 0.10490-09 0,3ln5n-oa -0.98871)-02 -0.17391) 00 
53 0.74780-)0 a • 1 4 1 z o~o~.LL04D-o~ o_-...1.739n_o_ 
54 -O, ln41D-09 0,22A50-08 0,97A70-02 -0.17390 00 
55 0.48020-09 -0.18700-08 o,19n'ln-01 -0.1739!) 00 
56 0.6 I 71lQ-09 0.23]9!)-08 -o. ZQAAQ-OL..=-<l.,20130 0 
57 -0.5239f'l-09 0,27970-08 -0.1031,0-01 -0.20120 00 
58 -0.5164D-09 0,3265D-08 -0.1665D-03 -0,2012D 00 
59 -0,2443f'l-10 0,30541)-08 0,10041)-01 -0.20120 00 
60 -0.30561)-09 -0,6276D-10 o. 2oc;1n-01 -0.20130 00 
61 0,33470-09 -0.20651)-09 -0.20090-01 -0,22A10 00 
62 -0.54780-09 -0,3257D-08 -0,10240-01 -0,22A40 00 
63 0,15860-09 -0.76760-08 -0.23820-03 -0,22ARO 00 
64 0,378In-09 -0.19410-08 o. 10031)-01 -0.22920 00 
65 0,1A92D-09 -0.50000 04 0.20-...00-01 -o. 9Rf') 00 

ELEM.NO, sxx SYY SXY THF.TA PSI PS2 
l -0,2280 oc; -0.3220 04 -o _4·4 70 04 12,3 -0.2381) 05 -0,225!) 04 
2 -0.9060 04 -0.19-...n 03 -o. 5710 04 u,. 1 -0.1190 05 0,260!) 04 
3 0.906D 04 0,1930 03 -0.5710 04 -Zf,.1 0,119!) 05 -0,2f>OO 04 
4 0,2280 05 0,322!) 04 -0.4470 04 -12,3 0.2381) 05 0,2250 0~ 
5 -0.1500 05 0,1501) 04 -0,4450 04 14,2 -o, 16 ln 05 0,263D 04 
6 -0.1000 05 o. 184n 03 -o. 5740 04 24,2 -0.1260 05 0,2760 04 
7 0. 1000 oc; -0.1840 03 -0.574D 04 -24,2 0,126D 05 -0.27',0 04 
8 o.1c;oo oc; -0,1500 04 -0.4451) 04 -14,2 O,lfilO 05 -0.2630 04 
9 -o, 1490 05 -0.1500 04 -0.44AO 04 lfi. 8 -0.1630 05 -0,1570 03 

10 -o.c;o10 04 -o. 159[') 03 -0.573f'l 04 33,c; -0.ARlf'l 04 0.3640 04 
11 0,5010 04 o.151n 03 -0.5730 04 -33,5 0,8AOf'l 04 -0.3640 04 
12 0, 1490 oc; 0. 1501) 04 -0.446D 04 -16,R 0.163D 05 o. 151n 03 
13 -o, 755D 04 0,153D 04 -0,44RI) 04 22.3 -0.9380 04 0,337D 04 
14 -0.6230 04 0,1681) 03 -0.5?40 04 30 .4 -0.960!) 04 0,3540 04 
15 0,620D 04 -0.1471) 03 -0.573[') 04 -30.5 0,9571) 04 -0.3520 04 



16 0.7520 04 -0.1470 
17 -0.7'500 04 -0.1520 
18 -0.1520 04 o. 1261) 
19 Q.qa30 03 0,3470 
20 0.736D .04 o.14qo 
21 -o.4aqo 03 -0 .1570 
22 -0.34AO 04 -0.207[) 
23 0.1220 04 -0.5520 
24 -0. 733D 03 -0.6020 

--SAR NO. STRFSS p 

l --0.30700 0'5 
2 -0.2'530f'l 05 
3 -0.1%0[) 0'5 
4 -0.14070 05 
5 -o.A2qrn 04 
6 -0.2468f'J 04 
7 0.30700 0'5 
8 0.2'5300 0'5 
9 0.1%0f'J 05 

10 0.14080 0'5 
11 0.8460f'J 04 
12 O.'B39f'l 04 

STATEMENTS EXEC!JTFD= 3207 .B 

nRJECT COOE= 

04 
04 
02 
03 
04 
04 
03 
03 
04 
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-0.4430 04 -22.3 o.q34n 04 -o.3no 04 
-0.4530 04 2R.~ -o.qq40 04 o.q1qo 03 
-0.5940 04 41.3 -0.6740 04 o.5240 04 
-o.s53_n 04 -4~.4 0.62QO 04 -0.41170 04 
-0.43AO 04 -2A.l o.q100 04 -O.A450 03 
-0.403[) 04 -41.2 0.3040 04 -o.5oqo 04 
-0.5850 04 37 .2 -o.1q10 04 0.4230 04 
-o.55qo 04 -40.5 0.6000 04 -0.5330 04 
-0.491[) 04 -30.R 0.2200 04 -o. Aq5o 04 

3404R RYTFS.ARRAY ARFA: llR376 AYTES.TOTAL AREA 
I 

CORE USAGE 

DIAGNOSTICS NUMBER OF l:Rl<ORS= 

COMPILE TIME= 0.9'5 SEC.EXECUTION TTMF= R.47 SEC. WEONESDA 

-------- -<figure {5-7) Computer Output Processed Q.Y---=S=P~4~4=B _________ _ _ 

---- ------------------ -------- ------------

lj 
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Results of the computer outputs are interpreted in 

Figure (5-8) and Table (5-1) and (5-2). The theoretical values 

of the flexural stress and the finit e element valu es are com

pared in Figure ( 5- 8 ). The maximum va lues ar e compared in 

Table (5-1). The. percentage error of the stress at the center 

of gravity of the flan ge is 3.2% ; this percentage may be 

reduced by inceasing the number of elements across the denth 

of the bea~. 

The indication of the accuracy for the deflections at 

the free end of beam obtained by the Finite Element Method 

and those obtained theoretically are compared in Table (5-2). 

Table (5-1) shows that the method gives more accurate de

flection value s than the theoretical one when the deflection 

due to shear is not considered. When the shear deflection 

is combined with the deflection due to bending, the Finite 

Element ~ethod value is within 0.5% of the theoretical value. 

Even though the number of elements used in this example 

is small, the results indicated the nature of the accuracy 

obtainable using the Finite Element r ethod. 
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BEAV. EDGE 

PlSTRI BUTtON 'FROM ~-A< 2. 

a:l5(}1NiS PLOTT ED AT 

CE}JTJ<'0/0 OE El..~ 

....____SlMPLE B~M '"Tl-lE"ORY 
1. 

-10 '20 

-2. STRESS tN l<Si 

-2-5'-----------

Figure (5-8) Stress in I Beam - Section x=0 

Theoretical 20.91 ksi 

Finite Element Method 20.54 ksi 

Table (5-1) Maximum Bending Stress at x=0 

Maximum Deflection in inches 

Theoretical 

Finite Element 
Method 

Bending 

-0.2142 

Shear Total 

-0.0171 -0.2312 

-------- -0.2301 

Table (5-2) Deflections at Free End of I Beam 

, 
' 
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CHAPTER VI 

6-1 Choice of Element Shape 

Rectangular elements are the easiest to deal with but 

they gfve poor approximation to boundaries that are irregular. 

They also do not lend themselves readily to size graduation. 

The extra effort required in developing the theory for 

triangular elements is justified by the ease with which they 

may be molded to fit irregular boundaries. They may also be 

graduated in::· size to permit small triangles in regions of 

large gradient. 

Triangular elements having nine degrees of freedom have 

been used. As the number of ~degrees of freedom is increased, 

the assumed displacement function may be of higher order, 

hence the accuracy is improved but the analysis becomes more 

complex. A good compromise is reached at eighteen degrees of 

freedom where the accuracy is quite adequate for engineering 

solution, while the analysis is still manageable. The merits 

of various elements are discussed in Chapter 5 and 7 of 

Boland and Bell ( 10) · 
• 

~:iangular Plate Bending Element Having 18 Degrees 
. ·-•· .. 

.. of Freedom 

The theoretical development of the 18 degrees of 

ledom triangle is presented in a very clear and concise 

/ 
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manner by Bell ( s ). A brief outline of his procedure will be 

given here, which should be adequate for those who wish to 

use the program of this chapter. 

For the deflection normal to the plane of the plate, 

only one displacement, w, is required. This means that the 

displacement function 

12. 
y )( 

can be simplified to the form as 

cJ. I l xY y':----) d..'I. 
cl~ 
' I 

If the transverse displacements at the nodes wer e the only 

degrees of freedom the displacement function could contain 

only the first three polynomial terms, which would be far 

from adequate . More de grees of freedom could be introduc~d 

by taking a number of the derivatives of displacement as 

deerees of freedom. Thus, at each corner node, we may take 

as degrees of freedom, 
VJ t.:i) {'f5) 

-;)vJ °dW 
,W) ox , aY, 

Then, it is possible to evaluate constants for ei gh teen 

polynomial terms in the displacement function. 18 

terms allows complete polynomials up to fourth degree and 

three from the six fifth-degree terms. To include the 

complete family of fifth-degree terms, three more degrees 

of freedom are needed. These can be found by introducing 

nodes and using the normal derivatives at these 

degree of freedom. Thus, an element is obtained 

t has complete fifth de gree polynomia l displac ement and 
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twenty-one degrees of .freedom. 

The mid-side nodes cause difficulties in geometrically 

defining · -.n".element ~ by increasing the band-width and the , 

total number of degrees of freedom. Thus, there is a strong 

incentive for eliminating them. This is accomplished by 

assuming that the variation of normal derivative on each 

edge is a cubic polynomial. The normal derivat i ve at the 

mid-side node can then be expressed in terms of degrees of 

freedo~ at the end ~ode~ This enables the mid-side degrees 

of freedom to be eliminated from the system and provides an 

18x18 stif fness matrix obtained for ah element having 18 

degrees·, of freedom. 

The stiffness matrix for the assembly ~f· triangular 

elements is accumulated in the usual manner. A concentrated 

point load at a node represents a known force component with 

the same subscript as w at that n·ode. Distributed load is 

more difficult to deal with as it must be replaced by 

components corresponding to all six degrees of freedom at 

each node. This is done by determining'. .the':•consiatttnt load 

vector, which must be found by the computer as it is impractical 

to evaluate by hand, by processes similar to those developed 

1n Chapter IV. 

Boundaries that are fixed and those · that are simply 

Bllpported are quite easy to define by specifying the known 

slope, and curvature components at the nodes. 

taken to state all known ::component:s. i·l'OT ,·-e:x.a.mp.l:~, _ 
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if an edge parallel to the X axis is fixed, then at each node 

on the edge it must be specified that component numbers 1,2, 

3,4, and 5 are zero. Whenever there is an axis of symmetry, 

this wraping co mponent 5, mu s t be specified as zero as well 

as the normal slope, number 2 or 3. Some ambiguity may arise 

at corners where the known displacement component numbers 

depend on which edge the corner node is associated with. If 

the element at such a corner is large, the results can be 

significantly altered by the arbitrary choice of inputs. 

The best technique is to provide small elements at ambiguous 

corners. 

Not all edges in real problems can be arranged to be 

parallel to one of the coordinate axes. To accommodate such 

an edge one must rotate the axes locally. When there is 

local rotation of axes , the stiffness matrix must be altered 

in a manner similar to that given in Chapter III for guided 

nodes. 

A free edge or one on which the bending moment is known 

cannot be treated directly. The bending moment on the edge 

is dertermined by components 4 and 6 linked through the 

Poisson effect. Thus, a zero moment does not mean that 

either curvature is zero but rather that a combination of 

the two must be zero. This can be handled by a transformation 

Which in effect makes a new component 4 equiv~lent to the 

and 6 linked through Poisson's ratio. Thus, the new 
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component 4 is proportional to the bending moment in the X 

direction. Simultaneously, curvature component 6 is also 

modified. 

6-3 The Program to So.Lve a Plate in Bending 

The main program PB 11 B which solves plate-bending 

problems by t he methods just described is presented in 

Appendix A. ~eference should be made to Fi gure (6-1), PB11 B 

flow chart; Figure (6-2), instruction for PB11 B data deck 

prepara·:tibn- ; and the computer output given for the example 

at the end of chapter as Figure (6-4). 

The program is able to deal with concentrated normal 

forces and normal pressure that vary' linearly over the 

surface of the element. For higher order pressure functions, · 

one must approximate the pressure by specifying as equiva

lent pressure at the centroid and a rate of change in the 

coordinate directions. 

For known edge moments, one must specify the nodes at 

Which modified curvatures are required. The curvatures are 

combined to give a modified curvatures such that the modified 

curvature multiplied by the flexural rigidity is equal to 

moment intensity. Thus, for a given edge moment the modified 

curvature can be d·etermined and used as a boundary condition. 



1 PRINT TITLE 

READ AND PRINT CASE TITLE 

READ AND PRINT ELASTIC CONSTANTS AND PLATE THICKNESS 

READ COORDINATES OF NODES (RC02B) 
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READ A.ND PRINT ELEMENT DATA INCLUDING PRESSURE (CN08B ) 

DO FOR ALL ELEMENTS 

DETERMINE ELEMENT STIFFNESS (EJ( AM21B ) (IN12B) (EV02B ) 

DETERMINE CONSISTENT LOAD VECTOR FOR PRESSURE, 'PF\ 

(TI01 ~ ) (ES18B) (PF01 1,1 ) 

ADD (El TO (S) AND {PF} TO {F} (AS03B) 

READ DATA FOR LOCAL ROTATION OF AXES 

FILL IN TRANSFORMATION MATR IX FOR ROTATION (TM02B) 

ALTER (SJ FOR ROTATED AXES (LR01B) 

ALTER {F} FOR ROTATED AXES (LR02B) 

READ NUMBERS OF NODES REQUIRING MODIFIED CURVATURE 

ALTER (SJ FOR MODIFIED CURVATURES (LR.01B) 

ALTER {F} FOR MODIFIED CURVATURES ( LR02B) 

READ KN OWN FORCES (KF02B) 

READ KNOWN DISPLACEMENTS (KU01 B) 

SOLVE FOR UNKN OWN COMPONENTS IN (U} (GE02B) 

CHANGE fuf FOR RESTORED CURVATURES (RU02B) 

PRINT DISPLACEMENTS 

CAICULATE Al~D PRINT MOMENT S AND STRESSES (ST19B) 

READ NEXT 

NEXT=O----CALL EXIT NEXT=1----GO TO 1 
' 

Figure (("~1:) PB11B Flow Chart 

. , 
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One c::ird containin [2; Case 'l.'itlc . 

One car d contajnJn~ : 
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Yo un g ' s Modulu:--- , Poisson ' s Ha tio , l'LDte '.L'hickness . (}'or rno. t : 21''1 0 . 5 ) 

one card f or c· J.r: l1 110 o co n \. a.Ln i.nr: : 

onr. tJlrrn!< c 3 rcl to ind icate cnrl of node d8t2 . 

One nrd for e8ch cl~ment ont~ jni n~ : 

Element nun1he r , No de nu mber a t corners of triRngle in c ount er 

clockwise order , Pressure _a t centroid , Rate of pres sure chRnse 

in X direction , nate of pressure cha nge in Y direction . 

(Formnt : ~1 5 , 3F 10 . 5 ) 

On blank c a rrt to indicat e end of elem ent data . 

On e c ard f or c~ch node having l ocaJ a xes rota ted , contain i n~ : 

ro d e numhcr , nn g le of rototion in degree s . (Format : 15 , ¥ 10 . 5 ) 

One blan k card to indi c a te end of rotat i on da t a . 

r-n 0 c8. r d for car:h nnc:le .'i. t whj ch curv,:1. tu rc s ;, re to be mo di f:i nd . 

, ode number . ( Format : 5 ) 

One blank card to indicate end of modified curvatur e s data . 

Ce card fo r each l<novm , concentrated load compon ent containin g- : 

8om on ent n ur,be r , Loa d component . (Format : 15 , 1"10 . 5 ) 

blank card to ind i cate ·end of concentrA.ted l oa d da ta . 

e card for ec1ch known di srlacement componen t containin g : 

omponcnt numbe r- , Jhsp l acc rnent . ( .Formo t : T::> , 1" 10 . :i ) 

blank card t o indicate end of known displa c emen ts . 

card conta ining NBXT . (Format : 15 ) 

EXT=O;Enct of job . NEX'J:=1; Execute a new case . :Fo llow by 
rd

s Prepared according to all above instruc tjon . 

iigur e ( ~- 2 ) Inst ructi on for Pn 11 H Da·La Frepnration 
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6-4 Example Problem 

The sample example of plate in bending with simply 

supported edge c ondition has been selected for this chapter 

to illustrate the use of Finite Elem ent Method and to show 

the form of computer output. 

a). Problem: 

For a 10"x10" steel plate with a uniform load of 1,000 

pounds per square inch as shown in Figure (6-3a), determine 

the maximum deflection and maximum bending stress in the 

plate. The plate is one inch thick and is simply supported 

on all four edges. 

b). Solution: 

It is necessary to solve only one-quarter of the plate 

since the plate and load have two axes of symmetry. This 

section of the plate is divided into eight elements as shown 

in Fi gure(6-3b). No local rotations and no modified curvatures 

are required for this problem. The boundary condi tions are 

interpreted as component numbers of known zero displacements, 

slopes, and curvatures ar~ shown in Table ( 6-1). This tabular 

enables a comparison to be made to ensure that 

nodes have been treated consistently. 



,. 

.,..-----1~~:::::::--~ AXES OF 
SYMMETRY 

NORf.1AL LOAD 
.---- 10_00_ LB/IN2 

(a) Pla t ·e Geomatr..y and_ Loading_ 

y 

(b) 

Figure (6-3} Square Plat-e - with Normal -Load 
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°4\N ~w P:zw '3~ w 7/w 
NODE NO w 2;< dY oX-z. uxaY 2Y2. 

1 1 2 ·- 3 4 6 

2 7 9 10 12 

3 13 15 16 17 18 

4 19 20 22 24 

5 

6 33 35 

7 37 38 40 41 42 

8 40 47 

9 50 51 53 

Table (6-1) qomponent 2 Numbers of Known Displacement 
i 

(AIL Displ acements and. Derivatives= 0) 
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FINITE ELEMEN T METHOD 

EXACT SOLUTI ON( 11) 

SOLUTION BY BZLL( 10) 

MAXIMm•~ 
DEFLECTION 

W max= o/.. talo 

O .,0.1475 . 

0. 014.78 

0.,01479 

BENDING 
MGrf.ENT 

4740 

4789 

4791 

109 

Table (6-2) Comparisons of Centerline Defl ection and 

~oment for the Square Plate in Bending 

c). n esults: 

The co mputer outnut for this problem is shown in 

Figure (6-4). The sample used in this exercise is the same 

as that used by Bell(s). The results a gree with those of 

Bell and theoretical solutions. The largest error occurred 

at node 1 where Mxx is 1.4 percent in error in comparisun 

With 3ell. Considering the wide variation in moment over 

the region of the chosen elements, it is . remarkable that 

this accuracy is attained. 

Comparisons of the centerline defl ection and moments 

made in Tabl e ( 6- 2 ) which includes the reults of the 

finite element solutions of Bell as well as the exact 

lutions of Timoshenko( 11 ). 
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CHAPTER VIl 

AUTOMATIC MESH GENERATION AND ITS PRACTICAL USE 

7-1 Introduction 

The development of Finite Element Method provides 

engineers with a versatile and general-meth6d tool for the 

analysis of continuous domain in the field of structural 

mechanics, heat transfer, or fluid mechanics. The ease of 

automating inp~t data and the trend in computer industry 

to larger and faster machines increases the value of this 

method. In any of the available practical comp~ter programs 

for these analys~s, the preparation of input data is a 

tedious and time consuming task. Automatic mesh generation 

then is an attempt to simplify input data for the Finite 

Element Method programs. 

Some of the advantages of automatic mesh generation are 

obvious / GM§ the programs has been prepared it can be used 

..... ·-:- . ... 

. 
,• 

for various problems by simply changing the few parameters 

involved according to the geometrical condition of the 

ltructure to be solved. The saving in the hand-labor time 
11 significant. In addition, there is a reduction in the 

Probability of human error involved in the preparation of 

tata; this : ts 1 because the attention of the users can be 

~ _ .. .. ..,. ..... 

a few parameters rather than on handling 
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of thousands of data associated with the nodes and elements. 

Thus, if the users can communicate with the coml}Uter '.. inc:a 

better, faster, error-free environment, money and labor 

will be substantially saved. Other advantages include the 

following: simplication of a parameter study, insured ~· 
., 

regularity · of the mesh, ease in using other type,s of elements~ 

and closer control on errors in stress values. 

Zienkiewicz(9), reiterates the importance of mesh 

generation when he writes: "Automatic mesh generation •••••• 

are items on which efforts must be continued. If further 

break-throughs are to be expected, it is in this area that 

they will occur." 

Because of the many mesh generation programs coming 

into existence, this chapter is limited to the discussion 

of pertinent schemes in automatic mesh generation for 

triangular and bar elements since both are most useful 

element types in practical problems. The investigation is 

conveniently divided into two separate parts: node point 

generation and element generation. The triangular element 

mesh generation program for LST elements will be used 

practically by combining the program developed in Chapter u :· 

for the problem of compressed circular ring plat e to indicate 
the incentives to automating the input data. 

Triangular Element Mesh. Generation and Computer 

.h-ogram 

/ 
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The input data for _generating a triangular mesh consists 

of the following information: 

NY - :the total :_number of generation lines 

CON - a weighting factor 

~X(I)- the required number of intervals for each 

generating line 

XY(I) 

YF(I)_ coordinates of the endpoints of each generating 
XL(I) 

YL(I) 
line 

The output information consists of nodal point and element 

definitions which are the x and y coordinates of each nodal 

point wit1?, its correponding node ·.number and the element 

number with its three corner node numbers. Both nodal and 

element numbers start with initial value 1 and are arranged 

in the· sequential order. 

In order to minimize the band width of the resulting 

stiffness matrix, the generating line should always tra

verse the shorter direction of the domain. In order to 

obtain the more accurate solutions in area of steep stress 

gradient a larger number of elements which means a finer 

mesh is necessary. 

An efficient - technique incorporated into the program 
18 the Weighting factor, CON. By varying this parameter 
the node intervals along a generating line are made to 

become Progressively shorter, stay equal, or progressively 

! 
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Fi gure (7-1) Effect of We i ghting Fac t or upon Nodal Intervals 

longer. 

From Fi gure (7-1) it can be seen that the coordinat e s of 

point i along a generating line AB can be obta ined by 

and analo gously 
i 
~ 1,,-J-1 

/' 
.J-1 1

' V i-= ( Y,5-Y,A )---=--,,----+ IA :ft kJ-1 
j=I 

It should be noted t hat for K=1 t he nodes are equally 

spaced, for K<1 the spacing decreases for subsequent node 

points, for K>1 the spacing increases. The node numbers 

are labelled sequentia lly from one generating line to the 

next, by systematically increasing the node numb er by a 

value one at e.very. defined node' point~ Numbering the· node 

points finishes automatlc~lly after the last point of the 

structure is reached. All nodal points of the structure 

have unique names at t his stage. 

The nodal point s must then be connected to de f ine 

elements, and t he assemblage of the elements forms the 

cont1nuoua; structure. The element definitions are 

formulated by taking the nth and (n+1 )th generating l i ne, 



2 1--------1 

..__ __ ___.4-

n n+1 

(a) (b) 

Figure (7-2) Steps of Element Generation 

and forming a quadrilateral by connecting the nodal .. 

point s of nth and (n+1)th generating line starting from 
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line n=1 (see Figure (7-2a)). The quadrilateral elements 

are then divided into two triangles by connecting the first 

nodal point of the nth generating line to the second nodal 

point of the (n+1)th generating line as shown in Fi gure(7-2b). 

Triangular element 1 simply ·connects the nodal / points ·: ; ,.·• 

1,2,5, with clockwise ordering of the node point numbers. 

All element numbers are defined by adding 1 to the number of 

the ·pre.ceding el emen t until t h e last element ·is · encouriter ·e·ct. 

The pro gram is efficiently written so that a number 

of features may be changed or added to the program without 

a great deal of difficulty. This program may be altered to 

include the linear strain triangle problem which has six 

nodal points per element by simply making some minor changes 

in numbering nodal point system to provide an extra nodal 

Point at the midpoint of each element edge. This has been ··. done 

··rthe- author and used practically in SP33B (1ST) program 



which is presented in the Section 3 of this chapter. 

The flow chart of the triangular automatic mesh genera

tion program (TAMG) is given in Figure (7-3). The instructions 

for data preparation is given in Figure (7-4). The program 

(TAMG) is listed in Figure (7-5). 



READ AND WRITE NUMBERS OF GENERATING LINES AND WEIGHTING 

FACTOR. 
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READ AND WRITE NUMBERS OF INTERVALS, AOORDINATES OF STARTING 

AND ENDING POINTS OF GENERATING LINES. 

CALCULATE A1"'D PRINT THE NODE NUM3ERS AND ITS CORRESPONDING 

X, Y COORDINATES. 

CALCULATE AND PRL'lT THE ELEMENT NUMBERS AND ITS THREE 

CONNECTING NODES. 

Figure (7-3) Flow Chart for TAMG Program 

Data Deck: 

A card containing: 

The number of generating lines and weighting factor. 

Format: (15, F10.5) 

One card for each generating line containing: 

Number of intervals, starting X coordinate, starting Y 

coordinate,. ending Xcoordinate, ending Y coordinate. 

Format: (I5, 4F10.5) 

Jigure (7-4) Instructions for TAMG Data Deck Preparation 

, 
•' 
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Sample problem: 

Consider the area shown in Figure (7-6a). The 'IA MG 

program is used to mesh the area into finite elements. The 

me sh includes five generating lines with five node points 

on the first three lines and six node points on the last 

two lines. The value of weighting factor is taken as 1.2 

so that the node distances increase. The result of mesh 

generation is graphically shown in Figure (7-6b) in which 

thirty-three ( 33 ) nodes are defined together with forty

five (45) triangular elements. The input data, node point 

coordinate generation output, and element generation output 

are shown in Figure (7-6c). 
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7- 3 3ar Element ~esh Generation of Space Truss 

Three dimensional truss or space frame structures have 

pr 2ctical use in shoppin g mall and sports sta dium construction 

where lonr span requirements must be obtained. In ma ny 

realistic situations thousands of members must be considered. 

Automatic mesh generation for the analysis of these structures 

can greatly reduce the cost of data preparation for structural 

analysis and desi gn. 

To date little emphasis has been placed thus far, on 

developing three dimensional bar element mesh generation. 

This situation exists because th.ere is no "one-fits-all" 

computer user's progr a m available that would efficiently 

satisfy its use for every type of truss structure. Since 

a computer user's program considers each bar member as · an 

element in analysis, the associated geometrical configuration 

produces an infinite number of types of assemblage. Fortunately, 

one who is familiar with the Fortran pro gramming and the 

Finite Element Method can write a mesh generation program 

tor the truss structure wi·th a certain bar configuration 

Without serious difficulty. 

Consider the space truss shown in Figure (7-7) which 

a single unit assembly of a larger structure •. 
8 simple model is used to demonstrate the scheme for bar 

911ent mesh generation. The intersection points of the truss 

conveni ~ntly define the ·· node pnin t . location. 
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(a) Three Dimensional View 

H 

1.73 

(b) ? o '...Ir .Sides 1l i ew 

(c) To ~ and Bottom View 

Figure (7-7) Sam~le Snace ~russ Unit 
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consists of information containing : 

of units along y direction 

of units along X direction 

of l1orizonto. l l a yer s of node points 

NY - the number of genera ting lines for each layer in 

HX 

CON 

XF ,XL \ 
YF , YL 

ZF , ZL 

a single unit 

- the number of generating lines 

- the weighting factor 

the coordinates of the two end points in each generating 

line in t h e c omplete structure 

The output consists of the node number including its x , y and 

z coordinat e s , the numb ered elements including the numbers 

of its two end nodal points , and the index of the element 

location . Doth nodal and element numbers are arranged in 

sequential order . 

Initially, one must decide on the best numbering system 

for node points to insure a minimiza tion of the bandwidth size . 

Figure (7 - 8 ) shows the nodal points numbering used by the 

author in this pro gr am. 

The tec hniques t o de termine t he noda l number a long with 

its correspond coordina tes of the bar element is t he same as the 

one used in Sect i on 2 of this chapter for triangular element . 

In this program , the noda l point c omputation operates twice , 

one time for each layer ( top chord nodes and bottom chord 

For t he to p l ayer , a fter numb erins t h e nodal points 
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Figure (7-8) Nodal Point Numbering of the Space Truss 

along nth generating line,the program skips the numbering 

process by factor (LYx2) and continues to node number the 

(n+1)th g~neration line. The (LYx2) nodal numbers are 

reserv~d numbers for the nth generating line in bottom 

layer. After all nodal points on top layer are defined, the 

nodal points on bottom layer are defined using those reserved 

numbers beginning with number ((LYx2)+2). The program stops 

numbering nodal points when last nodal point on the bottom 

layer is defined by number 2LX(4LY+1). 

The element generation is developed by the eight step 

process as illustrated in Figure (7-9). Each step is performed 

by one DO loop statement, all eight DO loop statements are 

nested into a single master DO loop operation. The master 

loop executes as many times as the number of uni ts in t ·he x 

direction plus one (i.e.(2LY+1)}. ··The comple.te · s~cture 

•esh can be formed by repeating eight mesh steps since the 

I 
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unit structure is symmetrical. Statement 70 of the program 

has the function of element mesh termination when the nodal 

point number ((4LY+1)x2LX+1) · - the first · nodal point of the 

last generating line of the top layer) is reached in executing 

step (b). Statement 114 ensures no over mesh is made by step 

(h). When the nodal point number ((4Ll+1)x2LX-2LY+1) - the 

first nodal point of the last generating line of the bottom 

layer) is reached, the program skips to execute step (a) 

automatically to complete the last line of top chord elements 

in they direction. 

The location index following each element definition 

provides an easy way and fast method of locating a particular 

bar element. The notation used in the index •i:s' explained 

as follow: 

TOP.-:XX member parallel to X direction in the top layer 

TOP.-YY member parallel to y direction in the top layer 

BOT.-XX member parallel to X direction in the bottom layer 

BOT.-YY member parallel to y direction in the bottom layer 

DIA.-DL diagonal member, down to the left (from a top view 

of the central connecting point) 

DIA.-DR diagonal member, down to the right 

DIA.-UL -- diagonal member, up to the left 

DIA.-UR -- diagonal member, up to the right 

example, TOP.-YY(2,3) indicates a member in the top layer 

llel to the y-axis with position in the second column, 

d row. 
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This program can deal with any combination of space 

truss units by inputing the number of units along x and y 

direction. 

The flow chart for the program is given in Figure (7-10). 

A listing of the data preparation process is given in Figure 

(7-11). The space truss automatic mesh generation program 

(STAMG) is listed in Figure (7~12). 

, , 
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11 READ AND WRITE THE NUMBER OF LAYERS AND THE NUMBER OF UNITS 

IN X DIRECTION, THE NUMBER OF UNITS IN Y DIRECTION 

READ AND WRITE THE NUMBER OF GENERATING LINES OF EACH LAYER 

IN A SINGLE UNIT AND THE WEIGHTING FACTOR 

READ AND WRITE THE NUMBER OF ORDER OF GENERATING LINE AND 

THE COORDINATES OF TWO END POINTS OF EACH GENERATING LINE 

CALCULATE AND DEFINE THE NODE NUMBERS AND ITS CORRESPONDING 

X,Y,Z COORDINATES 

CALCULATE AND DEFINE THE ELEMENT NUMBERS AND ITS TWO 

CONNECTING NODAL POINTS 

READ NEXT 

O\L.L EXIT CALL q_Ji Go TO I I 

Figure (7-10_) Flow Chart for STAMG Program 
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Data Deck: 

A card containing: 

the number of layers, the number of units in y direction, 

the number of units in x direction. Format: (315) 

A card containing: 

the number of generating lines of each layer in a single 

unit and the weighting factor. Format: (15,5X, F5.2) 

One card for each generating line containing: 

the number of order of generating line, starting x 

coordinate, strating y coordinate, starting z coordinate, 

ending x coordinate, ending y coordinate, ending z 

coordinate. Format: (15, 5X, 6F5.2) 

Figure (7-11) Instruction for STAMG Data Preparation 
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Samp l e problem: 

Consider the space truss problems shown in Figure (7-13). 

A one unit truss is shown in Figure (7-13a) with LY=LX=1.It 

consistc·of thirte en (1 3 ) noda l points and thirty-two (32) 

members. The unit has two horizontal layers of nodes, N1=2. 

In the top layer the unit has three ( 3 ) generating lines 

for nodal point coordinate definition, NY(1)=3; in the lower 

layer the unit has two (2) generating lines NY(2)=2. Since 

the nodal points are equally spaced, CON=1.0. The computer 

input data and output computations are :·'shown.' •in :Figure ( 7-13c.). 

Given the geometric data for ten starting and end points 

(i.e, five (5) generating lines), the program calculates 

the node point coordinates for the remaining three node 

points. In addition, the thirty-two members are numbered 

and each pair of element nodes are defined. 

A more complex geometrical truss is considered in 

Figure (7-13b), with fifty-nine (59) nodes and one hundred 

and ninety-two (1 92) members. Eighteen (18) nodal points 

coordinates are input. Th e program calculates the remaining 

forty one (41) nodal points as well as numberin g the 192 

elements and giving their indicated position. 

A (1 3x20 ) s tructural system (i.e, 260 units with 2147 

nodal points and 6175 members) has been investigated by the 

the computer output is somewhat lengthy, it 

in this t hesis. 
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7-4 Computer Program for the 1ST with Mesh Generation 

In this section a combination of program SP33B developed 

in Chapter IV and the techniques of automatic mesh generation 

for the LST are combined into one compact and efficient ·, pro

gram. The program may be used to analyse any two dimensional 

plane stress problem. The program is given in Figure (7-14). 

The mesh generation scheme is inserted into the program 

starting at line 24 anq ending at line 101. The remainder 

of the program is essentially program SP33B with some minor 

changes in DIMENSION statements and CALL statements. 

To prepare data input for the program, one uses a similar 

format given in Section 2 of this Chapter. which replaces the 

data input used in program SP33B. 
! 
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7- 5 Application of Automatic ~esh Generation with the 1ST 

A circular ring compressed by two equal and opposite 

concentrated forces acting along a diametrical line a s 

shown in Figure (7-1 5) is considered . '.i'his problem is 

specifically cho sen to illustrate the effici ency of using 

the mesh generation sc h eme . In addition a c ompari son of 

ac curacy between t he LS~ finite element solution and the 

exact functi onal s olution as ~iven by Ti moshenko< 11 ) is 

made . /000 lb 
I 

n 

;oootb 
I 

i;, · 
-lgure (7-1 5) Thin Circular Ri ng with Concentrated Loads 
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As shown in Fi gure (7-15), the concentrated loads have 

two axes of symmetry, vertical and horizontal. Thus, one 

may investi gate only one-quarter of disc. Due to computer 

capacity constraints a t YSU , a maximum of sixty ( 60 ) el ements 

are defined for this pr ob lem. The fina l nodal point and 

element mesh ( Fi gur e (7-1 6 )) is constructed using the following 

input data: 

1). 7 node generation lines, 

2). 5 intervals on each generating line, 

3). 14 values of end points coordinates for each generating 

line. 

The mesh generation routine of the program defines all 

42 corner nodes. In additi on all 60 LST element s are numbered 

with essential corner and midpoint nodes. Boundary conditions 

on knovm displacements and known forces are provided. The 

computation and assemblage of element stiffness matrices : 

into the structural stiffness matrice is carried out and 

the solution of unknown displacements and. forces are solved 

by followin g the same routines as described in Chapter IV. 
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A comparison of data input information is shown in 

Table (7-1) below. 

PROGRAM 

SP33B 

SP33B 
with AMG 

MATERIAL 
PROPERTY 
CARDS 

1 

1 

NODAL POINT 
COORDINATE 

CARDS 

42 

8 

ELEME..~T-NODE 

CONNECTIVITY 
CARDS 

60 

0 

Table (7-1) Data Input Comparison 

TOTAL 
NUMBER 
DATA CARDS 

103 

9 

Table (7-1) shows a tenfold reduction in data card prepara

tion which will only tend to increase as the number of 

elements increase. 

The· ccomplet& input· data and output calculation -for 

the sample problem is given· in Figure (7-17). The data input 

consists of only the nine -cards. The remaining numerical 

values are computational output. 

It should be relatively obvious at· this point that the 

saving in data input will be significantly increased by 

orders of magnitudes as the number of problem elements 

increase to hundreds and most: likely thousands. 
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58 
59 
60 

.1.00000 
1.00000 
1. 00000 

117 128 139 
119 131 143 
119 130 141 

l'tO 141 129 
132 121 .120 
142 143 131 

BAN O w tot Fi= so 
KNOWN NON-ZERO LOADS 

COMPONENT NUMBER LOAD 

KNOWN DISPLACEMENTS 
COMPONENT NUMBER 

266 
268 
270 
272 
274 
276 
278 
280 
262 
284 
286 

DISP[AC EMENT 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 
0.00000 00 

NODE NO. ALPHA( DEG) KNOWN u 
l o.o 0.0000 00 
2 o.o 0.0000 00 
3 o.o 0.0000 00 
4 o.o 0.0000 00 
5 o.o 0.0000 00 
6 o.o 0.0000 00 
1 o.o 0.0000 00 
8 o.o 0.0000 00 
9 o.o 0.0000 00 

10 o.o 0.0000 00 

TANG. FORCE 
0.0000 00 
0.0000 00 
0.0000 00 
o. 0000 00 
0.0000 00 
0.0000 00 
0.0000 00 
0.0000 00 
0.0000 00 
o. 0000 00 

II o.O 0.0000 00 -0.5000 00 

NOOE NO. FORCE ANO DISPLACEMENT COMPONENTS 
I -0. 5623o=u I o. 105 71F l3 0.19420-20 
2 -0.1146D 00 -0.2278D-14 0.16110-20 
J -0.79610-01 0.9298D-H O. l 7230-20 
4 -u. 14410 OU 0.(4860-(4 U.28510-ZU 
5 -o. 71390-01 0.32200-14 0.18830-20 
6 -0.96150-01 0.5107D-14 0.20110-20 
I -0.31230--UI 0.11470-14 0.84150-Zl 
8 0.18810-02 0.47410-14 -0.39620-22 
9 0.29930-01 0.7883D-14 -0.80410-21 

10 0.212 70 00 0.48700-14 -0.44130-20 
11 0.34880 00 -0.50000 00 -0.22310-19 
12 0.3676D-14 0.40990-13 0.1379D-07 
13 -0.15540=14 -0.38290-13 0.1:2480-0T 
14 0.15430-15 -0.662-40-13 0.10650-07 
15 -o .24420-14 0.14790-13 0.88920-08 
16 -0.55130=15 0.1,000-14 O. ti 6 TZD-08 
17 0.33310-14 0.16390-13 0.50910-oe 
18 0.20720-14 o. 50990-14 0.313-40-08 
19 o. 46630-14 o. 13'90= 1.3 O.lZ.340-08 
20 o. 71 760-14 0.14160-13 -0.12820-08 
21 0.53290-14 0.1582D-13 -o. 65960-08 
zz -0.43940=14 -o.a,110-14 -o.1a,:zD--oT 
23 0.80070-14 0.1824D-13 0.26100-01 

-0.14610-06 
-0.14700-06 
-0.14 78 D-06 
-0.14810-06 
-0.1496D-06 
-0.15100-06 
-o. 1'2 70-06 
-0.15680-06 
-0.16250-06 
-o.1101o=oo 
-0.19400-06 
-0.14310-06 
-0.143aD•06 
-0.1442D-06 
-0.14450-06 
-0.14,.0-0& 
-0.14530-06 
-0.14670-06 
-0.14680-06 
-0.14900-06 
-0.14760-06 
--O.t418D•Oa 
-0.1359D-06 

156 
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ELEM .NO. sxx SYY SXY THETA PSl PS2 - l 0.247D 00 0.9070-02 -0.9130-02 -2.2 0.2470 00 0.8720-02 

2 0.2440 00 0.8860-02 -0.3100-01 -7.4 0.2480 00 0.4840-02 
3 0.1520 00 0.4970-02 o. 1210-01 4.7 o. 1530 00 0.3980-02 
4 0.172D 00 0.3500-02 0.6610-02 2.2 0.1120 00 0.3240-02 
5 0.619D-Ol -0.2490-01 0.2780-01 16.3 0.1000-01 -o .3300-01 
6 o.8790-01 -0.1550-01 0.3750-01 18.0 0.1000 00 -o .2110-01 
7 -0.2450-01 -0. 783D-Ol 0.4790-01 30.3 0.3460-02 -o .1060 00 
8 0.425D-02 -0.436D-Ol 0.5730-01 33.7 0.4240-01 -0.8180-01 
9 -0.166D 00 -0.1470 00 O. 911D-01 -42.0 -0.248D 00 -0 .645D-O l 

10 -0.986D-Ol -0.544D-Ol 0.6570-01 -35.7 -0.146D 00 -o. 7180-02 
11 0.139D 00 0.3310-02 -0.2120-01 -8.7 0.1430 00 0.7060-04 
12 0.963D-Ol 0.8450-02 -0.2900-01 -16.7 0.1050 00 -0.2770-03 
13 0.1090 00 -0.1820-01 0.2520-01 10.8 0.1140 00 -J .2300-01 
14 0.9360-01 -0-1980-01 0.966D-02 4.8 0.9440-01 -0.2010-01 
15 0.583D-Ol -0.3560-01 0.579D-Ol 25.5 . o.8590-01 -0.6310-01 
16 0.1010-01 -0.4130-01 O. 4510-01 19. 5 0.8610-01 -0.5730-01 
17 -0.8610-02 -0.3700-01 0.6770-01 39.l 0.4640-01 -0.9200-01 
18 0.2360-01 -0.4390-01 0.6000-01 30.3 o.5870-01 -o.7900-01 
19 -0. 7490-01 -0.9970-02 0.4120-01 -25.9 -0.9490-01 o.9990-02 
20 -0.3390-01 -0.2520-01 0.4870-01 -42.4 -0.7840-01 0.1940-01 
21 0.215D-01 -0.2340-01 0.9300-02 11.3 0.2340-01 -0.2520-01 
22 -0.1440-01 -0.3000-01 0.2220-01 35.3 o.1360-02 -0.4580-01 
23 0.4570-01 -0.5200-0l 0.2480-01 13.4 0.5160-01 -0.5790-01 
24 0.1790-01 -0.5700-01 0.2360-01 16. l 0.2480-01 -0.6380-01 
25 0.4700-01 -0.6410-01 0.3720-01 16.9 o.5840-01 -o. 7540-01 
26 0.3930-01 -0. 7290-01 0.2690-01 12.8 0.4540-01 -0.7900-01 
27 0.2210-01 -0.5090-01 0.3760-01 22.8 0.3850-01 -0.6670-01 
28 0.3430-01 -0.6370-01 0.2670-01 14.3 0.4110-01 -0.7050-01 
29 -0.1380-01 -0.2200-01 0.2430-01 40.2 0.674D-02 -o.4260-01 
30 0.9490-02 -0.3320-01 0.1830-01 20.3 0.1630-01 -0.3990-01 
31 -0.3280-01 -0.8670-01 0.507D-Ol 31.0 -0.235D-02 -0.1170 00 
32 -0.4570-01 -0.1110 00 0.6710-01 32.0 -0.3830-02 -0 .1530 00 
33 -o. 7280-04 -0.924D-Ol 0.2900-01 16.1 0.8270-02 -0. 10 l D 00 
34 -0.1900-01 -0.1100 00 0.390D-Ol 20.4 -0.4590-02 -0.1240 00 
35 0.2210-01 -0.8310-01 0.1210-01 6.8 0.2360-01 -0 .8460-01 
36 0.690D-02 -0.9520-01 0.1210-01 1.0 0.8460-02 -o .9680-01 
37 0.2490-01 -0.5300-01 0.2 810-02 2.1 0.2500-01 -0.5310-oI 
38 0.1910-01 -0.6310-01 -0.2870-02 -2.0 0.1920-01 -0 .6320-01 
39 o.1320-01 -0.5570-02 -0. 5670-:-02 -15.6 0.148D-01 -0.7140-02 
40 o. nzo-01 -o. 142D=ol -o. II 50-ol -LB.I 0.2100-01 -0.1790-01 
41 -0.3310-01 -o .1690 00 0.6320-01 21.5 -0.8230-02 -0.1940 00 
42 -0.289D-Ol -0.203D 00 0.674D-Ol 18.9 -0.5870-02 -0 .2260 00 
43 -0.2000-01 -0.1340 00 o.2B1D-ol B.I -0.135D-Ol -O.I4IO 00 
44 -0.2510-01 -0 .1630 00 o.3590-01 13.7 -0.1640-01 -o .1720 00 
45 -0.5650-02 -o. 8880-01 -0.2540-03 -0.2 -0.5650-02 -0.8880-01 
46 -0.1610-ol -0.1090 00 0.5320-02 3.3 -o. 1640-01 -0 .109D 00 

· 47 0.5030-02 -0.3430-01 -0.1530-01 -19.0 0.1030-01 -0 .3950-01 
48. -0.6160-02 -0.4830-01 -0.1200-01 -15.7 -0-2560-02 -0.5190-01 
49 a. co60-01 0.300D=OI -0.2190-01 33.I -O.J67D-02 0.4420-01 
50 0.340D-02 0.1010-01 -0.2050-01 35.1 -0.1100-01 0.3250-01 
51 -0.1600-01 -0.2310 00 0.3430-01 8.8 -0.1010-01 -0.2370 00 
52 -0.833D-02 -0.258D 00 0.214D-OI 4.9 -0.650D=02 -o .2600 00 
53 -0.2450-01 -0.1640 00 O.U.70-01 5.9 -0.2300-01 -0 .1660 00 
54 -0.2110-01 -0.1950 00 0.1130-01 3. 7 -0.2040-01 -0.1960 00 
55 -0.243D-DI -0.889D=OI -0.16 ro=o2 -1.s -0.2420-01 -0 .8890-0 l 
56 -0.2740-01 -0. 1160 00 0.1490-02 1.0 -0.2740-01 -o. 1160 00 
57 -0.1500-01 -0.1510-01 -0.1050-01 -45.0 -0.4550-02 -o .2550-01 
58 -0. 22ID-OI -0.3 730-01 -0.440D-02 -IS.I -0.2090-01 -0 .3850-01 
59 -0.1500-02 0.6020-01 -0.1380-01 12. 1 -0.4460-02 0.6320-01 



24 -o. 32000-14 -0.10580-12 0.23330-07 -0.13580-06 
25 -0.25260-14 -0.29110-14 0.20780-07 -0.13560-06 158 
26 -0.25590-14 0.17560-13 0.16 780-07 -0.13520-06 
27 -0.10270-14 -o. 79650-14 0.13600-07 -0.13470-06 
28 -0.28850-14 0.96080-14 0.98010-08 -0.13380-06 
29 -0.30810-14 0.27160-14 0.65160-08 -0.1329 0-06 
30 -0.19390-14 0.12900-13 0.20340-08 -0.13120-06 
31 -0.13880-16 -0.49400-14 -0.32210-08 -0.12890-06 
32 -0.71030-15 0.13310-13 -0.12900-07 -0.12410-06 
33 -0.41510-14 -0.16950-13 -0.28510-07 -0.11710-06 
34 0.55820-14 0.20240-13 0.39370-07 -0.12450-06 
35 0.39970-14 -0.64660-13 o.36080-01 -0.12300-06 
36 -o. 24920-14 -0.59410-13 0.32490-07 -0.12250-06 
37 -0.66610-14 0.19800-13 0.27730-07 -0.1198 0-06 
38 -o. 28140-14 0.61780-14 0.22750-07 -0. l 1900-06 
39 -0.14430-14 0.14560-13 0.18000-07 -0.11510-06 
40 -0.19420-14 0.13850-15 0.12600-07 -0.11390-06 
41 -0.73550-15 0.12960-13 0.67810-08 -0.10830-06 
42 -o. 87770-15 o. 13030-13 -o. 82850-09 -0.10570-06 
43 -0.90210-15 0.38730-14 -0.11610-07 -0.96580-07 
44 -0.86570-14 -0.44830-14 -0.25990-07 -0.91010-07 
45 o. 34140-14 0.23590-14 o.49770-01 -0.11080-06 
46 0.35270-14 -0.78820-13 0.46040-07 -0.10880-06 
47 o.135 lD-14 -0.59670-14 0.42710-07 -0.10690-06 
48 0.85610-15 o.1086D-l3 0.37050-07 -0.10370-06 
49 -0.17320-14 -0.42600-14 0.32250-07 -0.10080-06 
50 -0.73490-14 0.52260-14 0.26100-07 -0.96730-07 
51 -0.26310-14 0.69480-14 0.20470-07 -0.92730-07 
52 -0.26060-14 -o .46300-15 0.13040-07 -0.87200-07 
53 -0 .• 32000-14 0.44110-14 0.48170-08 -o. 81040-0 7 
54 -o. 16270-14 0.6't94D-14 -0.69950-08 -o. 726 70-07 
55 -0.28490-14 -0.62680-14 -0.20990-07 -0.63290-07 
56 -0.60720-14 0.53660-l't 0.61260-07 -0.96430-07 
57 0-82160-l't -0.29780-13 0.58180-07 -o. 9323 0-07 
58 0.13970-14 -0.37150-14 0.54700-07 -0.91260-07 
59 0.69390-15 0.87010-14 0.49900-07 -0.85890-07 
60 -0.12200-14 -o. 77640-14 0.44440-07 -0.83010-07 
61 -0.51350-15 0.40110-14 o.39170-01 -0.76330-07 
62 -0.26390-14 -0.30540-14 0.32490-07 -o. 72790-07 
63 -0.11520-14 0.3594D- l4 0.26120-07 -0.64360-07 
64 -0.88720-15 -o.3135D-14 0.11020-0 t -o.5911D-o 1 
65 -0.65660-15 0.23100-14 0.71270-08 -0.47490-07 
66 -0.30310-14 o.16810-14 -0.70400-08 -0.38850-07 
61 -o.5931D-14 -o.sss1o=1 s o. 70170-0 7 -0.80830-07 
68 0.11310-13 -0.32090-13 0.67430-07 -0. 77650-07 
69 0-36170-15 -o. 70670-14 0.64890-07 -o. 74 760-07 
70 o. 74150-16 0.31520-14 0.60310-0 1 -0.69640-01 
71 -0.56610-14 0.50850-14 o.56220-01 -0.65110-07 
72 0.15780-14 -0.13030-14 0.50650-07 -0.59050-07 
73 -o.2143o=14 0.290 70-14 0.454(0 01 -0.53360-01 
74 -0.74910-15 o. 39060-15 0.38460-07 -0.45900-07 
75 -0-17490-14 O. 50120-14 0.31110:-07 -0.38100-07 
76 -o.1625D=l4 o. II 730-14 0.20850-0/ -0.2/500-0/ 
77 0.10710-14 -0.13560-14 . 0.90530-08 -0.15620-07 
78 -0.32830-13 - o.62530-15 o. 798't0-07 -o. 66560-07 
/9 -0.4524D=l4 -0.29280-14 0.78160-0/ -0.628IU-O/ 
80 0.18520-13 0.86190-14 0.75970-07 -0.60250-07 
81 o. 24840-14 -0.21930-14 o. 73160-07 -0.54030-07 
82 -0.3729D=l4 -0.39700-15 o. 69270 01 -o. 50140-0 I 
83 -0.24420-14 0.29560-14 0.65850-07 -0.42720-07 



84 -0.43080-14 0.20290-14 0.60530-07 -0.37970-07 
85 -0.1799D-J.4 0.2526D-14 o.56190-07 -0.29140-07 159 86 -0.28200-14 -0.71990-15 0.4879D-07 -0.2256D-07 
87 -0.26930-14 -0.1388D-15 0.42220-07 -0.10760-07 
88 -0.51280-15 0.93010-16 0.31060-07 -0.25240-09 
89 -0.18320-13 -0.10110-13 o. 87240-07 -0.51500-07 
90 0.44400-13 o.55660-14 0.8614D-07 -0.48370-07 
91 0.43040-14 o.1J800-1s 0.85050-07 -0.45510-07 
92 0.68110-14 0.79210-14 0.82890-07 -0.40420-07 
93 -0.47150-14 0.39600-14 0.8078D-07 -0.3593D-07 
94 -o.s26oo= 14 0.17090-14 o. t76JO-o 1 -0.2993 o-o 7 
95 -0.34860-14 0.38940-14 o.74480-01 -0.24370-07 
96 -0.91870-14 -0.78320-15 0.70130-07 -0.17160-07 
97 -0.32120-14 0.31370-14 o.6S48D-o r -0.97540-08 
98 -o. 75260-14 -0.2135D-14 0.59010-07 0.26050-09 
99 0.47180-14 -0.67130-15 o.51660-0·1 0.11410-07 

100 -o.3a1ao=n -0 .. 36110-14 o.94150-01 -0.38360-0 7 
101 0.50610-13 0.37470-15 0.94000-07 -0.35310-07 
102 0.38070-14 o.49170-15 0.93380-07 -0.33290-07 
103 -0.15540-13 -0.23590-14 o. 92910-0 I -0.28310-0 7 
104 0.6J420-l4 0.51900-14 0.91330-07 -0.25140-07 
105 -0.66470-14 0.8327D-l6 0.9032D-07 -0.19340-07 
106 -0.39820-14 -0.15540-[4 0.87550-07 -0.15340-0 7 
107 -0.51090-15 -0.36080-15 0.85820-07 -0.86970-08 
108 -0.16130-14 -0.27380-14 0.81600-07 -0.30950-08 
109 -0.36780-14 -0.39000-14 o. rano-o r 0.55000-08 
110 0.41330-14 0.35210-15 o. 72360-07 0.14390-07 
111 -0.16270-13 o.16790-14 0.98980-07 -0.24750-07 
112 0.67410-13 -o. 1244D-14 o.9qz90-o 7 -o. 22 83 o=o, 
113 -0.87430-15 -0.49820-14 0.99480-07 -0.21080-07 
114 -0.2910D-14 - 0. l 5100- 14 0.99520-07 -0.1794D-07 
115 -0.118/0-14 -0.21230-14 o. 99290-0 7 -0.15170-07 
116 -0.47030-'14 -0.21330-14 0.98550-07 -0.11460-07 
117 -o. 10070-13 -0.23730-14 O. 9753D-07 -0.8037D-08 
II8 -0. /9030- I 4 -0.5l/OD-14 o. 95850-0 I -0.3596D-08 
119 -0.1356D-13 -0.38160-14 0.93910-07 0.9251D-09 
120 -0.2667D-14 -0.35930-15 0.9113D-07 o. 70300-08 
121 0.36080-14 -0. 4066D-14 0.8/950-0/ O. 13/60-0 I 
122 -o. 40360-13 0.4168D-14 0.10200-06 -0.12430-07 
123 0.43140-13 -0.55510-14 0.10280-06 -0.1107D-07 
124 o.64390-13 -O.ll680-14 o. I 0331FOo -0.10,20-0 7 
125 -0.32750-14 -0.28870-14 0.10420-06 -0.83550-08 
126 -o. 59410-14 0.15930-14 0.1043D-06 -0.74270-08 
12/ -0.14890-[3 -U.55510-14 0.10410-00 -0.50350-08 
128 0.40080-14 0.30920-14 0.10400-06 -o. 36840-08 
129 -0-10400-13 -0.44410-14 0.10360-06 -0.12100-oa 
130 -0.11110-14 0.93/3D-15 0.10220-06 U.98660-09 
131 -0.12490-J.3 -0.42190-14 0.10110-06 0.3822D-08 
132 0.10400-13 -o .32560-14 0.98720-07 0.16100-00 
133 0.33030• 14 O. 4THO•Ot 0.10,20 06 O.Hf51) 20 
134 -0.65020-14 0.11000 00 0.10400-06 -o. 1378D-20 
135 o. 73000-14 o. 77070-01 0.10470-06 -0.14780-20 
136 -o. 3tl 20-14 0.15806 00 0.10,et, 06 O.Zt>l • f) zo 
137 -0.69390-16 0.02000-01 0.10610-06 -0.18790-20 
J.38 o. 89790-15 o.12aeo 00 0.10640-06 -0.21780-20 
139 o.zneo•t4 0.49826 01 o. 1 oe,o 06 0.11640 20 
140 0.13210-14 0 • .32980-01 0.10570-06 -0.54920-21 
141 -0.65230-15 -0.14780-01 0.10490-06 0.34470-21 
142 -0.4278D=14 -o. 12990 00 0.103&0-ots o.21ano.a20 
143 0.26780-14 -0.41300-01 0.10210-06 0.22960-20 



60 -0.9150-02 0.3930-01 -0.670D-02 7.7 -0.1010-01 0.402D-Ol 

STATEMENTS EXECUTED= 1538321 
160 

CORE USAGE 

DIAGNOSTICS 

OBJECT CODE= 32224 BYfES,ARRAY AREA= 170136 BVIES,fOfll AREA 

NUMBER OF ERRORS= 0, NUMBER OF WARNINGS= O, NUMBEF 

COMPILE TIME= 0.96 SEC,EXECUTION TIME= 34.54 SEC, 4.03.13 

C$STOP 

- Figure (7-17) Output for 60 LST Elements withADG 

................................................................................. 
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For the purposes of comparison the circumferential 

stress is plotted in Figure (7-18) from the LST/AKG output 

and from the class ical functional solution. Reasonably 

ac curate approxima tion s to the exact solution are obtained. 

It is observed from the computed coordinate points 

that more accuracy could be obtained by a finer me sh of 

elements close to the inside radius as well as a finer mesh 

of elements adjacent to the outer radius which is the area 

of steepest stress gradient. 
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Figure (7-18) Stresses in a Disc with Concentrated Loads 



163 

CHAPTER VIII 

DI SCU SS ION AND COKC LU SIONS 

8-1-1 Genera l Discussion 

One of the first questions a user of the Finite Element 

r,~ ethod asks l. " " ~) must I deve) on my own computer :progr 8.m, or 

can I adapt one of t h e existing general-purpose pro grams?" 

The answer depends on the nature of the nroblern t hat is under 

consi deration. 

In new fields of applic a tion, such as fluid mechanics 

and hea t transfer, general purpose programs are not yet 

available. Some universitiEs and ~ajor industries have 

on-going research to develop finite element computer pr.ograms 

for solving general fluids and heat problems. At the present 

time only a few special-rurpose programs have emerged. In the 

near future, more general programs can be expected because 

research work in this area is quite active. 

For solid mechanics problems,on the other hand, the 

is quite different. The analyst, if he so chooses, 

not have to do his own development work bec ause he can 

on a number of existing programs. Some of t he se are 

at nominal cost from the government-spon sored COS~IC 

brary at the University of Georgia. The extensive docurnen-

tion on these programs makes it relatively easy to learn 
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how to use them. However, . it should be borne in mind that to 

use a versatile general-purpose program to solve a specialized 

problem is often :fll:r more costly (in computer time) than to . 

write a program expressly for solving the specialized problem. 

Therefore, if a particular type of problem is to be solved 

repeatedly, the analyst should consider writing his own 

program for the job. The sample computer programs presented 

in Chapter II thro~gh VII illustrate how the real problems 

are actually solved by the Finite Element Method. Once the 

reader has gained an understanding of the Finite Element 

Method fundamentals presented in the preceding chapters and 

has learned how these fundamentals are implemented on a 

digital computer, one has at one's command a powerful 

engineering analysis tool. 

The most important numerical computation performed in 

a computer code is the solution of the resulting simultaneous 

equations for displacements and forces. In this thesis a 

Gaussian elimination technique is adopted. Though the subject 

of matrix equation solvers is beyond the scope of this thesis, 

the author suggests the reference·s in Chapter II where 

Pertinent information can be found on. this subject. 

When the finite element mesh contains hundreds or even 

thousands of elements and nodes, a cumbersome aspect of 

Obtaining a finite element solution to a problem is the. 

of the · input data. Because of this situation, 
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many serious users of the Finite Element ~ethod have develop

ed . or adopted automatic mesh generation techniques. All 

of these are labor-saving devices, but none of ~h~ e~isting 

user's pro grams is completely genera l. In Chapter VII the 

triangular element and bar member element are used as 

examples for auto matic me sh generation programs. The 

reader can extend his/her knowledge of mesh generation 

methods from t he given aleorithms and include the mesh 

generation process with any element type. Samp~es of the 

different kinds of approaches to development of automatic 

mesh generation schemes can be found in Buell and Bush< 6i 
This text provides a survey of many of the useful mesh 

generation schemes, and is a good source of additional 

reference information on the subject. 

8-1-2 Limits Imposed by Dimensions of Arrays 

All computer programs in this thesis begin with a 

series of DIMEN SION statements, which reserve computer 

memory arrays needed in the calculation process. For example, 

in program PT10B, the DIMENSION statement for (S) is (20,120) 

Which means the storage has been allocated for problems with 

Up to 60 nodes (2 DOF/node). Also, the bandwidth cannot 

exceed 20. Lar ger problems can be considered simply by 

increasing the dimensions of these matrices. The l imit of 

Problem size is dictated by the core storage of available 

achine. Before proceeding to input data describing the 
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geometrical and loading conditions, all the matrix arrays 

are initialized by setting all the terms in the arrays to 

zero. This removes extraneous numbers which could be trouble

some later . In addition to t h e Dii':iENSIOI:{ statements , only 

one other change is required : the LJ3Al·:D = statement must be 

a lt er ed so that t he value of L.SAND matc he s the first value 

in the S arrays. The unmatched values will cause termina ti on 

in calculation by the computer . 

8-1- 3 Reliabi lity of I nnut Data and Interpretation of 

Outuut Result s 

When s olving prob l em s with large numbers of nodes and 

elements , there is a h i eh probability that a da t a input 

error will be made using either the mesh generation scheme 

or manual generation. The program prints all input data 

information, but an error may still escape notic e . Often 

the pre sence of an error is obvious fro m printed stresses; 

but , if the problem is one in which a good estimate of the 

solut ion is not known in advance , t h e error caused by faulty 

data may stay undetect ed. The best practical method for 

ensuring a reliable dat a deck is using computer graphics 

facilities to have t he mesh displayed graphically . Then , a 

~ick visual check is all t hat is needed to detect unwanted 

Where this equipment is not available, several 

data checkine subroutine programs are provided by 

and Owen ( 12 ). 
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When very large numbers of elements are used , some 

important stress values may e scape being noticed in the 

volume of printed values . It rnay t hen be worthwhile to 

alter the pro gram so that the stresses are card punched as 

well as pr int ed . The punched output along with the input 

data cards can then be process ed by another program to plot 

the stresses directly to scale on the fi gure . The best 

r epresentation of str e ss is a plot of stress contours on the 

c.iac:ram of t he elastic body . However , t he programming 

required for this is quite lengthy . 

8-1-4 Round- Off Error and Double Pr ecisi on Statement 

Wh en so lving for unknown displac ement components by 

the method of Payne and Irons and Gaussian el i mination 

scheme , we are in effect inverting a stiffness matrix . 

Invert ing a singular matr ix is impo ssibl e and if the con

ditions that would produce a singular matrix exi st s in a 

problem , a division by zero will be encountered when 

attempting to carry out the eli mination process . In stress 

proble• s , unless an error has been made , the matri x will 

never be singular ; it can , howe ver , approach this state , 

and t he round- off errors will drastically reduce the number 

of s i ~nificant fi gures in the output . 

As was previously recommended that each probl em be solved 

several times by i pcreasing the number of elements with 

each repetition . With each step the numerical solut ion 
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approaches more closely the theoretically correct solution. 

However, with each step the matrix comes closer to being 

singular and so round-off errors become more important. In 

extreme cases the round-off errors can completely dominate 

so that there are no significant figures in the output. This 

imposes a limit on the fineness of the mesh subdivision that 

can be used when the body is being discretized into elements. 

In most applications, if double precision is used, tne 

effect of the round-off does not seriously influence the 

numerical values of stress. This topic is discussed by 

Rosanoff and Ginsberg< 13 ), ·where a method is presented which 

determines the amount of round-off error. Unless a study is 

made to determ1ne the effect of round-off, it is recommended 

that double precision be used. 

8-2 Conclusions 

For the problem of pin-joint bar element with axial 

loads, the finite element solution yields the exact classical 

solution, because the assumed displacement function (used to 

derive the stiffness matrix of the element) and actual dis-

Placement are the identical linear functions. 

Comparing the results of problem solutions obtained 

'by Using CST and LST, it can be seen the LST elements 

more accurate and realistic solutions. 

assumed displacement function of LST element yields a 

ition of linearly varying strain and stress within the 



169 

element. 3ence, the element is more adaptable to problems 

involving stress gradient. 

In Chapter V, results of computer program for a 

composite structure of bar elements and LST elements yield 

solutions which are within three to four percent accuracy 

with those of the classical solution. 

T~e primary advantage obtained 8Y using the 18 degrees 

of freedom plate element is that it permits the application 

of boundary conditions to je satisfied more accurately. 

Care must still be taken t hat the elements at the plate 

corners be as small as possible. 

The automatic mesh generation process for data input 

has been shown to reduce significantly the number of lines 

of data input by at least an order of magnitude for rela

tively small problems. It has the potential for reduction 

of data innut of t he order of magnitude of two, three, and 

higher for larger problems. The prime intent of this nrocess 

is to minimize the human error in data input preparation. 



170 

:BIBLIOGRAPHY 

1. Hrennikoff, A., "Solutions in Problems of Elasticity 

.by the Framework Method", Journal Applied Mechnics 8(4) 

(December, 1969) • . 

2. Williams,D., 11 A General Method (depending on the aid 

of a digital com-outer) for Deriving the Structural : · c· 

Influence Coefficients of Aeroulane Wings,"Report No. 

Structures 168, Royal Aircraft Establishment, U.K., 

November 1954. 

3. Turner,M.J.;R.W. Clough;H.C.Martin; and L.J.Topp, 

"Stiffness and Deflection Anal-.rsis of Comnlex Structures," 

Journal of the Aeronautical Sciences 23(9) (Septem}')er 1956) 

805-823. 

4. Bowes,W·.H.; Ru.ssell L.T.," Stress Analysis by Finite 

Element Method for Practicing Engineer~rfl!iexington Books, 
I 

Lexington, MA. 1975. 

5. Cheung,Y.K.; Yeo,M.F.," A Practical Introduction to 

Finite Element Analysis," Pitman Publishing Limited, 

London, 1979. 

6. 3uell,W.R.; Bush,3.A.," Mevsh Generation - a Survey," 

Journal of Engineering for Industry, Serious B,vol.95,no.1, 

Feb 1973,pp.3;2-338. 

7. Payne and Irons, referred to as private communication 

in the Finite Element Method ~J~Zienkiewicz. 



1 
2 
3 
4 
5 

7 
8 

10 
11 

13 
14 

16 
17 

19 
20 

22 
23 
24 
25 
26 
21 
28 
29 
30 
31 
32 
33 
34 
35 

37 
38 
39 
40 
41 
42 
43 
44 

$JOB 
C ***** l"IAlN PTlOB ***** SEP 20 1~7~ APPENDIX A 
C PIN-JOINTED TRUSS JP PAN 

C 
C 

C 
C 
C 
C 
C 
C 
C 
C 

DIMENSION S(20,120),U(120l,Fl1201,IFX(120),XYl2t60J 
DIMENSION AHB1100),~CB12,100) 172 
CIMENSION NAMf(20) 
DOUBLE PRECISION S,U,F,XY,ARB,YMB 
LBAN0=20 

READ(S,102) NA~E 
WRIT[(6,1031 NAME 

WRITE (6,107 I Yl"IB 
CALL RC02B(2,XY,NDFI 

CALL CNlO~(NCB,ARB,NB,NBANDJ 
IFINBAND-LBANDl5,5,4 

CALL EXIT 
5 DO 6 1=1,NBAt-.D 

6 Sll•J>=O,DO 
REWIND 4 

8 CALL ES10B(l8,NCB,XY,ARB,YMB,S,LBAN0> 
DO 10 I=l,NtiAND 

l O iejQ IIE ( U I IS I I • • 11 • .,-, • NOE I 
END FILE 4 

2 CALL KFOlB(F,NOFI 
CAI I KII0]B(U11FX 1 NOFI 
CALL GE02B(F,u,s,IFX,NBAND,NDF,LBAN0) 
REWIND 4 
DD 20 T:J,NBANP 

20 READ(411SII,Jl,J=1,NDFl 
CALL FU10B(S,U,NBAND,NDF,2,LBANOI 
CAI I SUQB(N6 1 NC61XY11!1YHBI 
READ(5,108l NEXT 
IFINEXT-11 24,1,2 

100 FORMATl'l MAIN PTlOB',I•' STRESS IN A PIN-JOINTED TRUSS•> 
102 FORMATl20A4l 
103 EDBMAI<'OCASE IIILE ',20A41 
104 FORMATl'OBANO WIDTH TOO LARGE') 
106 FORMATIF10,5) 
107 fORMAil'OYOUNGS MODULUS ='•fl0,31 
108 FORMAT(l51 

STOP 
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***** MAIN SP44A ***** ncT. 5,1979 
STRFSSES IN A PLATE USING LINEAR STRATN TRIANGLES JP PAN 
IREIANFORCING AARS GlJJf)EI) NOnFS) 
f){'-IENS JON S 146,260 l .F 1260l,111260 l • JF)(f 260) • XVI 2, 1301, TR TGI 260) 
DIMENSION NCONl6,90l,Tl901 
nIMENSinN NCAl2,40l ,ARP.!40) 
DIMENSION Ell2,12l,8(3,121,AT(l2,12l,X(;),Yl3l,NAMEl20l 
nIMENSI0N l)A(3,12),0(;.;),AnA(l2,12l 
onUALE PRECISION S,F,11,XY,TRT(';,T.ARA.F,B.AT.x,v.nA.n 
l)n!IALE PRECISION fll)Fl,YM,GNU,DATJ,YMA,V 
LFIAN0=46 

l WRITEf6,102l 
RFAn( 5, 1001 I\IAME 
WRITFl6,10ll NAMF. 
REA0(5,103)YM,GNll 
WRITEl6,104lYM,GNU 
CALL DA038fYM.GNIJ,l),B,FIDFll 
nn A I=l,3 
on 0 J=1,12 
~ l.J=0 • 
DO 7 IJ=l,3 

7 nAIJ=0AIJ+f)fI,IJl*BIIJ,Jl 
A nAII,Jl=f)flIJ 

CALL RC06812,XY,NDFl 
CALL CN06FIILAAND,6,2,NCON,T,NE,NAAN0l 
RFA0l5,1031YMFI 
WR ITEi 6, l07lYMA 
CALL CNl0A(NCB,ARFl,NA,NBAN0I 
on 9 J= 1. NnF 
TRIGIJl=0. 
DO 9 I=l ,NAANn 

9 SII,Jl=0. 
REWIND l 
nn 15 IE=l ,NF 
CALL AI02FIIIF,NC0N,XY,T,AT,X,Yl 
WR ITF. ( l l A I 
V=TIIEl*,5*(Xfll*fY(2l-Y(31l+X(2l*IY(;J-Y(lll+Xl3l*IY(ll-Y(21ll 
CALL ES068(V,AI,A0A,X,Y,El 
CALL AS06AIIF,NCON,E,S,2,A,12,LBANnl 

15 CnNTINIJE 
ENO FILE l 
I F ( NA l 2 1 , 21 , l 9 

19 no 20 I B= 1, NA 
20 CALL ESl0AIIA,NCB,XY,ARB,YMB,S,LAAN0I 
21 REWIND 4 

nn 26 I=l,NAAND 
2A WRITE(4l ( Sf I ,JI ,J=l,Nl)Fl 

ENn FILE 4 
2 CALL KF0lB!F,NnFJ 

OLLKIJ0lB (IJ, IFX ,NnF l 
CALL GN02B(S,ll,F,IFX,NFIAl\tn,LAANl),TRI(';l 
CALL GE0 2FIIF,IJ,S,IFX,NFIANf.l,Nl)F,LBIINn) 
REWIND 4 
nn 30 I=l,NAANf) 

10 RFA0l4llSll,Jl,J=l,N0FI 
CALL RIJ0lB(ll,TRIG,N0FI 
CALL Flll0FI( S, IJ,NFIAN0, l\lf)F, 2,LBAN0I 



,\~ 

-r 

57 
58 
59 
60 
61 
62 

64 
65 

nn 45 IE=l,NE 
READlll AI 

45 CALL ST06RlnR,Al,U,NCON,IEI 
CAI I SI]QR(NB,NCB,XY,11,YMBl 
Rt=Anl5,108)NEXT 
TFINEXT-1 )47.1,2 

100 FORMATl20A4) 
101 FnRMATl'OCASI' TITLE --- 1 ,20A4I 
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68 
69 

70 
71 
72 

74 
75 
76 
11 
78 
79 
80 

82 
83 

85 
86 

88 
89 
90 
91 
92 
9 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 

106 
107 
108 
109 
110 
111 
112 

)I_ANF I_OAnEn PLATE I LST RETNFORCJN(; RARS (;lJTOEn NOnES I' I 
103 FORMATl2Fl0,5I 
]04 FORMAT( 'DYOIJNGS MODUI 115= 1 ,F]Q..3, 1 PQISSONS RATIO=' ,..Et,_...3..._,_ ___ _ 
106 FnRMATI 1 0ELEM.NO. SXX SYV SXY THETA PST 

l PS2 1 I 
] Q 7 FORMAT ( 1 QY Ol!NG S MO.D.U.L!l ..... S----'--0'-'-F----'-R,.,,A,_.,R,___$-'----'==-• _._, .__F~J ~Q_.__,_,_ ______ _ _ _ __ _ 
108 FnRMATII5I 

STnP 

SURRnUTINE nR03R IYM,f;NlJ,n.R,nRO) 
DIMENSION D(3,3l ,B(3.J2l ,0B0(1 
nntJRL E PR EC Is ION YM, (;Nl). n. A. nRn 
n 11. 1 I =YM/ I l .-GNU*GNtJ I 
D( 1, 2l=GNll*Ol 1, 1 l 
nll,3I=0. 
nl 2, 1 l=DI 1,21 

=n 
012,31=0. 
n 13 -1 I =O. 

nl3,3I=.5*Il.-GNll)*n(l,ll 
nn 4 I= 1. 3 

4 

4 BII,Jl=O. 
Rll, 2 I=1, 
Rl2,9I=1. 
Rl3, 3 l=l. 
Rl'l,8I=1. 
nn6 I=l,12 
on 6 J=l,12 

6 nRnlI,Jl=O. 
nRnl 7, 21=011.11 
nRnI9,2I=nI1.21 
oRnI2,9I=nRnI9,2I 
nAn I 3, 'I I -n I 3, 3 I 
nAnl8,3I=nRnI3,31 
nRnl3,BI=nRnIa,3I 
nRnIa.0I=nRnI3,3I 
nRnl9,9I=DRnl2,2) 
RFTIJRN 
ENn 

SllARnUTINE RC06R(NF,XY,Nf)F) 

nJMFNSJnN XYl2,ll 
nntlRLE PRECISION XY,X,Y 
WRITF(6,l00I 
RF A fl I 5, l 0 2 l ~IM 
NnF="-IF*NN 

2 RFAnl5,102)T,X,Y 
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S~BK• UT I NE ABOlU (I E, CUN , Xt ,T, AB , VOL J 
C ~E: ~ ERATES A- BA~ ~ AT RI X AN D ✓ OLJME 

C 
C 

DIME .~Sl ON NCON13 ,Ll, XY ( 2 ,11,ABl 3 ,ll,Tt1) 
DOUBLE PRECISI ON Xt ,T, AB , VC L, AREA 

NC=NC ON( l, l EJ 
AB( I, ll=I. ;:)O 

4 A811,3 l =l\Y ( 2 , ,'< Cl 
AREA =(A B12 , 2 l-AB (l,2l1 * ( ~~ 13,3J-ABll,3JJ-tAB(3, 2J -ABll, 2JJ•(AB(2 , _ 

AKEA=.500*A REA 
VOL=AREA"'T ( IE:l 

6 VOL=- VCL 
3 KETU;{N 

SUBROUTl NE AI VLti ( AB,All 

DIMENSION AB(J, J J, Al( o, 0 1 
OJ UBLE P ECI S l •N AB , Al 

DO 2 J-=L,3 
,.\I I I , JI= AB ( I , JI 

Al I l ,J +Jl=J . tJO 
Z Al(l+-3 ,J+-31= ,\BII, Jl 

ENO 

SI Ii.\ Ri 11 1 T 1 CsE l I ll 2 d ( [ F , MC I iN , ¥ Y, I, 0 [ , X , V l 
GE NEKATES A-:lfNE 1 SE AND L• i:AL COOk lJS lJF CORNEHS OF LINEAR 
STKA IN TRIANGLE 

or '1E N s WN \ICl !N , o, 1 1 , a, z , 1 1 , r 1 1 1 , Ar 1 12, 121 • x I J 1 • x I J l .4 13 1 f>. o 1 
OlM ENSI GN XX(6 1 ,YY(ol 
tJOUBLE P~ECIS ! ON XY, f, AI , XX,YY , XC,YC,AB,X,Y 

YC = O. 
JO 4 l=L,J 

.<(Il= XYli, ,\J CJ 
Y ( l J = X Y ( 2, NC I 

4 (C-=YC+-Y( IJ/c,. 
DO 6 I= L, 3 

Y(l)=Y(ll-Y C 
11= 2* 1-L 

6 VY ( 11 ) ;y ( I I 
XX ( Z J =( XX( ll +-XX ! 311*. 5 
XX(41-= ( XXIJ ltx X( 5 11*,5 
XX ( 6 J-=( X X ( ::i )H,(( ll J•.5 
VY(2J=(YY( ll+-YY(J) )*.5 
'(Y(4l=(PI l )+YY( 51 l * , 5 
VY(6l=IYY(5 J+ YY ( Ul*.5 
DO 7 != 2 , ,, , 2 



J I 
~3 
54 
:, 5 
5o 
5 7 

59 
o J 

6 2 
63 

o 5 
6 6 

od 
69 

7 1 
C 
C 

72 
7J 
74 
75 

77 
78 

t. J 
8 l 

6 3 
o 4 

86 
[,, 7 

09 
JO 

92 
93 

9 5 
96 

.., g 
·U 

l .i l 
l <J ~ 

l .J • 
l i :, 
I, 

t J { 

1. -~ ) 

X Y ( l, NC Tl = XX l l l + XC 
7 XY I Z , NCTl =YY( l)+ YC 

DO 8 l= l,u 
AB (I,ll=l. 
AB II ,2 J =X X ( ! J 

AB ( l , 4 )= XX (l)* AA ((I 
AB I I , 5 J = XX ( I I *YY (II 

CA LL ! Nl 2 B(Ad , o l 
DO 10 !=1,6 

A I I I, JI =,hi I l, J J 
Al (l+ 6 ,Jl-= O . 

10 Alll+ 6 ,J+o l =A d l l,JI 
q E TU IHI 

SUB ROU ll ~E AM2 l 6 (XX,YY,A,CU,~l,FL , NUI 
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1· 1a~11iR OTlali o MOTPI< Hr fUW [Rlc111r;,1 L.H< f l EMENI /18 i )Qfl I N 
BEND ! Nv 
U I ME NS j[J f\, XX ( '• ) , YY I 4 l , A I ,d , 2 ii , CO ( 3 J , SI ( 31 , fl( 3) , F ( 211 , ND I 4 J 
~QUij b~ PW ~t • • ;oN xx,vv,o , co,s1 , FL.,E,X,Y , XY,C , EF,PX,PY , OSQRI ,S 
Ll 0 40 II I =l, 2 
00 40 ll= l, 3 

X= .5U O* ( A,(( ! [ . ) +XX( 11+111 
Y= . S DO *(YY ( lll+YY(ll+lll -

GO TO 3 
2 X=XX (ll) 

J L= o 
3 D(j 3J I= l , IL 

J=O 
DO 30 K=l , 6 

J=J+l 
I X=K - L 

IF(IXJ4 , 4 , o 
4 F(Jl-=l . 0 0 

5 F (J) =Y**iY 
GO TO l u 

7 F ( JJ= X**I X 
GO TO l. J 

1 0 v u TO 111,12,13 ,1 4 ,1 5 ,16),l 
11 C=l.J O 

GO TO 20 
1 2 C=IX 

GO TU 20 
1 3 C=IY 



110 
111 
112 
lU 
11 4 

GU Tu L 9 
14 C=l X* ( l/4 -1 I 

I F=J- 2* K+3 
GO TO 20 

15 C= l X*I Y 

ll o GO TO 18 
117 16 C-=lY*(lY-l) 

119 
120 

122 
123 

125 
1 26 

128 
u ~ 

131 
L32 

1J4 
135 

lJ7 
1.38 

140 
1 4 1 

142 
1 4 J 

l ' ,5 
l 't6 

l 4c3 
1 49 

l 51 

LS lf (l f ) 19 ,1 9 , 20 
19 FF=0.00 

2 0 FF=F( l f J 
2 1 ",( lA,JJ= C.;<Ff 

GO TO (32, 40 ) ,111 
32 DX=XXlll+ll- XX!lll 

XY=DSU RTI DX *uX+ DY* DYI 
FllllJ=XY 

S=UY/X Y 
COIIll=C 

IL=ll+l 8 
I R=6*11-4 

O(J 38 J=L, 21 
3 8 A I 1 L , J l = I - 5 * A ( 1 R , J l + C * A ( 1 RR , J l l * ND I 11 ) 

RE TU R,', 
END 

SUBROUTlNE A502G I E , S ,K,L BAND J 
DIME NS l UN S (L aAN D, 11 , Elb,bl 

DU 2 J= l , 6 
DO 2 I =J , 6 

11 =1-J+l 
2 Slll,JJl=S lll,JJl+ E(l,Jl 

END 
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I 52 SIIORO!IIINE AS ,13311E,NCCN,E,ff,S,f,Nf.NN,Kf,IBANl),UJ 
153 
l 5<+ 

150 
l ':> 7 

i :i9 
l b u 

l o L 
l .:..3 

l b 5 
Ln 6 

0 11-' ENSIUN NCON ( NN,ll, E( KE ,KE),FEllJ,S(LBANO,ll,FllJ 
OO UBLE PkEClS I ON E, fE ,S,f 

l Kl= NN 
K2 =1 

GU TO J 
2 Kl=l 

K3=Nf-' 
3 DO 8 JA=l, Nf 

J=Kl*JA+ K2*J B- K3 
JJ-=~f*( NLJN IJ B, !E )-LJ+J A 



1--:, :.. l 68 
l 69 
l 70 
l 71 
l 72 

l74 
175 

1 77 
l 7Q 
l 7'-i 
l 8U 

l 82 
U l3 

1 J 5 
1 06 

urn 
1 :l J 

191 
192 

19 3 
l -J4 .., 
1% 
197 

l 99 
200 

2 J Z 
2J 3 

2J5 
2C6 
., / ,z 
zoa 
2 09 

2 ll 
21 2 

214 
215 

2 ll 
Z l d 
7 19 
2 20 
22 1 

223 
224 
22 5 

DU 8 1-'= 1, NF 
lJ LJ 8 l ll =l , NN 
l =Kl * I A+KZ* ! El - KJ 
I l = NF ,i, ( NC O 'H I Ll , I i: l - l) + l A-J J + 1 
l fl lll o , J , 6 

8 CON fl NUE 
RI: TU KN 

SUB~ OUTI NE AS U6 Bl! E, ~CUN , E, S , NF , NN , KE ,L 8AND l 
U l )4e Ma lC l'· ' IC bl~l l ~l~J,L l, ~ ( L [l H JU ,L), la l KE , KE) 
J OU8 LE PREC I S I UN E , S 
DO 5 l A= l , i,F 

DLJ 5 J A= l, NF 
DO 5 Jd=l , NN 

II= NF* I NCO~ (I B, l E)-l l+ IA-JJt l 
IF(ll l 5 , 5,3 

J =NN'l' ( JA - l l +J B 
S ( 11, JJ l =S ( I l , J Jl +E( I ,J) 

RE TU RN 
ENlJ 

SUEl RUU Ti hE CN06 B( L8AND, NN , NF, NCUN , T,NE , NBAND ) 
DIME NS IC N NCUNlrJ 

·,i i~I TEl 6 , IUO J 
i~ E =O 

NNl =NN- 1 
2 RcA D( 5 ,1 02 l l,T rl , N 

3 00 4 J=l , NN 
4 ,~CUN (J,li= N(J l 

! F (T Hlo, o , 5 
5T(l l =rH 
b WD 1TE(6 , l iJJ I i ,I I TI, ( \l l I), l• l , lJ N_ I 

00 10 J=l, NN l 
JJ=J+ l 

l U CON T !-'JUE 
NE= NE+ l 

2 0 NB ANU = NF*( N8 AN O+ll 
WK lT E (o , l 0 5l MoAND 
( E!l f> :I NO Ni\4N DJ22 , 24 , 24 

22 ;,K I TEl6, LU6 l 
CALL EX I T 
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lOJ FOR~Af( ' OELE~. NG . TH I CK NE SS CO NNECTING NODE NUMBERS ') 
102 FO~MA T( 1 5 , Fl u . 5 , L2 L5 l 
10 ] EOR'rlA T (I o , 6:X , f:6 2 , SX,1 ) [ 4 1 



: ', '') 226 
2 l.l 
228 

LZ -l 
' JO 
2 31 
2 32 

23 4 
L.15 

o r 
2 3d 

2 .:.0 
2 4 1 
2 4,) 

2 43 
2 4 4 

24 0 
2 47 

-, 

2 5 Z 
2 53 
l5 ', 
255 
2 Sc, 
}51 
2 58 
2 5 -l 

260 
Z6 l 

Z63 
2. 64 

266 
2 o7 

2 c9 

) 71) 

2 7 l 
2.72 

2. 74 
2 75 

2 77 
278 

2 i.J j 

2. t.. l 

105 FO RMA l(' Ud~ NU n l • TH=',1 5 ) 
10 6 Fu~M~ T(' U **** d~NO ~l UTH EXCEEDS LIM IT 

ENO 

SUBR OU f! NE C~0 5BI L2ANO, NCCN, NE , NB AN OI 
il lM iii>JS I ,... \• b1C -'1(4,1 l,X(>+),Yl41,K(4) 
JOUd LE PkEL! S I QN X,Y 
NBANU=O 

,;R lf r:(6 , l'JOI 
o kEAD15 ,L J 2 l N , K 

8 NE= NE +L 
DO LO l=L, 3 

!JU 10 J=ll , 4 
I F ( l ;\ B ~ I KI I l- K ( J l I - N Ut. ND 11 0 , l O, 9 

9 NKAW1- I0 HS(~( II-K( 111 
lu CON TI NUE 

DO l l !=1,4 

11 RlTEl 6 , lChl N, ,<. 
GO TO 6 

2.4 'rl fU TE l 6 , LUll l MBMW 
RE lU RN 

10 2 F- OR,~Af(5! 5 l 
104 F UMHAT (l 6 , 5X ,4 !5 l 

,· rwMER '>IODE NllMBE B s' I 

****' I 

!OZ f- · Jf> "1r( 1 Qi\ WD ·,1 )Tb r 11n IABGt:, "'XEC !II!l]N [fRM!NA,TEO'I 
LO d F• aM ~T!' Ud~NU ~I OTH= ', 13) 

ENiJ 

SU 3ROU TI NL oCOl BI Bl 
O 1"\Ei~SlUN 8 14 ,ol 

DO 2 l ·=L, .. 
,)0 2 J = L, b 

8 11, 2 1=1. JO 
8 (3, 5 1=2 . 0 0 

E1' ID 

Si!BGC' !f fJ r::.:E tlYC l B l8,X!,XZ , Yl,X2 , f! ,ll 
D I '·IE N:, l ON J ( 4 , u I 
DOUBL E P kE L I S I ON d , Xl, X2 , Y, Yl,Y 2 ,Z, RY,XP, 5P,FL,CP 

- v 
! F!'r' -.v0 ll 2 , 2 , 4 

2 Y-= .UIJl UO 

XP =Z *F L 
SP= ( Y2 - Y ll/ FL 

13 ( 2 ,ll=SP* RY 
i3 ( 4 , 4 l =u 12 ,Ll 
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2:!3 
2tl4 
285 
Z8b 
28 7 

289 
290 

294 
295 

297 
298 

3 JO 
3Ll l 

) Jj 

30-. 

3J6 
30 7 

3U9 
3 10 

HZ 
H J 
314 
3 15 

Ji 7 
3 1d 

.!20 
;21 

J 23 
324 

326 
327 

iL9 
..DO 

.n 2 
333 

33 5 
336 

3 38 
·339 

B( 4 , 5 )= 2 . 0U*b ( L, 2 ) 
d ( 4 , b l =l . 5uO*XP*8 ( 4 , 5 ) 
8 ( 2 , J l=CP +kY 
tl(2 , 4 1=1<P* tl (Zd l 
B(2, 5 )= XP * B( 2 , 4 l 

8 ( 3 , 6 ) =6 . 0U *XP 
i\ ETU RN 

SUBROU TI NE CCO l BI C, f ll 

DOUB L[ P~ECISlGN c , r L 
DO 2 I =l, 6 

2 Cll,Jl =O . JO 
Cll,ll=i. JO 

Cl3, 4 l = l. J U 
C ( 4, ii = _l.J O 

Cl 6 ,4l=l. JO 
C( .:. , Z l= F L 

Cl:5, S l= FL* *Z 
C(5, 6 )= FL"*3 

C( 6 , 6 ) =3.JJ*F L**2 
RE TUR N 

SUBROU TI NE CN 02B IL BAND , NCON ,T, DF , NE,NBANDI 
:, I "e bi~ IQ 'I ' IC Q 'I ( J , I. 0 ) ) , T ( l J tJ ) , t J F ( l O O I 
OOUtl LE PREC I S I UN T, J F, TEMP ,T H 
" RlT c l t> , l Ull l 

NEAND =O 
2 ~E AU ( 5 ,1 Jl ll, Nl, N2 , N3 ,TH,TEHP 

3 ,'lCGNt l, l l =Nl 
NCGN ( 2 , l l= N2 

T(Il=l. 00 
LlF IIJ = f E,~P 

4T(Il=T rl 
5 ND=I AdS ( i\ l-~12 1 

6 NBANiJ =t~O 
7 NJ = lAtl5 ( N2 - N3 ) 

0 NBAN U= ND 
9 NO=IA BS I N3-Nll 

l O NB.:. NO =ND 
ll "R IT ~ l 6 ,l0 311, Nl, N2 , N3,flll,TE~ P 

GO TO 2 
20 NB AN0=2*NtlAND +2 

. ' 
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\~". 3 41 
342 
343 
3 44 
3 45 

34 7 
3413 
J ,,~ 
350 

35 l 
J Sl. 
J 53 
:\ 54 
3 55 
3 So 

3 Sd 
.:S 59 

J6 l 
Jbl. 

36't 
3 v5 

J 67 
J 6d 

J7J 
Hl 

3 73 
J 74 

- r. 

3 76 
3 77 

379 
3 80 

.> 8Z 
Jd3 

J 85 
3 81.> 

3 88 
J 8 , 

J9 1 
39 2 
393 
394 

396 
397 

l F (L BAi.u- q BAMll l 22 , 24 , 24 
.?.Z v,RlTEI .:. , Wil l 

CA LL tX I T 188 
Z4 t<. ETUR N 

! JU FJ KMA f( ' o.lE LEM . NO. CONNECTI NG NODE S NUM BER D THICKNESS TE MP') 

l UJ FOR ~AT(l 6 , 4X , 3 18 ,7 X,F 6 . 2 , 2X, f 6.l) 
lJ 5 FORM Af(' Od ANO ., I OTh=',1 5 ) 
l )ao ,; .-, . •4 q (• Q • o"1C) e/i 1) fri ,i HlP J ()RoE') 

END 

S1 IHRQl 1Jl f\1f CP1JJ () ( Q , H, X J, t ?,Y1,Y2, EI ,A,H,P) 
DI ME S I UN Ll ( '+ , 6 1, Cl 4 , 4 ), oJU Yl 4 , 6 l,PU,,bl, A( o ),H(6) 
o.l OJ8 LE PkEC l S I ON B, D, JdY, P , A, H, Pl,FL, Z,X,Y 
0 0 1,0 1 E PQ1=c1 s 1o t1 YJ,Y J , Xl, X,,, , ,11 i,21 I 

PL= J .l 4 1 59 DO*Fl 
OU 2 1=1, o 

2 P(l,Jl=0 .0 0 
DO 30 l l= l, 6 

X=. So.l U*F l * ( l +l. UO l 
Y= Yl+ X* ( YZ -Yl)/ F L 

Bl 2 , 2 l =X*d ( 2 ,ll 
B( Z, 3 l=( X2 - Xll/l f L*Yl 

6 (2, 5 l =X•8 12 , 4 l 
i3 ( 2 , o l = X *8 ( 2, 5 l 

B14,4J =B l 2 ,ll 
d ( 4 , 5 l= Z. * X*B( 4 , 4 l 

OC 1. 2 I =l, 4 
00 12 J=l,6 

DO 10 I J=L, 4 
l U D! J= Ll IJ+ Dl l , I J) *B ( ! J,Jl•Y 

J O 1.2 l = l, 6 
DO 22 J= l, 6 

00 ZO IJ=l, 4 
20 f' IJ= P IJ+ B(IJ, l l *O AY( lJ,Jl*H(IZl 

30 CONTI NU E 
DO 40 I=L, o 

40 ? (I,Jl =P L"' P(l,Jl 
RETU RN 

SUB ROU TINE C~U8B ll EANO , NB AND , NE , ~LON , PR l 
D I MENS I QN ·\J C i ,N I 3, I l , e~ I 3, I I, NC( 4 l • pcxy I 3 l 
OOU BLE PAEC !S I JN PCX Y, PR 
WRI TE ( 6 ,L U0 l 

rmAND =O 
2 kE AD l 5 , l JZ l I E , ( NC l 11 , ! = L, 3 1, PC XY 



\ (, ' ' 399 
4U O 
40 l 
4U2 
403 

405 
'>00 

408 
409 

4 ll 
4 12 

4 19 
420 
',n 

424 
425 

-.2. 1 
-.28 
, -, 
4:W 
43 l 

4 33 
<t34 

't36 
43 7 

4j9 
440 
4 4-l 
442 
443 
444 
445 

44 g 
447 
44d 
449 
450 
-'t5 1 
I -

'>'> 3 
'• 54 

6 wRIT E16 ,l 34 l IE , ( NC (II, I= l, JI, PCX Y 
NE = NE +l 
DO 8 I= l, J 
NCON ( 1, lE l= NC (ll 

189 8 PRII,IEJ=PCXY(I) 

DO LL I= L, 3 
~D= I A6S I NCII•ll- NC II)l 

l O NB ANv= ND 
ll CON Tl 'h.J E 

20 NdAND=INBANO +ll* 6 
l f (L a ANO- NB AN0122,24,24 

CA LL f::X 11 

100 FORM AT(' OE LE~ . NO . 
l DP/ DY 'l 

CO~NER NOUE NJM BERS 

104 fORMA T(I5, JX ,317, 4E l2. 4 l 

PRESSU!{E 

106 FURMA T(' OB ANU rllu f H OvE R LI MIT EXECU TION TERMINATED') 
l Oil H l l< '10T( 1 .l \P"lu ,IOTb-•, 131 

S lll l< Ji!Tl'ia C'i lO ~ ('l'C ll ,iltlB,N 6 , Nt:\\N0 1 
OHH:NSlON NCBll,11 ,A Rl3 (ll 
DOUB LE PRECISiuN ARB,A~EA 

,;R ITE ( 6 , l OLl 
2 ~EA0(5,l0411 8 , AREA , NN l,NN2 

4 ~R lT E ( b ,lU ~lI B,APf:: A, NN l, NN2 
A;{rl(ld)=At<E:I 

NCd( 2 , IB l= 1,N Z 
NB =Ni.l + l 

l f ( ND- NBANDlZ , 2 , o 
6 NB ANO =ND 

10 ~R lf i ( 6 ,LlJ) NdAND 
RE TU R'• 

DP/DX 

E'J k Mi\l {' ltd ) b' \111MHER X >f( T AKE A CONN ECTS ~ODES NQ,'I 
l 3 4 
105 
110 

FORMA fll 5 , f l 0 . 5 , 2 15 1 
FORM ATl17, 9 X, F6 . 2 , 7X ,2I5l 
F1JRMOT(' C8 ,-\ N1l elOit: ',151 
ENO 

~ illl<U ' ITI Nia IH Cl2Q(Y'i,Pm, ),;II 
DIME NS l uN J( 3, 3 ) , BIJ,61 
OuU BLE PREC I S I UN YM,CNJ, O, B 
0 (1,l)=YM/(1 00-GN il f GN iJI 
0 ( l, Zl=G!,U~ D( 1,ll 
0 (1, 3 1=0. 00 

Ol Z, Zl= D(l,ll 
0 ( 2,J l=O.J U 

/ 



,_J\" 456 
4 5 7 
4513 
459 
46J 

462 
4 (,3 

'tb5 
466 

467 
408 
4 t.iCJ 
4 70 
4 7l 

4 73 
., 74 

-. 76 
4 f7 

4 79 
4 d0 

482 
4 d3 

4d5 
4d6 

It 

4'J4 
'+9 5 

497 
4-J B 

499 
50J 
5·) I 
502 
503 

5 J 5 
5 J 6 

5 08 
5J'} 

5 l.l 
.5 l 2 

Ll ( 3, 2 1= U. Ll0 
,J ( j, 3 I=. Su U * I l. J 0-.., ,\J U l *U ( l, l l 
00 4 !=l,3 
00 4 J = I , 6 

4 ':l (l,Jl= O. DO 

B ( 2 , 6 l=l. OJ 
8 13 ,Jl=l. JO 

f:. ETURN 
ENO 

SUBRUU f! NE JB03B (Y M, GNU,D,B,DdDl 
U IME NSIO N D13,31 , B<3 ,i. 2 l, 0oD ll2,l21 
-10 '~ Lia II IH:CIS!GiN Y'1, N11,1l, B, lHD 
fl I 1, l l =Y ~, I l . ·-u ,'lU*uNU l 
D ( l, 2 1 =GNU * OI l, 11 

D12,il=Dll,Zl 
IJ ( 2 ,Ll =D( l, ll 

0 ( 3, l l=u . 
D13, 2 1= 0 . 

DO 4 l=l,3 
DO 4 J=l,12 

811,Ll=l. 
l:l l2, 'd=l. 

d l3, d l=l. 
Ou b l=l,12 

6 0 0 D ( l , J l =J. 
LlBD (2 ,2l=J(l,ll 

D3D 1 2 , 9 1=UBLl 1 9 , 2 1 
Od U(J,3)=0 (3, 3 1 

DOD( 3 , o l=J 3D ( 8 ,Jl 
LldU l d , 8 l=Ll BO I J , 3 l 

KE TU ~ :'J 
ErJD 

SUBROU TI NE ES0281P,C,AM,EI 
lHM ENS I ON P l6,6l ,Cl 6 , 6 l, A1"1 (6,6l,Elb,6l,Xl6,6l 
wO!iB I E PRE f" lSI ON P, r ,.u1,E,J\,&I 1,EI I 
JU 3 I= l, b 
00 3 J=l, o 

DO 2 I J=l, i> 
2 AIJ= XIJ+ C(I,!Jl*AMIJJ,Jl 

00 5 1= 1, 6 
DO 5 J=l, o 

LJ tJ 4 IJ=l, 6 
4 E 1 J= t: I J + I-' ( I , l J l *X I I J , J I 
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,) \ ::, L '• 
515 
5 l o 
5L 7 
5 l S 

5L J 
521 

523 
::>2 4 

526 
52 7 

52d 
529 
::, ) 

53 1 
532 

534 
5 35 

537 
538 

540 
54 1 

54J 
544 

546 
54 7 

549 
550 

:>:>2 
5 53 

:i 55 
556 

5 5d 

j59 
5oU 
So l 

5 6.3 
?64 

566 
j67 

:,69 
5 70 

tJ :_j 7 l =l, o 
DU 7 J=l., 6 
XIJ =U . tJ O 
0 0 6 I J =l., 6 

6 X l J= :< l J+ C ( I J, I l *d l J, J l 

l)U 9 l=L, o 
DO 9 J=l, <> 

DU B IJ=l, o 
d EI J= E IJ+ AM (IJ,ll *X (IJ,Jl 

i< E TURN 
END 

SUBRCU rI ME ESO J B (A I , B, D , VO L, E r, E ,FTE) 
DIME i!SlU~ J 13,Jl 

191 

•ll '4E ' t~ I ' ' ' ·, I ( b,b l, ;· 1 3, o 1 , E ( 6 ,,. 1 ,P I ( 3,b) ,t?2( 3,b) ,EIE( 6) ,DE( 31 
OO U&LE P KtC ! S l O~ Al, 8 , U, VU L, ET , E ,ff E ,Pl.lJ,P Z IJ, E IJ,tJE,PL,PZ 
00 3 I= l, J 

P I. I J= ,J . :J O 
0 0 2 l J= L, 6 

3 P L(l, J l= i'l! J 
DU 5 l-=1., 3 

P 2 1J= O. DO 
P 2 1J= J . u0 

4 P2 IJ= P2 1J+ l) ( I, IJl *P l(IJ,Jl 
5 PZ (l,J!= PZ IJ 

00 d J=l, 6 
E IJ= 0 • .;0 

6 EI J= E l J • i' l ( I J , I 1 * Pi!. I I J , J I 
J E( I, J l= VC L *E I J 

1 0 DE (ll=Ef * ( D (I,ll+ D(l,2 1 1 
Ll O 12 l=L,o 

DO 1 2 IJ=l , 3 
1. 2 F TE (Il= F TE (ll+ P l(lJ,Il*OE (!Jl*V Ol 

E ND 

~ 'iH<O'l rBIE fi 1t11H V , l l, ,lil'l ,X,Y,f1 
0 I '1 E NS I O M ~ I ( L 2 , U l , 5 DJ ( L 2 , l 2 l , P ( l 2 , l 2 l , X ( 3 l , ¥( 3 l r E ( 12 , 12 J 
DOU BL E P~EC ! S10~ V , ~ I, JU8 , X,Y, E ,i', XY,XX,YY 

YY=O . 
XY= O. 

XX =X X+ X(ll *X (ll 
YY =Y Y+Y( l l * Y(ll 

XX = XX/ 12 . 
YY= YY / 12 . 



1)'V 5n 
5 73 
5 74 
5 75 
5 76 

5 78 
5 79 

5b l 
5 BL 

584 
5 b 5 

5 b7 
5aa 
5c" J 
5':IU 
59 1 

5 ')3 
594 

5% 
5 'H 

599 
6 u J 

bt; L 
00 3 
·,il4 
oll 5 
600 ,, 
6 08 
6 0':I 

6 11 
o lL 

6 l3 
0 14 
6 1 ::i 
o l o 
v 17 

o l 9 
02 0 
',7 ) 

022 
6 2 .3 

25 
62 6 

J 

.:, 2 3 
029 

oDB l 4,4 1= 4 . *XX *BDd( 2 ,2J 
BUB I S , 4 1= 2 . *XY*BOB ( L , 2 1 
BDB l 4 , 5 l= 9DB I 5 , 4 1 
BO B l 11 , 4 l= 2 . *XX * tlDB 1 9 , 2 ) 
808 ( 4 , 11 l = f:I Dtl ( 11, 4 l 

H08 14 , 1 L l= 13 Uj(12 , 4 l 
tlJB( 5 , 5 l=YY *dUB I Z , 2 1+ XX*BOtll3 ,j) 

d DB 1 5 , o l= BDb ( 6 , 51 
~ UB (1 0 , 5 l= Z .* XX*bUB (3, 3 ) 

1:! 0B ( l l , 5 l=XY*I BD B 1 9 , 2 l +BD BIJ,31 I 
B0815, ll l= BDB (ll, 5 ) 

tlDll I 5 , 12 1 = BUo ( 12 , 5 l 
BDB l 6 , 6 l= 4 . *YY* 8Dtl 13,3 l 
8DH ( I 0 , 0 ) -4 i:XX¥HDH(J , 31 
BO O(o, l O l= BOB (lu, 6 ) 
BOt:11 ll,61=. 5*13Jtl lo,6l 

nOO l1 0 ,l J l =2 . *BDBtl 0 ,5) 
8 08 ( 11,l O l = u U8 (6, 5 l 

BOB ( l l , l l l = X X*fl O B ( 2 , 2 l +Y Y *BOB ( 3, 3 I 
BDBl12,ll l =B OB 15,4l 

tl OB I 12 ,1 2 1=4.*YY* BUB ( l..,LI 
DO 6 l =l ,12 

Pll ,Jl =O. 
DO 6 I J= l, lL 

6 ?II,11-P(C,!ltBD Bll,Jl)fAJll i ,1) 
00 10 l=l,12 
DO 10 J=l,1 2 

DO 8 iJ=i,12 
8 E l I ,Jl= E l l ,Jl +AI"( IJ , ll*P( IJ,JI 

KE TU RN 
E:'-J D 

SUBROU fI NE ES l OB (I B,NC B, XY,A RB , YMB,j ,LBA ND l 
DIME N:.ION NC l3 12 ,ll, XY l 2 ,11, ARdlll , S(U~AND,11 
Q[~ FNS{ON dK (4.4l,&XYY(4l 
oauBLE P Rf C l ~ IUN XY,ARB,YMB, S , dK , XXYY,X , Y,JSQRT 
NN l= NC B ( l ,1 8 1 

X= XY ( l, Nl~L l- XYI l., NN ll 
't=XY ( 2 , ;~r :L l- XY I 2 , Ni'< l I 
A E I - A rl H I I ,;1 I *Y 1·18 I I I iJ'i ,JR fl X* * 2 tY * * 2 I I * * :l I 
XX YY(ll=- X 
XX YY( Z l =X 

XXYY l 4 1=Y 
UO '> l =l , <-t 

6 BKll,Jl=A E L*XXYY(ll*XXYY(J I 
OU 10 l l =l , 2 
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x,1\1 Cl 3l 
632 
03 3 
034 
035 

637 
o3U 

5 40 
64 l 

6 42 
643 
9 1 <1 

b .. S 
6 4 0 

o 4 cl 
6 4 -} 

:, 5 l 
652 

b :>4 
655 

057 
o 5o 

bbU 

'>tl , 
063 
b&4 

bob 

06 7 

06'1 
6 7J 

6 "/2 
a n 

;, rs 
::, 7 6 

b 7d 
C, 7') 

66 1 
'>8 2 

bd4 

C 35 

0 6 7 
088 

8 

2 

3 

5 

Ll U 1 0 Jl=l, 2 
DU lLl J L=l , Z 
JJ= Z* NCB (J 2 ,I OJ- 2+Jl 
I l=2*NC B{l 2 , lB l-l+ll-JJ 
l f(I !JlJ ,l O , b 

J= 2* (Jl-ll+J Z 
5( Ii,JJl= S l ll ,JJl+ BJ<. (I,JJ 

RE lU RN 
EN O 

SJBROUTI N~ ES 1 88 (C~, D, G,P, E l 
DI ME'IS I ON vl 2 1,l 8 1, U13 , J l, P (7,71, E (l 8 ,l8),C Q(2l,3l 
I,) l '4ia 'I :i l ' l'>I c; I t:H I , r I( 2 L I , QI 2 L , 2 I I 
LlOU BLE PkEC I S I L~ C ~ , D, G, P,E,CI,CJ,~,CV ,C 
DU d l= l, Zl 

Q(l,Jl=0 . 00 
0 0 J2 Kf=l, 5 

CV=4. 00*0 I l,ll 
LI I= O 

JC.I=l 
J CJ=l 

CV =4 . 0 J>l< O( 1, 2 1 
Ll I=- 2 

Gu TO 20 
CV=4. 0u*C( 1, l l ., 
JCJ= Z 
GO Tu 20 

LI I = O 
J C I= l 

CV =4. J0*0 ( 3 , 3 l 
Ll I =-1 

J C I=J 
JCJ=3 

0 0 3U i<. I=l , 4 
II I=( i< I*( K1 +3 ) 1/ 2 +3 

J J J-= I K J * ( r<. J + 3 l ) / 2 + 3 
Du 30 Ll =I , Kl 

I=I CQ+Ll l 
00 30 LJ=l , i<. J 

J=JC .:: +LJJ 
ll= r<. I+ i< J+l-Ll-LJ 

JO u ll,Jl=Q(l,Jl+L.V *C; ( IC <. ,JCil*C O(JC Q,JCJl* P (ll,JJJ 
32 CO Nl.i: NUE 
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~ u 6'-10 
6 9 L 

_.. 692 
o9 .3 
o 14 

0 96 
6 9 7 

699 
700 

7ll2 
70 3 , 

7 J S 
7 1)6 
7u 7 
708 

71 0 
7 11 

713 
7 Lt, 

7l6 
7l 7 

719 
720 

7 22 
723 

725 
726 
7( 7 
/ 23 
72 9 

731 
l 32 

734 
73 5 

73 7 
/ 38 

7J9 
740 
141 
7 t,2 

(t,3 

744 
7 t, j 
7',6 

DC 34 J=l,21 
34 QI J, l l = Q ( I , J l 

00 40 J=L,1 8 
UO 38 1C =l,2l 
C=J. l)O 

3o C=C• w(lC,lJl* Gl ! J,Jl 
38 CJ(lCl=C 

C=O. iJ O 
DO 39 l J = l , 2l 

40 E II, J l =C 
RE TU RN 

SJB~OU Tl NE EV028 I A, CJ,Sl,FL , NO , Gl 
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11 I YE NS 1 0 \J ~ I J I , 2 I ) , r I 1 ( 3 ) , S I ( 3 ) , EI ( 3 ) , r, l 2 1 , l 8 I , H ( 3, 1 8 I , ND ( 4 1 
~ l :~ E: NS i ON D ( 3 , 3 ) 

JOUB LE PREC I S ION ~ , CO , Sl , fl,G,H,F,S ,SI GN ,C,T , _ 
DO 2 .J = L , l 8 

2 H(l,Jl=O. JO 

S= S II l l 
1,= CD I I l 

SI GN=NO l ll 
IJ=6*1I-ll 

I F I i J J- 1 8 l j , 4 , 4 
4 l J J= l J J- 18 

HI I , I JJ• 2 l =H ( I , I J • 2 l 
H ( I , l J • 3 l = • 5 Du *C * S I G N 

HII,,J• 4 l=-.t 2 5DO*F*S*C*S1GN 
HI l,1JJ• 4 >=-HI l,I J •4 l 
H( I, { lt c; ) = l2'i •J11!E * I C*.- S*S)*SliiN 
H ( I , l J J • 5 l =- H I l , l J • 5 l 
HI l, IJJ+- (:,1=-H( I, IJ•4 l 

Dn 20 l=t, 21 
JO 20 J= L, 18 

0 0 Ld IJ=L , J 
18 T=T•All , IJ+-L o l *H (!J,Jl 

RE TURN 
ENO 

SUBM UUTI NE FPOL8(P R,YL, Y2 , C, FL,AM, KE ,Fl 
D l ,'1E NS 10 N C I 6 , 6 l , AM ( 6, o l , FI l.l , F P I 6 l , CF P ( 6 l 
,)Oi!B I E PbEC{ S ION C, Ci M,c,fP,CfP,PB,fl ,Yl,Y2 
FP l3)= PR* . 5Du* I YL•Y 2 l* Fl 
FP(4J=~M/o .u U* ( Yl• 2 . DO*Y2l*FL**2 
EP(5 ) =P8 /1 2 ,rn.:r(YJH , ,lll * Vl*flH} 
FP(6 l= PK *0 . 0 ? U0* ( Yl •~. OU* Y2 )*FL>:<*4 
O::J 4 I =L , .., 



~· 740 
749 
750 
{51 
752 
733 
75<t 
7 5 5 

7 57 
7 58 

/..-,9 
760 
7" l 
i 1.,2 
763 
-, 

°/65 
7 6 6 

76d 
7b'i 

77 1 
7 72 

774 
775 

777 
778 

780 
7 tH 

7 8 3 

f d5 
786 

788 
7d9 

7 'H 
19 2 

' 
7 94 
7 9 5 

7 9 7 
{98 

8 00 
d Ul 

jl)) 

804 

uO 4 J =3 , o 
4 CF,, ll l= CFP ([J+ CCJ,Il*fi'(JI 

0 0 8 !=l, 6 
FP(l l =O. CJ 
OU 8 J= l , 6 

ii f Pllll ~P (Jl+-Afll(J,IJ #!"f'2 (1 1 
DU l d J= l , 6 
JJ=3*KE - 3 +J 

kE TUf:.," J 
E.\JD 

SuBRGU TI NE FU l JD I S ,U, NBAND , NUF,NCN,LBANOl 
OIME NS l • i, $ (L B~N D,ll , tJ<ll,rC (61, UC (6l 
or.•n u : Plh' laC Vilb? ' I i ,11, F-ilr?Cia , "IC,fC 
.. R lT l:: ( 6 ,100 1 
,\J ,\J = NOF / NL. ," J 

00 12 1= 2 , NBANU 
JL=IJ+l-1 

5 FO RCE= FOkCE +SCl,JLl•UlJLJ 
8 J R=lJ-l+I 

1 0 FuRCE=~ uRCc +i ll,lJl*U(J R ) 
12 CO NT[ NUE 

16 FC (lll=F OR L. E 
20 "R IT E ( 6 ,lu2l I N,(t'l . .: (Ill,ll=l, NCN l,lUCILI>,ll=l,NCNl 

195 

10 0 FJRMAT (' G, uDE i~U . FOKCE AND DI SP LACEMENT COMPONENTS') 
102 f URMA T(2 X,I5,JX,l J ( E ll.4,2Xl,/, 98X,2(Ell.4,ZX)l 

~ \ 

SUDROUT I ~ E ~J 0 2 8 l E , P ,T,A,H,Ol 

DO UBLE PR~C J S I ON A,H,D,E,T,P 
Al ll=-. 93.-! 47 :)0 

,'I ( 3 l=-. 23do2Uu 
Al4l=- 1\l :, ) 

Al"ol=-AllJ 
rll l.l=. i7 DZOO 

H(J l= . .. 6 7-JluO 
rl ( 't l =H I 3 l 

H(6)= H( l J 

00 5 1=1, -. 

5 DCI,JJ=O. OJ 
0 I l , l l = E * T / ( l • JO - P * P l 

DC1, 2 l=P *O (l,ll 
Dl 2 ,ll =Ll(l,2l 



I 306 • ,, l:> 
d 07 
8 0 8 
8 J 9 
d l J 
ii l l 

31 2 

J l 3 
8 l lt 
-• .~ 
8 l o 
d ll 

d l 9 
J ZO 

d22 
tl D 

J2 5 
U26 

J 2tl 
8 29 

8 J l 
tl 32 

J ] 4 
U:1 5 

8 37 
138 

3'-J 
ihO 

d4 2. 
d <t3 

1:1 4 5 
tJ4o 

8 4 tl 
:,4'-J 

?.S t. 
<.l 52 

d 54 
tl 55 

35 7 
:358 

H(, 0 
d6 l 

D ( 4, 4 1 = D ( 3 , :, l 
D13, 4 l= P* D ( ::l , J l 
0 ( 4 ,3) -= l) (J, 4 ) 
\-I R l T 1: ( 6 , Ii.JO l E , P, T 
RE fU RN 

l ')O lc U '1M1 f('OY " IN ' i )IQ,-,, 1. · l ::i -•,t=!O 2,/,' POISSCNS RATIO 
l/,' THI CK,'lE :,S 

END 
=',f o . 3 ) 

SUB RO UTI NE G0 038 (Y M, GNU,A,H, D) 
J l MEN S IO N A ( 3 l , rl ( 3 ·1 , D ( 4 , 4 l 

1i CII Bf E J t? I; ( I S I 17~ A, h, 0 , YM, CNH 
A( ll=. 2 3 86 19 1 9 
H ( ll=. 467 -, lJ'-J 3 

H( Z ) = . 30 0 7 6 15 7 
,\ ( 3 l -= . 9 3 2 .. 6 9 5 l 

lJ O 4 I = l , • 
uO 4 J= l, 't 

0 ( l, l l =Y M* ( l .-G, U l / ( I l . ._ GNU l * ( l .-2 . *GNU I l 
Ll ( 2. , 2 l =J ( l, l I 

D ( 4 , 4 l = • 5 * Y MI I l. * G NJ l 
D ( l, 2 l = Ll I l, 11 *v NU/ ( 1.-GNU l 

,.) ( 2 ,ll=O (l, 2 1 
D ( 2 , 3 I =O ( l, 2 I 

J I 3, 2 I = O ( l, 2 I 
REJ URN 

Su 6ROUTI N1: GE 02 u lf, U, :. , IFX , N6 ~ND, ND F,LBA NDI 
D IME NSl i lfJ SI i t3MIO ,oflfl,fl Nl) fl.,HNOFl,IfXjll 
JO UBl c P ~ C ! J I ON C P , f , J , S , ~ ,C 
CP=l. OD12 

IF(IF X llll o , 6 , 4 
4 S ( l, l l-= Cf' '~S ( l,l l 

6 CONT J NUt: 
IJ=l 

'l K= ND F-,~tl .\ NU 
1 0 R= l . Oi.J / Sl l,IJJ 

I F l tJ A- • I 31) , JO , 12. 
12 Du 2U 1!=2 , ,M 

SI J I, I Jl=~*S III, ! JI 
Ou 18 JJ =2 ,ll 

J= IJ-l+JJ 
1 8 SI !,Jl = S l l ,Jl-C*S IJJ,lJl 

20 F lll f l = F ( II F 1-CH( .l JI 
NR=i,K-1 

196 
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\O.'\ o b 3 
tl 64 
do5 
'366 
8 6 7 

o b 9 
8 70 

d 72 
0 73 

d 75 
3 76 

d 78 
il 79 

" 
dd l 

d d 3 
d ;,4 

d d o 
d U 7 

8 89 
.:, ', L) 

3 ':12 
J9 3 ., 
d ' i5 

% 

) ~ tj 

11 9¥ 
'1 0 0 
90 1 

-- 'HlJ 
9 0 4 

·h l o 
<1 0 7 

909 
-Hu 

9 12 
9 l3 
9 14 
;; LS 
9 16 

<J Ld 
' !L'J ., 

2 2 NA = NA-L 
24 !J=IJ+-1 

GO TO 10 
JO NA-=L 

IJ= NlJF 

32 IJ=IJ-L 
I F (IJl1<t,J4,3b 

36 I F ( NA- NB ANlJIJ d , 4 0 , <t0 
3d NA= ~JA+- L 

00 44 1= 2 , NA 
J=IJ- 1+1 

U ( I J , -=C 
GO TO 32 

5UBRO uTI N[ Gl 0 l u (XL , X2 , YL,Y L ,~M, fll 

J UUBL E ~ RECL S I O~ AM , JS~KT , FL,YL,Y 2 , Xl, X2 
DO 2 l=l , 6 

2 AiHl,Jl-= u . DO 
FL= OS J RT(( X2 - Xll ••Z.+ (Y 2- Yll** 2 l 

A~ ( l , L)={ Y~- Yl l /FL 
A'l ( 2,ll=- AM (l,Ll 

4 -. '1 (!+-J,J+-JJ= AM (l,J) 
RETU R•J 

SUSRUUTi NE GNJ 2 BI S , J,F,lF X, NB ,L BAND,rRIGJ 
, L ,, e 1,1 ) 1 o "1 s , , , , o t-i P , 1 1 , , , 1 , , E , , , , r E x r , , , r R r G , 1 , 
DOUBLE P~E C!S ION S ,U , f,T KJG , -.L~,uK,F T, C, SN , FS,CS 
DU Uo LE ~; Ec t ~: oN S L1 , SL2, C2 , S2, S21 , Sl , DSIN , DCOS 

L RE AU{5,1u L) NN, AL~,JK , FT 

6 , i,2 -=2 ~NN 
.~ra1-= ~NZ-L 

J ( NM LL l =U" 

S2 1-= S £ 2 , ,'J•~ LL l 
SL 2 = '> ( L , 1' l1~ Ll 
t. 1 1->= 3 11+ \ 5-lOil /J q,J r" O*O:JP 
C =JC u ; ( ALf'l 
T.-d G( .' , ,12 l l -=C 

S ,'J= u.:.; ,J ( u>J 
T" l ;; ( ,, i 2 ) = SN 

197 



'Ai 12 1 
922 
923 
'i 2 't 
-n s 
I 'e 

'il7 
928 ,, 
930 
93 1 

'13 3 
934 

93 () 
--J 3 7 

•i 39 
9 40 

'J 'tZ 
943 

'i46 
947 

c.,49 
950 

9, 2 
953 

< I 

9 6 ! 
':loZ 
96 3 
964 
9 o 5 
0. , 

'1 10 
9 71 

9 73 
,74 

H6 
9 77 

CS =C*SN 
FS = F ( NNZ ll 
F ( ~N2 ll =C•F ( ~N Zll+ jN* F ( NN 21 
F ( NNZ l=- SN* r S +C*F ( I-.N Zl+F T 
S (l, NNZ ll= CZ*S ll +Z . UO * CS~SZ l•SZ*S2 2 
~ t i , >H' lll C:i#S l1+(C -:> -)21"' :i .?l+C:i!IIS~ 2 
S 1 1 ,.,IJZ I =S 2 *5 l l- 2 . OO*CS * S21 +CZ * S 22 
Ntl l -= 1'J3-l 

ll=l•L 
J= NNZ -1 

10 S l= S ( 1,J I 
S2 =5 (11, J l 

S ( 11,Jl=-SN*S l+C*S Z 
2 Ll S l = 5 l I l , MN 2 l I 

S l I l , iW 2 ll =C * S U SN* S 2 
30 S ( 1, ,' l N21 =- SN*S l+ C* S2 

l JZ F ORMA r(I S , 3F l 0 . 5 1 
l J 6 FOR MAT(l o , f ll.l, 4X , El J .3, ZX ,El O. J I 

, ·, - .. , ' +: ·:r:: 

Ol MEi, S I ON /\ ( i·l, N I , a U l, Z ll 
DO UBLE PKEL I SIUN ~, d , SJM ,F N, JAt\S , AVA , RE~ , R, C 

SUM= t..l . 00 
DO 4 I=l, N 

2 B ( I , J I =u • Ll tJ 
SUM= SUM +OAdS ( A (I, I JI 

AVA= ')UM / FN 
REK =. OJJuO l •.i vA 

I F ( IJALIS ( A( 1 , 1 11- Fd: R lt>,6, 20 
6 IF!l- Nll :.J , 7 ,1 0 ,., 

C,\LL EX ! T 
1 0 0[) 12 1 1 =1 , N 

I F ( O ·\ H \; { o ( f 1 f l ) KER ) I 2 e i 2 , I 4 
1 2 CUN T! i, UE 

GO TO 7 

A( 1,JJl= ,l\ J ,JJJ H d 11,JJI 
1 6 a ( l, J Jl= .3 1 l ,JJl• t3 ( tl,JJI 

00 2 2 J=! , ,J 
A ( l , J l =R *A I I , J l 

= *' 
JO 37 11=1, N 
!F (Il-1! 32 , 3 7,3 2 

JO JS J=l, ,J 
A!l l ,Jl= A( 1 1 ,Jl• C*A (l,Jl 
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\,t-.,i\ 
q 7 9 
-1 80 
9 d l 
·; 82 
'18 3 

9d 5 
186 

988 

'!'-}\) 

nl 

~9 3 
'-}94 

99b 
'1 q 7 

',-19 
lJ l) l) 

I 'al " l 
LJ OZ 

l :, 'J~ 
llJJ4 
l0u5 

lJO 7 
l JUS 

lJl O 
LOU 

lOU 
Lu 14 

l O 16 
lJ l7 

l O 18 
1019 

LU 2 l 

Lu2J 
10 24 

' V 

LJc6 
l.)27 

1029 
1033 
103 1 
LUJZ 
103 3 

35 CON T li~UE 
37 Cll, TI MUE 
40 CONT HIUE 

00 42 1 = l, N 
DO 42 J-= 1, N 

RE TU RN 
100 F0i<"1Af l' 0 ***** "IATKI X IS SlNGU LAR 

SJSR UJ TI N~ ~FO l b l f , NOF l 

,1 RIT E l 6 ,L JU l 
JO 2 l=l , ,.Of 

4 ,{ E ~ D ( ~ , l u ~ l I , F f 
IF( ll l O,L J , 5 

l'l r<IT E(o , l J6 l I , FT 
GLl TO 4 

199 

····••J 

100 FORMAT ( ' 0 KNU~N NON -Z ERO LOADS',/,' COMPONEN T NUMBER LOAD') 
104 FURMAT I I5 , F L0 . 5 ) 
UH, l= GH ~H(~X ,l !;i ,7X,id l 4 1 

END 

~ ' IBP~ t lfl~liii l( i ll) Lfl ( 1i,l~L.oJ,MOl=I 
~ I ME NSION J (L OO l ,I HLD (l OO l 
DOJB LE: PRECiSI Ll~ J,UT 

DO 2 l=l , .~Of 
U(l l =O . DJ 

4 RE:AU ( 5 , l04ll , UT 
IF (IllJ,l J,5 

U ( 11 =UT 
,iRl TE ( 6 , LJ6 l I ,UT 

LO RETURN 
100 KNOwN JlSPLACEMENTS ',/,' CO MPONENT NUMBER DISPL 

104 FORMAT (l 5 , F L0 . 5 ) 
106 filKMAT (7 X,1 5 , d X, E: ll.4l 

SUbRGUTl Nc KF02d (Fl 

OU UBLE PREC ISILlN r , F T 
nR ITE ( 6 , l0 1) l 

I f- (llL U,lJ , 5 
5 Flll=F(ll+Fr 

GU TC 4 
l U RETUk N 

i ' !O F iiR Ml)T('iJ KiJQw,\! 11iON -ZE8Q iO ADS'.t,' COMPON ENT Nl/118E8 I QAQ 'I 
lU4 FOR ~AT (1 5 , F l 0.5l 
106 FGK,~Al ( 5 X, l5 , 7 X, t:: ll.4) 



,,,....r 10] 5 
1036 
l OJ 7 
l \J3 8 
10 3 9 

10 1tl 
l \J 42 

1044 
10 4 5 

l.; 4 7 
l 0 4 a 

10 50 
** ',,A K\l I.'JG** 

10 5 l 
1052 

10 54 
10 5 5 

10 5 7 
10 sa 

10 60 
106 1 

l J l. 3 
l\J 6 4 
]0b 5 

lOoo 
ltl'17 
l Ol.8 

SUBRUJT I NE KFO l BIF, NUF ) 
Dl'1ENSION F ( JO O) 
DOUB LE Pk EL ! S I ON F , FT 
\..K IT E ( o , l u O ) 
0 0 l. l=l , NDF 

4 REA0 ( 5 ,l 04 ll, ~T 
lF(lll u ,l0 , 5 

.- RIT E l 6 ,1 0 o l 1, FT 
GO TO 4 

200 

1 0 0 ~OWMAT 1• 0 KN O~N NGN- ZE~ Q LOADS',/,' COM PO NENT NUM~ER LOAD') 
10 4 F QRMA T(1 5 ,F l 0 . 5 ) 

[ ND 
s u aP RO~ RAM ~FOi ~ ~As PKEVI UU SLY DE FIN ED. F IRS T DEFINITION IS USE D 

SuBRGUTI NE KUOl BIU,! HLU, NDF I 
01ME N'.> 10N U ( jOQ),l HL0 ( 3 00 ) 

r. RI TE l 6 , lu0 l 
00 2 I=l, NG F 

2 I HLDI ! l =O 
4 REA0( 5 ,l 04 lI, J T 

5 IHLD(ll = l 
Ulll= UT 

Gu TO 4 
1 0 RET URN 

JOO f:il RM •\T(' d 
l E,'1EN T I I 

,.; NQ '..t', P i SPI 4C t MHJTS•,t,• COMPONENT NIJMAf8 P ISPIA l 

104 FURMAT(I 5 , F l u . S I 
i Pb EOB MAilZ X,1 5 , 8 6, f l 1,41 

•*nAR ~ l NG** SUdP ROG RAM ~UOl d ~AS PR~VI OUS LY UEfl NED. FIR ST DEFINITION I S USED 

1069 
10 10 
1 , 71 
ll) 72 
10 73 

LO 75 
LJ76 

10 7 3 
L0 79 

l.; tl 1 
LOUZ 

10 84 
l0d5 

10 8 7 
LOtl 8 
l 11d9 

SUBR OUTI NE L~Ol B(S , LBANU , NBA ND ,NU,T,NFl 
DI ME NS IO N S l LBANO , l I, r (NF , NF l, P l 6 I, T J ( 61 ,F K(6,6l 
Qtl l JHt l E k'b EC [ S ION S ,T, P ,I1,EK , S,JM 
NB f.=Nll ANC- NF +l 
DO 2 J J=l, NF 

4 TJ(Il = T(l ,J J 
DO 12 I-= l , NF 

DO l O ! J=l , NF 
JJ= NLJ+IJ 

IF(l!ld, tl , 10 
8 JJ=JJ Hl-1 

10 SUM=SUM +S( ! l,JJl *TJ(!JI 
1 2 P ( l 1-=SLJ M 

SUM=u . DO 
0 0 L 4 I J = L , i~ F 

J 4 SiJM- S1l '1 tU J I , J ·<J ·• 0 1 J ll 



~) \ lO'JO 
l O<J L 
Iu92 
l0 -13 
l ,H4 

LO% 
J. 0 97 

LO'l9 
LlOO 

lLOZ 
llu3 

ll 0 5 
ll 06 

Ll 08 
UJ9 

llll 
lLU 

Ll L4 
ll 15 

l L L 7 
lJ.lB 

LL20 
U 2 1 

ll22 
LUJ 
U2'1 
ll 2 5 
Ll 2o 

L 1 28 
l L29 
lDO 
ll31 
ll 32 

llJ4 

l lJ6 
l l 37 

ll39 
ll 'tO 

ll42 
ll'+3 

LU,5 
ll-+6 
i i '+7 

20 FK I I K , Jl=Sv,'1 
00 3C J=l, 1'ff 
JJ =Nu +-J 
!J O 3 0 l= J , NF 
II=l+- 1-J 

Ou 4d l :.= 2 , No F 
JJ=N1J• 2- l::i 

3 1 J O .:H, IP=l , NF 
SUM = 0 . 00 

•, r-

I I= I S- L +- I J 
3 2 SU ;~= SUM+ Tl l J , ; P l * 5 ( I 1 , J J I 

DO 40 IJ=l, NJ
ll=I S-L+-IJ 

4L DO 5 0 IS= 2 , NJF 
JO 4o IP=L, ,Jt-

DO 4 2 IJ=L, Nf 
JJ=NU+-IJ 

42 SU M= SUM+ SIIl,JJ)*TIIJ,I P I 
46 P(IPl= SUM 

JJ=NU+lJ 
ll=IS+NF-IJ 

?- ElU RN 
• END 

SUBROUT INE LR02B(F,NU,T, NF) 
OlMENSI Ll N f( lJ ,T(N f ,NFI ,FFI LOI 
u11 11a 1.t: ~ R~CiSiflM E ,C, f:-E , SltM 
DLJ 2 I = l, NF 

2 FF I I I =FI NU+- I I 

SuM= O. DO 
DO 4 IJ=l, Nf-

4 s · ir>1 )!iM+I ( I,, I )•EE( C II 
6 F ( NU+ I i= SU,'1 

1~ 1: TU RN 

SUBkUU TI NE KCJ2B(N F, XY , NDF I 

DOUBL E PNEC!S I ON XY , /4 , Y 
NO F=O 

2 Rt A0 ( 5 ,1 02ll, X, Y 
l F I I ) 2 0 , 20 , :, 

XY(2 ,l )=Y 
:~UF = Nllf + NF 

GO Tu 2 
20 RE TU :< N 

ld11 FOkM\I l''1 N1" lE "-!C CO/l tlll 
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✓:.tJ ..,,.,, ll48 
11 49 
d 50 

ll :> 1 

ll 53 
1154 

1156 
1157 

1159 
1160 

1162 
!163 

1165 
lloo 
UH 
1168 

11 t.9 
1170 
1171 

1173 
11 74 

l l "T o 
1177 

11 7 9 

ll d 2 
ll!l3 

11 1 5 
L.l ,16 

l l!:!EI 
1 I B9 
11 9 0 
ll '-1 1 

L 1 93 
11 9 4 

L 1 96 
ll '17 

11 9 9 
1200 

12 02 
12 0 3 

102 FORMAT (1 5 , 2f l 0 .51 
10 , FUR MA T(I 6 , 2X , l El2 . ~I 

END 

SJdM J ~ fl ~E K~J 3d l CY , NE, NJ F l 

DOUBLE PKE CIS IO N XY, X,Y 
NE=-l 

2 READ(5 ,1 02JI,X,Y 
IFIIl20,20,4 

XY(2 ,ll =Y 
NE=NE+l 

GO TO 2 
20 NDF=J•NE+3 

lJO FJRMAT( 1 0NOOE NO. X-COORD 
102 FORMAT(l5,2FL0.5 J 
104 FORMAI(lo,ZX,ZElZ 41 

END 

li•l~RO'ilBl5 RC iJo~(~IF,XY, MOFI 
• IMENSlON XY12,ll 
DOUBLE PRECISIJN XY , X,Y 

READ(5,102) NN 
NO F= Nf*NN 

I f · ( l l ,2 0 , 20 , '• 
4 XY(l., 11=,'( 

RETU R.J 
L 0 0 t=CJ RM A r I I IJ ~JDD E r,IQ. 

10 4 FORMAf(l o , 2X , 2E l 2 .~l 

X- COURO 

Y-COOkO' J 

Y-COORD' I 

106 FO RMAT ( ' v SYS rE .~ HA S ', 14 ,' DEGR EES OF FRt:EOOM ' I 

SJB ROUTI NE PFOlB(l E, PM ,P, ~ ,PFl 
,, r ME ci s I c1 N P 1:1 , r, 1 1 , e , z, -z 1 , e E, 1 a 1 , 2 e , 2 , 1 , G 1 2 1 , 1 H 1 

OJdl E 0 ME CI S ION PR, P,PF,PP,~,PC,PX,PY,C 
PC= PR ( l , l EI 

,>Y=P k D ,l l: I 
!=O 

00 2 JJ:1, K 
ll= K. +l-JJ 

2 PP( ll =PC*P(ll,JJ)H' -< i'P(l l tl , J J)+PY*P(Il,JJ+ll 
OU 6 1 =1,1 8 

6 PF(ll=C 
RE TU P-N 
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'! 
L205 
12 0 b 
1207 
l208 
L2 09 

12ll 
L212 
l2B 
1214 
l2l5 

l2l7 
l.2Ul 
1219 
1220 

l2 2 2 
l223 

Ll25 
l.226 

122B 
1229 

l2 Jl. 
L2H 

1233 
L.!J ·, 
l 2 J5 
l.2Jb 

l2J 8 
l. 23 9 

1241 
1242 

" l z.;, 3 
1244 
l.245 

12.4 1 
124a 
L:.{49 

L2 ::>0 
U5 l 

12 53 
U 54 

12 5b 
l.2 ::> 7 

1259 
12ou 
1 ,, I· I 

SUBk UU TI ~E h JJlb(U ,T klG , ~ DFI 
JIME i,S li..l N U( l.1,Tf(lG ( ll 
LlOUBLE P KE ~I SION U,f RI ~,us 
00 20 1= 2 , NUF ,L. 
lF(T K lu( ,l 1 5 , 20 , '.j 

US =U( l ll 
IJ ( I l I -= TR I _; ( I 1 I *U ( I 1 I - T K I G ( I I * U ( l l 
J(I) -rRIG IIIS\.JS+Tl<IGIIJ.)# •l(ll 

20 CONTl'WE 
RE TURN 

SUBROUTIN E RU02 B ( U , NU,T,Nfl 
·JI '4HI li IQ ~I I( l I I T ( ~IF, MF I , ' IP I Hl I 
JOUBLE PRELiS I UN u,T,UP,SJM 
DO 2 1=1, NF 

2 UP IIl =UllJ I 
00 6 1=1,Nf 

00 4 IJ=l, NF 
4 SUM=SUM+T (I,IJl* UP(lJl 

6 U( !Ul= SUM 
~E TURN 

SU BROUTl Nc ST0 3 8 (0, d ,~l,ET,U, NCON,1El 

203 

0 I l4 B, li IQ ti D ( 3 , J I , el I :3 , I> 1 , ,, I I<> , o I , 'I I I I , NCO NI 3 , I i , II EI 6 I , SIR I 3 ) , PI 6 I 
l P ( 31 

DOUBLE PRECl~IO N D, J,Al , ET,U,Uc, STR,P,EP,C,A,R,TH,OATAN 
llQIIIH.Ei P11i;C I:; ION D':.i<lRI , j I, S2 
DO 2 K=l, 2 
DO 2 IH=l,3 

Il= 2 '>'NC LJN ( I ii , ! E l +K-2 
2 JE(ll=U(lll 

P(ll= 0 . 00 
0 0 4 I J= l. , 6 

& P ( 1 I - t? ( I l t e\ I I 1 , I 11 XI I c ( I I I 
EP ( ll =- ET 
EP( 2 l=- ET 

Ou 6 l= l, ; 
DO u l J=l, 6 

o EiP (li Ei-'!l l+ fl([ ,Ill *<'IIl 1 
Uu >3 I= 1 ,1 
S T is ( I l = O • u J 

8 S T R ( I I= SIR (I l +O ( I , I J l 1< U ( l J) 

A= . 5 Dv * ( ST R l l. I ~ S Ti( l 2 l l 

K=DS CRTI C*«Z+ S T~ (3l• • Z J 
!F( C l 9 , lU,llJ 

10 S l=A+ ~ 
S2 = A- R 
TH 90 r,a/3 i41 'i9 D0X i1T4 ~! f::l ( R l-\,/C) 



vi'-' 12 b2 
l263 
l.264 
l2b5 

, l 6 Q 

U.6 7 
U68 
i.:. ~Q 

l.2 70 
l. 2 71 

12 73 
l2 74 

) -
l.271> 
l.277 
l2 78 
l Z 79 
U80 

l 282 
lZ d3 

l2. d5 
1286 

12 68 
l 2ci 9 
l291 
ii? l 
l 292 
1,9;1 
l Z 14 

1295 
U <J6 
l2 S T 

l2 9 ':1 
13 0 ') 

l3J2 
13 03 

t3U5 
13 06 
I :\i tZ 
lj08 
UJ} 

Ull 
l 3 l2 

l.H4 
l. 31. 5 
- I 

lJl 7 
lHd 

~Kll E (6 , lJ J )! E ,( ST k ( !) ,l=l.,3),fH, S l,S2 
RE TUI- N 

l OO ~U RMA T(l 6 , 2X , 3 Ell. 3 , F lJ.1, 2E l 0 .3J 
END 

ii i I a RU I IT I ~. t. SI O c) t.\ ( 0 B , t\ I , , I , NC r: ·)I , I t ) 
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Ll I ;~E f\iS ION DH ( J , 12. l , ,u ( 12, l Z l , U ( l ) , NCO!'i I 6, U , UE I 12) , STR ( 3 J , p I 12) 
DOUd LE PREC I S ION Ll H,AI,u,JE, S TR,P,DS UR T,Sl,S2,DATAN 
QQilal.5 l?PlatlSIUi>I ,- , ", R,I H 
OlJ 2 l A= l ,Z 
00 2 l B= 1 , 6 

II= 2•NCOf\,(IB ,! E)+l~-z 
2 uE (l)= u (ll) 

Pll l= J . 
DO 4 IJ=l , 12. 

4: L> ( I ) - P ( 1 It: A I ( I , T 11 ti IE I i I \ 
DG 6 I:l.,3 
S TR I I ) =O. 

6 STR l!l= STR l!)+OB( l ,! Jl*P(!J l 
A=.5 * 1 ST R(ll+SrR(21l 

R=DS~f.T(C**Z+STR(Jl**Zl 
IF (Cl 'J ,l U, lu 

10 Sl=A+f..· 
S2-=A-R 
TH-90 0 14 15 9*i!AC"Nl:iIRl3 1tc) 
,.RI TE ( 6, LOO l I t:, ( ST R I I l, I= l, J l, TH, S 1, S2 
REl'URN 

l OC l FQ9MAT(io,3X ,l if 10 1,l¥:),E6 1,3X, f ltl 3,3X,FIO 31 
ENO 

S ld BOtJ CC Nt: T f 11 1~ f 'f P,X,X,PI 
D!~ENS! Xl 4l ,Y( 4 1,P( NP, NPJ 
DOUB LE Pk EC I S!ON X, Y,P,Xl, X2 ,X 3 , Yl ,Y 2 ,Y3,A,C 

X l =X ( l l 
X2=X(Z l 

Yl=Y(l) 
YZ=Y( Zl 

A=O . DO 
DlJ l !=1, 3 
.1-u 5DH:IXll)Hlltl)-illtll*Xlill 
P ( l ,ll=l. JO 
Plldl=J . 00 

DO 14 ~•=2, 6 
I F I N- i~L) J , 3 , 2J 

GO TU 14, 5 , 5 ,7, 8 1, K 
4 C=l . LJJ /l 2 . 00 

5 C=l . U0/30 . 0J 
GU TU 10 



;01 1320 
LlZl 
1322 
l3 23 
l32'+ 

1320 
un 
U ,HI 
13 29 
13]0 
Ll3l. 
LJ .:i 2 

DH 

L 3 34 

DJ& 

lJ,H, 

1337 

13 39 
13'+0 

l342 
l3't3 

1344 
U4S 
L 4 <tO 
l347 
iJ'+il 

1350 
b5l 

l3 53 
U54 

1356 
l3 57 

l 3 S9 
doO 

l3oL 
1363 

13 65 
U 6 o 

l3bd 
l iH,Y 

GC TL 10 
8 C=l . LlO 

lu NE = H 
DO 12 1=2,N 
11=1-l 

J=Jl+l 
12 P(l , J l =C~(/4l**l l *Yl**Jl +XZ**ll*YZ**Jl+ X3**I l*Y3••Jll 

11 ( 1, Pile ) , ... ( Y i.*,. ' I +Y 2**f·l +Y :l**ill I 
P(NE,Ll=C*(Xl*•N+A2**N+X3** Nl 

14 CuNT !NUE 
;;>(7 .Ll P<7,ll 1 1i 4 ~1 1' +LS O• )ll.4 Ll"*P IS,ll*Pl3,JI 
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P(o,2)=- P(b,Ll /l a8.00+l5 . J0 / 14 . 00*(2 . 00*P l5,ll•Pl2,21 
l+ 5 . DO•P<4 ,ll *P ( J,Ll+L . UO*P (3,ll *P(4,2 11 

r,l(~,:.i , - lL iJJ#P ( S , 3) ."H· J D·J+l 1:>0 11 4 no•(o PO•P(5,]l*P(],31 
1+24. JO•P <3,ll*P(J, 3 l+ JO . DU*P(4,l]*P12,31+ 
l4 8 . DO*P (4,21*P<L,2l+75. DO*PIJ ,Ll**21 

g( 41¼ 1 -8(4-,4) /5 $ tJQ • I 00 / 28 DO* f 25 DO*P f4, 1 l*PC 1,41 
l+ 22 5.U O•P(J , 2 l*P(2,Jl+3b.J v* Pl3,ll*P(2,41+ 
LJ6. DO•Pll , 3l*Pl4,2 l+l 08 . DU*P l 2 , 2 1*P (3, 3J l 
P(J,11)- Li. l )i)~.,>(:.l , S)t\l1+0 llO +i. D0 tl 4 0'1¥ ( ·, D1 l*PIJ,5)*P(3,J) 

l+ 24 . JO•P (l,3l*P(J,31+3J.UO*P(l,41*P13,21 
1+4 d.JO*P (2 , 4 1* Pl2 , 2 l+75. 0U*P l 2, 3l**2l 
Pl2,,.) Pl~ , 11) 1 1, ;;,a O•J+i.S ll' iti.4 DO*(~ DO*PIJ,5l*PC2,?lt 

l 5 .JO *P (l,4l*P(2,3l+2.DO*Pll,3)*Pl2,4ll 
P ( l, 7l =P ( l, 7) / 84 . DO+ 15. DO / 14. DO*P I 1, 51 * PI 1, 3 I 

JL= NP +l-1 
DO 24 J=l,JL 

RE TU RN 
i::NO 

::iJdRCU I I NE r.• 0 2!3 ( TH , TI 
OU-1E NSI0 1~ T(5 , 51 
'.)Q ' ll,jL,i, p;;,1,, !Sl.Jtl r IH,C,O(QS,S,OSIN,Cr,ss,cs 
TH=3.l41 59 DO *Trl /1 8G . 00 
C=uC OS ( Tri) 

CC=C*C 
CS =C *S 

T ( 1 , :. l=C 
Tl L, 2 1= - S 

T12 , 2l=C 
Tl 3,3l=C C 

TIJ,51=:, S 
T ( 4 , 3 J =C S 

Tl4, :> l=-C S 
Tl5,Jl= SS 

T ( .5, 5 l =C C 
RE TU kN 

SUB ROU TI Ne ST l <;13 ( Ll , u , NC:JN , TH, ,-.1,, l 
Q i 'dE 'I> I ! IN I { I ) , !l ( 3 , 3 I , E \i l 3 ) , S f .. f J I , •· ( 3 I , ~,c ON ( NN , 1 ) 



·~ ... U 70 
. u 71 
U72 
U7.l 
13 74 

U (6 
137 f 

13 7':l 
LJdJ 

u uz 
lJdJ 

U35 
l3 ~6 

13 d8 
U d9 

l l <J l 
13 92 

l3<, J 
13 9 4 
139 5 
1396 
l 3-J l 

LJ'J9 
1 .. uu 

14 0 2 
l 4d3 
1'+ 0 4 
14 0 5 
L40b 
14 ,i Z 
l 4d8 
l4 J 9 

-
'-

C 

C 
C 

C 
C 

C 
C 

C 
C 

C 
C 

oouBLE PRE C I SION u ,J , Tr1 , 1:) 1, :; r R , c , :; ,A , B, R,u sQR T : r HE, o ATA N, S l, S2 
DO 2:J IN= L, NN 
Cl ll= U( 6*!N - Z l 
Cl 2 l = U ( b*! Nl 
C(3)= 2 . J O•U l a *[ N-ll 

S= O. DO 
DO a £ J= l , 3 

E.'-1 I I l =S 
d S TR( ll=- 6. Dll*S lf H** 2 

,3-= STk (ll - A 
~=OS " RTI B**2 +S TRl 3 )** 2 l 

9 R=- k 
l u S l=At R 

THE ='10 . 0u / 3 . 1 4 L5 ~DU• OAT AN ( ~TR( 3 l /d l 
20 1/k !1 E ! o ,l :.J O ) I N,E M, 5TR , TH E , S 1, S2 

100 FO~ MAT(l u , 3X , 6E lU . J ,F 9 .l, 2ElU . J) 
END 

SUBRUU T!NE STl Ud l ~d , NCd~ XY, Ll, YMB ) 
u LME,,S ! Gr\ .-.Co 12 , ll , XY 12 , ll,U(ll 
10 , ,a, t: 1JYEc 1s1 J.\J <,Y,ll , XM B, tl , xv, s rR 

,l R I l E ( 0 ' l O O J 
fFI NB l 6 , 6 , 2 

il/N l= NCil l L, I d l 
NN2 = ,,C ::HZ , I 8 l 

Y=XYl 2 , NN2 l - XYl 2 , i11N ll 
EL=Y M~ /( X*• 2 • Y**Zl 
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SI B=•· I t I X * t, II Z*N NZ - I ) -II { Z* NN I - I I I tY* ( I I ( 2*NN 2)-\ J( Z*NN U I I 
4 
6 

110 
lll Z 

,,R IT E ( 6 , lJ 2 l I ~ , 5 TR 
kE TU,1N 
f OB MO[(' cl I3 1\R \11 ! 
F OxMA T l 1 6 , J X , El 2 . 4 J 
ENO 

)TR ES S PSi' I 
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