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ABSTRACT

This is a comparison of two approaches to Clifford’s theorem where a representation of a
normal subgroup of a group is induced up to the group and then restricted down to the
normal subgroup. The first approach utilized was a character based approach and the
second was a vector space approach. Each approach will be followed by several results,
and a comparison between the two approaches will be made. Several examples of finite
groups will illustrate the character approach of Clifford’s theorem. Finally, a key result
of the character approach will be used to find irreducible representations of a subgroup of

GLy(F,).
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1 Introduction

This paper contains an exploration of Clifford’s theorem and its results by using a vector
space approach and a character approach. It is common to see a character approach to
Clifford’s theorem, however, it is uncommon to see an approach using the vector space of
a representation and its decomposition. Clifford’s theorem involves taking a normal sub-
group of a finite group, G, and shows what happens when an irreducible representation of
the normal subgroup is induced up to G and then restricted to the normal subgroup.

In chapter 2 we will introduce necessary definitions, theorems, propositions, and lemmas,
that will aid us in many proofs in later sections. This section discusses what a representa-
tion and character are and how we can connect the two approaches.

Then, in chapter 3 we will explore the character approach to Clifford’s theorem, results that
follow this theorem, and examples. Clifford’s theorem, from this approach, shows what hap-
pens when taking an irreducible character of a group G and restricting that character to
a normal subgroup H, how the restricted character will break apart into the sum of irre-
ducible constituents of a character of H. A large result that follows from this theorem will
give the tools to find irreducible representations of a group from inducing representations
from, what will be later defined, the inertia group. We will illustrate the use of this result
later in chapter 5.

In chapter 4, we will take a different approach to Clifford’s theorem and instead of looking
at the characters themselves, we will look at the representations and the vector space of
the representation. This approach will discuss what happens when we take an irreducible
representation of a normal subgroup Nof a group G and then restrict the induced represen-
tation to N. Also in this section, we will make a connection between the two approaches.
Finally, chapter 5 explores what happens when we apply Clifford’s theorem to a specific
group. We will be taking a subgroup of GLy(F,), which is made up of upper triangular ma-
trices, and a normal subgroup of this group and look at two specific cases. We will explore
the case where ¢ = 3 and where ¢ = 5, and then conclude what happens when g = p, for a

prime p.



2 Background

In this chapter we will explore the necessary background information to compare Clifford’s
Theorem between a vector space approach and a character approach. This chapter will
include basic definitions, theorems, and several remarks. Some proofs will be included in
this chapter, while some proofs will be omitted. This chapter is primarily based on [4].
However, some theorems, remarks, and other necessary background are based on different

courses taken and helpful notes from advisors.

2.1 Representation Theory Background

This section will discuss the definition of a representation, Maschke’s Theorem followed by

a proof, Schur’s Lemma followed by a proof, and the discussion of Frobenius Reciprocity.

Definition 2.1. A representation of a group G is a homomorphism p : G — GL(V) for

some complex vector space V. The degree of p is the dimension of V.
Note, since V is a complex vector space, V = C".
Remark 2.2. The group GL,(C) is isomorphic to GL(C").

Definition 2.3. Let p: G — GL(V) and 0 : G — GL(W) be representations of G. The
two representations, i and o, are equivalent if there exists an isomorphism of vector spaces

T :V — W such that

a(9) = Tu(g)T™"
for all g € G. We denote two equivalent representations by ¢ = o.

Definition 2.4. Let i : G — GL(V') be a representation and W < V. The W is G-invariant
if, for all g € G and w € W, pu(g)(w) € W.

Definition 2.5. Let p : G — GL(C") be a non-zero representation of G. Then, p is
irreducible if the only G-invariant subspaces of C™ are C™ and {0}. If p is not irreducible,

we say p is reducible.

Lemma 2.6. Let u : G — GL(V) be a representation of G. If p is equivalent to an

irreducible representation of GG, then p is irreducible.



If u: G — GL(V) is a representation of G and W is a subspace of V' where W is a
G-invariant subspace, we can restrict the representation p to W to get u |w: G — GL(W)
by defining

plw (9)(w) = p(g)(w)

Also, if pp: G — GL(V) is a representation of G and H is a subgroup of GG, we can restrict
pto H, by Res$ pu: H — GL(V), by

Resfy u(h)(v) = p(h)

for h € H. Note, Resg 1 is a representation of H.

Definition 2.7. Let 1 : G — GL(V) and 0 : G — GL(W) be representations of G. Then

the direct sum of g and o, u® o : G — GL(V @& W), is given by,

(n® 0)(9) (v, w) = (u(g)(v), o (g)(w))

forveV and weW.

Definition 2.8. Let p: G — GL(C™) be a representation for a group G. Then, u is said
to be completely reducible if C" =V} @ Vo @ --- @ V,, where V; is a G-invariant subspace

and p |y, is irreducible for all i = 1,..., n.

Similarly to the previous lemma, we also have a lemma regarding a representation

equivalent to a completely reducible representation.

Lemma 2.9. Let : G — GL(V') be arepresentation of G. If 11 is equivalent to a completely

reducible representation of G, then p is completely reducible.
Theorem 2.10. Every representation of a finite group is completely reducible.

Proof. Let p: G — GL(V') be a representation and let G be a finite group. If dim(V') =1,
then p has no non-zero proper subspaces, which impliesy is irreducible. Assume true for
p: G — GL(V) with dim(V') = n. We will show the result is true for p : G — GL(V) with

dim(V) = n+ 1. If p is irreducible, then we are done. Otherwise, p is decomposable by



Corallary. So, let u be decomposable. Then V = V1@ Va, where Vi, V4 # 0. By definition, V3
and V4 are G-invariant subspaces and dim(V), dim(Vz) < dim(V). So, g = (i |y, & |vs)-
Let Vi=U1 @ ---®Us and Vo = W1 @ --- @ W,.. U;, W are G-invariant subspaces and the

subrepresentations p |y, ¢t |w; are irreducible representations. So

V= Vel

= Uie--aUsaeWe oW,

Hense p is completely reducible. So every representation of a finite group is completely

reducible. ]

Based on Maschke’s theorem, since all representations of finite groups are completely
reducible, we must find the irreducible representations of a group to understand all repre-

sentations of a group.

Definition 2.11. If u = myjo1 @ - - - & mpoy, then m; is called the multiplicity of o; in .

If m; > 0, then o; is an irreducible constituent of p.

Definition 2.12. Let 4 : G — GL(V) and 0 : G — GL(W) be representations of G. A

morphism from g to o is a linear map T : V' — W such that

for all g € G. The set of all morphisms from u to o is denoted Homg(u, o).

In this next example we will determine all irreducible representations of Z,,. Later on,

we will take these irreducible representation and induce them up to a subgroup of G Ly (FFy).

Example 2.13. To determine all irreducible representations of Z,, we will first determine
all homomorphisms of Z,. Let ., : Z, — C*. Note Z, is cyclic. So, once we know where
the generator is mapped to, we can find the rest of the map. Now, say (z) = Z,. Then,

" =1s0, 2" =1 = z = e*™/" for



m=20,1,...,n — 1 where z € C*. Consider, Z,, — C* are
pim (2F) = ek —0,1,...,n—1

This gives us n maps and permutes the generator of Z, around to each nth root of unity.

So, all homomorphisms p : Z, — C* are of the form,
fimn (2F) = 2Ry — 01,0 — 1

and therefore, all irreducible representations of Z,, are of this form.

The next theorem we will look at, Schur’s Lemma, will make a connection between

equivalent representations and the hom space of the representations.

Theorem 2.14. Let p,0 be irreducible representations and T € Homg(p,0). Define p :
G—GL(V),0:G—GL(W). Let T : V — W be given by T(u(g)v) = o(g9)T'(v). Then T
is invertible or T' = 0 if and only if

a.) If p % o, then Homg(p, o) = {0}

b.) If p = o, then T is invertible. So T = A for X € C.

Proof. Let p: G - GL(V), 0 : G - GL(W)and T : V — W. Let T € Homg(p,0). If
T = 0 we are done. So, say T # 0. We want to show T is invertible. kerT = {v € V|T'(v) =
0} C V and kerT C V is G-invariant. Since V is irreducible that implies kerT = V or
kerT = 0. If kerT =V, then T = 0. This is a contradiction since we assumed T # 0. So,
kerT = 0, implying T is injective. The Im(T') = {T'(v)|v € V'} is a G-invariant subspace of
W and W is an irreducible representation. So, Im(T) = W or Im(T) = 0. If Im(T) = 0,
then 7' = 0. Again, this is a contradiction. So, Im(T) = W. So, T is surjetive. Hence, T'
is invertible.

Now, assume T is invertible and dim(V) = dim(W). Let 4 = o. Note Homg(u,0) =
Homg(V,W). V =2 W, so we will treat V.= W and p = 0. So, T € Homg(pu,0) =



Homg (1, ). Now,

I € Homg(p, 1)
AT € Homg(u, p)

M —T € Homg(p,p)

but AI — T is not invertible, implying

M-T =0
T=A
O

Remark 2.15. Say p and o are irreducible representations. Then, p =2 ¢ if and only if

dim(Homg(p,0)) = 1.

Corollary 2.16. For any abelian group G, all irreducible representations of G have degree

one.

Proof. Say p: G — GL(V) is irreducible. For h € G, let T = p(h). Then,

Tu(g) = p(h)p(g)

for all ¢ € G. So, by Schur’s lemma, pu(h) = ApI for some N\, € C. Now, for v € V and
keC,
w(h)(kv) = M1 (kv) = Mpkv



Note, Apkv € Cv. So, Cv is a G-invariant subspace. Now p is an irreducible representation,

thus V = Cwv, and so dim(V) = 1. O

Definition 2.17. Let H be a subgroup of G and p: H — GL(V) be a representation of
H. Then, ;% : G — GL(VY) defined by,

(1% (9)f) (d) = F(d'9)
is the induced representation from H to G, where
VE={f:G V| [f(hg) = puh)f(g) Yh e H,g € G}

We will now show that pu& is a representation. First we will show pu%(g)f € VE. Let

9,9’ € G and h € H. Then,

(1C(9)f) (hg') = f(hg'g)

So, u%(g9)f € VE. Now show (u®,V) is a representation. Let g,g’,¢” € G. Then,

(1%(99)f) (d") = f(d"99)
= (19" f) (d"9)
= (19) (k%) 1)) (¢")

Thus, x© is a homomorphism. We now need to show that p(g) : V¢ — V¢ is a linear



map. Let f1, f» € V& and ¢ € C. Then,

wE(g)cfi+ f)g) = (cfi+ f2)(d'9)
= c(fi(g'9)) + f2(d'9)
= cu(9)(f1)(g) + 1€ (9)(f2)(g")

So, 1u%(g) is a linear map. Lastly, we need to show p%(g) is an invertible map. We will do
so by showing the ker(u®(g)) = {0}. Now, ker(u®(g)) = {f € V¢ | u%(g)(f) = 0}. So let
f € ker(u%(g)). Then,

1)) = fldg)

Now, 1% (g) is a linear transformation which maps the identity to the identity. Thus, f = 0.

So, u%(g) € GL(VY). Therefore, u“ is a representation. Note, we also denote the induced

representation by Indg -

Theorem 2.18. Say N < H < G and o : N — GL(V) is representation of N, we have the

following property of the induced representation,
Ind% Ind% (o) = Ind§(0)

This is called the transitivity of induction.

The next theorem, Frobenius Reciprocity, will describe the relationship between induced

representations and restricted representations of a group and its subgroup.

Theorem 2.19. Let H be a subgroup of G, p: H — GL(V') be a representation of H, and
0:G — GL(V) be a representation of G. Then,

Homg (a, Indg u) = Homy (Resg o, ,u)

8



2.2 Character Theory Background

This section will discuss basic definitions, theorems, and lemmas that we will use to describe
the character theory approach to Clifford’s Theorem. This section will include the definition

of a character and Frobenius Reciprocity with a proof.

Definition 2.20. For p: G — GL,(C) a representation, we define the character of p by

¢u : G — C where,

oulg) =Tr (u(g))

When the representation is understood, we will drop the subscript and denote the char-
acter of the representation by just ¢. The character function is a well defined function. To

see ¢, is well defined, for g,¢' € G, say g = ¢’. Then,

=
s
I
=
LQ\

S
=
)
2
I
S
=
E
Q\

!

wu(9) = wuld)

Thus, the character function is a well defined function.

Definition 2.21. Let (4, V), (0, W) be representations with characters ¢, ¢s. Then, the

inner product of the characters is

(Pus Po) = ‘é > oul9)es(9)

geG

The following proposition says the character of a representation depends on the equiv-

alence class of the representation.
Proposition 2.22. Let p,0 : G — GL(C") be equivalent representations. Then ¢, = ¢,.

Proof. Let p,0 : G — GL(C™) be equivalent representations. Then, 3 7' : C" — C™ such



that for all g € G

So,

oulg) =Tr(ulg)) = Tr(TeT™)

O

A similar proof results in characters being constant on conjugacy classes. This leads to

our next proposition.

Proposition 2.23. Let 1 : G — GL,(C) be a representation. Then for all g,h € G

‘Pu(g) = @u(hghfl)

Proof. Let n: G — GL,(C) be a representation. Let g, h € G. Then,

ou(hgh™) = Tr(uyg-1)
= Tr(unpghn-1)
= Tr(pn-1pnhg)

= Tr(ug) = ¢ul9)

O

Definition 2.24. A function f: G — C is a class function if f(g) = f (hgh_l) Vg,heaqG.

Equivalently f is constant on conjugacy classes.

10



By Maschke’s Theorem, we know all representations of finite groups are completely
reducible and therefore, isomorphic to the direct sum of irreducible representations. So we

need to know how to find the characters of a direct sum of representations.

Proposition 2.25. Let p be a representation of a group G, and pu = o1 @ o2. Then

SDIL = QDCTl + ()00'2-

Proof. Let u be a representation of a group G, and u =2 01 @ o9. Then, for g € G,

oulg) = Tr(u(g))

Thus, ¢, = @5, + Po,- O

Note, if u Zmio; ® --- ® m,0, is the complete set of irreducible representations of u,

Pu = M1Pg; + -+ MpPo,

where m; is the multiplicity of o; in p.

Definition 2.26. If ¢ = Zle n;p; is a character, where n; is the multiplicity of ¢;, then

those ¢; with n; > 0 are called the irreducible constituents of ¢.

Theorem 2.27. Let p and o be irreducible representations of G. Then

1 ifuo

0 fu¥o

(90;“ 300> =

Hence, the irredicible characters of G form an orthonormal set of class functions.

Proposition 2.28. Let ;1 be a representation. p is irreducible if and only if (¢, p,) = 1.

11



Proof. Let pn: G — GL(V) be a representation. Let pi, ui2, ..., ji(; be a complete set of
irreducible representations of G. Let ¢; = ¢,,. So, there exists a unique m; € Z,m; > 0

such that

no= mipg ©mous - D mglis

Yu = mipr+map2+ -+ msps

w is irreducible if and only if pu = u; for some ¢ by the previous theorem. So,

(OusPp) = (mip1 +mapa + -+ +msps, Mmip1 + maps + -+ - + mspg)
= mi{p1, 1) + mimapr, @a) + -+ m2{ps, @)

2 2

If 41 is irreducible, ¢, = ¢, for some i. So p = p; implying m; =0,...,m; =1,...ms =
0. So (¢u,pu) = 1. If (pu,pu) =1, then there exists some ¢ such that m; = 1 and m; =0

Vj #i. So, ¢, = ¢, implying = p;. Hence, 1 is irreducible if and only if (p,, ) =1. O

If ¢ is a character of a representation of G and H is a subgroup of G. We denote the

restriction of ¢ to a character of H by, pp.

Theorem 2.29. Let H be a subgroup of G and ¢ be a character of a representation of H.

Then, ©° given by,

1 .
©%(g) = ] > e (agat)

z€G
where
. p(h) he H
©°(h) =
0 he H

is the induced character from H to G.

The following theorem, Frobenius Reciprocity, will discuss the relationship between the

12



induced character and the restricted character of a group and its subgroup. This theorem

is the character version as the Frobenius Reciprocity stated earlier.

Lemma 2.30. Let H < G and suppose ¢ is a character of I and that p is a character of
G. Then,

(0, pr) = (%, p)

Proof. Let H < G and suppose ¢ is a character of H and that p is a character of G. Then,

(% p) = éZsOG(g)@
geG

= L Y g g

geG zeG

1

Now, let y = zgz~" and note p(g) = p(y). So,

é% S (xgrNplg) = é% > e wely)
geG zeG yeG zeG
= % o(y)p(y)
yeH
= <§07 pH>
Thus, <§0G7 P> = <§07 pH>' [

13



3 Character Approach

In this section we will explore the first approach to Clifford’s theorem using a character
based approach [2]. This chapter will discuss taking a character of a representation of a
group and restricting the character to a normal subgroup. We will show how this character
breaks apart into characters of the normal subgroup. Then several results of Clifford’s
theorem will be discuss. Lastly, we will take the groups S3 and S5 and show what Clifford’s

theorem will look like.

3.1 Clifford’s Theorem

Let H be a normal subgroup of G and let x € Irr(G), where Irr(G) is the set of irreducible
characters of G. If ¢ is a class function of H and g € G, the conjugate of ¢ in G, denoted

9, is defined by the map ¢9 : H — C given by,

09 (h) = @(ghg™)

Note, the congujate of ¢ in G is well-defined.

Theorem 3.1. Let H < G, and let ¢, p be class functions of H. For z,y € G
(a) ©* is a class function.

(b) (p")" = ™.

(c) {£%p") = (¢, p)-

(d) (xm,¥") = (xm,p) for a class function x of G.

(e) ©* is a character if ¢ is.

Proof. (a) Let H < G, ¢, p be class functions of H, and let z,y € G. To show ¢” is a class

function, we want to show ¢%(h) = ¢*(aha™!) for all a,h € H. Note, for a € H and = € G,

14



xa = a’x for some a’ € H. So,

©*(aha™) = p(zaha ™tz

Note, p(a’zhx=1(a’)~1) = p(xhz~!) since ¢ is a class function and zhx~! € H. Therefore,
" is a class function and (a) is proved. (b) Next, we want to show (¢*)¥ = ™. Let h € H.

Then,

P (h) = e((zy)h(zy)™)

Thus, ™ = (¢*)¥ and (b) is proved. (c¢) To show (%, p*) = (¢, p), we will compute the

inner product.

T T _ i o T
(0", p") = ‘H‘];w(h)p (h)

1 P
= 0 Z olah ™Y p(cha=T1)
zhx—leH

= ‘}11‘ > w(h)p(h)

heH
= (o, p)

Hence, (%, p") = (p,p) and (c) is proved. (d) Similarly, we can show (d), (xm,¢") =

15



(xm, ) for a class function x of G. Let h € H. Then,

ne) = 3 xu(h)e(h)
2] et

1 [
= [H] Z xu(zhe™t)p(zha=1)
zhz—leH

= ;, S xu(m)e ()

heH
= <XH7 (pa:>

(e) Finally, we will show ¢” is a character if ¢ is. Assume ¢ is a character. Then,

pI(h) = ¢(ghg™)
= Tr(¢(ghg™"))
= Tr(¢(h))
Thus, by definition, @Y is a character. O

Theorem 3.2. Let H < G and let x be an irreducible character of G. Let ¢ be an irreducible

constituent of xg and suppose © = p1,pa, ...,y are the distinct conjugates of ¢ in G.

Then,
t

XH=¢€Y @

=1

where e = (X, ¥)

Proof. Let ¢% be the induced character of H to G. Then for h € H,

L) = jl, R
zelG
= 7 D elaha™)

zeG

= e

zeG

16



Now we will restrict ¢& to H,

1
(SOG)HZHZW — [H[ (%) =D ¢"
zelG zelG

If p € Irr(H) and p is not a conjugate of ¢, then <(<,DG)H = > 9% p) = 0. Note x is
a constituent of ¢, since (p,xg) = (©%, x) by Frobenius Reciprocity. It follows that
(xm,p) = 0. Since any irreducible character of H that is not conjugate to ¢ is not an

irreducible constituent of yp, all irreducible constituents of xx are among the ;. So,

X =Y _{xu, )i

By 3.1, (xu,vi) = (xu, ). Hence,

t

xu = > (xu, i

= (Xa,$) Z Pi
i=1
t

= eZ@i where e = (x g, ¥)

i=1

3.2 Results

In this section, several results that follow from Clifford’s theorem are presented. In partic-
ular 3.6 will be used frequently in section 5 to find irreducible representations of a group

from inducing specific representations of a subgroup.

Corollary 3.3. Let H < G and suppose that x € Irr(G) and (xg,lg) # 0. Then H C
ker(x).

Lemma 3.4. Let H < G and suppose x € Irr(G) and ¢ € Irr(H) with (xg, ) # 0. Then

17



(1) [ x(1).

Definition 3.5. Let ¢ € Irr(H). Then the inertia group, Ig(p), is defined by,

Ia(p) ={g € G ¢?(h) = p(h) Vhe H}

Theorem 3.6. Let H < G, p € Irr(H), and T = Ig(p). Let

A={peln(T) | (Yu,p) #0}, B={xelr(G)|(xu ¢ # 0}

Then,
(a) If 1 € A, then ¥C is irreducible.
(b) The map 1 — < is a bijecion of A onto B.

(c) If Y& = x, with ¢ € A, then 1) is the unique irreducible constituent of x7 which lies in
A.

(d) If Y€ = x, with 1 € A, then (Y, 9) = (X, ).

Proof. Let 1 € A and say Y is an irreducible constituent of ¥¢. By Frobenius Reciprocity,

O6GU®) = (e, ¥)

Thus, 1 is a constituent of x7. So, x7 = >_ n;y; for n; > 0, and note, ¢ is a constituent of

Y. So g => mip; for m; > 0. Therefore,

xu = (xr)n = Z”i(%‘)H = an Zmi%‘ = mez%

Therefore, ¢ is a constituent of x g and (xm, ) # 0. So, x € B. Let ¢ = ¢1,p2,...,p¢ be
the distinct conjugates of ¢ in G. Now T is the stabilizer of ¢ in the action of G on Irr(H).

By the orbit-stabilizer theorem, we have ¢t = |G : T'|. By Clifford’s Theorem,

t
xu=eY @i e=(xue)
i=1

18



Note, for g € T, p9(h) = p(h), Vh € H. So, ¢ is T-invariant. By Clifford’s Theorem,
t
Y=, i [=me)
i=1

Since ¢ is T-invariant, Y = f 3 i_, ¢; = fo. Now, f < e (not sure of reasoning). So, we

have

eto(1) = x(1) < Y1) = t(1) = tfp(1) < ete(1)

Since x(1) = %(1) and y is an irreducible constituent of ¥/, we can conclude y = 9.
Now y is an irreducible constituent of G, so ¢ is irreduicble and (a) is proved. Also

following from the equality from above,

e=(xu,) =)V, p) = f

Thus, (d) is proven. Now, we want to show that v is the unique irreduicble constituent of
X7, which lies in A. Say 1 inA where v # 1. Note, 91 is a constituent of xy7 by Frobenius

Reciprocity. Then,

(xu,0) > (Y +¥1)u, 0) = W, o) + (P1)u, @)
Note, ¥1 € A, so ((¢1)m, ) # 0. So,

(Vr, ) + (1), ) > (Vu, @)

However, this is a contradiction. Thus, v is unique and (c¢) is proven. Finally, we want to
show the map 1 — 9% is a bijection of A onto B. By (a), the map is well defined and
by part (d) the image of the map lies in B. By part (c), ¢ is unique, and thus the map
is injective. Let x € B. Now ¢ is a constituent of x7, so there must be some irreducible
constituent v of x7 such that (xp, ) # 0. Therefore, 1) € A and Y is a constituent of )¢

since,

<XT7 1/]> = <X) Q;Z)G>
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Thus, x = ¥¢ and the map is onto. Hence, the map 1 — ¥ is bijective. O

3.3 Examples

In this section we will explore several examples explicitly demonstrating what Clifford’s
theorem looks like. The first example we will take the symmetric group of order 6 and its
normal subgroup, the alternating group of order 3, and show how characters of S3 break
apart into characters of As when restricted to As. Then, we will look at the case where our
group is Ss. In this example we will see how characters of S5 break apart into irreducible

characters of As when restricted to As.

Example 3.7. Consider G = S35 = {(1),(12),(13),(23),(123),(132)}. Now, A3 =
{(1),(123),(132)} is a normal subgroup of S3. The character tables for S3 and A3 are

the following,

Table 1: S3 Character Table

Ss | (1) | (12) | (123)
Yvi| 1] 1 1
vo | 1] -1 1
ys| 2| 0 | -1

Table 2: Az Character Table

As | (1) | (123) | (132)
w1 | 1 1 1
V2 1 w w?
V3 1 w? w

In the character table of Az, w = e*™/3. Now, ¢y is an irreducible constituent of 3 |As-
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The conjugates of 9 in Ag are g9 and 3, and so, by Clifford’s Theorem,

X3 | As

(X3 45, P2) Z%‘

=2

= =Y s la @Rl +
o€Asg

= Lo w1 s+ i)

3
3

= lp2 + @3]

3

= @2+ 3

So, x3 |as= ®2 + 3. This shows us how x3 restricted to Az breaks apart as irreducible

characters of Ag.

Example 3.8. Consider G = S5, and As a normal subgroup of S5. To use Clifford’s

theorem, we need to find the character tables for S5 and As.

Table 3: S5 Character Table

Now, (3 is an irreducible constituent of x3 |a,.

Ss [ (1) [ (12) [ (123) [ (1234) [ (12345) | (12)(34) | (12)(345)
X1 1 1 1 1 1 1 1
X2 1| -1 1 -1 1 1 -1
sl 4] 2 1 0 1 0 1
X4 4 -2 1 0 -1 0 1
X5 9 1 -1 -1 0 1 1
X6 5 -1 -1 1 0 1 —1
X7 6 0 0 0 1 -2 0
Table 4: As Character Table

As | (1) [ (123) | (12345) | (12354) | (12)(34)

o1 1 1 1 1 1

2 4 1 -1 -1 0

©3 5 -1 0 0 1

ei| 3 0| 5| 155 -1

s | 3 0] 15| 15 1
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so, by Clifford’s theorem,

X3 ‘A5 = <X3 |A57902> Z‘PQ
— L) +2001) + 12(1) + 12(1)) 0
= $2

Now ¢4 is an irreducible constituent of x5 |a,. The conjugates of 4 are ¢4 and 5. So, by

Clifford’s theorem,

X5 ‘As = <X5 ’A574P4>Z(P2

! (6(3) 12 (1 *f) (1) +12 (1 ‘2“5) 1)+ 15(2)) o1+ 95)

= P4+ s

So, x5 |as= w4 + 5. This shows us how x5 restricted to As breaks apart as irreducible

characters of As.
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4 Vector Space Approach

This chapter will discuss the second approach we will take to Clifford’s theorem, which will
use a vector space approach [1]. We will explore how representations decompose into direct
sums of irreducible constituents when we induce irreducible representations of a normal
subgroup up to a group and then restrict back down to the normal subgroup. In this
chapter we will also compare the two approaches by making several connections between
Clifford’s theorem using the character approach and Clifford’s theorem using the vector
space approach. A comparison of a key result between the two approaches will also be

made.

4.1 Clifford’s Theorem

Let G be a group and N be a normal subgroup of G. We will denote the set of all irreducible
representations of G' by G. Likewise, we will denote the set of all irreducible representations

of N by N.

Definition 4.1. Let o € N and g € G. Then,
Glo)={0 e G|o < Res§(0)}

Definition 4.2. Let ¢ € N. For a g € G, the g-conjugate of o is the representation 90 € N

defined by

'ng)

Yo(n)=o(g~
for allm € N.

Proposition 4.3. If 0,0’ € N, then, for g € G, 9(0 ® 0') = 90 & 90",
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Proof. Let 0,6’ € N, g€ G and n € N. Then,

Yo®a')(n) = (0@a)(g 'ng)

1

= (o(g7'ng),0' (g "ng))

= o(g 'ng) ®o'(9" 'ng)

= Y9o(n)® %’ (n)

Thus, 9(c @ o’) 290 @ 90’. O

Definition 4.4. For 0,90 € N, the subgroup,
Ig(o) ={ge G |0 =0}

is called the inertia subgroup of G.

The g-conjugate defines an action of G on N. We can see this by, for g1, 92 € G,

N2g(n) = o((g192)" 'n(g192))
= o(g5 97 'ng192)
= %0(g; 'ng1)

= N("o(n)

So, g-conjugate defines an action of G on the irreducible representations of N. Now, Ig (o)

is the stabilizer of o in the action of G on N. To see this, say g € I (o). Then,
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Thus, I¢(0) is the stabilizer of o in the action of G on N.

Let R be a set of representatives for the right Ig(o)-coset in G. That is,

G =] ric(o)

Let H=K = N <G and set Ig(0) = quQ gN, where @ is a set of representatives for the
right N-cosets in Ig(o). If T'= RQ, by Mackey’s theorem,

G = Urlg(a)

re€R

= UUqu

reR qeQ

= [ JtN

teT

which is the coset decomposition of G over N.

Theorem 4.5. Suppose that N is a normal subgroup of G and let o € N and 0 € G’(U). If
R,Q and T are as above, then setting d = [Ig(o) : N] = |Q| and denoting the multiplicity

of o in Res% 0 I, we have

ResN Ind @ta—d@ o

teT reR

is the decomposition of Res$(Ind$ o) into irreducible inequivalent subrepresentations.

Homg (Ind% o, Ind% a) ~ ¢4

Res%@gl@rcr

reR

Proof. Let V, denote the representation space of o. That is V, is the vector space of
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0:N — GL(V). Forallt € T, set
Zi={f:G =V, | f(t'n) =6 po(n )f(t) Yne Nt €T}

where

0 ift/#t
Oppr =
1 ift=+¢t

First we prove, Z; is a subspace of the induced space Ind% V5. Let f1, fo € Z;. Then,

(fi+f)(tn) = filt'n)+ f2(t'n)
= 5t,t’0'(n71)fl(t) + 5t,t'0(”71)f2(t)

= 5t,t'0(”_1)(f1(t) + fa(t)) € Zy

So, fi+ fo € Z;. Let A€ C and f € Z;. Then,

(Af(#'n) = f(M'n)
= 5t,t'0(”_1)f(/\t>

= )\5t,t’0(”_1)f(t)

So, Af € Z;. Thus, Z, is a subspace of the induced space Ind% V5. Now we will show

md§ Vo = @ 2,
teT

is a direct sum. Let f € Ind$ V,, and f; € Z;. Now, for n € N and g € G, ng = n(t'n’) =

26



t'nx for some n* € N and t' € T. So,

f(ng) = f(t'n")
= o((n)"Hf(t)

= fo('n)+ fr,(t'n") + -+ fo, (t'n")

where fi,(t'n*) = 0 for all ¢; # t' and there is a t; = t' such that f(t'n*) = fi,(t'n").

Therefore, we can write elements of Ind% V, as the sum of elements of Z;. So,

md§ Vv, = 7
teT

Hence, Ind§ V, = @,cp Zi. Let Ly : V, — Z; be given by,
[Etv] (t'n) = 5t7t/a(n_1)v

for any v € V,. The claim is L; is a linear isomorphism. We will show L, is a linear

transformation. Let vy,v9 € V. Then,

Li(vy + 02)(t/”) = 5t,t’0(”_1)(vl + v2)
= Orefo(n ) (v1) +o(n™)(vo)]
= dipo(n ) (v1) + 8 pa(n 1) (va)]

= Li(v))(t'n) + Et(vg)(t’n)
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Let A € C and v € V. Then,

LOw)(tn) = Gpon™)0w)
= >\5t,t’0(”71)(v)

= ALy(v)(t'n)

So, L is a linear mapping. Now, we will show L, is a bijection. First, we will show Ly is

injective. Let vi,vs € V, and say ﬁt(vl) = L(vg). Then,

Li(v))(t'n) = Li(va)(t'n)
— §—t,to(n V(v) = -t t'o(n ) (vg)
— U1 = V3

Now we will show L; is surjective. Note, for f € Z; there exists a v € V,, such that f(t) = v.

So,

Et(v) (t'n) = (5t,tr0(n_1)v

= (St,t/O'(TL_l)f(t) € Zt
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Therefore, L; is a linear isomorphism and V, =2 Z,. If welet A=1T nd%a, then

A(n) L] (ting) = Li(v)(n"tting)
= Li(v)(tit;'n " Hang)
= 5t,t10((t1t1_1n*1n1)*1)v
= S o(ny 'ty nt)v
= 5t,tla(nf1(tf1nt1))v
= 5t,t10(n_1)a(tf1nt1)v
= Gpo(nHo(n)v

= L("a(n)v)(tim)

forallv e V,, t; € T, n,n; € N. Since A(n)ﬁt = Etto(n), L; is an intertwining operator
and therefore,

Ind% o=t
Now since this is true for all n € N, we have

(Res§ Ind§ 0, Z;) = (Y0, V)

Hence, Res§ (Ind$ o) is equivalent to @D,cr'o. Now,

Do=PP o =1eD""

teT reR qe@ reR

So, Res§ (Ind§ o) = Q| D, cr"0 = dP,cp"0 and (1) is proved. Now o € N and the

multiplicity of o in Res§(Ind§ o) is equal to d. Then,

Homy (o, Res$ (Ind§ o)) = c?
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Note, by Frobenius reciprocity,
Homy (o, Res$ (Ind§; o)) = Homg (Ind% o, Ind% o)

Therefore, Homg (Ind§ o, Ind§ o) 2 C% and we have shown (2). Consider the map

¢ : Hompy (o, Res§ ) — Homy (90, Res§, 6) given by,

We can show that ¢ is a linear transformation. Let 77,75 € Homy (o, Res% ). Then

eIy +T2)(v) = 0(g)(T1 +12)(v)
= 0(9)(T1(v) + T2(v))
= 0(g)T1(v) + 0(g9)T2(v)

= ¢(T1)(v) + ¢(T2)(v)

Let A € C and T € Homy (o, Res$ 6). Then,

p(AT)(v) = 0(g)(AT)(v)

So, ¢ is a linear map. Now, ¢ is a bijective map, and first we will show ¢ is injective. Let
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Ty, T» € Hompy (o, Res§ 0) and assume ¢(T}) = ¢(T3). So,

e(T1)(v) = ¢(T2)(v)
= 0(g)Ti(v) = 0(g9)T>(v)
— T (1)) = TQ(’U)

— T = Ty

One can check that ¢ is surjective. Thus, ¢ is a linear isomorphism and
Homy (0, Res$ 0) = Homy (90, Res$; 6). Since the multiplicity of o in Res$ @ is [, then 90

has multiplicity [ in Res% f. By Frobenius reciprocity,
Homy (0, Res$ 0) = Homg (Ind§ o, )

Thus, Ind% o has exactly [ copies of 6. So, every irreducible subrepresentation of Res]GV 0 is
also a subrepresentation of Res§ (Ind§ o). Recall, Res§ (Ind§ o) has subrepresentations of

the form €, "o. Hence,

Res§ 6 = l@ra

reR

So, (3) is proved and the proof is complete. O

From this theorem, we now know if we induce an irreducible representation, o, up to a
group from a normal subgroup and and then restrict back to the normal subgroup, we get
a direct sum of conjugates of o, where the multiplicity is the index of the inertia subgroup
over the normal subgroup. We also know the dimension of Homg(Ind%, Ind$}). Since we
know the dimension of this space we can then determine if the induced representation is

irreducible.

4.2 Results
This section will discuss key results from Clifford’s theorem.

Corollary 4.6. Let 0,0, € N. Then Ind§ o is irreducible if and only if I¢(c) = N. Also,
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if Ig(0) = Ig(o1) = N, then Ind$ (o) = Ind$ (o) if and only if o is conjugate to o;.

Proof. Say Ind§ (o) is irreducible. Then, by Schur’s Lemma,
dim Homg (Ind% o, Ind% a) =1

By the previous theorem, Homg (Ind% o, Ind§ o) =2 C? where d = [Ig(c) : N]. So, [Ig(0) :
N] =1, which implies that Ig(c) = N. Now, say Ig(0) = N. Then, [Ig(c) : N] = 1. So,
by the previous theorem,

Homg (Ind% o, Ind§; 0) =C

By Schur’s Lemma, since dim Homg (Ind% o, Ind% 0) =1, then Ind% is irreducible. Hence,
Ind]C\’}J is irreducible if and only if Ig(0) = N. Now, for 0,01 € N, assume Indga =
Ind$ 0. Since Ig(o) = N = Ig(01), Ind$ o and IndY o) are irreducible. By the previous

theorem, Res% Ind% 0=@Per to. Now by Frobenius Reciprocity,

dim Homg (Ind% o1, Ind% O’) = dim Hom (01, Res% Ind% 0) = dim Hom (o’l, @ ta) =1
teT

Since dim Hom (01,@t€T ta) = 1, 01 must be equivalent to ‘o for some t € T. Now,
assume o is conjugate to o1. That is, there is some t € T such that oy = !o. So,

dim Homy (o1, @,c7 ‘o) = 1. By Frobenius Reciprocity,

dim Hom (01, @ ta> = dim Homy (01, Res% Ind% 0') = dim Homg (Ind% o1, Ind% 0) =1
teT

Since, dim Homg (Ind% al,Ind% O’) = 1 by Schur’s Lemma, Ind%a = Ind% o1. Hence,

Ind$ (o) = Ind§(01) if and only if o is conjugate to o;. O]

Lemma 4.7. Let N be a normal subgroup of G and set I to be the inertia group of o € N.
Then the set I(0) = {p eI |p<Ind§o}. Let

Ind{\,a: @ e
pel(o)
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be the decomposition of Ind{v o into I-irreducible representations, where m,, is the multi-

plicity of p in Ind{v 0. Then,

Ind§ o = @ my, Ind¥ p
pel(o)

is the decomposition of Ind% o into G-irreducible components.

2. If § € G(0), then

0 = Ind$ 1
for some unique p € I(0).

Proof. (1) Let i/ = Indyo = @uef(a) myft, where o € N and p € I. Then, by 4.5,

Res$ Ind¥ 1 = Res¥ Ind¢ @ My

pel(o)
= D mdDw
pel(o) reER

where d = [Ig(0) : Ig(o] = 1 and R is a set of representatives of the right I¢(o)-cosets in
G. So,

D mdDr=D D mun=Dw

,uef( ) reR re€R uel(o) reR

By the transitivity of induction,

Homg(Ind§ o, Ind$; o) = Homg(Ind$ Indl o, Ind$ Indy; 0) = Homg(Ind$ 1/, nd¥ 11/)
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So, by Frobenius reciprocity,

Homg(Ind$ 0, Ind§ 0) = Homg(Ind¥ 1/, nd§ 1)

>~ Homp(Res$ Ind¥ 1/, 1)

Hom (@ TM/’ MI>

reR

1

By 4.5, we know "’ are not equivalent, and so,

Hom (@ e M/> >~ Homy(p/, ') = HOm[(Ind{V o, Indfv o)
reR

Therefore,
Homg @ my, Ind§ @ m, nd¥ | = Homy(Ind) o, Ind} o) = C4 = C

pel(o) p€l(o)

Since dim Homg (@uef(a) m,, Ind¥ ¢, Gauef(o) m,, Ind§ ,u) = 1, Ind¥ p is irreducible and

inequivalent for each p € I(0). So we have,

d§ o = Ind¥ @ muY | = @ my, md¢ p
pel(o) pel(o)
where each IndIG p is G-irreducible and inequivalent. Hence, (1) is proved. Note, since
0 € G(0), 0 < Res§(0). By Frobenius Reciprocity,

Homy (J, Res% 9) = Homg (Ind% o, 9)

So, 6 < Ind§ 0. By the first part of this lemma, we have that Ind§ o = @yef(o) my, Ind¥ p.
Now @ is an irreducible representation of G, so § must be equivalent to one of the Ind? 7

for some unique p € f(o’). So, (2) is now proved and the proof is complete.
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Definition 4.8. The number [ = dim Homy (o, Res§ 9) is called the inertia index of

0 € G(o) with respect to N.

Theorem 4.9. Let N be a normal subgroup of G. Let o € N, I = Ig(o) and

I(o)={pel|pn<Indyo}. Say ¢ :I(c) = G(o) is defined by mapping pu — IndS p.
Then, ¢ is a bijection. Moreover, the inertia index of u € f(a) with respect to N coincides
with the inertia index of Ind?,u with respect to N and is equal to m,, where m, is the

multiplicity of p in Ind{v o. Also, Res{l p=m,Po.

Proof. Let ¢ : f(a) — G’(U) be defined by mapping g — Ind¥ . To see that ¢ is injective,
the previous lemma says that for p € I(o) and 0 € G(o), 6 = Ind§ 1 for some unique
. So, p is injective. To see that ¢ is surjective, take a 6 € G’(a) and p € f(a). Then,
@(p) = Ind¥ u = 0, by the previous lemma. Therefore, ¢ is a bijection. Now my, is the

multiplicity of y in Ind{v 0. So, dim Hom (Indfv o, u) = my,. By Frobenius Reciprocity,
dim Hom (a, Resk ,u) = dim Hom (Ind{v o, ,u) =my
Now, by the previous lemma, m,, is the multiplicity of Ind? W in Ind% o. So,
dim Hom (Ind% o, Ind¥ ¢) =my
By Frobenius Reciprocity,
dim Hom (J, Res](\;f Ind? ,u) = dim Hom (Ind]% o, Ind? ,u,) =my

Thus, the inertia index of p € T (o) with respect to N coincides with the inertia index of

Ind? w with respect to N. Lastly, by the previous theorem, we have

Res{vu%mu@a

That is, Res{vu%a@a®-~-@a, m,, times. ]
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4.3 Connecting the Two Approaches

In this section, we will relate the character approach to the vector space approach. The
main theorems and lemmas we will compare are 3.2 to 4.5, and 4.7 with 4.9 to 3.6.

First we will compare 3.2 to 4.5. From (3) of 4.5, we see how a representation of a group
when restricted down to a normal subgroup breaks apart into a direct sum of irreducible
constituents. To see how this is connected to the character approach from 3.2, recall the
character of a representation that is isomorphic to the direct sum of irreducible constituents
is the sum of the characters of the irreducible constituents, and the multiplicity of an
irreducible constituent can be found by taking the inner product of the character of the

representation and the character of the irreducible constituent. So, from 4.5, we have

Res§ 0 = 1 @ "o
reR

and from 3.2, we have
t

X = (v 9) D i
=1

Let x be the character of 6 and ¢; be the character of "io for r; € R. Then, (xn, ;) is the
multiplicity of o in Res]% #, which is [.

Now, we will compare 4.7 with 4.9 to 3.6. From 3.6, the set A = {¢ € Irr(T) | (¥, ) # 0}
is equivalent to the set I(o) = {u € I | ) < Indk (o)} from 4.7. Similarly from 3.6, the set
B = {x € Irr(G) | (xu,p) # 0} is equivalent to the set G(c) = {# € G | 0 < Res§ ()} from
4.9. Note in 3.6 the normal subgroup is H, but in 4.7 and 4.9 the normal subgroup is V.
Since H and N are arbitrary groups, we will refer to the normal subgroup as N. Let ¢
be the induced character of p from I to G, then we have the irreducible character of Ind? I
and can make that connection between (a) of 3.6 and (1) of 4.7. We can also connect (2)
of 4.7 to (¢) of 3.6. Since 1© is the irreducible character of Ind? w, and we know from 3.6
Ind¥ 1 is unique, then 1< is unique. Now, 4.9 defines a bijection from I(c) to G(c). Since
we have made the connection between the sets of A to (o) and B to G(o), the bijection
between A and B defined in 3.6 is a bijection mapping characters of representations in I (o)

to characters of representations in G(o).
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5 GLy(F,) Example

In this chapter we will explore Clifford’s theorem with the subgroup of Giy(F,), B =
a 1 =z

| a,b,c € Fg a,c#0), » and the normal subgroup of B, N = |z €T,

0 c 0 1

[3]. In this example we will demonstrate that N is a normal subgroup, find the inertia sub-
group of B, and show how we can induce characters of the inertia group up to B and when
those induced characters will be irreducible. First, we will look at the case where F, = Z3

and then explore when [, = Zs.

a b
Consider two subgroups of GLy(F,), where g is a power of a prime, B = | a,b,c € Fya,c#0),
0 c
1 =z a b 1 =z
and N = |z eFyp. If welet b= € Bandn = € N. Then,
0 1 0 c 0 1

a b 1 =z 1/a —b/ac
b=t = / /

]
o

o
—_

0 1/c

a ar+b 1/a —b/ac

0 c 0 1/c
1 azx/c
0 1

So, bnb~! € N and therefore, N is a normal subgroup of B. The orders of each subgroup
are the following, |B| = ¢(¢ —1)? and |N| = ¢. Since we want to find irreducible characters

of B using Clifford’s Theorem and results, we need to know the conjugacy classes of B.
Now one type of element that is in B looks like, . So, if we conjugate this matrix

by any element in B, we get the following,
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a c| |z O 1/a —c/ab ar cx 1/a —c/ab

0 b 0 =z 0 1/b 0 be 0 1/b
x ax(—c/ab) + cx/b
0 x
z 0
0 z
a 0

So, a representative of this conjugacy class is and there are ¢ — 1 conjugacy

0 a

classes represented this way of size 1. Another type of element that is in B can look like,

Yy
. When we conjugate this element by any element in B, we get the following,
0 z
a c| [z y 1/a —c/ab ar ay+ bz 1/a —c/ab
0 b 0 =z 0 1/b 0 bx 0 1/b
x ax(—c/ab) +ay/b+
0 x
x —cx/b+ay/b+x
0 x
a
So, a representative of this conjugacy class is and there are ¢ — 1 conjugacy
0 a

classes represented this way of size ¢ — 1. The final type of element that appears in B
will look like, . When we conjugate this element by any element in B, we get the

following,
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a c| [z d 1/a —c/ab ar ad+cy 1/a —c/ab
o b)\o y)\o 1 0 by 0 1/b

x —cx/b+ad/b+cy/b

0 y

a x
So, a representative of this conjugacy class is and there are (¢ — 1)(¢ — 2)

0 b

conjugacy classes represented this way of size q. We know we have found all conjugacy

classes of B since,

=D+ @-D@-D+aqlg—1)(g-2) = (g—1)+¢—2¢+1+¢"—3¢+2
= ¢ -2 +¢
= q(¢®—2¢+1)
= q(g—1)?

= |B]

The following table describes all conjugacy classes of B.

Table 5: Conjugacy Classes of B

Representative | Size of Class | Number of Classes
(v 2) : -
] I
(o 5) | @-na-2 q

Now, the inertia group, Ip(y), where ¢ € Irr(N) will have the form

Ip(p)={beB| "=} ={be B |pbnb ") =p(n)}
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Now, depending on ¢, we want bnb~! = n. So,

a b 1 z 1/a —b/ac
b=t = / /

o
o

o
[t

0 1/c

a ar+b 1/a —b/ac

0 c 0 1/c
1 az/c
0 1
ax
> — =7
= a=c
Therefore, the inertia group of B is,
a b
Ip(p) = la,beF,a#0
0 a

Now, |Ig(¢)| = q(q — 1) and Ig(p) is abelian. Since the inertia group is abelian, we
will want to determine whether Ip(p) is cyclic or not. For ¢ € Irr(Ip(yp)) such that
(YN, ) # 0, Then, we have 17 is irreducible by Theorem 4.01. Using 3.6 we can find
irreducible characters of B. We need to determine how many irreducible characters we can
find using this Theorem. Note, N = [, is an abelian group, and thus has ¢ conjugacy
classes and therefore, ¢ irreducible characters. Also, N is a normal subgroup of Ip(y),
s0 YN = (N, ) St @i where p; are the conjugates of ¢ for i = 1,...,¢, by Clifford’s

Theorem.

5.1 Case: F, = Z;

We can explore a specific case, where ¢ = 3, so 3 = Z3. Our goal is to produce irreducible

characters of B from inducing irreducible characters of the inertia group to B. First, note

40



10 10
cl =
01 01
1 0 10 1 1 1 2
cl = , ,
0 2 0 2 0 2 0 2
1 1 11 1 2
cl = ,
01 01 0 1
2 1 { 2 1 2 2 2 0
cl = , ,
01 01 0 1 0 1
2 1 2 1 2 2
cl = ,
0 2 0 2 0 2
2 0 [ 2 0
cl =
0 2 0 2

Since B has six conjugacy classes, B has six irreducible characters. Now ¢ = 3 implies
N 2= Zs. So, we know all irreducible characters of N. N will have the following character

table.
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Table 6: N Character Table

o) o) 16

o1 1 1 1
9 e27r'£/3 e47ri/3
03 1 e47ri/3 627ri/3

The inertia group with respect to g € Irr(N) is,

IB((702) = Y Y ) Y Y

2 2

Note, that Ig(¢2) = Ip(v3) and note that Ip(p2) = < > To see this,

0 2

2 2 2 2 1 2
0 2 0 2 01
1 2 2 2 2 0
01 0 2 0 2
2 0 2 2 11
0 2 0 2 01
1 1 2 2 2 1
01 0 2 0 2
2 1 2 2 1 0
0 2 0 2 01

2 2

So, = 6, and so Ip(y2) = Zg. Note, the inertia group, Ip(p2) = Ip(p3). So the
0 2

character table for the inertia group is the following,

where w = ¢™/3. From 3.6, we can find the set A = {¢ € Trr(Ig(p2)) | (¥, p2) # 0}
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Table 7: Ip(p2) Character Table

T (o) 1 0 1 1 1 2 2 2 2 0 2 1
w221 \o 1) \o 1) \o 1)]\o2/|[\o2) |\o2
o 1 1 1 1 1 1
o 1 w? w? w —1 w?
U3 1 w w? w? 1 w
W4 1 1 1 1 1 1
U5 1 w? w? w 1 w?
Vg 1 w? w? W -1 w

Now, Ig(p2) = Ip(¢3) restricted to N has the following character table,

Table 8: Ip(p2)n Character Table

wey | (5 1) (o) (o 1)
U 1 1 1
9 1 w? w?
(W 1 w? w?
Py 1 1 1
s 1 w? w?
"Lb@ 1 w4 w2

To be in A, (YN, p2) # 0. So, for Ip(p2),

1(1 +82wi/3 % e—27ri/3 + e47ri/3 % e—47ri/3)
3

(2, 02)
éu+1+n

1
1(1 +€2ﬁi/3 *6—271'1'/3 +e4m’/3 *6—471'1'/3)
3

1
S+1+1)

1

<¢57 <P2>

So, for w2, A ={¢ € Irr(Ip(p2)) | (YN, p2) # 0} = {2, ¢5}. To be in A, (¢, p3) # 0. So,
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fOI“ IB(g03),

(Y3, 03) = é(l + eAmi/3  p—4mi/3 + e2mi/3 6—27ri/3)
= %(1 +1+41)
=1

(v, p3) = %(1 + e4TI/B g AT/ 4 Q2mif3  o=2mi/3)
= %(1 +1+1)

=1

So, for w3, A = {¢ € Irr(Ig(p3)) | (¥n,e3) # 0} = {13,96}. By the theorem, for ¢ € A,
then ¥ is irreducible. Thus,

1 1
v = L(6?) + 6"
01
= -1
1 0
v ) = L2
01
= 2
2 2
v ) = S(6() +6(?)
0 2
= -1
20
vp ) = L(2(-1)
0 2

Therefore, 13 is a character of B, To see ¥¥ is irreducible, we will check the inner product
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Table 9: B Character Table

b ) 16262 =) G )

s 2 —1 -2 —1 0 0

of & with itself.

WE0F) = Ts(4+20) + -2(-2) +2(1)

1
= —(4+2+4+2
pdT2+t4at2)

=1

Therefore, ¢2B is an irreducible character of B. Now, 15 € A. So, zﬁ? produces another

irreducible character of B.

vp = L(6) +6(w")
0 1
= -1
10
v = $02)
0 1
= 2
2 2
v = S(6(") +6(?)
0 2
= -1
20
vp = S(2)
0 2
= 2

So the we can build on the character table of B, To see that ¢5B is an irreducible character
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Table 10: B Character Table

(

11
0 1

)

(

2 0
0 2

(

2 2
0 2

)

10
0 2

)

21
01

)

B

5

-1
-1

-2
2

-1
—1

0
0

of B, we will take the inner product of wf with itself.

WEuB) = 54420 +202) +2(1)
1
12

1

(4+2+4+2)

Therefore, 12 is an irreducible character of B.

5.2 Case: F, = Z;

Now we explore the case where ¢ = 5, so F5 = Zs. Our goal is to produce irreducible

characters of B from inducing irreducible characters of the inertia group to B. Now,

B = | a,b,c € Zs,a,c #0

and |B| = q(¢—1)? = 80. Since N = Zs, we know all irreducible representations of N. The

following table is the character table of N, where w = €2™/5. To use Clifford’s Theorem,

Table 11: N Character Table

1o )6 )6 D) o) o)

0 1 01 01 01 01
»1 1 1 1 1 1
P2 1 w w? w3 w?
3 1 w? w? w w3
©4 1 w3 w w? w?
V5 1 w w3 w? w

we need to determine the inertia subgroup of B, and we need to determine the irreducible
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characters of the inertia subgroup. Previously, we determined that,
b
Ip(p) = la,beFqa#0

for ¢ € Irr(N), and that ||p(¢)| = q(¢ — 1). So, for ¢ =5, |Ip(¢)| = 20. Now, the inertia
subgroup is an abelian group and therefore is either isomorphic to Zsg, or is isomorphic to

the direct sum of cyclic groups. We can find a generator for Ig(p), which is the element

21 2 1
, and so, Ip(p) = Zgy. Now, is a generator for Ip(p), so the irreducible

0 2 0 2

representations of Ip(¢) will be of the form,

k

2 1 g .
_ 627mjk/20 _ em]k/l()

0 2

for j =1,...,20. Since each 1); is a degree one representation, v¢; € Irr(Ig(¢)) will be of

the form,

D) = (o)’

for D € Ip(y) and k =0,...,19. Note, for ¢; € Irr(N), i =2,...,5, Ip(p2) = Ip(p3) =

Ip(p4) = Ip(ps). Now, Ip(y;) restricted to N has the following partial character table,

Table 12: Ip(p;)n Character Table

10 11 1 2 1 3 1 4
Iste2v 1 (g 1) Lo 1) | \o 1) Lo 1) ] o
s 1 1 1 1 1
o 1 £67i/5 627ri/5 687ri/5 e47ri/5
Vs 1 6271'1:/5 647r7f/5 667rz:/5 6871'1:/5
on 1 687m/5 667rz/5 e47m/5 e27rz/5
Vs 1 edmi/s 6871'@'/5 627ri/5 667ri/5
(& 1 1 1 1 1
e 1 67i/5 27/ S7i/5 Ami/5

Note, 1 is where the characters of Ip(p) will start to repeat. To use 3.6, we must
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restrict Ig(y) to N and determine for which p;, j =1,...20, (uj, pi) # 0. So, for ¢,

(V3,02) =

(1 4 o2mi/5=2mif5 | Amif5 —4mi/5 | 6mi/5,—6mi/5 Jreswz‘/se—&m‘/s)

()

= oo =t =

So, 13 € A. Along with 13, (¢s, @), (13, p2), (P18, p2) are not equal to zero, and so,
Vg, 13,18 € A. For (3,

(1 4 elmi/5g—Ami/5 | 8mif5,~8mi/5 |  2mi/5 ~2mi/5 Jreﬁm‘/se—ﬁm‘/s)

(V5,03) =
(5)

= ol ROt =

So, 5 € A. Along with o5, (Y10, ¥3), (¥15, ©3), (Y20, 3) are not equal to zero, and so,

P10, Y15, Y20 € A. For (g,

(1 4 Bmi/5—6mi/5 | 2mi/5 —~2mi/5 |  8mi/5,—8mi/5 Jre4m‘/56—4m'/5)

(Y2,04) =
(5)

G NG F

So, 19 € A. Along with 9, (¢¥7,¢4), (12, p4), (17, p4) are not equal to zero, and so,
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V7, 12,17 € A. For s,

(Y1, 05) =

(1 4 BTi/B=8mi/5 | 6mi/5 —6mi/5 |  Ami/5,—dmi/5 Jrezm'/se—mm‘/s)

()

= oo =t =

So, ¥4 € A. Along with 14, (¥9,¢s), (¥14,p5), (19, v5) are not equal to zero, and so,

Y9, V14,119 € A. By 3.6, 98 will be an irreducible character of B. First, we will find 2.

49



1

by = 5=(80(1))
“lo 1 20
= 4
2 0 1

Py = -(80(i))
2 0 2 20
= 4
3 0 1

vy = --(80(i))
2 0 3 20
= 4i
4 0 1

vy = -=(80(-1))
2 0 4 20
= —4
1 1 1

Wy = -=(20(1))
2 01 20
= 1
2 1 1

Py = 5=(20(1))
2 0 9 20
= 1
3 1 1

vy = -=(20(1))
2 0 3 20
= 1
4 1 1

by = 5=(20(1))
2 0 4 20
=1

Now, we must check that 1/123 is irreducible. Note, by the definition of the induced character,

all elements of B that are in conjugacy classes that do not contain elements from Ip(¢4),
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YP(C) =0 for all C € B such that C & Ip(p4).

1

(Y yPy = %(4(4)+4i(@)+4i(@+—4(—4)+4(1)+4(1)+4(1)+4(1))

= (80)

=1

Thus, 1% is an irreducible character of B. Since (12, p4) # 0 and (17, @4), (12, ©a), (Y17, P4)

are not equal to zero, P = 1/)? =B = ﬁ. Similarly @Df will also be an irreducible char-

acter of B. We will now find 2.
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1
by = 5=(80(1))
3 0 1 20
= 4
2 0 1
Y3 = -(80(i))
3 0 2 20
= 4
3 0 1
vy = --(80(i))
3 0 3 20
= —4
4 0 1
Wy = --(80(-1))
1o 4 20
= 4
1 1 1
Py = 5=(20(1))
3 0 1 20
= 1
2 1 1
vy = -=(20(1))
3 0 2 20
= 1
3 1 1
by = 5=(20(1))
3 0 3 20
=1
4 1 1
Py = 5=(20(1))
3 0 4 20
= 1

Now, we must check that ¢3{3 is irreducible. Note, by the definition of the induced character,

all elements of B that are in conjugacy classes that do not contain elements from Ig(p4),
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YP(C) =0 for all C € B such that C ¢ Ip(p2).

(Y ¢P) = %(4(4)+4¢(E)+f4(f4)+4(4)+4(1)+4(1)+4(1)+4(1))

= (80)

=1

So, ¥¥ is an irreducible character of B. Since (13, p2) # 0 and (1)s, @a), (13, ¥2), (P18, P2)
are not equal to zero, d)f = ¢ég = ¢133 = d}l%. Next, we will find and show f is an

irreducible character of B.
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1
by = 5=(80(1))
4 01 20
= 4
2 0 1
Py = -(80(i))
4 0 2 20
= 4
3 0 1
vy = --(80(i))
4 0 3 20
= 4
4 0
of = 55(80(-1))
0 4
= —4
1 1 1
vy = 5=(20(1))
4 0 1 20
= 1
2 1 1
vy = -=(20(1))
o 2 20
= 1
3 1 1
by = 5=(20(1))
4 0 3 20
=1
4 1 1
Py = 5=(20(1))
4 0 4 20
= 1

Now, we will show 1/135 is irreducible. Note, by the definition of the induced character,

all elements of B that are in conjugacy classes that do not contain elements from Ig(ys),

o4



YP(C) =0 for all C € B such that C ¢ I(ps).

(WP vf) = % (4(4) 4+ 4(4) + 4(40) + —4(—4) + 4(1) + 4(1) + 4(1) + 4(1))

= (80)

=1

Hence, 92 is an irreducible character of B. Since (14, ¢5) # 0 and (19, ©5), (P14, ©5), (19, ©5)
are not equal to zero 1P = 1/)5 =B = 1/)139. Lastly, we will find and show 1!)53 is an irre-

ducible character of B. To find wsB,
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1
WP = 5=(80(1))
5 0 1 20
= 4
2 0 1
P = -(80(i))
5 0 2 20
= 4
3 0 1
WP = --(80(i))
5 0 3 20
= 4
4 0 1
Wy = 5-(80(-1))
5 0 4 20
= 4
1 1 1
PP = 5=(20(1))
5 0 1 20
= 1
2 1 1
PP = -=(20(1))
5 0 2 20
=1
3 1 1
P = 5=(20(1))
> 0 3 20
= 1
4 1 1
WP = -=(20(1))
5 0 4 20
= 1

Now, we will show wég is irreducible. Note, by the definition of the induced character,

all elements of B that are in conjugacy classes that do not contain elements from Ip(g3),
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Y8(C) =0 for all C' € B such that C & Ip(p3).

(B B) = %(4(4)+4(@)+4(4)+4<4)+4(1)+4(1)+4(1)+4(1))

= (80)

=1

So, ¥¥ is an irreducible character of B. Since (¥5, 03) # 0 and 95, (¥10, 03), (15, 3), (P20, P3)

are not equal to zero, 1/153 = ¢ﬁ] = 1/)1% = ¢QBO. Therefore, we have found the irreducible char-
acters of B by using Clifford’s Theorem. The following table summarizes the irreducible
characters of B found by this method. Note, we will exclude the conjugacy classes not

contained in Ip(p;), i = 2,3,4,5, as the character value at those conjugacy classes are zero.

Table 13: Character Table of B

B (1 0> (2 0) <3 0> (4 0) <1 1) <2 1> (3 1) <4 1)
0 1 0 2 0 3 0 4 0 1 0 2 0 3 0 4
I3 4 4i 4i —4 1 1 1 1
B 4 4i —4 4 1 1 1 1
B 4 4 4i —4 1 1 1 1
B 4 4i 4 4 1 1 1 1

5.3 Case: F, =7,

The previous two examples explored specific cases of when I, = Z,. We saw when p = 3,
the inertia subgroup of B was isomorphic to the group Zg, and when p = 5, the inertia
subgroup was isomorphic to the group Zsg. In this section we will show the inertia subgroup,

when Fy = Z,, is isomorphic to Z,_1). Consider the case when ¢ = 3, the generators of
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Ip(p) are,

a
Note, (2) = ZZ and (3) = ZZ. In both cases, generators had the form , where a is
0 a
a generator of Z, . Now,
m
a b a™ m(a™ 1b)
0 a 0 a™
So, if
m
a b 10
0 a 01

then @™ = 1 and m(a™ 'b) = 0. Since a™ = 1, this implies that p — 1 | m and since
m(a™ 1b) = 0, this implies p | m. Now p is a prime so, ged(p,p — 1) = 1. Therefore,

p(p— 1) | m and |Ip(p)| = p(p — 1), s0 m = |I5(p)|. Thus,

where a is a generator of Z), is a generator of I (). We can conclude that I5(p) = Zy,—1).-
Since we determined the inertia subgroup is isomorphic to Z,,_1), we know all irreducible

representations of the inertia subgroup. From 4.5, we know d = [Ig(p¢) : N] = p —1 and
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Homp (Ind% (o), Ind% (o)) = C. By 4.7, Ind% (o) = m,, Ind? 1), and so,
N N N 12 I

petr(Ip (o)

Homp (Indﬁ(o), Indﬁ(o’)) = Homp (Ind?(u), Ind?(,u)) =X

Thus, there are p — 1 irreducible representations of B found from using 3.6.
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