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ABSTRACT

On the Continuity of Functions

and of Their Restrictions to Function Graphs

John P. Dalbec
Master of Science in Mathematics

Youngstown State University, 1990

This paper examines a theorem of N. N. Luzin that a function is continuous on a rectangle
if and only if it is continuous on the graph of every continuous function from one side of

the rectangle to the other, and presents two original generalizations of that theorem.



ACKNOWLEDGMENTS

[ wish to thank Dr. Zbigniew Piotrowski for translating and calling to my attention
the theorem of N. N. Luzin that is the basis for this paper, and for his advice in the
stages of its development. I wish to thank Dr. Eric J. Wingler for his guidance in

ear]

tra.nj;forming a proof of Theorem 2.4 into a thesis. His patience is without equal. I wish to
thank Drs. Piotrowski and Wingler jointly for their paper [6], which inspired some of the
constructions herein. I wish to thank Drs. John J. Buoni and S. F. Barger for their advice
and for their corrections to a draft of this paper. I wish to thank Dr. J. Douglas Faires
for introducing me to the many forms of TgX, and J. O. for demonstrating the use of TEX
to compose a thesis. Finally, I wish to thank Dr. David Pollack for reminding me that

“You can’t finish something until you start it,” otherwise I would still be chasing proofs

and counterexamples, and this paper would exist only in my mind.



TABLE OF CONTENTS

RUBEIACTT s v e s Boswmmn e $wims. e s 908 0 5 566 5 54K §4 9l B ac 5 B4 5y 4 53 ii
ACKNOWLEDGMENTS. ...ttt ceee e il
TABLE OF CONTENTS . ..cocsnurssresssnarssnressrnsesanwenssssssnms iv
INTRBODYICTTON i« 606 5500 5 e 555 5 55065 5 505 86508 5 0,88 895818 51 58 55 5 8 8 4 60 bk 0 o v
CHAPTER 0. Introductory Material............cccoiiiuiiiiiinninnnnnn... 1
CHAPTER 1. A Theorem of N. N. Luzin............coooiviiiiina.... 10
CHAPTER 2. Generalizations of Luzin’s Theorem..................... 13
CHAPTER 3. Counterexamples............... A 0 19
BEFPERENUES . o vt nonvsesmens wnmmsemsne s sre s vns G symmes s s w8 s 25
iv

finmg & MAAAD Mfgigﬁﬂy‘; .

AIINCCTAWN CTATE [INIVERCHT
(DUNGSTOWN STATE UNIVERSITY



INTRODUCTION

This paper is a report of original research by the author regarding the question of
vhich topological properties are necessary for a function to be continuous on a product of
;opological spaces if and only if it is continuous on the graphs of all continuous functions
from one factor of the product into the other. This research generalizes a theorem of N. N.
Luzin which proves the above statement for a function from a product of closed intervals
into the real line.

Chapter 0 presents background material that is used in later chapters. The first sec-
tion of this chapter is optional for readers with a working knowledge of general topology.
The second section of the chapter, however, is optional only for those readers who are
familiar with the properties of sequential spaces. Chapter 1 presents Luzin’s Theorem and
describes a generalization to be found in the literature. Chapter 2 presents two original
generalizations of that theorem, and Chapter 3 presents some counterexamples to show

the necessity of some of the hypotheses in these generalizations.



CHAPTER 0
Introductory Material

This chapter presents some background material on general topology, some of which the
reader may already know. The results in the second section of the chapter on sequential
spaces may well be unfamiliar to him, however, and he is encouraged to read these. Al-
though they do not directly enter into the proof of our main result, they provide some

indication of what makes some spaces sequential and others not.
General Topology

Much more information than is included in this section may be found in most textbooks
on general topology, for example [2] or [4]. Such information may also be found in part I
of [8], although fewer proofs are given there.

A topological space is an ordered pair (X, 7)) where X is any set and 7 is a collection
of subsets of X, called a topology. The members of 7 are called open sets, and an open
set including a point is called a neighborhood of that point. The topology 7 includes
all (arbitrary) unions and all finite intersections of its members. As such, 7 must include
the empty union () and the empty intersection X. Usually, we refer to a topological space
by naming the set X without mentioning the topology 7.

Common examples of topological spaces are the real line R, the closed unit interval I,
and the general closed interval [a, b] with endpoints a and b. The topology on the real line is
called the Euclidean topology. This topology consists of all unions of open intervals (a, b).
The topology of a closed interval [a,b] is the subspace topology, the set of intersections
UnN|q, b] for all open sets U in the Euclidean top:)logy on the real line. This also applies
to the closed unit interval I = [0, 1].

A basis for a topology on X is a family B of open sets such that each open set in X is
the union of open sets included in B. Equivalently, for each point in an open set V there
is an open set in B included in V' and including that point. This is because a union of

sets includes a point if and only if one of the sets in that union includes that point. A



jocal pasis at a point z is a family B of open sets each including z such that any open
neighborhood of z includes a member of B. Finally, a subbasis for a topology on X is a
family of open sets, the intersections of finitely many members of which constitute a basis
for that topology.

A function f from a topological space X to a topological space Y (f : X — Y) is

continuous if and only if for any open set V in Y, the inverse image of V' with respect to
f (denoted by f~*(V)) is open in X. If a function f : X — Y is continuous, one-to—one,
and onto, and its inverse is also continuous, f is called a homeomorphism and X and
Y are called homeomorphic. In this case, X and Y are topologically indistinguishable.
For example, all closed intervals [a, b] are homeomorphic to one another, so the closed unit
interval I is equivalent to any of them for topological purposes. The real line R is not
homeomorphic to I.

A continuous function from the closed unit interval I into a space Y is called a path.
A space is path—connected if, for each pair z,y of points in Y, there is a path p such
that p(0) = =z and p(1) = y. A space is locally path—connected if it has a basis of
path—connected sets, i.e, if every open set is the union of path-connected open sets. A
space is connected if there is no pair of disjoint nonempty open sets whose union is the
entire space. A space is locally connected if it has a basis of connected sets. If a space
X is the union of two disjoint nonempty open sets U and V, and z is a point in U and
Y is a point in V, then there is no path p connecting z and y. Otherwise p~1(U) 3 0
and p~1(V') 3 1 are disjoint nonempty open sets whose union is the closed unit interval.
This is impossible, so such a path cannot exist. Therefore path—connectedness implies
connectedness, and local path—connectedness implies local connectedness.

A point z in a topological space X is called an isolated point if the set {z} is open.
A space is called dense in itself if it includes no isolated points. Since an isolated point
Corresponds to a one—point open set, a space is dense in itself if and only if each open set
includes at least two points.

A number of separation axioms are used in topology. A space is called T} if for any
two distinct points z and y there is an open set including z but not y. The open set is

S2id to separate the points z and y, hence the designation “separation axioms.” A space
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is called T2 or Hausdorff if for any two distinct points z and y there are two open sets,
Be including = and the other including y, which do not intersect one another. (Two sets
E. called disjoint if they do not intersect.) A space is called T if for any point z and
any closed set K not including z, there are two disjoint open sets, one including z and the
other including K. Equivalently, a space is T3 if for any point z and any neighborhood
V of z, there exists a neighborhood U of z whose closure is included in V. A Tj space
that is also T1 1s called regular. Finally, a space is called T3ji if for any point £ and any
closed set K not including z, there exists a function f : X — I such that f(z) = 1 and
f(K)=0. If the space is also T3, then it is called completely regular. There are several

other separation axioms, but we will not have occasion to use them here.

LEMMA 0.0. A completely regular space is regular; a regular space is Hausdorff; and a

Hausdorff space is T.

ProoF: Let z,y be distinct points in a space X and let K be a closed subset of X not
including z. Suppose that X is T; 1. Then there is a continuous function f : X — I
where f(z) = 1 and f(K) = 0. Let U = f~((1/2,1]) and V = f~1([0,1/2)). Since f
is continuous, U and V are open. Furthermore, z € f~1(1) C U and K C f~(0) C V.
Therefore X is T3. If X is completely regular, then it is also 77, hence regular. Suppose
that X is regular. Then, since X is T}, each point z # y in X has an open neighborhood
not including y. The union of these neighborhoods is X \ {y}, and is open because it is
the union of open sets. Therefore, the point y is closed, and since X is T3, there exist
disjoint open neighborhoods including z and y respectively. Hence X is Hausdorff. Finally,
suppose that X is Hausdorff. Then there exist disjoint open neighborhoods U and Vofz
and y, respectively. Sincey ¢ U, X is Ty. I

Warning! A sequence in a space that is not Hausdorff may have more than one limit.
For this reason we will take lim z; to be a set rather than a point in such spaces.

A space X is called compact if for every collection of open sets whose union is X (an
OPen cover), there is a finite subcollection whose union is also X (a finite subcover).
A space is called countably -compact if every countable open cover has a finite sub-

ver. Obviously, a compact space is countably compact. A space is called sequentially
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mpact if every sequence has a convergent subsequence.
co

LEMMA 0.1 [2,p-266]. A sequentially compact space is countably compact.

proo¥: Let X be sequentially compact and let {U,} be a countable open cover. Suppose
that {Un} has no finite subcover. We may choose z, € X \ |J;_, Uk for each n because
the union of finitely many Uy cannot cover X. Then the sequence {z,} has a subsequence
{<, } converging to some point zo. Since {Upn} covers X, z¢9 € Uy, for some number n,.
Then there exists a number N such that z}, € Up, for all n > N. But z, ¢ Uy, for all

n > ng, so at most ng —1 points of z!, belong to U,,,, contradicting the previous statement.

Therefore {Un} must have a finite subcover. I

Sequential Spaces

A space is called second countable if it has a countable basis and first countable if it
has a countable local basis at each point. Obviously, a second countable space is also first
countable. A space is called Fréchet if the closure of a set includes precisely the limits of
all sequences included in the set. A space is called sequential if a set is closed precisely

when it includes the limits of all sequences included in the set.
LEMMA 0.2[2,p.78]. A first countable space is Fréchet and a Fréchet space is sequential.

PROOF: Let X be first countable. Let A be a subset of X and let z belong to the closure
of A. Let {U,} be the countable local basis at z. Since z is in the closure of A, the
intersection of A with any open neighborhood of z is nonempty. Therefore, we may choose
Zn € AN(\i=, Uk for each n. Since any open neighborhood of z includes some Uy, it also
includes z,, for all n > N. Thus {z,} converges to z. Since z and A were arbitrary, any
Point in the closure of any set is a limit of some sequence in the set. Since a limit of a
S€quence belongs to the closure of any set including that sequence, X is Fréchet. Now let
X be Fréchet and let A be a subset of X as before. If A includes the limits of all sequences

that it includes, then A is its own closure, and is closed. Therefore X is sequential. [

The next two lemmas characterize sequential spaces as those spaces on which a function

18 continuous if and only if it preserves convergent sequences.
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LEMMA 0.3 [2,p-78]. A function f from a sequential space X to a topological space Y is

continuous if and only if f(limz;) C lim f(z;) for every sequence {z;} in X.

prooF: Fix {z:}, let = € X, and suppose that f is continuous and f(z) ¢ lim f(z;).
Then there exists an open set V in Y including f(z), but excluding infinitely many of the
f(-'l?i)- Since f is continu?us, f~1(V) is open in X. But f~!(V) includes z while excluding
infinitely many of the z;. Therefore z ¢ limz; and so f(z) ¢ f(limz;). We have shown,
then, that f(limz;) C lim f(z;) for the arbitrary sequence {z:}. Conversely, suppose that
f(lim z;) C lim f(z;) for every sequence {z;} in X. Let K be any closed subset of ¥ and
let {z;} be a sequence in f~Y(K). Then {f(z;)} C K and so f(limz;) C lim f(z;) C K.
Therefore limz; C f ~1(K), and since X is sequential, f~!(K) is closed. Since this holds

for any closed subset K of Y, f is continuous. I

LEMMA 0.4. Let X be a topological space. Suppose that, for all topological spaces Y and
all functions f : X — Y, f is continuous if and only if f(limz;) C lim f(z;) for every
sequence {z;} in X. Then X is sequential.

PROOF: Let A be a subset of X. Let Y be Sierpinski space (the set {0,1}, with open sets
9, {0}, and {0,1}) and let f(z) be 1if z € A and 0 otherwise. Suppose that lim z; C A for
every sequence {z;} in A. Then f(limz;) C f(A) = {1} and lim f(z;) =lim1 = {1}. Since
{1} c {1}, we have f(lim z;) C lim f(z;), and so f is continuous. But then A = f~1(1) is
closed, and so X is sequential. i

The following lemma, together with Lemma 0.1, shows that countable compactness and

sequential compactness are equivalent in sequential spaces.
LEMMA 0.5 [2,p.266]. A countably compact sequential space is sequentially compact.

PROOF: Let X be sequential and countably compact, and let {z,} be a sequence in X.
We will show that this sequence has a convergent subsequence. Let K, = {zx}%2, and
let U, = x \ K, for all n. Then {U,} is a countable cover of X with no finite subcover.
Since X is countably compact, there exists a number m such that U,, is not open, and so
its complement K,, is not closed. Let z belong to the closure of K,,, but not to K,, itself.

Then there exists a sequence {yn } in K, converging to z. Since {y,} C Km = {zx},, C
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{yn} has a convergent subsequence that is a subsequence of {z,}. Since {z,} was

{.'En}’

arbitrary; X is sequentially compact. [

The topological product of two spaces X and Y is the Cartesian product X x Y with
the product topology, which is generated by the basis consisting of all open rectangles
U x V, where U is open in X and V is open in Y. Associated with a product space are
the projections which map a point onto its first (resp. second) coordinate.

The following lemmas show two ways in which one can force a product of two spaces to

be sequential.

LEMMA 0.6 [2,p.111]. The product of two first countable spaces is first countable.

ProoF: Let X and Y be topological spaces and let (z,y) € X x Y. Let W be an open
neighborhood of (z,y). Since W is the union of open rectangles, at least one such rectangle
includes the point (x,y). Therefore, there exist open neighborhoods U and V of z and v,
respectively, such that U x V. .C W. Let {U,n} be a local basis at z, and let {V,} be a
local basis at y. Then there exist numbers ¢ and j such that U; C U and V; C V, and so
U; x V; C W. Since W was arbitrary, the collection of all sets of the form U; x V; is a
local basis at (z,y). Since this collection is countable and (z,y) was arbitrary, X x Y is
first countable. |

LEMMA 0.7 [2,p.271]. The product of two sequential spaces, one of which is sequentially

compact, is sequential.

The proof of this result requires several intermediate lemmas.

A function is a quotient mapping if each set in the range of f is closed if and only if
its inverse image with respect to f is closed.

The next two lemmas, together with Lemma 0.2, characterize sequential spaces as the

Images of first countable spaces under quotient mappings.

LEmMma 0.8 [2,p.134]. The image of a sequential space under a quotient mapping is
Sequential,

PROOF: Let X be a sequential space and let Y be topological. Let f : X — Y be an onto
Quotient mapping. Let A be a subset of Y and let {z,} be any sequence in f~1(A). Suppose
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- Jim f(zn) C A for every such sequence {zn}. Then f(limz,) C lim f(z,) C A, so

imon C f -1(A) for every sequence {z,}, so that f~!(A) is closed. Since f is a quotient
n

ng, A is closed also. Since A was arbitrary and any closed set includes the limits of

maPPi
any sequences included in it, Y is a sequential space. i

LEMMA 0.9 [2,p-134]. Let X be a sequential space, let A be the subspace {0, 1, 1/2,...}

of the real numbers, and let X4 be the space of continuous functions from A to X with the

discrete topology. Then the evaluation mapping f : X 4 x A — X is a quotient mapping.

pROOF: Since the space X 4 is discrete, the basis for the topology of X4 x A consists of
all sets of the form {g} x U, where g is in X4 and U is open in A. Let V be open in X.
Then f~1(V) = Uyexa{g} X g~ }(V). But ¢g~(V) is open since every function in X4 is
continuous. Therefore f~1(V') is open, being a union of open sets, and so f is continuous.
If we take V = X \ K, then f~}(K) = (X4 x A) \ f~}(V) is closed. Let K be a subset
of X and suppose that f~!(K) is closed. Since each g € X4 is closed as a subset, the set
{g} x A is closed, and therefore ({g} x A) N f~}(K) = {g} x g7!(K) is closed in {g} x A.
Since {g} X A and A are isomorphic, g7!(K) is closed in A. Thus either g~(K) is finite,
or it includes the point 0. In other words, either K includes only finitely many points of
the sequence {g(1/n)}, or it includes the point g(0) = lim g(1/n). Now every convergent
sequence {z,} C K generates a function g(1/n) = z, in X4 for each of its limit points
(= g(0)), for the only sets not closed in A are infinite but do not include 0, and since {z,}
converges, no infinite subset of {z,} is closed that does not include lim z,,. Therefore every
convergent sequence contained in K converges, and so K is closed since X is a sequential

space. Thus f is a quotient mapping. i

The space X4 x A is first countable since each point (g,1/n) is open, and each point (g, 0)
has the countable local basis {{(g,0)} U {(g,1/m)}=_,}52,. Therefore every sequential
Space is the image of a first countable space under a quotient mapping, and by Lemmas
0.2 and 0.8, the image of a first countable space under a quotient mapping is sequential.

A closed function maps each closed set to another closed set.

LEMMA 0.10. Let X be sequentially compact and let Y be sequential. Then the projection
PXxY oy is closed.
AR
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PROOF: Let F be a closed subset of X x Y. Let {y,} be a convergent sequence in p(F').

Then there exists a sequence {z,} in X such that (z,,y,) € F for each n. Since X

is sequentially compact, the sequence {(z,,yn)} has a subsequence {(z/,,y,)} such that

{zL) converges. Since the sequence {yn} converges, the subsequence {y;} converges to
n

[imyn. Then the compound sequence {(z/,,y.,)} converges, so lim(z!,,y!) C F and thus

my, = limya C p(F). Since {yn} was arbitrary and Y is sequential, p(F') is closed, and

since F was arbitrary, the projection p is closed. i

A space is called locally compact (resp. locally sequentially compact) if it has a
basis, every member of which has a compact (resp. sequentially compact) closure. The
space X x A defined above is locally sequentially compact. A basis at each point (g,1/n)
is the set {(g,1/n)}, which is closed as well as open, and in which every sequence converges
to (g,1/n). A basis at each point (g,0) consists of all sets of the form {g} x([0,1/n) N 4) =
{g} x([0,1 /(n+1)] N A). Every sequence in one of these sets has a convergent subsequence
that is either eventually constant or converges to (g,0). Therefore X4 x A is locally

sequentially compact.

LEMMA 0.11 [2,p.271]. For every locally sequentially compact space X, every sequential
space Y, and every quotient mapping g : Y — Z, the mapping f : X xY — X X Z defined

by f(z,y) = (z,9(y)) is a quotient mapping.

PROOF: Let W be a set in X x Z and let (zo, z9) be a point of W. Suppose that f~1(W) is
open. Choose a point y € g71(2¢), and let U be a neighborhood of zo having sequentially
compact closure and such that U x {y} C f~!(W). Since (z,y) € f~1(W) is equivalent to
f(z,y) = (2, 9(y)) € W, which is equivalent to f~!(z,g(y)) = {z} x g7 (9(y)) C f (W),
it follows that U x {y} C f~!(W) whenever U x ¢g~(g(y)) C f~}(W) for each y € Y.
Therefore T x 97 20) C fFY(W). Let V= {2z € Z|U x g7X(z) C f*(W)}. Then
V) = {y € YT x g7(o()) C f(W)} = {y € Y|U x {y} C F7(W)} by the
®quivalence noted above. The set (UxY)\ f7Y(W) is closed, being the difference of a
closed set and an open one. Since U is sequentially compact and Y is sequential, the
Projection p: U x Y — Y is closed by Lemma 0.10, so p((U x Y) \ f~}(W)) is closed. But
this set is just the complement of g~!(V), which is therefore open. Since g is a quotient
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mapping V is open also, and so U x V' is an open neighborhood of (zo, 29) included in W.
ISince (20,70 ) was arbitrary, W is open. Conversely, assume W is open. Then W is the
 gnion of open rectangles Uy X Vg, where U, is open in X and V, is open in Z. Since g is a
 uotient mepping, 97 (Va) is open, and so (W) = U (Ua x Vi) = UTa x 97 (Va)
{s open as well. Thus f is a quotient mapping.

PROOF OF LEMMA 0.7: ‘The space (X4 x A) x (Y4 x A) is first countable by Lemma 0.6.
Since YA x A is locally sequentially compact and the evaluation map g: X4 x A — X isa
' quotient mapping, so too is the map f : (X4 x A) x (Y4 x A) = X x (Y4 x A) defined by
f@,y) = (z,9(y)) by Lemma 0.11. Then X x (Y# x A) is sequential by Lemma 0.8. Since
X is locally sequentially compact and the evaluation map g : Y4 x A — Y is a quotient
‘mapping, so too is the map f: X x (YA x A) = X x Y defined as above by Lemma 0.11.

Then X x Y is sequential by Lemma 0.8. I



CHAPTER 1

A Theorem of N. N. Luzin

In [5], N. N. Luzin proves the following theorem:

TueoREM 1.1. The function F : [a,b] x [c,d] — R is continuous if and only if for every
continuous function f : [a,b] — [c,d], the function Fy : [a,b] — R defined by F¢(z) =
F(z, f(z)) is continuous, and for every continuous function g : [c,d] — [a, b], the function

F? : [c,d] = R defined by FI(y) = F(g¢(y),y) is continuous.

Luzin’s proof of necessity shows that Fy and FY are in fact uniformly continuous, but
this result is stronger than we need in order to prove this theorem. We give instead a proof
that Fy and F¢ are continuous when [a, ], [c, d], and R are replaced by general topological
spaces X, Y, and Z, respectively. The general result then applies to the specific case where
X =[a,b], Y =[c,d], and Z = R.

NECESSITY: Suppose F is continuous and fix f and g. We will show that Fy and FY are
also continuous. Fix z € X and let y = f(z) and z = F¢(z) = F(z,y). Let W be an open
neighborhood of z. Since F' is continuous, F~!(W) is open. Since the open rectangles
form a basis for the product topology on X x Y, there exist open neighborhoods U of z
and V of y such that U x V C F~}(W). Since f is continuous, f~!(V) is open, and so
G=UnNf~1(V) is an open neighborhood of z such that Fy(G) C W. Since W and = were

arbitrary, F; is continuous. A similar argument shows that F¢ is continuous also. il

The proof of sufficiency requires the following lemma:

LEMMA 1.2 [1,p.51;2,p.78]. Let X be a topological space. Let {z,} C X converge to

%o Let {z],} be a subsequence of {z,}. Then {z!} converges to .

PRooF: Let U be an open neighborhood of zo. Then there exists N such that n < N for
alz, ¢ U. Since {z!,} C {za}, {z,}\U C {2z} \U and so {z,,} \ U is finite. Thus there

&Xists N’ such that n < N' for all z!, ¢ U. Since U was an arbitrary open neighborhood
of Zo, {3

1
n} converges to zo. I
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SUFFICIENCY: Suppose that Fy is continuous for every continuous function f and that F'

is discontinuous at (zo,y0)- Let

m(zo, %) = lim ( F(z,y))

inf
€—0 *(z,y) €B((z0,¥0),€)

and

M(l’o,yo) = lim( sup F(z,y)),
e (z,y)€EB((z0,¥0)¢)

where B(p,7) is the open ball of radius r about the point p, and m(zo,yo) and M(zo,yo)
may be +00, —00, or a real number. Let zyp = m(zo,y0) if m(zo,y0) # F(z0,¥0) and
let z0 = M(zo0,Y0) otherwise. Then there exists a sequence {(zn,yn)} of distinct points
converging to (To,Yo) such that lim, .o F(Zn,¥n) = 20 # F(z0,%0)-

We may assume that z, # zo for all n > 0. Otherwise, let fn(z) = y, for all z € [a, }]
and n > 0. Since f, is constant, it is continuous and so F¥, is continuous also. Therefore
Un = Fj, Y(B(F(zpn,yn),1/n)) is open, hence uncountable, so that we may select z| €
U, \ {20} for all n > 0. Then we have

lim |F(x,myn) - F(xnayn)l < lim 1/"’ =0,
n—oo n— oo

s0 that lim,, o F'(z,,,yn) = lim,—eo F(Zn,yn). Therefore we may replace z, by z/, for
all n > 0 and then we have what we wanted to assume—that z,, # z for all n > 0.

In order to construct a continuous function through infinitely many points of {(z,,yn)},
we first discard those points for which z, < z; if there are infinitely many points for
which z, > z, and discard those points such that z, > zo otherwise. Suppose that
we have discarded those points for which z, > zo. Then we replace {(zn,¥n)} by the
subsequence {(zh,yh)}, where (z!,y]) = (z1,v1) and for all n > 1, (z},y.) = (Tm,Ym)
Where m = ming, >, k. By Lemma 1.2, By, oc(@h; ¥) = Bimg—o(®a, ¥n) = 25- For

€ase of notation we will refer to the subsequence {(z',,4")} as {(Zn,yn)} for the remainder

of this proof.
Let
Y1 z <1,
f(z) = y"“(z_::r_y:f,z"ﬂ—z) ZTp £ T < Tpqa,
Yo z 2 To.
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This function is well-defined since for all £ < z¢, there exists a point for which z, > z

} converges to (zg,yo), and

pecause {(zn, yn)

yn(zn — Tp—1)+ yn—l(mn — %) = = Un+1(Tn — Tn) + Yn(Znst1 — 2n)
Ipn —Tp-3 " Tpt1 — Tn

at each point Tn. Therefore f is well-defined at the points z,, and f(z,) = yn-

Obviously f is continuous everywhere except possibly at zo. Now let € > 0 and let
V= —6Y%t €). Then there exists a number N such that y, € V for all n > N. Then
for all T 2 TN+1, either z > zo, in which case f(z) = yo € V, or z,, < z < T4, for some
n>N,in which case f(z) € [yn,Yn+1] C V. Thus f is continuous at zo as well, so Fy is
continuous and therefore

lim F(zn,ya) = lim Fy(za) = Fy(z0) = F(zo,v0).

n—oo

But this contradicts our choice of the original sequence {(zn,yn)} so that lim,— e F(zn,yn)

was zp. Therefore F' must be continuous at (zo,0). i

Since the proof of necessity given above holds for general topological spaces X, Y, and
Z, the challenge lies in generalizing the proof of sufficiency. Several generalizations are
~ possible. In 7], A. Rosenthal shows that F' is continuous if it is continuous on the graph
- of every convex differentiable function from [a,b] to [c,d] and from [c,d] to [a,b], and gives
an example of a discontinuous function that is continuous on the graph of every twice
differentiable function from [a,b] to [c,d] and from [c,d] to [a,b]. He then proceeds to
generalize his result to n—dimensional Euclidean space. In the next chapter we present a
different generalization of this theorem. Although we require the function to be continuous
on the graphs of all continuous functions, we generalize the setting from the real line and

closed intervals to more general topological spaces.

12



CHAPTER 2

Generalizations of Luzin’s Theorem

In this chapter we present two original generalizations of Theorem 1.1. The first gener-
alization places weaker conditions on the spaces involved and a stronger condition on the
function to be proven continuous than does the second generalization. Since their proofs
are similar, for the second generalization only the modifications necessary to the proof of
the first are given. The proof of these generalizations resembles the proof of Theorem 1.1,
except that the function f is constructed differently. It may be thought of as a “bumpy
plane” where the elevation of the nth “bump” is given by the function f,, and the direc-
tion of the nth “bump” is given by the function p,. The sets W, are constructed to keep
the “bumps” separated one from another, and the sets G, are constructed to keep the
“bumps” low near the limit of the sequence through which the function f was constructed.
Unfortunately, this construction seems to be limited to sequences due to the difficulty of
constructing the sets W, and G, in the case of a net.

Our first lemma will be used to construct a subsequence with unique z-coordinates so

that a single-valued function can be constructed through the subsequence.

LEMMA 2.1. Let X be a T; space and suppose that the sequence of (not necessarily
distinct) points {z,} converges to zo, and x, # zo for all n. Then {z,} has an infinite

subsequence of distinct points {z',}, which converges to o by Lemma 1.2.

PROOF: Let {z!} be the sequence of all z,, such that z,, # z, for all m < n. Suppose
that {z!} has finite length r. Since X is T}, there exist open neighborhoods U, of zg
such that z!, ¢ U, for 1 <n <r. Let W = Nr—; Un. Since {z/,} is finite, W is an open
Reighborhood of zo. Then there exists a number N such that z, € W for all n > N.
Let m = inf{n|z, € W}. Since z,, € W and z, ¢ W for all n < m, z,, # z, for all
" < m. Therefore z,, is a member of the sequence {z’.}. But z/, ¢ W for 1 < n < r,
fontradicting our assumption that {z’} is finite. Now for all m and n such that m # n,

there exist numbers m' and n' such that z!, = zm, 2/, = ., and m' # n'. Without

13
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|

Joss of generality, we may assume that m' < n'. Then, since z, is in the sequence {z} },

g # Te'- Therefore z!, # z! for all m and n such that m # n. 1
m

The next lemma constructs the sets W,, that separate the “bumps” in the “bumpy
plane” described above. The construction is complicated by the requirement that each
W, be open; otherwise letting W,, = ﬂ::ol Via N ﬂ;’;n +1 Unj would suffice, where U, and
¥, are defined below. But since the sets W, must be open, we must take them to be the

intersection of only finitely many open sets.

LEMMA 2.2. Let X be Hausdorff and suppose that the sequence of distinct points {z,} C
X converges to Zo, and that z, # z¢ for all n. Then there exist pairwise disjoint open

neigbborhoods W, of z, for all n > 0.

Proor: Since X is Hausdorff, there exist disjoint open neighborhoods U;; and V;; of z;
and z;, respectively, for all z and j such that 0 <2 < ;. Since {z,} converges to zo and
Upj is an open neighborhood of z¢ for all j, there exists a number N; for each j such that

z, € Uy for all n > N;. Let

n—1 Nn
Wo=(|VinN [ Unj N[ {Uokll <k < n,z, € Uok}.
1=0 Jj=n+1

Then each W, is open, being the intersection of finitely many open sets. We show that
Wa NW, = 0 for all m and n such that m < n. Suppose that n < N,,,. Then W,, C Upn
and W, C V,u,. Since Uppn NVinn = 0, W, N W, = 0. Suppose, to the contrary, that
n > Np,. Then z, € Upm, so W,, C Upm. Since W,, C Vom and Upm N Vo = 0,
Wi N W, = 0. Thus the sets W, are indeed pairwise disjoint. il

The next lemma constructs the sets G,,, which control the altitude of the “bumps” near

the limit point of the sequence through which we will construct the function f.

LEMMA 2.3. Let Y be first countable and locally path-connected. Then Y has at each

Point y, a countable local basis of path—connected open sets {Gr} such that Gp41 C G,
for al] n,

PROOF: Let {G.} be a countable local basis for Y at yo. Let GL = (i_, Gk for all n.

Since v js locally path-connected, there exist path—connected open neighborhoods G of

14



go for each n such that G% C G. Let G% = zo, G for all n. Then {G3} is also a
untable local basis at yo because G2 C Gi C G, for all k > n and so G5, C G,. Fix two

points 77 € G%. Then there exist numbers k,m such that ¢ € G% and z € G2,. Since
- G2 for all n, there exist paths p,g : I — Y such that p(0) = z, p(1) = ¢(0) = yo, and
=:z.Let
q(1) { p(2z)  ©<1/2

r(z) =
g2z —-1) z>1/2.

Then r is continuous, r(0) = z, and r(1) = 2. Finally, for all n, we have
=JGio U Gi=G,,.
k=n k=n+1

Thus {G3} satisfies the conclusion of the lemma. I

The first generalization of Luzin’s Theorem places fewer conditions on the domain X of
the functions f than the second generalization will, and no conditions at all on the range
Z of F, but only at the expense of supposing that F' has continuous z—sections. We note
that the condition that X x Y be sequential may be satisfied either by taking X to be first
countable (by Lemmas 0.6 and 0.2) or by taking X to be sequential and either X or Y to
be sequentially compact (by Lemma 0.7).

THEOREM 2.4. Let X be completely regular. Let Y be first countable and locally path—
connected. Let Z be a topological space. Suppose that X x Y is sequential, that the
function F : X x Y — Z has continuous z—sections, and that for any continuous function
f:X - Y, the function Fy : X — Z defined by Fy(z) = F(z, f(z)) is continuous. Then

F is also continuous.

PRoOF: Suppose that F' is discontinuous. Then there is an open set W C Z such that
FY(W) is not open in X X Y. Since X x Y is sequential, there must be a sequence
{(zs,yn)} in (X xY)\F~}(W) converging to a point (zg,yo) in F~}(W). But since W is
& open neighborhood of F(zg,y) and F(zn,y,) ¢ W for all n, {F(z,,y,)} cannot even
cumulate to F(zg,yo). Therefore F(zo,yo) is not a limit point of any subsequence of
{F(2n,y,)).

Let {(z2, ¥x)} be the sequence of all (z,,,y,,) such that z, = zo. Suppose that {(z1,y1)}

Sinfinite. Then since F has continuous z-sections, by Lemma 1.2 we have lim F(z1,yl) =
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fim F(zo,yvlz) 3 F(zo,y0). This contradicts our earlier conclusion that F(zo,yo) is not a

jmit point of any subsequence of {F(z,,yn)}. Thus {(z},y})} is finite. Let {(z2%,y2)} be
the sequence of all (zn,yn) such that z, # zo. Then {(z2,42)} = {(zn,¥n)} \ {(zL,%2)}
is infinite, 5O by Lemma 1.2 it converges to (zo,y0). Then, by Lemma 2.1, {z%} has a
subsequence of distinct points {z2}. For each n choose m such that z3 = z2, and let
@= y2,. Then {(z3,92)} is a subsequence of {(z2,y2)} with distinct z—coordinates.

Let {Gn} be a basis for Y at yo as in Lemma 2.3. Since {y3} converges to yo and G,
is an open neighborhood of yg, there exists a number N such that y2 € G, for all n > N.
Let (zﬁ,yﬁ) = (a:3,+N,yfl+N) for all n > 1. Then yi € Gy, so that m,, = sup{m|l <
m < n,ys € Gm} exists for each n. Since G, is path—connected for all n, there exist
paths pn : I — Y such that Pn(0) = yo, pn(1) = y2, and p,(I) C Gy, for all n. Since
{1} C {z%}, {z%} is a sequence of distinct points and z, # z, for all n. Therefore,
by Lemma 2.2, there exist pairwise disjoint open neighborhoods Wy of x4 for each n.
Furthermore, since X is completely regular, there exist continuous functions f, : X — I
such that fn(z%) =1 and f,(X \ W,) = 0 for all n.

Let
pn(fn(x)) zeW,

fle) = { Yo z ¢ U;°°=1 Wh.
Let Vbeopen in Y. If yo ¢ V, then f~1(V) = Uo, fi'(pr2(V)) is open. If yo € V,
then there exists a number M such that Gy C V. Since {y2} converges to yo and Gy is
an open neighborhood of yp, there exists a number N such that y2 € Gps for all n > N.
Therefore pp(I) C G, C Gy C V for each n > max(M, N), where m,, was defined above

for each n. Therefore
N
V) =Xx\F'w\V)=X\ | '@z (v \ V)

15 open, being the complement of the union of finitely many closed sets. Thus f is contin-

Uous, so
lim F(zy, yp) = lim F(z7, f(27,)) = lim Fy(z7,) 3 Fy(z0) = F(zo,0)-

This contradicts our assumption that F' is discontinuous, from which we deduced that

F(zo,yo) 1s not a limit point of any subsequence of F(z,,yn). I
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The second generalization of Luzin’s Theorem dispenses with the condition that F' have
continuous z—sections by assuming additional hypotheses on the spaces X and Z. Since
puch of the proof is identical to the proof of Theorem 2.4, we give only the additions to

that proof needed to prove this theorem.

THEOREM 2.5. Let X be first countable, dense in itself, and completely regular. Let Y
pe first countable and locally path—connected. Let Z be first countable and T3. Given
a function F: X xY — Z, suppose that for every continuous function f : X — Y the
function Fy : X — Z defined by Fy(z) = F(z, f(z)) is continuous. Then F is continuous.

prooF: The alterations to the proof of Theorem 1 required to prove Theorem 2 follow.
First, since X and Y are first countable, X x Y is first countable by Lemma 0.6, hence
sequential by Lemma 0.2. Next, if the sequence {(z3,,y)} is infinite, we argue as follows:

Let {U.} and {V,.} be countable bases for X at zo and for Z at F(zo,yo) respectively.
For any open neighborhood W of F(z¢,y0), Z \ W is a closed set not including F(zo, o).
Since Z is T3, there exist open neighborhoods U and V of F(zg,y,) and Z \ W. Since
{Va} is a countable basis at F(zo,yo), there exists a number m such that V;, C U. Then,
since U C (Z\V)C W and Z \V is closed, the closure of V,, is a subset of Z \ V, which
1s in turn a subset of W. Let K,, be the closure of V,, for each n. Then for any open nbd
W of F(z¢,yo), there exists n such that K, C W.

Let f, : X — Y be defined by f,(z) = y. for each n. Then let

Wo=[WUill <i<n,z0 € U\ F ((J{KiI1 < 5 <1, F(za,yn) € K;}).

Note that W,, is open for each n, being the difference of a finite intersection of open sets
and the continuous inverse image of a finite union of closed sets. Since X is dense in itself,
this means that each W, includes at least two points, and in particular, W, \ {zo} is
fonempty. Now for all n, choose z2 € W, \ {zo} and let y2 = y,,. First we show that the
Sequence {z2} converges to zg. Let U be an open neighborhood of zo. Then there exists
™ such that U,, C U. Since Uy, is an open neighborhood of z, and {zn} converges to z,
there exists N such that z,, € U, for all n > N. Then by the choice of z2, 22 € U,, CU
forallp 5 max(m, N). Thus {z2} converges to zo.
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Finally, after having shown that a subsequence of {F(z7,y7)} converges to F(zo, %),
we show that the corresponding subsequence of {F(z,,y,)} converges to F(zq,yo). Let V
be an open neighborhood of F(zg,yo). Then there exists a number m such that K, C V.
I { F(<2, y2)} converges to F((zo,yo), then there exists a number N such that F(z%,32) C
Vi C Km for all n > N. Then F(z,,y,) € K, C V for all n > max(m, N), otherwise the
choice of =2 leads to a contradiction. Therefore {F(zn,yn)} converges to F(zo,yo)- §
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CHAPTER 3

Counterexamples

In this chapter, we present two counterexamples to show the necessity for some of the
hypotheses in Theorem 2.4. The first counterexample shows that the space Y must be at
Jeast locally connected for the conclusion of Theorem 2.4 to hold. Local connectedness is

weaker than local path—connectedness, so a stronger counterexample may well exist.
ExAMPLE 3.1. The Perforated Unit Interval

Let Y =I\{l/njn€ Z*}. Let X = Z =I. Thenif f : X — Y is continuous, f(X)
is connected (and locally connected) since X is. If 0 € f(X), then f(X) = 0. Otherwise,
let y € f(X) \ 0. Then there exists a number n such that 1/n < y, and f~1([0,1/n)) and

((1/n, 1]) are disjoint nonempty open sets whose union is X. Let

_J0 (z,9) = (0,0)
Fle) = | £ (2,9) #(0,0)

Then F is continuous except at (0,0), and F' is separately continuous everywhere. Since
the only continuous function through (0,0) is constant, F' satisfies the hypotheses of the
theorem, but is not continuous.

The second counterexample (3.5) shows that the space X must be completely regular. It
i8 very complicated, and we must build up to it by a series of three preliminary examples
(3.2, 3.3, and 3.4) At each step we prove the regularity of the space and the constancy of
real-valued functions on some set. In Example 3.5, this will be the entire space, and we use

this fact to construct a function that is discontinuous, but continuous on every continuous

function graph.
ExampLg 3.2 [8,pp.68-70]. Open Ordinal Space [0,T)

Let T be an ordinal number. Then the open ordinal space [0,T') is the set of all ordinal
Mumbers less than I, with the order topology generated by the subbasis consisting of all
%48 of the form [0,a] = [0,a+1) = {z € [0,T)|z < a+1} and (a,T) = {z € [0,T)|z > a}.
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(The closed ordinal space [0,T] is simply [0,T + 1).) For notational convenience let X

denote
We show that X is regular. Let K be closed in X, let U =X \ K, and let z € U. Since

[0,T) in the next proof.

s open, there exist ordinals o and B such that z € (e, 8] C U, since the sets of this
constitute a basis for X. Observe that X \ (a, 8] = [0,a] U (3,T) is open, so that

Ui
form
(e f) and X \ (@, f] are disjoint open neighborhoods of z and K, respectively. Therefore

X is Ts. Let @ and f be ordinal numbers. Suppose, without loss of generality, that a < S.
Then [0, a] and (a,T") are disjoint open neighborhoods of @ and J respectively. Thus X is
Hausdorff and therefore regular.

Now let T' be the first uncountable ordinal number 2. We show that every continuous
real-valued function f on X is “eventually” constant, i.e., is constant on some interval
(a,%). We claim that there exists a sequence {ayn} such that |f(B) — f(an)| < 1/n for
each n for all B > a,. Otherwise, there exists a number m and an increasing sequence
{7a} such that [f(7a+1) — f(7n)| = 1/m. But the sequence {y,} converges to its least
upper bound <y, whereas the sequence { f(v»)} does not converge. This is impossible since
f is continuous. Therefore, there exists a sequence {a,} such that |f(8) — f(an)| < 1/n
for each n for all f§ > a,. This sequence has an upper bound a, and for any 8 > a,
f(B) = lim f(ay,) since |f(B) — f(an)| < 1/n. Thus f is constant on (a, §2).

Finally, we show that every continuous real-valued function f on [0,] is constant on
(a, Q] for some ordinal . We have already shown that it is constant on (@, ). Now every
open neighborhood of §2 includes the set (a, 2] for some ordinal a < Q by the definition of
(2,9]. Thus Q is in the closure of (e, Q) and so f(f) is in the closure of f((a,)), which

consists of a single point z. Thus f(2) = z and so f is constant on (a, 2] for some ordinal

Q.

ExampLE 3.3 [8,pp.106-7]. The (Deleted) Tihonov Plank

Let w be the first infinite ordinal number, and let 2 be the first uncountable ordinal
Mumber. The Tihonov plank T is the space [0,€2] X [0,w)], and the deleted Tihonov plank
T is the subspace T \ {(?,w)}.

We show that T is regular. Let K be closed in T, let U =T\ K, and let z € U. Since U
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is open; there exist ordinal numbers «,8,7, and é such that z € ((a, 8] X (v,6]) C T. Let
W= (a, B] x (7, 6]. Then

X\W = (([0,a] U (B,9]) x [O)w]) U ([0, 2] x ([0’ 7] U (6,&)])),

which is open. Since W a._nd X \W are disjoint open neighborhoods of z and K respectively,
Tis Ts. Let (a, B) and (7, 6) be distinct points of T'. If a # =, there exists a neighborhood
U of ain [0, 2] excluding 7; otherwise, B # 6 since the points are distinct, and there exists
a neighborhood V' of B in [0,w] excluding 6. Then the product U x [0,w] or [0,Q] x V' is a
peighborhood of (a, B) excluding (y,6). Thus T is T and therefore regular.

We show that Tt is regular also. Let K be closed in To, and let ¢ € Too \ K. Then there
exists K' closed in T such that K = K'NTy,. Sincez ¢ K and z € To,, z ¢ K'. Therefore
there exist disjoint open neighborhoods of z and K’ in T, and their intersections with T
are disjoint open neighborhoods of z and K. Thus T is T3. Let y # z be a point of T°.
Then z has a neighborhood in T excluding y. But the intersection of this neighborhood
with T also excludes y since it is a subset of the T-neighborhood. Therefore T, is T3,
hence regular.

Finally, we show that every continuous real-valued function f on T, can be continuously
extended to T'. For each ordinal number n in [0,w), there exists an ordinal v, such that
fla,n) = z, for all @ € (y,,9]. Furthermore, there exists an ordinal 7, such that
fle,w) = z,, for all @ € (y,9). Let v = SUPpe[o,u] Tn- Then 7 < Q and f(v,n) = z,
for all n € [0,w]. Since {f(7,n)} converges to f(v,w), {zn} converges to z,, and so the
extension of f to T by taking f(Q,w) = z,, is continuous.

ExaMpLE 3.4 [8,pp.109-11]. The Tihonov Corkscrew

Let T1, T11, Ty11, and Try be four copies of the deleted Tihonov plank T, corresponding
to the four quadrants of the Euclidean plane. For each ordinal number n € [0,w), identify
the points (Q,n) in Tt and Tyr and in Tyrr and Tyy. Also identify the points (a,w) in
Tny and Ty for each ordinal number a € [0,2) to obtain a space P. Let P, be a copy
of P for each integer n. For each integer n and each ordinal number a € [0,(2), identify
the Points (a,w) in Ty of P, and Try of P,4; to obtain an infinite corkscrew S. We say
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that 2 point of P, is at level n if it belongs to T and its second coordinate is w. By the
above identification, a point of Ty whose second coordinate is w is at level n — 1. All
other points of P, have a level between n and n — 1, say n — 1/2 for definiteness. We write
L(x) to denote the level of the point z. To S we adjoin the ideal points a* and a™ to form
the Tihonov corkscrew X. These two points act like infinity points at either end of the
corkscrew. We define L(a*) = 400 and L(a~) = —oco. Then the basis neighborhoods for
o+ are the sets {z|L(z) > n} for all integers n, and basis neighborhoods of a™ are the sets
{z|L(z) < n} for all integers n.

Since each quadrant of each level P, of S is homeomorphic to the regular space T', S
is regular. To show that X is regular, we need consider only those cases involving at
or a—. If K is a closed set not including a*, then X \ K is open and therefore includes
{z|L(z) > n} for some integer n. Then {z|L(z) > n+1} and {z|L(z) < n+1} are disjoint
open neighborhoods of at and K, respectively. The argument for a~ is symmetric. Thus
X is regular.

Let f be a continuous real-valued function on X. We show that f(a*) = f(a™). Since
the restriction of f to each quadrant of S may be extended to the missing point (2,w) and
f is eventually constant on each Ty N Ty and each Ty N Tyry, by induction f is constant
on a set including {(a,w)|a € (B3,12]} for some ordinal number f in each quadrant of S.

Therefore there exists a sequence {a;}>,, on which f is constant such that lim; .o, a; = a*

and lim;_,_,a; = a~. Then f(a%) = f(a™).
EXAMPLE 3.5 [3;8,pp.111-3]. Hewitt’s Condensed Corkscrew

Let T = SU{at} U {a~} be the Tihonov corkscrew and let A be the Cartesian product
Tx [0,2). Let X be the subset S x [0,9) of A. Let Ay be the subset T x {\} of A. Let
F:Xxx o [0,9) be a bijection and let m; and m, be the coordinate projections from
X X X to X. We define the function ¢ from A \ X onto X by 1(a*,)) = m(T~1()))
and (a~, \) = m2(I~1())). Then for any two points z and y of X, the sets ¢ ~(z) and
¥™(y) both intersect Ar(z,g)-

The topology of A is generated by basis neighborhoods N of each point z € X, which
Satisfy »=1(N n X) C N. Let o be the product topology on A = T x [0,92) where
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o Q) is taken to have the discrete topology. A basis neighborhood of z € X is constructed
inductively by taking N to be a neighborhood of {z}U1~!(z) in the o topology and taking
No41 tobea neighborhood of N, U%~!(N, N X) in the o topology. Then N = oo, N,

is a basis neighborhood of z in the topology of A, and as stated above,

PV NX)= ¢ '(VanX)C | Nag1 CN.

n=0 n=0

Let z and y be distinct points in X. Since each Ay is T} in the o topology, we may
construct a basis neighborhood of z inductively, as above, choosing each N, to exclude y.
Then the basis neighborhood N also excludes y. Therefore X is T}.

Fix z € X and let N be a basis neighborhood of z. Then N is the union of relatively
open sets N A c AyNX. We claim that the closure of N in X is the union, for each
) € [0,9), of the closure of N X in A,. Suppose not. Then there exists a point y which
is not in the closure of any N* but every neighborhood of which intersects N. Let M
be a neighborhood of y. Since there exist neighborhoods of y in the o topology that
do not intersect any N?, the intersection of M and N must include a neighborhood of
an ideal point (a*, ) or (a=,A). Call this point z. There exist numbers m and n such
that z € M,, N N,,, where M,, and N,, were defined above in the construction of basis
neighborhoods. Now %(z) € Mp—1 N N,—;. As before, this intersection must include a
neighborhood of an ideal point. Repeating this process eventually yields ¢ € M or y € N.
The former cannot hold for all neighborhoods M since X is T}, and the latter contradicts
the choice of y. Therefore the closure of an open neighborhood is the union of the closures
of its parts (which also happens to be its closure in the o topology).

Since each open neighborhood of a point z in the ¢ topology includes the closure of
another open neighborhood of z, each neighborhood N of a point z contains the closure
of some other neighborhood N’ of z. Therefore X is T3. Since X is T3, it is also regular.

We show that any function f defined on X may be extended to a continuous function
f defined on A. Let f(z) = f(z) for all = € X and let f(a) = f($(a)) for all a € A\ X.
Then for any open set U, f=1(U) = f~1(U)U(f 0%)~}(U) = £-}(U) Up~(f~}(U)), and
F(U) is an open subset of X. Therefore f~}(U) =X NN = X nJ2, N,., where N is

n=0

OPen in A and the sets N, are the open sets from the o topology used to construct N. We
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may choose each set N, to include only those ideal points that are required by the choice of

No-1) so that N, \ X = ¢~}(X NN,_;) or, equivalently, N, = (X NN,)Uyp (X NN,_;).
n—

Then

) = (x n(J N,.)) U (w-l(x (| N,,)))

n=0 n=0

S U(XnN,.)u Uzb’l(XnN)

n=0 n=0

=UN,,=N

n=0
pecause N, = (X N N,)Up (X NN,—y) C(XNN,)Uyp (X NN,) C Npy1 and so
U0 Ve € U N Na) DU $ 1 (X NV Na) U Nt = US2y No © USZ Noe Thus
f~(U) is open and so f is continuous.

We show that every real-valued function on X is constant. Let £ and y be points of X.
Then ¥(a*,I(z,y)) = z and ¥ (a~,I'(z,y)) = y. Since f is continuous on A, hence on
Ar(z,y) f(2) = f(a*,T) = f(a~,T) = f(y). Since z and y were arbitrary, f is constant.

Now let Y = I and let Z be Sierpiniski space. Let {z,} be a convergent sequence in X
that does not include its limit, for example the sequence {(0,n)} in the quadrant T of
the plank P, of the corkscrew A,. Define F(z,,1/n) = 1, and F(z,y) = 0 for all other
points (z,y) of X x Y. Then F is discontinuous since lim F(z,,1/n) =lim1 = 1 whereas
F(lim(z,,1/n)) = F(lim(z,),0) = 0. Nevertheless, we will show that F' has continuous
z-sections and is continuous on the graph of every continuous function from X to Y.
Since {1} is the only nontrivial closed set in Sierpiriski space, a function f into Sierpirski
Space is continuous if and only if f~!(1) is closed. Fix z, and let F, be the restriction
of F to X x {z}. Then 1/n(l) = {(zn,1/n)}. Since X \ {z,} is the union of open
neighborhoods of each of its points not including z,,, and similarly for ¥\ {1/n}, it follows
that X \ {z,} x Y UX x Y \ {1/n} = X x Y \ {(z4,1/n)} is open and so {(zn,1/n)} is
closed. For other values of z, F71(1) = 0, which is trivially closed. Thus F has continuous
T-sections. Now let f be a continuous (hence constant) function from X to Y. Then
Fria) = 1/nif f(z) = za, or Fy (1) = 0 otherwise. Thus Fy is continuous for every

ontinuous f.
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