A DESI GN TECHNI QUE FOR MULTI VAR ABLE
SERVO- COVPENSATORS W TH AN APPLI CATI ON
TO FLI GHT CONTROL
by
ALI MOTAKEF

Submtted in Partial Fulfillnent of the Requirements
for the Degree of
Mast er of Science in Engineering
in the

El ectrical Engineering

Program
3-28-8&7
Advi ser VA Dat e
Zally M- Nk Lkoes (Noreh 27,1937
Dean of the G aduate School Dat e

YOUNGSTOM STATE UNI VERSI TY
March, 1987



ii

ABSTRACT

A DESI GN TECHNI QUE FOR MULTI VAR ABLE
SERVO- COVPENSATORS W TH AN APPLI CATI ON
TO FLI GHT CONTRCL

ALl MOTAKEF
MASTER CGF SCI ENCE | N ENGA NEER NG

YOUNGSTOM STATE UNI VERSI TY, 1987

A servo design technique is devel oped and applied. The
technique is applied to a certain B-737 (aircraft) flight control
paranmeters in order to turn the airplane. The systemis
mul tivariable with two inputs and two outputs. It is then divided
to two single-input single-output (SISO subsystens w thout any -

I nteractions between them and each subsystemis studied

separately. Later the interactions are put back into the system
and their effects are studied. Another design is devel oped to-
reduce the interactions between the subsystens. The reduced system

I's then studi ed.
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CHAPTER |

| NTRCDUCTI ON

The purpose of this thesis is to denonstrate a design
technique for nultivariabl e servo-conpensators with an
application to flight control

As an introduction, the concept of servo-conpensators and
their use in single-input, single-output (SISO classical PID
controllers, state variable feedback (SVFB) design and
input/output nodel for rmultivariable design are discussed. In
chapter two, the theory of the project is devel oped as a general
mul tivariable control design in three sections: deconposition into
Sl SO subsystens, SISO design wth PID controller plus SVFD, and a
design for reduction of interaction. Chapter three discusses the
application of the project to flight control. This chapter has
t hree sections: nodel devel opnent, subsystemdesi gn, and--reduction
of interaction between subsytens. |In subsystem design section,
t he designs for each subsystemare di scussed separately. The
final chapter is a conclusion with a brief sumary and sone

suggestions for further work on the design



SERVO- COVPENSATORS [1]

A servo systemis a feedback control system where the
I nput varies and the output nust be nmade to followit as
closely as possible. A block diagramof a servo systemis

shown in Figure 1
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Figure L A Servo System

Power steering is one exanple of a servo system as are
the systens for positioning control surfaces on aircraft.
Aut omat ed manuf act uri ng nmachi nery, such as nunerically controlled
machi ne tool s, usesservos extensively for the control of positions
or speeds. A brief overviewof three different approaches to

servo design is presented bel ow

SI SO CLASSI CAL PI D CONTROLLERS (2]

The transfer function, which is the fundanental concept of
frequency-domai n anal ysi s, expresses the rel ati onshi p between the
Laplace transformY(s) of the systemoutput y(t) and the Laplace

transformU(s) of the input u(t):



Y(s) = H(s)*U(s) (1)

where H(s) is the transfer function of the system

This relationshipis valid for any tinme-invariant |inear
system even when the systemcan not be represented by sets of
ordinary differential equations of finite order

Frequency- domai n anal ysi s and desi gn possess a weal th of
graphi cal and sem - graphi cal techniques that can be applied to
linear tinme-invariant control systens virtually of any conplexity.
Sone of well-known net hods are the Nyqui st plot, the Bode di agram
t he gai n- phase plot, and the root |ocus nethod.

A bl ock diagramof a SISOwith a PID controller is shown

in Figure 2

A
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Figure 2 d assical Conpensation Schene.

Here, D(s) is a PID (proportional -integral -derivative) controller.

STATE VAR ABLE FEEDBACK DESI GNS (2]

Many systens of practical inportance have many nore than

one input and output. Moreover, the behavior of internal



variables of a plant is often of vital interest, For instance,

nmay happen that while the plant output is stable sone el enents

i nside the plant are exceeding specified ratings. |In such an

event a simultaneous know edge of the state of the variabl es at

sone predeterm ned points along the flow of signal (or

i nformation) would be of inmmense help. These have led to the

evol uti on of what has cone to be known as the state variable

f eedback approach to the anal ysis and design of control systens.
For systemdesi gn, consider the feedback control

configurationin Figure 3, The plant is described by its

It

state-space nodel, and it is assuned that all state variables are

avai l abl e for use in feedback. For now, the external system
i nputs are taken to be zero, the state feedback control in

Figure 3 is then u = -k*x and the systemequation is
% = A*x + B*u = (A - B*k) * x (2)

(A - B*k) is the closed-1oop system matrix and nmust have stable

ei genval ues for the response to tend to zero.

A" X=AX+BU

v

—

N

Fi gure 3. Feedback Control,

The follow ng theoremis of fundanental inportance:



Feedback control theorem [1]:

Any specified-set of closed-1oop eigenval ues can be
obtai ned by state feedback with K consisting of constant gains if
and only if the pair (a,B) is controllable.

The pair (aA,B) can be controlled by design of K Constant
gai ns can achieve this, while dynam c conpensati on was often found
necessary just for adequate performance in classical single-input,
si ngl e- out put desi gn, because there is feedback fromall states
instead of only froma single output.

Two nmaj or approaches to the design of K are the
fol | ow ng:

1- Pol e assignnent: The cl osed-1oop ei genval ues are placed in
speci fied | ocations.

2- Optimal control: A specified mathemati cal perfornmance criterion
IS mnimzed.

State variabl e feedback gives good control of transient
response, but not of steady state response. Therefore the use of
integral control is of great inportance in achieving servo
design. Integral control can provide a stable design (i.e., x—0
as t —» o0) With zero steady state error (i.e., y—= yref as
t —=»o0). The configuration of integral and feedforward contfbls

is illustrated in Figure 4
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Figure 4 Miltivariable PI Control.
It can be seen fromthe diagramthat the control U equals

+
U = -k ;*x + k¥ S(-y + yref)*dt (3)
)

Thi s consists of proportional state feedback and integral control

of output error, and represents a nultivariabl e generalization of

Pl control.

MULTI VARI ABLE DESI GN USI NG 1/ 0 MODEL [3] (EXTENTI ON CF TRANSFER

The design considers a servo problem which is formulated
as a nodel following problem Thus it is desired to find a
control law such that the appropriate response to command i nputs
is obtained. This formulation includes pol e-assi gnnment design as
a speci al case.

It is assuned that the process has inputs ,u,, and

k
nmeasur ed out puts, Y, . The rel ation between u, and v, is given

by the pul se-transfer function



- H(z) = B(z)/A(z) (4)

where A(z) and B(z) are polynomals. Notice that the pul se
transfer function represents the dynam cs of the process,
i ncluding hold circuit, actuator, sensor and antialiasing filter.
It is assumed that the polynomals A and B do not have any common
factors.

The servo specifications are expressed in terns of a
nodel that gives the desired response to conmand signals. The

desired cl osed-1o0op pul se-transfer function is given by
H (z)= B_ (2)/A (2) (5)

where B_ and A do not have any common factors.
Now, the control |aw should be specified. The conpensator
has output u,, and inputs Yy and Y., wher e Y. Is the

reference input. A general linear structure is

Uy (k)= [T; (@) /Ry (@) 1*Y (K) - (81 (Q) /Ry (@) 1 *¥, (k) (6)

wher e Rys Ry, T and s, are polynomals in the

1 1
forward shift operator g Then the control |aw can be witten as

R(q) * U = T(q) * (Y ), - S(q) * ¥ (7)

where R = R, *R T = Tl*Rz, and S = s.*R,. It is assuned that

1 727 171
the coefficient of the highest power in Ris unity.
So, a process nodel specified by the input-output

relation is

A{q) * Y(k) = B(q) * U(k) (8)



A bl ock diagramof the closed-loop systemis shown in
Figure 5 The input-output relationship for the cl osed-1oop system

are obtai ned by elimnating Uy bet ween equations 7 and 8.

R 4

Te U | X Y
RUK = K B K
:1-\- Y, =S Yk z l N | @

Figure 5 The d osed-|oop System

Hence
(A *R+B*S) *Y =B*T*Y, (9)
Requiring that this input-output relation is equivalent to

equation 5 gi ves
(B * T)/(A * R+ B *S) = B /A (10)

By finding the polynomals R, S, and T that satisfy equation 10,

t he desi gn can be conpl et ed.



CHAPTER 11

DEVELOPMENT CGF A DESI GN TECHNI QUE

In this section a design technique is developed. This
I ncl udes the deconposition of nultivariable systens into Sl SO
(singl e-input single-output) subsystens, a SI SO servo design , and
a | east-squares approach to reduce the interaction between

subsyst ens.

A DECOVPCSI TI ON | NTO SI SO SUBSYSTEMS (4]

The first step in any multivariable design may be an -
attenpt to find an approxi mate nodel consisting of two or nore
singl e input/output nodels. An approxi mate nodel may be achi eved
by decoupling the systemto SISO subsystens. The decoupling-is
done by block partitioning the system natrices and naki ng the
I nteraction bl ocks (coupling terns) be zero. This step nay |ead
to a plant description which is substantially sinpler for design
pur poses and yet yields no significant degradation from an
anal ysis based on the full multivariable system

Consi der the state-variable description of a nultivariable



pl ant :
X7 =§ *xk+V*1ﬁ (11)

y =C*x (12)

X, u, and y are the state, control, and out put vectors
respectively. The parameter matrices §, V, and C are n*n, n*n,
and nfn constant matrices, respectively. Note that we assune that
t he nunber of outputs equals the nunber of inputs, which is less
t han nunber of states. Hence, we can identify m i nput-output
pai rs and, thus M Sl SO subsystens. W al so assune that each
conponent of y is a conponent of x, i.e., that the states are
"sensor coordinates”.

To identify the msubsyatens, the state vector is

partitioned into msubvectors:

each subvector is associated with one of the minput-output pairs.
The matrices ¢ and [ are then partitioned accordingly:

rﬂi'ﬂzv-~.ﬁm1

where t he Qij and Vij are bl ocks of appropriate dinmension

The on-di agonal bl ocks (@ij and .,4 Qore used to define the

Sl SO subsyst ens, which the of f-di agonal bl ocks determ ne the



I nteraction anong the subsystens.
The conpletel§ldeconposed nodel is obtained by setting all
of f-di agonal bl ocks to zero. The state equation, then, for the

decoupl ed nodel is

k+1 * k Uy
\ i i
b0 0 10 1o lo
! l | |
R °_'§zz'-9-l_9_;_9_
- | ! l
V\here §‘ _;_‘_:_l_:_(_;_:__;- ’
o tolol .o
== = 7
LO ‘ . ‘ - \ L) ‘Qmm
| \
Tyg} 0 4010 to
| | | [
Va2 0 0 0
nd T l ' ' '
a r: - ' . ' . l ™ I *
SRS G ) S
oy 030t . 1o

R R R R ™ 2
;.OlolololrmmJ

In this section, a technique for SISO servo design is
di scussed. The technique is a mxture of classical and
state-space nethods. The intended application is for a system
whose output is to track a reference input, which consists of
manual ly (i.e., slowy) adjusted set points.

A digital SISO plant is shown as bl ock diagramin

Figure 6. The dynam c equations of the plant are



.07 8 % x +[* (13)

y=C*xk (14)

Figure 6. ADgital SISOHM ant.
The open-1oop transfer function, G(z), of the plant

G(z) = y(z)/u(z)=c*(z*1-§) "1+ T

n= he= .
- (Zbi*z)/(zn+2.lai*zl) (15)
120

3

120

Conpensation for the plant consists of SVFB for transient
control and a feedforward Pl controller for steady state control.

A bl ock diagramof with the controller added to the plant is shown

in Figure 7.
)f U U [ Y _
X =Acontraler S @ 2} C 7
Y | |
LS

Figure 7. The Plant with a Controller.

The integral control is used for robust tracking of the

reference signal y A di sadvantage of integral control is a

co



sl uggi sh transi ent response. Thus a proportional control termis

al so used.

An additional term kq*Yr is subtracted fromP
controller in order to minimize integrator build up during the
transient portion of the response to a change in set points.

Sel ecti on of kg W Il be discussed |ater.

A bl ock diagramof the overall systemis shown in

Fi gure 8

e\ Kez + ki 0 INFaraE Y

7 =1 | X v C

A 4

Kd K

Figure 8 d osed-loop SISO Servo System

The unity feedback loop in Figure 8 is analyzed in terns of
the transfer function fromu toy. The inner |oop transfer

functionis

G(z) =y(z)/0(z)=c* (z%1-P+T*k) "1+

wn=-l . h={ . -
s (2 b *Z) /(2" 2.3 %2 (18)
=0 izo
Let
D(z)=(kpz+ki)/z-l ’ (17)
Dl(z)=[(kpz+ki)/z-l] + kd (18)

and the overall transfer function be
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H(z)= y(2)/y,(2) = (ZF*Z )/ (2" l+Zp *z) (19)

i=0

To achieve H(z), from Figure 8, we have
A *
u(z)=D(z) ye-kd*y=[(kpz+ki)/z-1]*(yc-y)-kd*y
= D(z)*yc-Dl(z)*y (20)
and
y=G(z)*u=G(z)*D(z)*yc-G(z)*Dl( Z)*y
= [G(Z)*D(Z)/1+G(Z)*Dl(2)]*yc= H(z)*y_. (21)
Therefore
n-\

H(z)-mZb *z1) /(2 +Za *zt ) 1* [k z+k;) /2-1]1]

=0
n-\

/ m1+zb *z )/(Zn+Za *z 1 ) 1% [k z+k; +kg* (z=1)

=0
/ (2-1)13 (22)
or
n=|
H(z)=[(k z+k;) * (2 b, *z1)]
\=°

/ (= +:Z;a 2ty % (z-1)]

n—|

+ (b *zt ) * (kz+k vkgz=kg) 13 (23)
\=0

Then the denom nator of H{(z) IS



n-i . n-l .
n+1l n I i+l A i
DH(z) = Z -z + Z ai*z -.2 ai*z
o izo
n-' - l hZ-‘
— l+ _ *
+ (kp+kd)* Z b.*z + (ki kd)* - bi z

7o T 1=0

-

1]

_ n+l A i
= Z + :%;[ai_l+(kp+kd)*bi_l]*z

V=1
Nl N
A 1
+ ,z;[—ai+(ki—kd)*bi]*z (24)
=

or

n+l

- n*_ A
DH(z) = 2 + z*[ 1+an_l+(kp+kd)*bn_1]

- A
el 1

A
- - %*
* *[an-2+(ki+kd)*bn—2 an—l+(ki kd) bn-

11

+ 2"72% (A  _4(k_+k ) *b__.-8__.+(k:-k,)*b__.]
n-3 p d n-3 "n-2 i7d n-2

n-3

A A
+ Z *[an_4+(kp+kd)*bn_4-a +(ki-kd)*bn_

n-3 3]

ool [-$o+(ki-kd)*b01 (25)

Now, a pol e placenent approach (4) is used to find the
gains by forcing the system(cl osed-1o00p) characteristic
polynomal to be identical to the desired control characteristic
equation. This is done when the elenments of x are picked fronwihe
control law design in such a way that the roots of the closed-I|oop
characteristic equation of the systemare in desirable Iocat{ons.

G ven the desired root |ocations, say
Z; = PyePorecerPy (26)
the desired control characteristic equation is
1S i
+
c(z) = (z=p;) * (2=p,) *...* (z-p_)=z" "+Dc.*z" (27)
V=0

So, in this design, by(z) is the closed-1oop characteristic



16

equation of the systemand the desired pole |ocations are natched
to the coefficient of p,(z) as follow ng:

if 4, = k _+k., and do = ki'k t hen

1 p <q a
a _q + b *d; =c +1 (28)
_an—l+an-2 * bn—2*dl+br’1--l*do = <:n—l (29)
4h-2%8p5-3 * by_3%d b, _o*dy = ¢, (30)
“ap_3tan gt bpog*ditby_3*dp = cp (31)
-aO + bo*dO = cO (32)
Then
a_q + b _,*d, =c, +1 (33)
-an-2+ (bn—l+bn-2) *dl+bn-l*d0=1+cn+cn—l (34)
n~| n-\ n .
—an_3+d1*.2 bi+do*.’2 bi = 1 + 2 c; (35) -.
12h-3 izn=a izh-2
n-\ n=—| n—|
dl*gbi + dg* E b, = 1+ >>c, (36)
= i=o i=o0

From equati on 36:
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n-l
(2 b;)*(d,+dg) -
=0
ne|
= (;%;bi)*(ki+kp)=NG(l)*(ki+kp)=DH(l) (37)
where N. is the nunerator of G(z). Then we can sol ve for

G
ki+kp=dl+dO | f Ng#0 ,i.e, if z=1 1s not a zero of the

original open-loop transfer function z).

Now there are n equations and n+2 unknowns. Thus, two
addi tional constraints nmust be specified. |If the systemis to be
type one with velocity constant K, (41, we nust have 1/K,

error to a unit ranp. K, I's given by

K, = lim, . (z=1)2*[1/ (2-1)*T*z] * G, (z) , (38)

where Gg(z) is the feedforward transfer function of the unity
f eedback | oop. Then

H(z) = Gf(z)/[1+Gf(z)], so Gg(z) = H(z)/[1-H(2)].

Al so, since d1=kP+kd and d0=ki—kd, in order to add one
addi tional constraint, the value of the velocity error

constant K, will be specified as

Ky=lim,_,  [(2=1)/(T*z)]*[H(z)/ (1-H(z)]

limz—vl[(z-l)/(T*Z)]*[(NH/DH)/(I-NH/DH)
= lim, _, [(2=1)/(T*2) 1* [ (Ny/Dy=Ny) =lim, _ [(z-1)/(T*z)]

n—} .
* ULk z+ky ) *Ng (2) 1/ 1(27+ 2 3 +2%) % (2-1) +k g * (2-1) 1
120

w=! w=t
([1% (ky#ky) * 2 By I*[(T*2) * (14 23, +ky) ]

=0 izo



or -

! -l
A
(l+,ani+kd)*T*Kv-(kp+ki)*iE bi=0 (39)
1] =0

A second constraint is added by selecting kg to mnim ze

integrator build up. Wthout k3 the integrator input is
(ki+kP)/T*e, where e = Yo T Y and § are simlar in shape for
a good design. Thus, integrator input can be reduced by sel ecting

kd sO t hat

[(kg+k ) /T] * e = ky * vy =0 (40)

a nomnal value of k. is chosen fromthe steady-state condition

d

=0, (41)

[(ki+kp)/T] * g " kd * Yss

wher e

€ss” R/Kv (42)

and

Y= R (43)
when yc(t) is a ranp of shape R Then

kg = (kg+k,)/(T*K) (44)

The above equations are solved for kir k kp, and

d'

the coefficients 31 of G{(z). A BASIC | anguage programfor the

solutionis listed on p 53 of appendix A

Next, the SVFB gai ns, K=[k, +k .k 1, are found by

2/0.
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usi ng Ackermann's fornula [4] for pol e-placenent design.
t -1 —

K=e *& =* a%(@) (45)
n X

wher e d%(@) is the cl osed-1oop characteristic polynomal wth

the open-loop matrix § substituted for the conpl ex variable Z:
n n-1
(P =@+ *G 4L+ A HI (46)

e is the nth unit vector
n

t

e =[00 ...0 1] (47)
n

and € is the controllability matrix [4]
X

\ , n-1
€ = [\";@*\";...EQ *[] (48)

X

At this point all the gains are cal cul ated and can be

used for simulation.

C Least square design to reduce subsysteminteraction

In a nmultivariable system there are interactions between
t he subsystens di scussed in section A of this chapter. These
I nteractions can be reduced as di scussed bel ow

Suppose the actual plant dynam cs are

Xeo1 = 0 % x + T uy (49)



We want to force the actual plant dynam cs to be equal to
t he assunmed plant dynam cs used in the Sl SO designs given in
section B These dynam cs are obtai ned fromthe decoupl ed

equations of section A, and may be represented as

A
Xeop =@ *x ¢ Uwuy (50)

s A . . h .
where § and [ are bl ock diagonal matrices from@ and [, and u is

the control vector fromthe Sl SO conpensators designed in section

B From equations 49 and 50 we have:

A A
xk+l=§*xk+V*uk=(§*xk+r*uk (51)
or

A

A
Pru, = Ve - 3-0) * x, (52)

An exact solution for u, alnmost never exists, so a |east-squares

approximation is used. The result is ([5]

* * A
u = (7 * U1 xg - (Vs @3- * x, (53)
wher e -
* -1 t
V=<Vt*o*f’) « s g (54)

I's the generalized inverse of ¥, and Qis a weighting matrix which
can be chosen arbitrarily.
%
A BASI C | anguage program for cal cul ation of U is listed

on pp. 54-6 of appendix A



CHAPTER 111
APPLI CATI ON

This section consists of a |lateral autopilot design for
B-737 aircraft which starts with a nodel devel opnent. Then the
desi gn techni que devel oped in the previous chapter is applied.
The lateral controls (aileron and rudder) on a
conventional airplane have three principal functions (6]:
1- to provide trimin the presence of asymetric thrust associ ated
wth power plant failure;
2- to provide corrections for unwanted notions associ ated with
at nospheric turbul ence or other random events;
3- to provide for turning maneuvers, i.e., rotation of the
vel ocity vector in a horizontal plane.
These purposes are served by having the controls generate
aer odynam c nonents about the X and Z axes, i.e., rolling ana

yaw ng nonents.

MODEL DEVEL OPMENT

The linearized equations of an aircraft's lateral notion



are fourth-order. They are given in equation 55 in anal og form

for a Boeing 737 in a-final approach to |anding configuration.

X = A * x + B * y (55)
wher e
{-.1380 -.9940 0.1551 0.6655E-1
0.6385 -.1399 0 -.1305 ,
A=
0 0.5827E-1 0 1
| -3.474  0.8081 0 -1.476
0.6197E-3  =.1537E-3 |
-.1007E-1 0.4720E-2
B=
0 0
|0.8577E~-2 0.40043-1j
ﬁv]
ur
r
u= ’ X=
)’
ua
J

u (degrees) is rudder control and u, (degrees) is aileron
control. v (rad) is sideslip angle, r (rad/sec) is yaM/rate,“
$ (rad) is bank angle, and p (rad/sec) is roll rate.

In digital conpensation the systemis studied as seen from
a conputer. The conputer receives neasurenents fromthe process
at discrete tinmes and transmts new control signals at discrete
times. The goal then is to describe the change in the signals

fromsanple to sanple and di sregard the behavi or between the



sanples. The calculations required to sanple a continuous-tine
system are the evaluation of a matrix exponential and integration
of a matrix exponential. So in order to find the discrete-nodel

open-1 oop paraneters, the follow ng fornul as are used:

AT

= e (56)
tar

I = [Se * dt] * B . (57)
]

T is the sanpling period and was chosen to produce ei ght sanpl es
per second.
Then the discrete-nodel open-loop paraneters for the

system were found to be

—

[ 9.761E-1 -1.213E-1 1.918E-2 9.583E-3
8.153E=2 9.769E~1  7.855E-4 ~1.438E-2

-2.491E-2 1.417E-2 9.998E-1 1.140E-1

C3.882E—1 1.162E-1 -3.909E-3 8.289E-1J

r 1.587E-4 -3.225E-5-

r -1.250E-3 5.452E-4
) 5.817E-5 2.975E-4
L8'923E-4 ‘4.603E-1

SUBSYSTEM DESI G\S

A design is devel oped separately for each subsystem The
aileron is used to control the roll axis dynam cs, and rudder the

yaw axi s dynamcs. Then the coupling term between two subsystens
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were put back into the § and | matrices and their effects on the
transi ent responses, pole locations, and controls (aileron and
rudder) were exam ned.

The overall systemis viewed froma block diagram as shown

in Figure 9.
YC < Kool k{A.a XF Y
BN c
Figure 9. Overall System
A control law of the formu = -k*x shows that there are

eight entries in the gain natrix to be sel ected, and
specification of four closed-1oop roots will clearly |eave many
possi bl e val ues of k which will neet the specifications. This is
an exanpl e of the inconpl eteness of the pol e-pl acement approach to
multivariable systemdesign (4].

A decoupl i ng approach whi ch renoves the anbiguity is to

restrict the control law to

(58)

—
c =t
H
)
1t
|
o ~
-
—
c =
[
N
A~ O
Ao
N
=
*
[a]

)
p

Thi s nmakes good physical sense because the rudder prinmarily yaws

the aircraft about a vertical axis (r-nmotion), thus directly



causing sideslip (v) while the aileron prinarily rolls the
aircraft about an axis through the nose, thus causing changes in
$ and pp Gven an achi eveabl e set of desired pole | ocations,
t here are uni que val ues of the four non-zero conponents of K

A further decoupling that would permt an easy gain

calculation is to assune that the dynanic |ateral equations are of

the form
v $11 P12 O 0 vl | % 0
o - |®21__#22 __ C _____C__ * f _*gl _____ * I_IE.. (59)
g RO :’33 i34 g 0 \§32 Ua
k+1 43 44 X 42

and that the control lawis given by equation 58

Thi s made sone physical sense but ignored inportant
coupling between the two aircraft nodes. |t decoupled the system
i nto second-order systens for which the method of chapter 11 was
easily applied to obtain the gains instead of using a
fourth-order system where the calculations are done with
difficulty.

Al eron equations of notion are of the form

X =% *rx + V*u (60) -
k+1 §A k A k -
or
g
[ _ ¢33 ¢;4 . g] . B;32} * [ u ] (61)
p #, p a
wa1 743 a4 o L2

so the control lawis



26

(62)

Ackermann's fornula was used to find the gains. The

process is as follows:

3 9.998E-1  1.140E-1 2.975E-4 8.221E-4
* = * =
A A |-3.909E-3  8.289E-1 4.603E-3 3.814E-3
2.975E-4  8.221E-4
€ =100 1=
AX A AA 4.603E-3  3.814E-3
-1 f-1439.54 310.29
r ¢ M1 - .
A "AA 1737.67 =112.39
Al so
2
@) =98 +(d +e1 (63)
c A A 1A 2
2 9.992E~1  2.085E~-1 T
= ' e = [0 1].
A |-7.148E-3  6.867E-1 2
Then
T -1 X -
K=ec * € *+o(§) (64)
A A X c A
K = [1735.94+1724.18%0f +1737.33*(  =89.54-99.89% -112.29%a( ]
A 1 2 1 2

By adding two nore equations to the BASIC program on p. 53
of appendi x A another basic program was devel oped. This program

solved for the second-order aileron system s gains



— A, .
Ko kp, kqr kogze Koy and a; s. The programis
listed on p 57 of appendix A
The pole locations in continuous-tinme are given as a real

pole p = -2 and a conplex pair with danping factor of .8 and
natural frequency of 2 rad/sec. After converting to equival ent
di screte-time poles, the cl osed-|1oop denomnator for aileronis

3 2
The coefficients of equation 65 were put in BASIC programof p 57
of appendi x A and K, was chosen to be 1. 50. The gai ns were
g =1-8328, k, =-1.7540,
=79.0870. The gains were checked using

cal cul ated to be kP =2.0976, k

k =- 7995, and k

23 24
the BASI C programon pp. 60-4 of appendix A
A block diagramfor aileron control systemwth the

obt ai ned gains is shown in Figure 10

YC Y 2.0 24479
— AR

n

v

Figure 10. Aileron Control System

At this point an ACSL programwas devel oped for simulation
purposes. The programis illustrated on p 58 of appendix A The
simulation results are given in Figures 11 and 122 As it is shown

in the plot of bank angle (phi), there is a slight overshoot in
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Figure 11: Bank angle (A) and bank angle command (B) (in degrees)
vs time (in seconds) [decoupled]
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the response but the response settles nicely. 1In the control plot
(dail), there was a little oscillation but it settled down
qui ckly. To tune the response there are two options: one is to

change the pole locations and the other is to change the val ue of

K It was felt that there was no need to change the pole

q°

| ocati ons because the response was good. So kg Was changed and
its effects are illustrated in Figures 13 and 14.

Rudder equations of notion are of the form

b:4 = * X, o+ * 4 (66)
k+1 §R k VR k
or
v % . v ¥
(] - ¢11 ¢12 *[J + yll] * [ u, ] (67)
r r
k+1 21 22 " 21

so the control lawis
v
[u. ] = ~-I kig k12] * § (68) R

The procedure is the sane as the aileron design and is as

foll ows:

q ‘_’ 9.761E-1 -1.213E-1 1.587E-4 3.065E-4
* = * =
R R 8.153E-2 9.769E-1 -1.250E-3 -1.208E=-3
1.587E-4 3.065E~4

€ - dv7: -
R R R

Rx -1.250E-3 -1.208E-3
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Figure 13: Bank angle command (A) and bank angle (B)
vs time (in seconds) [Kd changed]

(in degrees)
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-1 -6311.39 -1601.36
6530.83 829.15

2
of §)=F +o(rF + k1 (69)
c R R 1 R 2

2 9.429E-~1 -2.369E-1 T
@ ’ e = [0 1].

R 1.592E-1 9.444E-1 2
Then
T -1
K =e *C *o (§) (70)
R 2 Rx ¢ R
K = [6289.92+6442.34*%«{ +6530.83*a( ~764.1+17.8%a( +829.15%al ]
R 1 2 1 2.

By adding two nore equations to the BASIC programon p 53
of appendi x A, another BASIC programwas devel oped. This program
sol ved for the second-order rudder system gains
Kiv kp, kgr kqys ky, and Si's. The programis
listed on p 59 of appendix A -

The pole locations in continuous-tinme were given as a rea
pole p =-.132 and a conplex pair w th danping factor of .9 and
natural frequency of .8 rad/sec. The closed-|oop denom nator for
the discrete-tine rudder transfer function is then

3 2
z = 2.8097*z + 2.6315*z - ,8216. (71)

The coefficients of equation 71 were put in BASIC programof p. 59



of appendix A and k, was chosen to be 1.25  The gains were
calcul ated to be kP =0, ky =-.9859, k, =-.1550,
ki3 =-74.615, and k;, =-67.629. The gains were checked using
the BASIC programon pp. 60-4 of appendi x A

A bl ock diagramfor rudder control systemwth the

obtained gains is illustrated in Figure 15.

Y. Y| —oiss
V Z —1

Figure 15. Rudder Control System

The sinmulation results are given in Figures 16 and 17. As
it is shown in the plot of yawrate, r, the response has a little
overshoot and is sluggish. But considering the nature of -
open-l oop system it is not a bad response. The control (drud)
shows that only a nomnal anount of rudder is used; the nmaxi num
rudder deflection is less then 1.3 degrees. The effect of tuning

t he response using kg Is shown in Figures 18 and 19.

REDUCTI ON CF | NTERACTI ON BETWEEN SUBSYSTEMS

Now the gains for both systens are used together in the

ACSL run tinme with the coupling terns. The sinmulation results are
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Figure 16: Yaw rate (A) and yaw rate command (B) (in degrees)
vs time (in seconds) [decoupled]
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given in Figures 20, Ei, 22, and 23. As it is illustrated in the
pl ot of the bank angl e, the overshoot that was present in
decoupl ed case is reduced; otherw se the response | ooks the sane
as before. The plot of yawrate shows that oscillation is present
but the response settles faster than the decoupl ed response. The
plot for aileron shows that there is still oscillation as in the
decoupl ed response and the response tends to settle late. The
pl ot for rudder shows that the oscillation is present but the
response settles better. However there is nore rudder used than
in the decoupl ed case.

By conparing the coupl ed and decoupl ed simnmul ati ons, we
realize that the decoupl ed responses were sonewhat better than the
coupled ones. In order to exam ne the effect of reducing the
coupling terns, another sinmulation was run. First the BA?IC
programof pp. 54-6 of appendix A was used to cal cul ate .

The interaction reduction schene di scussed in chapter II was thgn
included in the ACSL simulation. The simulation results are given
in Figures 24, 25, 26, and 27. As it is shown fromthe plots the
responses were very nuch the sanme as the decoupl ed cases for both

subsyst ens.
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Fi gure 20: Bank angle (A) and bank angle command (B) (in degrees)
vs time (in seconds) [coupling]
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Figure 24: Bank angle (A) and bank angle command (B) (in degrees)
vs time (in seconds) [reduction of interaction] -
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Figure 26: Drudl (A) and paill (B) (in degrees) vs time
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CHAPTER |V

CONCLUSI ON

In this section a brief summary of the project is
di scussed and sone suggestions for further work on the design are

gi ven.

BRI EF SUWRARY O THE PRQJECT

In this paper we have presented a technique which is a
m xture of classical and state-space nethods to solve a M M) servo
problem In chapter I we overviewed the design of B
servo-conpensators in SISO and multivariable systens. In chapter
11 we devel oped a 3-step multivariabl e system desi gn techni que:
(1) decompose into several interacting Sl SO subsystens; -(2) design
separate Sl SO servo systens ignoring the interactions; and (3)
reduce the coupling between the subsystens. [In chapter 111 an
application of the technique to the design of a |ateral autopil ot
was presented. A discrete nodel of the plant dynam cs was

devel oped and separated (decoupled) into two SI SO subsystens in



order to use our design technique. Separate SISO designs were

I npl enent ed and t he iqferaction bet ween t hem exam ned vi a
simulation. Finally some reduction in interaction was obtained by
followi ng the procedure in chapter 11. |In conclusion, the

simul ati on of decoupl ed Aileron and Rudder designs showed that the

desi gn techi nque was successful. Tuning was done in order to
I nprove the decoupl ed responses by changi ng the val ue of k4 for
each subsystem It was shown that the changes in k. nade the

d
responses settle down with | ess overshoot. The interaction

reducti on desi gn between subsystens proved its effectiveness; the
responses with the reduction terns present were very close to the

decoupl ed responses.

SUGGESTI ONS FOR FURTHER WIRK

In the design, it was assuned that all the states of the
system were available for direct neasurenent. If sone state
vari abl es are not avail able, estinmates of these variables would be
needed for the control law The use of separately-designed
observers for the SI SO subsystens provides an area for further
wor K. -

In part A of chapter 11, deconposition of a multivariable
systeminto Sl SO subsystens was di scussed. A designer nmay extend
t he design techni que by deconposing the systeminto MISO
subsystens. A MISO servo design technique simlar to the SISO

desi gn whi ch was used coul d be devel oped.



Anot her area for further work is the inclusion of adaptive
control techniques in order to handl e open-I|oop paraneter
changes. For exanple, the gains used in the interaction-reduction
schene depend directly on the open-1loop paraneters. It mght be
possi bl e to desi gn agai nst paraneter changes by using sonme form of

sel f-tuning control or nodel-follow ng control.
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5 REM program to calcul ate KI,KP,KD and Ahat's
10 READ N,KV,T

20 LET N\M = N=-1 : LET NP = N+1

30 DM B(NM ,BB(NM ,A(N) ,AA(NP) ,AH (NM)

40 FOR 1=0 TO NM : READ B(I) : NEXT |

50 FOR 1=0 TO N - READ A(I) : NEXT I

100,BB(0) = B{(0) - AA(0) = A(0)

110 FOR I=1 TO NM : BB(I) = BB(I-1) + B(I) : NEXT |
120 FOR 1=1 TO N : AA(I) = AA(I-1) + A(I) : NEXT |
130 AA(NP) = AA(N) + 1

200 REM

210 LET SA = AA(0) - LET SB = BB(0)

220 FOR I=1 TONM : SB = SB + BB(I) : NEXT |

230 FOR 1=1 TON : SA = SA + AA(I) : NEXT |

300 REM COVPUTE GAI NS

310 KI = (AA(NP)/(KV*T) + SA - AA(NP)*sB/BB(NV) )/ BB (NM)
320 KP = AA(NP)/BB(NM) =~ K
330 KD = (KI+KP) / KV*T

340 FOR I=1 TO NM : AH(I1)=KI*BB(I)+KP*BB(I-1)-KD*B(I)-AA(I):NEXT |
350 AH(0) = KI*BB(0) - KD*B(0) ~ AA(O0)

400 REM PRI NT RESULTS

410 PRINT "KI IS ";:PRINT USING "##.###~"""";KI - PRINT

420 PRINT "KP IS ";:PRINT USING "##.###"~""";KP : PRINT

430 PRINT "KD IS ";:PRINT USING "##.###~"""";KD : PRINT

440 PRI NT "AHAT IS "

450 FOR 1=0 TO NM = PRINT USING "##.###""""";AH(I), : NEXT | N
455 PRI NT

460 GOTO 1000

1000 DATA 2,1,.125

1010 DATA 1.7046e-2,7.0654e-2

1020 DATA --602I2013'-2.521'l



10 REM PROGRAM LST

100 REM READ DM AND | NPUT DATA

110 READ M, N, 20

120 M1 = MHl - MN = M+"N

130 DM G(N,M ,Q(N) ,WA(M1,MN), 3 (M,N) ,E(N,N) ,P(N,N)

140 ECR J=1 TO'M

150 FOR 1=1 TO N : READ G(I,3 : NEXT |
160 NEXT J

170 FOR 1=1 TO N : READ Q<I) : NEXT |
180 FOR 1=1 TO N

181 FOR J=1 TO N : READ P(I,J> : NEXT J
182 NEXT |

190 AS = "TH S IS THE I NI TI AL SET- UP"

200 REM LOAD WORK ARRAY

210 GoTto 4000

250 FOR J=1 TOM : wvaM1,) =J : NEXT J
260 FOR J=M1 TO MN : WAM1,) = QJ-M) : NEXT J
270 cosuB 1500

300 REM WORK LOCP

310 FOR 1P=1 TO M

320 REM FI ND P| VOT

330 GcosusB 2000

340 REM DO Pl VOTI NG

350 GosuB 3000

360 REM RON CPERATI ONS

370 GosuB 3500

380 REM | NCREMENT | NDEX POSTION

390 NEXT IP

400 REM PRI NT RESULTS

410 LPRINT "THE WORK ARRAY IS"' : LPRINT
420 FQR 1=1 TO M1

430 FCR J=1 TO M

431 LPRINT '

432 LPRINT USI NG "##.##4~~~~";WA(I,D) ;
433 NEXT J

440 LPRINT : LPRINT

450 NEXT |

460 FOR 1=1 TO M1

470 FOR J=M1 TO MN

471 LPRINT * v

A72 LPRINT USI NG "##. ###~~~~" ;WA (I, D ;
473 NEXT J

480 LPRINT : LPR NT

490 NEXT |

495 LPRI NT

500 REM SORT SOLUTI ON

510 FOR 1=1 TO M

520 IX = WAML,|)

530 FCR J=1 TO N

S31 M = J +
532 GIC(IX,d
533 NEXT J
540 NEXT |

WA (I,JM)



550 LPRINT "THE SORTED SOLUTI ON | S" : LPRINT

555 FCR I=1 TO M
560 FAR J=I TO N -

565 LPRINT ‘' '3

570 LPRINT USI NG "'##.###~~"~~";GI(1,T);
575 NEXT J

580 LPRINT : LPRI NT

585 NEXT |

600 REM COVPUTE AND PRI NT LEAST SQUARES ERROR NATR X
605 LPRI NT * THE LEAST SQUARES ERRCR MATR X |S': LPRI NT
610 FOR 1=1 TO N

620 FOR J=1 TO N

630 E(1,3 = 0! : IF 1=3J THEN E<I,3) = -1!

640 FOR K=l TO M:E(CI,D E(I,D + G(I,K)*GI(K,J) :NEXT K
650 LPRINT ' *;

660 LPRI NT USI NG "'##.4##~~""~'";E(I,D] ;

670 NEXT J

680 LPRINT : LPRI NT

690 NEXT |

800 REM N=2 DATA

810 REM DATA 2,2,1.E-30

820 REM DATA -1,25015E-3,8.92337E-4

830 REM DATA 5.45204E-4,4.60281E-3

840 REM DATA 1.,1,

900 REM I NPUT DATA

910 DATA 2,4,1.E-30

920 DATA 1.58668E-4,-1,25015E-3,5.81741E-5,8,92337E-4
930 DATA -3.22461E-5,5.45204E-4,2,97546E-4,4.60281E-3
940 DATA 1.E-7,1.,1.E-7,1,

950 REM DAT FOR PH = PHIHAT ROV BY- ROV

951 DATA 0.,0.,0 ,9.583E-3

952 DATA 0.,0.,0. ,-1.438E-2

953 DATA -2.491E-2,1.417E-2,0.,0,.

954 DATA -3.882E-1,1.162E-1,0.,0.

999 GOTO 4200

1500 REM PRI NT | NI TI AL WORK ARRAY

1510 LPRINT AS : LPRINT

1520 FOR 1=1 TO M1

1530 FOR J=1 TO W\

1535 LPRINT ' 3

1540 LPRINT USI NG "'## . ##4~~~~";WA(I,JD) ;

1550 NEXT J

1560 LPRINT : LPRI NT

1570 NEXT |

1580 RETURN

2000 REM RQUTI NE TO FI ND PI VOT

2010 MM=0 : I0=IP : JO=IP

2020 FCR 1=IP TO M

2030 FOR J=IP TO M

2040 | F ABS(WA(I,J)) <= MM THEN GOTO 2110

2050 MM = ABS(WA(I,J)

2060 10 = | : JO =

2110 NEXT J

2120 NEXT |

2200 REM CHECK MM = SI ZE OF PI VOI ELEMENT

2210 IF MM >= Z0 THEN GOTO 2240

2220 PRINT : PRI NT " SVALL PI VOI ENCOUNTERED AT PCsSI TI ON '*;IP;'* WTH VALUE
2230 STCP

2240 RETURN



3000 REM ROUTI NE TO PI VOT ROAS AND COLUMWNS
3005 | F 10=IP THEN GOTO 3045

3010 REM | NTERCHANGE RONG

3020 FOR J=IP TO MN

3030 X = WA(CIP,J) : WA(IP,J) = WA(IO,J : WA(CIO,D = X
3040 NEXT J

3045 | F Jo=1P THEN GOTO 3100

3050 REM | NTERCHANGE COLUWNS

3060 FOR 1=1 TO M1

3070 X = WA(CI,IP) : WA(CI,IP) = WA(I,JO) : WA(I,JO) = X
3080 NEXT |

3100 RETURN

3500 REM RON OPERATI ONS

3510 X = 1!/WA(IP,IP)

3520 FOR J=1 TO MN : WA(IP,J) = WACIP,D*X : NEXT J
3530 FOR 1=1 TO M

3540 |F I=1P THEN GOTO 3590

3550 X = WA(I,IP)

3560 FOR J=IP TO WN .

3570 WACI,J) = WACI,J - X * WACIP,D

3580 NEXT J

3590 NEXT |

3600 RETURN .

4000 REM COVPUTE GAM- TRANS * Q

4010 FOR K=I TO N

4020 KM = K + M

4030 FOR 1=1 TO M WA(I,KM) = QCK)*G(K,I): NEXT |
4040 NEXT K . %

4050 REM GAM TRANS * @ * GAM

4060 FOR I=1 TO M

4070 FOR J=1 TO M

4080 WA(CI,J) = O!

4090 FOR K=I TO N

4100 KM = K+ M

4110 WACI,J) = WA(I,J) + WA(I,KM)*G(K,D)

4120 NEXT K

4130 NEXT J

4140 NEXT |

4150 GOTO 250

4200 REM COVPUTE THE GAI NS

4210 G(3,1)=0! : G(4,1)=0! : G(1,2)=0! : G(2,2) = 0! -
4220 FOR I1=1 TO M

4230 FOR J=I TO M

4240 WACI,J) = O!

4250 FOR K=l TO N : WA(I,J =WA(I,D+GI(I,K)*G(K,J) : NEXT K
4260 NEXT J

4270 FOR J=M1 TO WN

4280 WACI,J) = 0!

4290 FOR K=I TO N : WA(I,J)=WACI,D)+GI(I,K)*P(K,J-M) : NEXT K
4300 NEXT J

4310 NEXT |

4320 AS = "THE GAINS ARE' : M1 = M

4330 GOSUB 1500

6789 STCOP



5 REM ail eron system

10 READ N,KV,T

20 LET NV = N=1 : LET NP = N+1

30 DM B(NM , BB(NM) +A(N) AA(NP) AH (NM)
40 FOR 1=0 TO NM : READ B(I) : NEXT |
50 FOR 1=0 TO N : READ A(I) : NEXT |
loo BB(0) = B(0) : AA(0) = A(O)

110 FOR 1=1 TO NM : BB(I) = BB(I-1) + B(I) : NEXT |
120 FOR 1=1 TON : AA(I) = AA(I-1) + A(I) : NEXT |
130 AA(NP) = AA(N) + 1

200 ReM

210 LET SA = aA(0) - LET SB = BB(0)

220 FOR I=1 TONM : 8B = SB + BB(I) : NEXT |

230 FOR I=1 TON : SA = SA + AA(I) : NEXT |

300 REM COVPUTE GAI NS

310 K (AA(NP) / (KV*T) + SA - AA(NP) *sB/BB( NM) )/ BB{NM)

320 KP = AA(NP)/BB(NM) - K

330 KD = (KI+KP) / (KV*T)

340 FOR 1=1 TO NM : AH(I)=KI*BB(I)+KP*BB(I~1)=-KD*B(I)=-AA(I):NEXT
350 AH(0) = KI*BB(0) - KD*B(0) - AA(0)

400 REM PRI NT RESULTS

410 LPRINT "KI |S "; :LPRINT USING "##.###""""";Kl :LPRINT
420 LPRINT "KP |S ";:LPRINT USING "##.###"""""-:KP :-LPRI NT
430 LPRINT "KD I S " ¢LPRINT USI NG "##. ###‘““",KD :LPRINT
440 LPRI NT "AHAT IS "

450 FOR I=0 TO NM :LPRINT USING "##.##¢4""""";AH(I), : NEXT |
455 LPRI NT

460 GOTO 470

470 K1=1735.94+1724.18*AH(1)+1737.33*AH(0)

475 LPRINT ™ k1 is "™ ;:LPRINT USING "##.#44""""";K1 :LPRINT
480 K2=-89.54-99.89*AH(1)=-112.29*AH(0)

490 LPRINT " k2 is ™ ;:LPRINT USING "##.###""""":K2 :-:LPRINT-.
1000 DATA 2,1.50,.125

1010 DATA 1.7046E-2,1.5939E-2

1020 DATA -.5220,1.9312,-2.3978,1
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5 REM rudder system

10 READ N,KV,T

20 LET NM = N=1 - LET NP = N+1

30 DM B(NND,BB(NM) A(N),AA(NP) AH(NND
40F(PIOTON\/I-READ( -NEXT
50 FOR 1=0 TO N - READ A(I) - NEXT |
100 BB(0) = B(0) : AA(0) = A(O)

110 FOR I1=1 TO NM : BB(I) = BB(I-1) B
120 FOR 1=1 TO N : AA(I) = AA(I-1) + A(I)
130 AA(NP) = AA(N) + 1

200 REM

210 LET SA = AA(0) - LET SB = BB(0)
220 FOR 1=1 TONM : SB = SB + BB(I)
230 FOR I=1 TON : SA = SA + AA(I)
300 REM COMPUTE GAI NS

310 K = (AA(NP)/(KvV*T) + SA - AA(NP)*SB/BB(NM )/ BB(NM

320 KP AA(NP)/BB(NM) =~ K

330 KD (KI+KP) / (KV*T)

340 FOR 1=1 TO NM : AH(I)=KI*BB(I)+KP*BB(I-~1)=-KD*B(I)=-AA(I):NEXT |
350 AH(0) = KI*BB(0) - KD*B(0) — AA(0)

400 REM PRI NT RESULTS

410 PRINT "KI IS ";:PRNT USING "##.%##""""", KI :- PRINT

420 PRINT "KP IS ";:PRINT USING "##.###""""";KP :-PRINT

430 PRINT "KD IS ";:PRNT USING "##.###~"""";KD : PRI NT

440 PRI NT "AHAT IS "

450 FOR 1=0 TO NM : PRINT USING "##.###""""";AH(I), : NEXT |

455 PRI NT

460 GOTO 470 ,

470 K1=6289.92+6442.34*AH(1)+6530.83*AH(0)

475 PRINT ™ k1 is " ;:PRINT USING "##.###""""";K1 - PRINT

480 K2==764.1+17.8*AH(1)+829.15*AH(0)

490 PRINT "™ k2 is ™ ;:PRINT USING "##.#4#"~""" K2 - PRINT

1000 DATA 2,1.25,.125 - -.

1010 DATA =7.1624E-2,7.0654E~2

1020 DATA -.8216,2.6315,-2.8098,1

NEXT |
NEXT |

+

NEXT |
NEXT |



10 REM PROGRAM ACKERE

20 READ N,20,KT

30N1L =N + 1

40 DM FI (N,N),B(N) ,AH(N) ,A(N,N) ,WA(N1,N1),X(N),E(N)
50 FOR 1=1 TO N

60 FOR J=1 TO N = READ FI(1,J) : NEXT J
70 NEXT |

80 FOR 1=1 TO N : READ B(I) : NEXT |

90 FOR 1=1 TO N : READ AH(I) : NEXT

100 REM | NPUT DATA

101 DATA 2,1.E-30,0

102 DATA 0.,1.,-0.905,1.905

103 DATA -4.38E-3,1.39E-2

104 DATA =-1.1,0.3

110 DATA 3,1.E-30,1

120 DATA 9.124E-1,1.159E-1,3.761E-4
130 DATA -1.421E-1,9.307E-1,1.568E-4
180 GosuB 4700

190 GoTO 4500

200 REM LOAD WORK ARRAY

210 FOR 1=1 TO N

220 FOR g=1 TO N : WA(I,J) = A(I,J) - NEXT J

230 NEXT |
240 FOR 1=1 TO N : WA(I,N1) = B(I) : NEXT |
250 FOR J=1 TON : WA(N1,J) = J - NEXT J

260 WA(N1,N1) = 0
270 GOsuB 1500

300 REM WORK LOOP
310 FOR 1P=1 TO N
320 REM FI ND PI VOT
330 GosuB 2000

340 REM DO PI VOTI NG
350 GosuB 3000



366 REM ROW OPERATI ONS

370 GOSUB 3500

380 REM | NCREMENT | NDEX POSTION

390 NEXT I P

400 REM PRI NT RESULTS

110 LPRINT "THE WORK ARRAY |S" : LPRI NT
420 FOR 1=1 TO N

430 FOR J=1 TO N

431 LPRINT " »;

132 LPRINT USI NG "##.###~"""";WA(1,J);
433 NEXT J

440 LPRINT : LPRINT

150 NEXT |

460 FOR g=1 TO N : LPRINT USING "##.";WA(N1,J); :NEXT J
165 LPRI NT

170 FOR I1=1 TON : LPRINT USING "##.###""""";WA(I,N1); :NEXT |
175 LPRI NT

500 REM SORT SOLUTI ON

310 FOR 1=1 TO N

320 I X = WA(N1,I)

530 X(IX) = WA(I,N1)

540 NEXT |

350 LPRINT "THE SORTED SCLUTI ON | S" - LPRI NT

360 FOR 1=1 TON : LPRINT USING "##.###~"""";x(1) ;: NEXT |
370 LPRINT

500 REM CHECK SOLUTI ON

510 FOR 1=1 TO N

520 E(I) = B(I)

530 FOR g=1 TO N

540 E(I) = E(I) = A(I,J)*X(J)

550 NEXT J

560 NEXT |

700 REM PRI NT ERROR VECTOR

705 LPRI NT

710 LPRINT "THE ERROR E = B = AXX IS" - LPRI NT

720 FOR 1=1 TO N : LPRINT USING "##.###~"""";E(I) ;: NEXT |
730 LPRI NT

300 REM | NPUT DATA

399 GOTO 5000

1500 REM PRI NT I NI TI AL WORK ARRAY



1510 LPRINT "THI'S IS THE I NI TIAL SET-UP" : LPRINT
1520 FOR I=1 TO N1

1530 FOR g=1 TO N1

1535 LPRINT " "-

1540 LPRINT ~ S | P4 4#4°~""";WA(I,J);
1550 NEXT J

1560 LPRINT : LPRINT

1570 NEXT |

1580 RETURN

2000 REM ROUTI NE TO FI ND PI VOT

2010 MM=0 : IO0=IP : JO0=IP

2020 FOR 1=1p TO N

2030 FOR g=1p TO N

2040 |F ABS(WA(I,J)) <= M THEN GOTO 2110

2050 MM = ABS(WA(I,J))
2060 10 = 1 - J0 = J
2110 NEXT J

2120 NEXT |

2200 REM CHECK MM = SI ZE OF PI VOT ELEMENT

2210 |IF MM >= 20 THEN GOTO 2240

2220 PRINT : PRI NT "SMALL PI VOT ENCOUNTERED AT POSITION ";IP;"™ WTH VALUE
2230 STOP

2240 RETURN

3000 REM RQUTI NE TO PIVOT ROAS AND COLUMNS

3005 IF 10=1P THEN GOTO 3045

3010 REM | NTERCHANGE ROWS -

3020 FOR J=1P TO N1

3030 X = WA(IP,J) - WA(IP,J) = WA(IO,J) : WA(IO,J) = X
3040 NEXT J

3045 IF J0=1Pp THEN GoTO 3100

3050 REM | NTERCHANGE COLUMNS

3060 FOR 1=1 TO N1

3070 X = WA(I,IP) - WA(I,IP) = WA(I,JO) : WA(I,JO) = X
3080 NEXT |

3100 RETURN

3500 REM ROW OPERATI ONS

3510 X = 1!/WA(IP,IP)



3520 FOR J=1 TO N1 : WA(IP,J) = WA(IP,J)*X : NEXT J
3530 FOR 1=1TO N

3540 |F I=IP THEN GOTO 3590

3550 X = WA(I,IP)

3560 FOR J=IP TO N1

3570 WA(I,J) = WA(I,J) - X * wa(Ip,J)

3580 NEXT J

3590 NEXT |

3600 RETURN

4000 RV FORM OBSERVABILITY MATRIX

4010 FOR J=1 TO N : A(1,J) = B(J) : NEXT J

4020 FOR I=2 TO N

4025 11 =1 - 1

4030 FOR J=1 TO N

4040 A(I,J) = O!

4050 FOR K=1 TO N

4060 A(I,J) = A(I,J) + A(I1,K)*FI(K,J)

4070 NEXT K

4080 NEXT J

4090 NEXT |

4100 FAM STORE EN IN B

4110 FOR I=1 TO N
4120 B(I) = 0!
4130 NEXT |
4140 B(N) = 1!
4200 RAM SOLVE A*X
4210 GOTO 200
4500 RAM TRANSPOSE PHI (FI) IF KT = 1

4510 |F KT<>1 THEN GOTO 4000

4520 FOR I=1 TO N

4530 11 = | + 1

4540 FOR J=I1 TO N . -
4550 X=FI(I,J) : FI(I,J) = FI(J,I) : FI(J,I) = X
4560 NEXT J

4570 NEXT |

4580 RAM RETURN TO FORM OBSERVABILITY MATRIX
4590 GOTO 4000

4700 REM ROUTINE TO PRINT INITIAL DATA

4710 LPRINT "THE INPUT DATA IS": LPRINT

4720 FOR I=1 TO N

4730 FOR J=1 TO N

4740 LPRINT " n;

4750 LPRINT USING "##.###~~~"";FI(I,J);

4760 NEXT J

4770 LPRINT : LPRINT

B



4780 NEXT |

4790 FOR 1=1 TO N

4800 LPRINT " "; - LPRINT USING "##.###""""";B(I);
4810 NEXT |

4820 LPRINT : LPRINT

4830 FOR I=1 TO N

4840 LPRINT " n; - LPRINT USING "##.###°"""";AH(I);
4850  NEXT |

4860 LPRINT : LPRINT

4870 RETURN

5000 REM MATRI X POLYNOM AL

5010 FOR I=1 TO N

5020 FOR J=1 TO N

5030 wa(1,J) = Fl (1,3J)

5040 NEXT J

5050 WA(I,I) = WA(I,I) + AH(1l)

5060 NEXT |

5100 FOR 1=2 TO N

5110 FOR J=1 TO N

5120 REM STORE COL J OF WA IN COL N1 OF WA
5130 FOR K=1 TO N : WA(K,N1) = WA(K,J) : NEXT K
5160 REM MULTIPLY FI * COL N1 OF WA AND PUT IN COL J CF WA
5170 FOR K=1 TO N

5180 WA(K,J) = 0

5190 FOR L=1 TO N

5200 WA(K,J) = WA(K,J) + FI(X,L)*WA(L,N1)

5210 NEXT L

5220 NEXT K

5230 NEXT J

5300 REM ADD AH(1I) TO DI AGONAL

5310 FOR J=1 TO N

5320 WA(J,J) = WA(J,J) + AH(I)

5330 NEXT J

5400 NEXT |

6000 REM COMPUTE GAI NS AND STORE IN B

6010 FOR I=1 TO N

6020 B(I) = 0

6030 FOR J=1 TO N

6040 B(I) = B(I) + WA(I,J)*X(J)

6050 NEXT J

60.60 NEXT |

6100 REM PRI NT GAI NS

6110 LPRI NT

6120 LPRINT "THE GAINS ARE" : LPRINT

6130 FOR 1=1 TO N

6140 LPRINT "™ "; - LPRINT USING "##.###""""";B(I);
+ 6150 NEXT |

6160 LPRI NT

6789 STOP
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