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Abstract

Separation axioms are a useful property in general topology. Important among them is the concept
of normality. Normality can be used to guarantee the existence of various continuous functions.
Three theorems towards that goal are Urysohn’s Lemma, the Katetov-Tong Insertion Lemma and
Tietze Extension Theorem. Much work has been done on extending these theorems into the realm
of lattice valued topological spaces. This paper compiles much of the existent work on the topic,

clearly and concisely elaborating on the proofs of these theorems in the current literature.
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5.3 Generalizations into Lattice Valued Topology



Introduction

A fundamental concept within analysis is the notion of continuity. Continuous functions are nice
to work with, and continuity is necessary for properties such as differentiability. Intuitively, a func-
tion is continuous if, when one brings two inputs “close”, the corresponding outputs can be made

arbitrarily “close”.

In order to address this concept of continuity, metric spaces become useful. A metric space is a
set, together with a function which expresses a “distance” between two points. Equipped with such

a function, “close” can be defined rigorously and continuity can be studied in depth.

A great insight of topology is the knowledge that in order to discuss continuity, one does not
need a defined notion of distance, just a notion of open and closed sets. Metric spaces generate
topologies, and some topologies generate metric spaces. Given sets X and Y, equipped with metrics

d, p respectively, we can generate topological spaces, (X, 74) and (Y, 7,). Notably, a function
f(X,d) = (Yp)

viewed as a function between metric spaces is continuous in the metric sense if and only if the
corresponding function

U (Xa Td) - (Ya TP)
between topological spaces is continuous in the topological sense.
As it was laid out in [12], general topological spaces hold no guarantees as to how many open

sets are available. In the trivial topology, the only open sets are the empty set and the space itself,

as such there are very few continuous functions. In the discrete topology, every set is open, and so



every function is continuous. Neither of these are useful to work with, instead, useful spaces are
spaces with a richness of open sets, and yet not an overabundance of them.

Normality is a property which guarantees a richness of open sets within a space sufficient to ob-
tain a richness of real-valued continuous functions on the space [12]. As such it is a useful property

to understand.

There are a plethora of theorems showing the existence of various types of continuous functions
on normal topological spaces. Three famous results in the study of normal spaces are Urysohn’s

Lemma, the Tietze Extension Theorem and the Katetov-Tong Insertion Lemma.

A useful generalization of the concept of a topological space is that of a lattice-valued topological

space. Here instead of open sets, we have open L-valued subsets.

The natural questions one might ask next become, “Can one define a notion of normality in lat-
tice valued topological spaces?” and “Do the above theorems have counterparts in lattice valued

topological spaces?”

This has been an active area of research over the last fifty years which has led to many useful
results [6] [4] [2]. This paper reviews many of the important results which have been achieved in

that time, adding clarifications and expansions of the proofs where useful.



Mathematical Preliminaries

2.1 Topological Spaces

Definition 2.1.1. Suppose X is a set. A subset 7 C p(X) is a topology if:

e 7 is closed under arbitrary unions;

e 7 is closed under finite intersections;

e gecrTand X € 7.
Definition 2.1.2. Suppose X and Y are sets, and f : X — Y. This gives rise to two functions,
7 iplx) = pY)and < : p(Y) = p(Y), given by

[7(A)={yeY zeX, f(z) =y},

f7(B) ={x € X : f(x) € B}

Definition 2.1.3. Suppose (X, 7x) and (Y, 7y) are topological spaces and f : X — Y. Then f is
continuous if

VVETy,f(_(V) € Tx

Definition 2.1.4. Suppose (X, 7) is a topological space. Then X is normal if and only if whenever A

and B are disjoint closed sets in X, U,V e rwithACU,BCVandUNV = 2.

These motivate our ideas as we move into lattice valued topological spaces.



2.2 Lattice Valued Topological Spaces

Definition 2.2.1 [4]. Let (L, <,/ ) be a complete lattice with an order reversing involution. Suppose

X is a set. Then an L-valued subset of X isamap A: X — L.

Definition 2.2.2 [1] [4]. We define the usual set theory operations and relations as

(U A@) =V Ax@)

AEA AEA

() A@) = A Ax(=)

AeA A€
A(z) = Az)

AC B & A(z) < B(x),Vz € X.

Definition 2.2.3 [1] [10]. An L-topological space is a pair (X, 7) where X is a set and 7 is a collection
of L-valued sets closed under arbitrary union and finite intersection. An L-valued set is called open
if itis in 7 and called closed if its complement, constructed from the order reversing involution, ’, is

in 7. We call 7 an L-topology.

Definition 2.2.4 [10] [15]. Suppose X and Y are sets and f : X — Y is a function. Then we can
construct f;* : LX — LY by

oA = \{A@) : f(2) =y}
and fi : LY — LX by
[ (B)=Bor.

Note 2.2.1 [10] [11]. We have the adjunction relationship we would expect based on the notation of

these functions. Namely,
fo AL
Definition 2.2.5[1] [13]. Let (X,7x) and (Y, 7y ) be L-topological spaces and let f : (X,7x) —

(Y, 7y) be a function. Then f is continuous if whenever A € 7y, we have f< (4) € 7x.

Note 2.2.2 [11]. It can be shown that a function is continuous if and only if the preimage of a sub-

basic open setin Y is openin X.



Definition 2.2.6 [4]. an L-topological space is normal if and only if for every closed K and open U
with K C U there exists a V with

KcVecVcU.

In order to discuss Urysohn’s Lemma in the lattice valued case, we will need to define the L-

valued unit interval.

2.3 The L-valued unit interval

Definition 2.3.1 [4]. Consider the set F’ of antitone maps A : R — L, satisfying
e \t)=1,Vt <0
o A(t)=0,Vt> 1.

Define A(t—) = A\, {A(s)} and A(t+) = Vo, {\(s)}.

We define an equivalence class of functions in F' by p € [A] if and only if, V&t € R, A(t—) =
(=), A(H+) = p(t+).

Definition 2.3.2 [4]. We define the L-valued unit interval to be the set of equivalence classes of F'.

Definition 2.3.3 [4]. We define an L-valued topology on [0, 1](L) by taking {L;,R; : t € R} asa
subbase, where

Li([A]) = A(t=)', Re([A]) = A(t+).

Note 2.3.1. This is well defined by construction.

Note 2.3.2 [4]. We obtain a partial ordering on [0, 1](L) by taking [u] < [}] if and only if,

Vit e R, pu(t—) < A(t—=), p(t+) < M(t+).

Lemma 2.3.1. In the case L = 2, [0, 1](L) and its L-topology reduce to the family of step functions

with jumps occurring in [0, 1] together with the characteristic functions of the open sets of the usual



topology on [0, 1] evaluated at those jumps.

Proof. Let [A] € [0,1](L).

Then each 1 € [A] is a step function, which jumps from T to L at some s € [0, 1].

T ifs >t
Ri([A]) = A(t+) =
i ifs <t
= X(t,1)(8)-

Now we can view x . 1)(s) as the set (¢, 1] via the natural correspondence.
By the same process, we get L;([\])" = x[o,+) (s) which we may view as [0, ).

Now we have {[0,¢), (¢,1] : ¢t € [0, 1]}, which forms a subbase for the usual topology on [0, 1].

Note 2.3.3 [2]. We can define R(L) in an appropriate way.

Definition 2.3.4. [6] Let (X.7) be an L-topological space and f : X — R(L). Then f is called lower
semicontinuous if < (R;) is open for every ¢ € R. Likewise a function is called upper semicontin-

uous if f (L) is open for every ¢ € R.



Urysohn’s Lemma

3.1 Importance of Urysohn’s Lemma

As described in the introduction, a main goal of the study of separation properties in topological
spaces is to ensure a sufficient amount of continuous functions on a space, without containing an
unnecessary excess of continuous functions [12]. Especially valuable are functions from a topolog-

ical space to itself, and functions into the real numbers or the unit interval.

Urysohn’s Lemma is a fundamental theorem toward our goal of constructing continuous func-
tions. It allows one to build functions into the unit interval which separate closed sets. The statement

of the theorem is given below.

Theorem 3.1.1 (Urysohn’s Lemma) [12]. A topological space (X, 7) is normal if and only if when-
ever A and B are disjoint closed sets in X, there exists a continuous f : X — [0, 1] with f7(A4) C {0}

and f7(B) C {1}.

Important to this theorem is that it is bidirectional. If a space is normal, one can build a contin-
uous function into the unit interval which separates closed sets. But also, if one can always build

such a Urysohn function, then the space is normal.

3.2 Proof of Urysohn’s Lemma

Below we will consider the proof of Urysohn’s Lemma. The proof below is an expanded version of

that given in [14].

Proof. (=) Suppose (X, ) is normal, A, B are disjoint closed sets in X.



By normality, there exists Uy € 7 with A C Uy and Uy N B = 2.

Now A and X\ U are disjoint closed sets. So are Uié and B.

So there exists open sets U1 and Us so that
AcCU,cU.cUycU,CUsCUs
4 4 2 2 4 4
With Uz N B = 2.

We will now use induction to continue this process.
Suppose n € N and that we have defined sets U . for all

k=1,2,..2" — 1 such that

AC U% cU. C U% C ..Uz CU2n_1.
T T 271 277,

P

And U1 N B = @.
o
Then by normality we can insert open sets between each of these sets, extending to n+1.

So by induction we achieve a collection of open sets indexed by the dyadic rationals, subject to

the properties that:
e ACU,and BNU, = & for every dyadic rational r.
o U.CU,Vr<s.

Note, we will denote the set of dyadics as D. We now define a function f : X — [0, 1] by

1 Va,x ¢ U,.,Vr € D
fz) =
inf{r:x e€U,} otherwise
Clearly f7(A) C {0} and f7(B) C {1}.
Claim: f is continuous.

Case 1: f(z) = 1.

Let U be a basic open set with f(z) € U. Then U = (r,1] for some r € (0,1). Then X\U, € T



and z € X\ U, and [~ (X\U,) C (r,1].

The cases of f(z) = 0 and f(z) € (0,1) follow similarly. So f is continuous.

(«<=) Suppose whenever A and B are disjoint closed setin X and f : X — [0, 1] there is a contin-
uous function with f~(A) c {0} and f~(B) C {1}.
Let A and B be disjoint closed sets and f : X — [0, 1] be defined from the hypothesis. Then

([0, 3)) and f((3,1]) are disjoint open sets which separate A and B.

3.3 Generalization into Lattice Valued Topology

In his 1975 paper, Hutton proposed a generalization of Urysohn’s Lemma for lattice valued topo-

logical spaces. A slightly modified version of his statement is given below.

Theorem 3.3.1 Hutton’s Lattice Valued Urysohn’s Lemma [4]. Let (X, 7) be an L-topological space.
Then (X, 7) is normal if and only if (X, 7) has the “Hutton Property”, i.e. for every closed set K and
open set U with K C U there exists a continuous function f : X — [0,1](L) such that for every
€ X, K(x) < f(2)(1-) < f()(04) < Ulx)

This statement is initially confusing. It does not, at surface level appear particularly related to
Urysohn’s lemma, which builds a continuous function to separate closed sets. However, in the case

of L = 2, the Hutton Property reduces to Urysohn’s Lemma.

Consider the case of L = 2. We have, Vz € X,
K(z) < f(z)(1-) < f(2)(0+) < U(x).

Letz € X. Now K () < f(z)(1-). Soxk(z) < f(x)(1-) = [N\, ](1-). 2z e K, T < f(z)(1-) =
A, ](1=) =T.SoVx € K, f(x) € [A\1] which we can view as 1. So K C f< ({1}).

Similarly we have f(z)(0+) < U(z). So f(z)(0+) < xu(z). If z ¢ U, f(x)(0+) < L. So for
xzelU, f(x)€[X]. Or, U C f({0}).

So in the case of L = 2, the statement of the Hutton Property can be read as:



Property 3.3.1 (Hutton Property). For every open set U, closed set K, with K C U, there exists a

continuous function f : X — [0, 1], with

K c f~({1}),U0" c fr=({o}).

Lemma 3.3.1. The Hutton Property and Urysohn Property are equivalent when L = 2.

Proof. (=) Suppose a topological space (X, 7) has the Hutton Property.

Let A and B be disjoint closed sets. Choose U € 7 by U = X\ B. Then 3f : X — [0,1] with
Ac f~({1}) and U’ C f=({0}).

Now U’ = (X\B)' = B so

f7(B)=f7(U) c f7(f7({0})) c {0}
And likewise,

f7A) 7T ({1) c {1

(<«=) Suppose the space has Urysohn Property.
Let K be a closed set and U be open such that X C U. Choose A = X\ U. Then K and A are
disjoint. So there exists a Urysohn function with f~(A4) C {0} and f7(K) C {1}.

Then
U'=AcCf(f7(4) c f=({o})
and
K Cf(f7 ) c ({1}
as desired.

Proof of Theorem 3.3.1.
With the above preparations, the proof of Theorem 3.3.1 is now given. Sulfficiency elaborates upon
the proof given in [4], while necessity, at the recommendation of [5], adapts the approach of Lemma

3.1in [8].

Proof. (<) Let 2 € X. By hypothesis we have,

K(z) < f(2)(1-) < f(2)(0+) < U().

10



Since, Vt € (0, 1) itis true that f(z)(1—) < f(z)(t+) < f(z)(t—) < f(2)(0+), we have

K(z) < f(2)(t+) < f(z)(t=) < U(2).

By definition, f< (L;)(z) = f(z)(t—) and f< (R:)(z) = f(x)(t+) and by the continuity of f we
have f< (L)) is closed and f* (R,) is open. So

KC fT(R)Cf(LycCU.

By the properties of the interior of a set we have

K Cf™(R) Cf(Ly)° Cfo(Ly) cU.

So if we let V = f< (L}) we have

KcVecVcU.

So X is normal.

(=) Construct by normality, a sequence of sets {V,. : » € (0,1) and r € [0,1] N Q} with the

properties
e KCV°CV,CU
o Ifr < sthenV, C V¢

And now define f : X — [0, 1](L) by
F@)1) = A Vi(a).
Then by construction, for every z € X
K(z) < f(2)(1-) < f(2)(0+) < U(a).
It remains to show that f is continuous. We can do this by showing that the preimages of subbasic

11



open sets remain open [13]. Note, since the preimage operator preserves complements, showing

that the preimages of the complements of basic open sets are closed acheives our goal. Now

jff(lgé):: /\ V.= /\ vi

r>t r>t

which is the intersection of closed sets and thus closed [8]. Also,

iy =\/vi=\/ v

r<t r<t

is open so f is continuous as desired [8].

12



The Katetov-Tong Insertion Lemma

4.1 Importance of the Katetov-Tong Insertion Lemma

Continuing our construction of continuous functions we have the Katetov-Tong Insertion Lemma.
It allows us to build a continuous function that sits between an upper semicontinuous and a lower

semicontinuous function.

Theorem 4.1.1 Katetov-Tong Insertion Lemma [3]. A topological space (X, 7) is normal if and only
if whenever g : X — Ris upper semicontinuous and . : X — R is lower semicontinuous with g < h

then there exists a continuous function f : X — Rwith g < f < h.

Besides furthering our goal of developing a rich theory of continuous functions [12], the Katetov-
Tong Insertion Lemma has an alternate use. With the Katetov-Tong Insertion Lemma, one can prove
Tietze Extension Theorem as a quick consequence. We will see this becomes very useful as we gen-
eralize into lattice-valued topological spaces. The traditional methods of proving Tietze Extension

Theorem have not yielded much, yet using Katetov-Tong works in the generalized setting [6].

4.2 Proof of Katetov-Tong

The Katetov-Tong Insertion Lemma was originally proven independently by both Miroslav Katétov
and Hing Tong. Multiple people have since given different proofs for the theorem. This paper

analyzes and expands upon a version of the proof from [3].

Proof. (=) Suppose (X, 7) is normal and g, h are given as above.

Vvt € Q, define

13



Hit)={z e X :h(z) <t}

and

Git)={zx e X :g(x) <t}

Finally consider

P={(r,s):r,s€Q,r < s}

This is infinite and countable so we can index it as a sequence { (7, $») }nen-

Let P, = {(7k,sx) : k < n}.

Subclaim 1: For any r < s, H(r) is closed, G(s) is open and H(r) C G(s).

H(r) = h* ((—o0,r]) and h is lower semicontinuous, so H(r) is closed.
G(s) = g ((~o0,5)) = g (R\[5,50)) = X\g* ([, 00)) and
g is upper semicontinuous so g* ([s, 00)) is closed. So G(s) is open.
Now G(r) C G(s) since r < s and
H(r) C G(r) since g < h.
Therefore, H(r) C G(s) as desired.

Now we will use induction to construct a sequence of closed subsets, D(r,, s,) in X with the

properties
e H(r)C D(r,s) C G(s),¥r <s
o r<u,s<t = D(r,s)C D(u,t)°.

Base Case: n = 1.

By normality, we may construct a closed set D(r1, s1) such that

H(Tl) C D(’f'l,Sl)o C D(rl,sl) C G(Sl).

14



Since we have only one object in our collection, the properties hold.

Inductive Step (Strong): Suppose Vk < n,3D(ry, si) with the desired properties.
LetJ={jeN:j<nrj<rys; <s,}and
K={keN:k<n,r, >ry,, sk > Sp}

Then

u (| D(rj,55))

jeJ
is closed and

G(s0) N () Dl 1))

keK
is open.

Also, we have

H(ra) U (|J D(rj,55)) € Gs0) N (7] Dy 1)°)-

JjeJ keK

By normality, we may construct D(r,,, s,,) to be a closed set such that

H(r UDTﬁSJ))CD(TmSn) C D(rn,80) C G(sn) N ﬂDrkusk
JjeJ keK

So we have that

H(r,) C D(rpn, $n)° C D(rp, $n) C G(8n).

Also, let (rx, sk) € P, with ry < 7y, 85 < Sp.

Then (74, s;) € Jand |J..; D(rj,s;) C D(rp,sn) 50 D(rg, sx) C D(ry, sp).

jeJ

Now let (r;, s;) € P, with r,, <71, s, < s;. Then (r;,s;) € K.

So

D(rn,sn) C | D(re, s1)°
keK

And therefore D(r,,, s,) C D(r;, s;) and the induction holds.

We now have our desired family of sets. Now for each rational number t, let

15



F(t) =)Dt s)

s>t
Now each D(t, s) is closed so F(¢) is closed. Also, Vs > t we have H(t) C F(t) and F'(t) C G(s).

Now we also have that

U F)=X,[)F(t)=2,F(r) C F(s)°,¥r < s.
teQ teQ

We will now define f : X — R by

flz)=inf{t: X € F(t)}.

Subclaim 2: f is well defined.

The reals are a conditionally complete lattice, so every set with a lower bound has a unique in-
fimum.
Note that {t : z € F'(t)} is bounded below by g(x) — 1.
So f is well defined.

Subclaim 3: f is continuous.

Let f(x) € B(y,¢) forsomey € R;e > 0,2 € X. Then z € F(y + ¢)°\F (y — ¢) and we have
F7(F(y +€)°\F(y —€)) C B(y, )

So f is continuous atall z € X.

Subclaim 4: g < f.
Letz € X and f(z) = y. Thenx € F(s),¥s > y. Sox € G(s),Vs > y. So g(z) <y = f(x).

Subclaim 5: f < h
Letz € X with h(z) = z. Thenx € H(r) C F(r),Vr > z.So f(z) > z as desired.

And so f is as desired.

16



4.3 Generalizations into Lattice Valued Topology

Theorem 4.3.1 Kubiak’s L-valued Katetov-Tong Insertion Lemma. Let (L, <)) be a complete,
completely distributive lattice with an order reversing involution. An L-topological space (X, 7) is
normal if and only if whenever g,k : X — R(L), g is upper semicontinuous, b is lower semicon-
tinuous and g < h, then there exists a continuous function f : X — R(L) withg < f < hand f

continuous.

The Lattice Valued Extension of the Katetov-Tong Insertion Lemma was proven in 1987 by Tomasz
Kubiak [6]. This was done as an intermediate step to his true goal, a fuzzification of the Tietze Ex-
tension Theorem. However, gaining even this result requires sophisicated mathematical machinery.
Note that this theorem requires the underlying lattice to be completely distributive. For a careful
description of complete distributivity see [7]. Below we will go through the proof of the theorem
as given in [6], expanding where useful. Before tackling the theorem above, we will first consider

some intermediate lemmas.

Lemma 4.3.1. Let (X, 7) be anormal L-topological space, {4;}52, and { B, };2, be countable families
of elements in LX. If there exists an A, B € L™ with 4; < A < BS and 4; < B®° < B}, Vi, j € N,
then there exists a U € LX with

A; <U°<U<Bj,Vi,jeN.

Proof. Subclaim: Vn € Nyn > 2,3{U;,V; : 1 <i,j <n} C L* with

o A, <U?

We will prove this by induction. Let P, be the statement that the above is true for n = k. P»

follows immediately from normality.

17



Inductive Step: Suppose for some n > 2 we have defined {U;,V; : 1 <4,j < n — 1} such that P,
holds.

Since 4,, < A <V} (for j < n),and 4,, < B, by normality there exists U,, € L~ with

A, Uy <U.(\ (V; AB))®.
j<n
Likewise, there exists a V,, € LX with
\/ (T, AA) <Vy <V, < B;.

and therefore P, 1 holds. And so the subclaim holds.

Now set
o0
U= \U.
i=1

Then A; <UP <U°,VieN.

Since U; < V7, Vi, j € N, we have that U; < V;,Vi, j € N. SoVj € N,Vj is an upper bound for
{Ui}.

Therefore U < V;,Vj € N. So

and finally we have

18



Lemma 4.3.2. Let (X, 7) be a normal L-topological space. If {H,},cq is a monotone increasing
(isotone) collection of closed L-valued subset of X and {G, },<q is a monotone increasing (isotone)

collection of open L-valued subsets of X such that H, < G; whenever < s, we have

IHF}eo € LY

with the property H, < F?, F < G, and F, < F? whenever r < s.

Proof. First we will order the the rationals {r, },en without repetitions. Again, we will use induc-

tions for this proof.

Let S(n) be the statement that for 1 <, j < n — 1 we have defined F,, € LX with
e r<r, = H,<F.

o r,<r = F. <G,

o <1; = F. <F

Now note that {H, : » < r1} and {G; : t > r1} together with H,, and G,, satisfy that

e The families are countable families of elements of LX

« H, <H, <G

o H, <G <G

Vr <ri,t>nr.

This note follows from the facts that H, = H,, G; < Gy, H,, = H,,, Gy, < Gy, H, < H,, since

the sequence of sets is monotone and G,, < G, since the sequence is monotone.

Now by our note and by Lemma 4.3.2 3U; € L* with H, < UP,Vr < ry and Uy < Gy, Vt > ry.

Set F,., = U; and we have S(2).

Inductive Step: Suppose F,, € LX are defined for i < n,n € N such that they satisfy S(n).

Define A = \/{F,, :i <n,r; <r,}VH, and B= A\{F,, : j <n,r; >r,} NGy,.

19



Now note that whenever r; < r, < r; with ¢, j < n we have that

A<F?

= T

o .

IN

o F,, <B°<F?.

Also, whenever r < r,, < t, we have H, < A < Gy and H, < B° < G;. Therefore the collections
{F, vi<n,r <r,JU{H, :r <rptand {F,, : j <n,r; >r,} U{G, : v > r,} together with A and

B fulfill the hypothesis of Lemma 4.3.1 so 3U,, € L* with

e r<r, = H.<U,

o, <1, = F,, <U;

i — n

o r, <r —= U, <G,

o7, <r; = UnSFfj

when1 <i4,j <n-—1.SetF,. =U,. Then {F,, : 1 <i < n} satisfies S(n + 1). And so the lemma
holds.
O

With these lemmas, we are now equipped to handle Kubiak’s L-valued Katetov-Tong Insertion

Lemma. The proof of this theorem is an expanded version of the one found in [6].

Theorem 4.3.1 Kubiak’s L-valued Katetov-Tong Insertion Lemma.

Proof. (<) Suppose (X, 7) is an L-topological space. Suppose whenever g,k : X — R(L) with g
upper semicontinuous and h lower semicontinuous and g < h then 3f : X — R(L) with f continu-

ousand g < f < h.

Let U € 7 and K be a closed L-valued subset with K < U. Define g,h : X — R(L) by Vz € X

1 t<0
g@)t) =4 K(x) 0<t<1

0 t>1

1 t<0
h(z)(t) =1 U@) 0<t<1

0 t>1
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Note that these functions are upper/lower semicontinuous functions respectively. Also note that

since K (z) < U(x),Vz € X we have g < h. Now let¢ € (0,1). Then

K=Ri(g9) =91 (R) < fI (R) < ff(L;) < hf(Lg) = Lt(h)l =U

And thus (X, 7) is normal.

(=) Suppose (X, 7) is normal. Also suppose g,h : X — R(L) with g < h, g upper semicontinu-

ous and h lower semicontinuous. Define H,G : Q — LX by Vr € Q
H(r) = Hy = hi (RL),G(r) = G, = g5 (L)
Now if r < swithr,s € Qthen R, C R., L, C L, so
hi (R;) € hy (RY). g1, (Ly) C g, (Ls)

and so we have
e H and G are isotone
e G.eTand G, isclosed Vr € Q
e H,. < G, wheneverr < s

so by Lemma 4.3.2 3{F}, },cq C L™ with H, < F°, F, < F°, F, < G, whenever r < s (1,5 € Q).

Now for each ¢t € R define

W=AH

r<t

Note that this family is clearly antitone. Also whenever s < t we have V; < V.

Now suppose that ¢,t € Rand r, s € Qwithg < r < s < t. Then

V,<F. <F;<V]

and thus V; < V;?. So we have
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V-V AR

teR teRr<t

>V A\

teRr<t

—\/ A\ (L)

teRr<t

=\ g5 (L)

teR

=95 (\/ LY)

teR

(V L)og=1.

terR

And likewise we have

AVi=o.

teR

Now define f : X < R(L) by
f(@)(t) =Vi(z), Vo € Xt €R

First we must check that f is continuous. It suffices to note that f is subbassic continuous. First

note that

VVei=VVvi Avi= AV

s>t s>t s<t s<t

Therefore

fER)=\/Ve=\/Ver

s>t s>t
Iy =(AV) = AT
s<t s<t

which is closed so f is continuous.

It remains to show that g < f < h. This can be done by showing that V¢t € R

gi (Ly) < fi (L) < hi (L),

g1 (Re) < f (Re) < hip (Ry)
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gi (L) = N\ g1 (L))

s<t

= A\ N\ gt (L))

s<tr<s
reQ

-ANG

s<tr<s
reQ

Also

Now for the right subbassic sets

g}J_(Rt) = \/ g;(Rs)

s>t

=\ V(L)

s>tr>s
reQ

-Vve

s>t r>s
reQ

<AV E

s>t r<s
re@Q

= A\ V= fi(R).

s>t
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And

And thus the theorem holds.
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Tietze Extension Theorem

5.1 Importance of Tietze Extension Theorem

A key concept within topology is the idea of hereditary properties and subspace topologies. If a
space has a given property, does its subspaces? Likewise, one can try to work backwards. If a sub-

space of a topological space has a property, does the original?

One way to approach this problem is to construct morphisms from both a space and its sub-
space into a third space. Given a topological space X and a subspace 4, it is useful to start with a
continuous function from A into the reals, and build a continuous function from X into the reals
which agrees at all points in the A. Tietze Extension Theorem allows us to do that under certain

circumstances.

Theorem 5.1.1 Tietze Extension Theorem [12]. A Topological space (X, 7) is normal if and only
whenever A is a closed subset of X and f : A — Ris continuous then there exists a continuous map

F:X — Rwith F|4 = f.

5.2 Proof of Tietze Extension Theorem

We will now consider the proof of the Tietze Extension Theorem. The proof below is an expanded

version of that given in [14]. The author has expanded it in various areas for the purpose of clarity.

Proof. (=) Suppose (X, 7) is a normal space, A C X is closed, f : A — [—1, 1] is continuous.

Let Ay ={zcA: f(z)>3}and By ={zc A: f(z) < F}.
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Now A; and B are disjoint closed sets in A, and therefore in X.
So there exists a continuous

fliX—>[_ 1

1
3 3]

such that f7(A;) € {1} and f7(B1) € {~1}

Now, by looking at cases, we can see that Vz € A, |f(z) — f1(z)] < 2.
So f — f1isamapping from A — [—2, 2]. Let g; = f — f1 and continue this process, dividing [-2,
into thirds at —2 and 2.
Let Ay ={z€A:gi(z) > 2}and By = {z € A: g1(z) < —2}.
Then there is a Urysohn function f; : X — [—2, 2] with f57 (42) = {2} and f37(B2) = {—2}
Now [(f = f1) = fo| < (3)* on A.

Continuing this process, we obtain a sequence of continuous functions on A with the property

= 2
|f = Zfz‘ <(3)
i=1
Define F': X — Rby
=Y fila), Ve e X
i=1

Now F(z) = f(x),Vx € A.

Claim: F'is continuous.

Let z € X and let ¢ > 0. Choose N > 0 such that

n=N+1

Fori=1,2,...N, f; is continuous. So for ¢ = 1,2, ... N pick an open U; containing « such that

yelU; = |filz) - fily)| < 5% 2N

Then U = U; NU; N...N Uy is open in X and,

yeU = |F(x) |<2|f1 fw)+( Y 151 < Ngp +5 ==
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So F is continuous as desired.

We now have a continuous map to [-1,1] with the desired properties. Now note that (-1,1) is

homeomorphic to R.

Now consider a continuous map f : A — (—1,1). We can regard it as a mapping from A to
[-1,1].
Therefore, by our above work, we can find an extension

F': X = [-1,1]

Let Ag ={z € X : |F'(z)| = 1}.

Then A and Ay are disjoint closed sets in X. So there is a Urysohn function
g:X —[0,1]

with the property that g7 (A4y) C {0} and g7 (4) C {1}.

Define F': X — (—1,1) by
Vo € X, F(z) = g(x)F'(x)

Then F is the composition of continuous functions, so F' is continuous. And if x € A

F(x) = g(x)F'(z) = 1F'(z) = f(z)

So F is the desired extension function.

(=)
Suppose the extension property holds. Let A and B be closed disjoint sets in X.
Then A U B is a closed set in X. Now f : AUB — [0,1] by f7(A) C {0} and f7(B) C {1}is

continuous on AU B.
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Then the extension of f onto X will be a Urysohn function. So X is normal.

5.3 Generalizations into Lattice Valued Topology

The generalization of Tietze Extension Theorem into lattice valued topological spaces came from
Kubiak in the same paper as his version of the Katetov-Tong Insertion Lemma [6]. It requires a mi-

nor lemma which can be found in [9].

Lemma 5.3.1 [9]. If (X, 7) is a normal L-topological space and A is a closed crisp subset of X, then

(A, 74) is normal.

With this lemma, we are equipped to handle Kubiak’s proof of the lattice valued Tietze Exten-

sion Theorem. The proof below comes from Kubiak’s 1983 paper.

Kubiak’s Lattice Valued Tietze Extension Theorem [6]. Let (X, 7) be a normal L-topological
and let A be a closed crisp set and f : (4,74) — [0, 1](L) be continuous. Then there exists a contin-

uous function F' : (X, 7) — [0, 1](L) such that F|A = f[6].

Proof. Suppose (X, 7) is anormal L valued fuzzy topological space and A is a closed crisp subset of

Xand f: (A,74) — [0,1](L) is continuous.

Let [\;] be the element of [0, 1](L) determined by the function \; : R — L where

)\l(t) =1,Vi<1

Then define two functions h, g : X — [0, 1](L) by
g(x) = f(z), Ve € A

g(x) =[Xo),Vz ¢ A
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h(z) = f(x),Vz e A
h(z) = [M],Vx ¢ A.

We will first show that g is upper semicontinuous. Let ¢ > 0. Then
g1 (Li)(x) = fi7 (L) (z),x € A

g1 (Le)(x) =1,z ¢ A.

Now f{(L;) is openin (A, 74). So therefore f~(L;) is of the form U;|A with U; € 7. So we have
91 (L) = U VA’

which is open in (X, 7) so g is upper semicontinuous. By a similar process we see

hz_(Rt) =V \/A/,t <1

with V; € 7 such that fi (R,) =V, ’A. And thus h is lower semicontinuous with g < h. Therefore,
by Kubiaks L-valued Katetov-Tong Insertion Lemma there is a continuous function F' : (X, 7) —
[0,1](L) with g(z) < F(z) < h(z),Vz € X. SoVz € Awe get f(zx) < F(z) < f(x) and thus the

theorem holds.
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